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Abstract We introduce a variation of a Pascal-like matrix which includes double factorial binomial coefficients
and show that it satisfies several properties. We find the inverse of the defined matrix and derive explicit repre-
sentations of the powers of it for the integer, rational and irrational exponents. Finally, we give a generalization
of this matrix and obtain some identities.
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1 Introduction

The binomial coefficients have many interesting properties and due to this fact they are well studied several areas
in mathematics. For example, they make up the entries of Pascal’s triangle defined by

r
Py = [( )] (L.1)
s 0<r,s<n

and with nth row gives the coefficients of x¥ (0 < k < n) for the binomial expansion of (1 + x)" in order. The
Pascal matrix P, and its generalized versions have been investigated by several authors, see [1-5,9,10,12,14, 16—

21]. In [15], considering the terms in the binomial expansion of (x 4+ y)”,m =0, 1, ...,k — 1, a generalization
of the matrix (1.1) is defined. The defined matrix By (x, y) satisfies some interesting properties such as
By (x, y) Bk(w, z) = Br(x + yw, y2). (1.2)
The identity (1.2) for z # 0 gives the inverse and the power of the matrix By (w, z) as follows
B '(w,2) = Bi(—wz ™', 27, (13)
Bl (w,z) = B (w(l —z")/(1 —2),7"). (1.4)

Another generalization of the Pascal matrix is studied in [6] with coefficients

ooy [t =
' 0, otherwise
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500 G. Kizilaslan

and some results are obtained such as

PIx]P[y] = Plx + yl, (1.5)
P/ = P[jl and (P[j/kD* =P/, Plx]=e't,

where x and y are real numbers, j and k (k # 0) are integers, and L is defined by

=i
Y 0, otherwise.

In [8], the authors are also interested in Pascal matrices and they obtain some properties of the symmetric Pascal
matrix. The factorization of Pascal matrix by special summation matrices and the inverse of these matrices are
also found interesting, see [5].

Binomial coefficients are defined using factorials. One interesting variation of the factorial is the double
factorial of a number m, denoted by m!!, that is

re)-1
mll = ]—[ (m — 2k).

k=0

For example, we can see double factorials in the modified Hermite polynomials with two variables which are
defined by

r

e,y = {f)oriady (1.6)

i=0

where

2 l 0, otherwise
see [13]. In [20], a matrix is defined whose row entries are the terms of the polynomial given in (1.6). It is called
as Pascal-like matrix since it satisfies similar properties with the Pascal matrix.

The double factorial in the denominator of {f} made us think what kind of results we will encounter when
we take all factorials as double factorials. We can define double factorial binomial coefficients by using double
factorials in the place of factorials, see [7,11]. Although they look very similar, however when using double
factorial binomial coefficients we lose many properties that classical binomial coefficients have. One of the most
obvious cases is that although binomial coefficients are always defined as integers, this is not the case for double
factorial binomial coefficients.

In this paper, we are interested in a bivariate polynomial by taking double factorial binomial coefficient

instead of [:] in (1.6). The results are similar to some properties, such as (1.2)—(1.5), which are owned by the

Pascal matrix and its generalizations. That’s why we think the matrix we work with will be interesting.
Throughout the paper, (i, j) entry of a matrix A,(x, y) will be denoted by (A, (x, y)); ;.
2 A variation of a Pascal-like matrix

Now, we will give a variation of the Pascal-like matrix studied in [20]. First, using double factorials and the
definition of the binomial coefficients, we define double factorial binomial coeffcients.

Definition 2.1 For integers 0 < i < r, the double factorial binomial coefficient ((:)) is defined

() =m0
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We define a bivariate polynomial including double factorial binomial coefficients as follows.
Definition 2.2 A variation of the polynomial (1.6) is denoted by V, (x, y) and defined as

V=3 (())orirdoy

=

Combining the modified Hermite polynomial given in (1.6) and Definition 2.1, the i term of the r™ variation
of modified Hermite polynomial V, (x, y) is denoted as

Vni(x,y) = ((r.))a,_ix%“—i)y", forr>i>0. 2.1)

1

It satisfies the following recursive relations and initial conditions.

Ui (6, ¥) = Y2 vr0i0(x, ¥) Fx V0 (x,y), fory #0, ri>0,

r 1 9 r
vi(x,y) = —(1 - —.)y vr2,i2(x,y) + X vr_2,(x,y),
r—1 I r—1
forr,i >2 andi <r —2
vrolx,y) = crrx%’, vii(x,y)=y', forr,i>0. (2.2)

We construct a matrix V,(x, y) with entries v; ;(x, y) where v; ;(x, y) = 0if i < j. Then the matrix Vs(x, y)
will look as

1 0 0 0 0 00
0 vy 0 0 0 00
x 0 Yy 0 0 00
Vex,y)=]0 3xy 0 ¥ 0 00
x2 0 2xy2 0 y* 00
0 %xzy 0 %xy3 0 y> 0
_)c3 0 3x%y? 0 3xy* 0 y6_

We assume that x and y in V,,(x, y) are non-zero real numbers since otherwise V,,(x, y) and v; ;(x, y) both are
trivial.

Now we will study the properties and applications of the Pascal-like matrix V;,(x, y). The following theorem
gives the multiplication properties.

Theorem 2.3 For positive integer n and real numbers x, y, z and w, we have
Va2, )Va(w?, 2) = Vo (x® + w?y?, y2). (2.3)
Proof From the rules of the matrix multiplication, the (i, j) entry of V,, (x2, YV, (w2, 7) can be obtained as

DUISINTIREESD o (13) SRR (1) S

m=j m=j

= ((3)) oy 3o Sy oy

m=j

i SR = DY O i

_((j»(ﬂ) 2. G —j—mn ~ 0w

m=0
Clearly, m and i — j must both be even, otherwise o;_j_,0, = 0 and the (i, j) entry of
V, (x2, y)Vn(wz, z) equals 0. So just consider i — j is even. For m = 2/, we have
) L () L B G R
mli—j—m!l  QDNG—j—2D" (5L — ) S\ )
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Therefore,
i , 3= i
i ; 5\ i—i—
D Vi, Yo (W, 2) = (( -))(yZ)’ > ( 2 >x’ 7= (yw)
i J [
m=j =0
. , L
= ((j)) 0/ + 2w,
This is also the (i, j) entry of V,, (x% + wzyz, yz), so equation (2.3) holds. O

Fory =z =1, we get
Va(x%, DV (w?, 1) = V, (6% + w?, 1).

This result is an analogue of (1.5).
The inverse and the power of the matrix V,,(x, y) can be obtained by using Theorem 2.3.

Theorem 2.4 Let y be a nonzero real number. Then we have
Vo 02 y) = Va(=x2y 2 yh, 24)
In particular,
anl(l, ) =V,(—1,1). (2.5)
Proof Using Theorem 2.3, we obtain

Va2, ) Vi(=x2y 72y = V(6 — X2y yy D)
=V,(0,1) = I4.

Therefore, Eq. (2.4) holds. By taking x = y = 1 in (2.4), we get (2.5). O

Theorem 2.5 For k > 0, we have

Vi y) =V, (xzkiyz’,y") = {V" (ll_g_y;;:z’yk)’ 7y #EL (2.6)

=0 Vi (kx=, y), if y==l
Proof Taking w = x and z = y in (2.3), we have
V223 = Va (P 43D, 5?).
Using formula (2.3) again, multiplying V;, (x*(1 4 y%), y?) and V, (x%, y), we get
VAR =V (P 2+ 3, 0).
Then by using the mathematical induction method, we achieve
Vit y) =V, (x2(1 +y7 4+, yk) :

After simplification, equation (2.6) is obtained. O

We have the following lemma as a corollary to Theorem 2.5. Here ¢; is the k" unit vector and e =
(1,1,1,---, DT in R*+1,

Lemma 2.6 The sum of the ith row of matrix Vnk (x2,y) is equal to

Vi (1= y?)/(1 =y 0, ify # £l

ke, 2 R
(Vn (-x 5 y)e)l - {V[ (k.x2, yk) , lf‘y = :l:l
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Proof By (2.6), we have

1.

P =1 L))
i . . 2
(V’f(xz, y)e)i — el-TV,f(xz, y)e — Z ((j))o’ifjxl jyk,/(Zyzl)

j=0 =0
k—1
V(X2
=0

After simplification, (2.7) is obtained. |
Now we seek the eigenvalues and eigenvectors of defined matrix V,,(x, y).
n—1

Theorem 2.7 The eigenvalues of V,(x,y) are 1,y,y% ...,y and the columns of matrix

Vi (11‘7, 1) gives the corresponding eigenvectors, respectively.

Proof The definition of the eigenvalue and eigenvector and the identity

X X
Va(x, y)Vn(m, 1) = Vn(l——yz’ y)

proves our contention. |

Corollary 2.8 Let Y = diag{l, y, y%, ..., y""'). Then for y # +1, we have
X X
Valx, y) = Vn(m, 1)YVn( - m, 1)-

We now consider the factorization of the matrix V,(x, y) and with the following matrices we observe some
results. We take the matrices with entries:

v/, i=jandj€{0,1,2},
2, i=j>2,
(Su(x, y)ij = § X Sn(x, ¥))i—21, i > jand j =1,
x%yz, i—j=0(mod2)and j > 1,
0, i—j=1(mod2)andi < j.
1 . . .
oL i=jand j € {0,1,2},
ﬁ, i=j>2,
—x/y*, j=i—2 andj #1,
(Dy (x, y))i,j = _%x/y27 fori =3,j =1,
ll((l», forodd i and for j = 1,
J
0, otherwise.
- [10 0
Vilx,y)= (01 0
(00 Vix. )
_ _ Iy—j—1 0
U, = Sy, Uk(x,y)—[ 0 Sk(x,y)]’ l<k<n-1

It is easy to see that

S, y) = Dalx, y).
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Example 2.9

Se(x, y)Dg(x, y) =

1 0 0 0 0 00 1 0 0 0 0 0 0
0y 0 0 000 0 1/y 0 0 0 0 0
x 0 y2 0 0 0O0||—x/y* 0 1/y2 0 0 0 0
0 3xy 0 »2 0 00 0 =3x/y* 0 1y 0 0 0
x> 0 xy2 0 > 00 0 0 —x/y> 0 1/y* 0 0
0 2x2y 0 xy? 0 »*0 0 —3x2/y2 0 —x/y2 0 1/y* 0
2 0 x%? 0 xp? 03[ O 0 0 0 —x/y* 0 1/y%]
= I.
Lemma 2.10 Fork > 0, we have
Di(x, )Vi(x,y) = Vio1(x, y), (2.8)

or

Vie(x, y) = Sk(x, ) Vi1 (x, y).

Proof If y = 0, then it is trivial that (2.8) holds. Now suppose y 7# 0. Then using the recursive relation (2.2), it
is easy to verify that (2.8) holds. O

Example 2.11

Se(x, y)Vs(x, y)

1 0 0 0 0 000|100 O O 0 07
0 vy 0O 0 0 00 010 O 0 00
x 0 y> 0 0 0O0[||001 0O 0 0O
=|{0 3xy 0 »¥ 000|000 y 0 00
x2 0 xy?2 0 y2 00 00x 0 y> 00
0 %xzy 0 xy> 0 y20[|000 %xy 0 0
X0 x%y? 0 xy* 0 y2_ L00x% 0 2xy? 0 y*]
1 0 0 0 0 0 07
0 y 0 0 0 00
x 0 y> 0 0 00
=10 3xy 0 ¥ 0 00
x> 0 2xy> 0 y* 00
0%)52)1 0 l?‘5)6313 0 y> 0
_x3 0 3x%y2 0 3xy* 0 y°
= Ve(x, ).

‘We can factorize V,,(x, y) by using the Lemma 2.10 and the definition of the matrices Uy (x, y). The following
theorem gives the factorization.

Theorem 2.12 The matrix V,(x, y) can be factorized as

Vi(x, y) = Up(x, ))Up—1(x,y) - -- Ur(x, y).

In particular,

Vn = UnUn—l e Ul (29)

where V, .= V,(1,1), Uy :=Ur(1,1),k =1,2,...,n.

@ Springer




Pascal-like matrix with double factorial 505

By Theorem 2.12, the factorization of the inverse of the matrix V,,(x, y) will be
Vo, ) = U e Uy o) - U e )
with

-1 | k1 0 _ S
U, (x,y)_|: 0 Dk(x,y):|’k_1’2’ n—1

and
UM (x,y) = Da(x, y).

Example 2.13 Since

1 0 0 0O 00

0 vy 0 0O 00

x 0 y>2 0 00
V5()C, )’) = 0 %xy 0 y3 001"

x2 0 2xy2 0 y* O

0 %xzy 0 %xy3 0 y5

we can factorize this matrix with the help of defined matrices Uy (x, y) fork =5,4,3,2,1 as

1 0 0 0 00710 0 0 007]rF100 0 0O
0y 0 0 O0O0[l01 0 0 0O0O]||010 0 0O
x 0 y*> 0 00[[00 y 0 0O0||001 0 0O
0 3xy 0 > 00/[[0x 0 > 00][[000 y 00
x> 0 xy2 0 20 OO%xyOyzo 00x 0 »>0
O%nyOxyzOy2 0x2 0 xy2 0 y? 000%)cy0y2

1000007100000

010000 [|010000

001000 (|001000
“1000100||000100

0000y 0 [|{000010

000x0y2][00000y

By (2.1), V, (x2, y) and V,(—x2, y) have the following factorizations, respectively, where the variables x and y
are separated.

Theorem 2.14 Forn > 0, we have
Va(x?,y) = Cu(0) Vi (1, DC;  (x /),
Va(=x%,y) = Co(0) Vi (=1, DC,  (x /),
where C,(x) := diag{l, x, x, ..., x"} is a diagonal matrix.

Further, the following factorizations of V,, and V, ! both include a lower triangular Toeplitz matrix, which
is immediately established by their definition.

Theorem 2.15 The matrices V,, and anl can be decomposed as follows
Vo= JuAn Y and V= 1,400

where J, := diag{O!!, 1!, 2!, ... n!l} and A, = [a;;] with a;; = 1/ — j)!! fori — j is even and a;j = 0
otherwise.
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After some computations, we have A;l = [b;j] where b;; = (—1)("_/')/2/(1' — j)!Mfori — j is even and
bij = 0 otherwise, or expressed as
Al = E AL E,, where E, := diag{(— 1)/ }o<i<p.

So Vol = A U = J(E AEN) I = En(JnAnJ7YE, = E,V,E,. Using (2.9) again, we have the
following result.

Theorem 2.16 The inverse matrix of 'V, has the following factorization.

Vo = E,VyE, = E,UyUp_y ... Ui Ey.

3 Some applications of the Pascal-like matrix

In this section, we give some applications of the Pascal-like matrix V,,(x, y) using the results given in Section
2. For example, Lemma 2.6 shows that we can change the roles of the base and the exponent. As a consequence
we have the following theorem.

Theorem 3.1 If2p > k, then we have

lz;(—l)f’—" (‘?)Vk (ixz, 1) —0.

Proof Since V,,(x%, 1) — I,,41 is a strictly lower triangular matrix, if 2p > k , then there is

0=c¢f (Va(x* 1) = L11)Pe

p
=) (=D (’l’ )e[ (vien)e
i=0

This completes the proof of the theorem. O

Theorem 2.5 can be easily generalized to rational exponents. Thus we can investigate the validity of the
power of V,,(x, 1) for irrational exponents k. If V,, (kx, 1) can be written as V,, (x, DK, we expect that there exist a
matrix L such that V,, (x, 1) = e*L. Now, we will give a relation between the matrix V,,(x, 1) and the exponential
of a special matrix. For any square matrix L, the exponential of L is defined to be the matrix

L / . 2 L3 Lk
e- =1+ +E+§+”.+F+”..
Definition 3.2 The matrix L, = [/; ;] is defined by

() wi=v2
lij=q\\j
0, otherwise.

forall0 <i,j <n.

xL,

We want to prove that V,(x,1) = e and to see this we prove the following result. Let

i k=1 i+2n . .
((j))k =10 ((l Lon 2)) for a fixed nonnegative integer j.

Lemma 3.3 For every positive integer k, the entries of the matrix L],‘l are given by

(L) = (C))k =gk

0, otherwise.
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Proof The proof will be done by induction on k. The base case is clear. Let us assume the inductive hypothesis
on (LX) i = (Ly)i j(LY); ;. Then fori # j + 2k + 2, (LX*1); j = 0. Fori = j + 2k + 2, we have

i = (EDG), = (C 5 NG = ()

Theorem 3.4 Forn € N,r € Z and x € R, we have

Valx, 1) = e*hr.
Proof Assume that there is a matrix M, such that V,(x,1) = ¢"M:. Then we have
V/(x,1) |x=0= M,. So there is at most one matrix M, such that V,(x, 1) = e Mn, Calculating the deriva-
tive of the matrix V, (x, 1) for x = 0, we see that M,, = L,, which is the matrix defined in Definition 3.2. From
Lemma 3.3, (LX); ; = 0 for 2k > n, thus

L3l &
xL, _ Ak
e = T L.
k=0
Observe that (eXL”)i,j =0fori < j, and (eXL")i,i = 1.Fori > jandi = j + 2k, we obtain (e"L"),;j =
k k([
@b =3((%)), = Wt iy o

At the end of this section, we give the explicit inverse of I, — aV, (x, 1) for all numbers | a |< 1.
Theorem 3.5 For | a |< 1, the matrix R,(x) = (I, — aV,(x, 1))~ is defined by

1

(Ry(x))ii = m

for the main diagonal entries and it is defined fori > j as
(Ru(x))i,j = (Va(x, 1)) jLij—i(a)
where Liy,(2) is the polylogarithm function.

Proof For any | a |< 1, we have
o
Ry(x) = (I, —aVy(x, 1)) =Y " Vix, 1)
k=0

and from Theorem 2.5 we can write

(Rl’l(x))i,j = Zak(Vn(kx, 1)),’] = (Vu(x, 1))1’] Zakki*j'

k=0 k=0
Hence the proof can be finished after writing the casesi = j andi > j. O
Example 3.6
[ a 0 0 0 0 007
0 a 0 0O 0 00
xa 0 a 0 0 00
Is —aVe(x,1)=1Is—| O %xa 0 a 000
x2a 0 2xa 0 a 00
0 %xza 0 %xa 0 a0
x3a 0 3x%2a¢ 0 3xa0 a |
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l—a O 0 0 0 0 0
0 l1—a 0 0 0 0 0
—xa 0 l—a O 0 0 0
=] 0 —3xa 0 1-a 0 0 O
—x*a 0 —2xa 0 l—-a 0 0
0 lssxza 0 —35xa 0 I—-a O
_—x3a 0 —3x’a 0 —3xa 0 l—a
The inverse of this matrix equals
R 0 0 0 0 0 07
0 — 0 0 0 0 0
1
_(1i‘(ll)2 . 0 T 0 0 0 0
k 1
, 0 7(1i?z)2 0 T-a 0 0 0
x(fia;)_;) 0 (lz_xaa)Z 0 ﬁ O O
15 xa(a+1) 5 1
20 Fa—r 3 2(() ) w0 T )
3 +4a+1 x“a(a+ 3 1
et 0 (1—a)3 0 a7 0 14l

4 A generalization of the Pascal-like matrix

In this section we give a Pascal-like functional matrix and obtain some results.
Definition 4.1 Let x and A be two real arbitrary numbers and n be a non-negative integer. Then
il x(x+A)---(x+m@m—DAr) ifn >0,
0 ifn=0.
Thus if A = 0, we have x"10 = x".

Lemma 4.2 ([2, Lemma 1]) Let x, y, A be real numbers and n be a positive integer. Then

n

EEBIEDY (?)x("")'”yi'*. (4.1)

i=0
Proof See [2]. O
We deal with the following matrix which generalize Pascal-like matrix by considering the above lemma.

Definition 4.3 The matrix V), ; (x) is defined by

Theorem 4.4 Forn > 0, we have

Var(x +y) = Vu (X)) Vua (). (4.2)

Proof The proof is similar to Theorem 2.3. By Definition 4.3 and the rules of the matrix multiplication, the (i, ;)
entry of V), ;. (x)Vy.2(y) can be obtained as

i (Vn,)»(x))i,k (Vn,)»(y))k)j — i ((]l‘c))gika |_#J|)L((ljc.))akij.yL?Jl)L
k=j k§:];
((;)) Xl: ((l, __Q)""‘Z];—fff]k)_'{ <54

k=j
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— i - (i_j)!!ai—j—kdk L#JM
- ((J))k;) G —j—kn

Clearly, k and i — j must both be even, otherwise o;; rox = 0 and the (i, j) entry of V, (x)Vy,1(y) equals

0. Let k = 2I. Then the last expression will be

Li-

' (i — ) o
((G) ,; e ==t o

Yo ioie _ o
S(O)E (7)o (s

Note that the last equality comes from formula (4.1). Therefore we obtain (4.2).
Corollary 4.5 Let j and k be integers with k > 0. Then we have

(i) Vi, (1) = Vs

(i) Vi, G/K) = Vi ()

Now, we generalize Definition 4.3 for two variables x and y .

Definition 4.6 Let x, y and A be real numbers and n be a positive integer. The matrix V, , (x, y) is defined by

N () Ll
The following lemma is an immediate consequence of the above definition.
Lemma 4.7 V), ; (x, y) is factorized as

Vo (x, y) = Vo (o)diag{l, y'*, .. | yri*y

Theorem 4.8 Forn > 0, we have

Var(x +,2) = Vs OV r (v, 2) = Vs 0V (x, 2).

Proof Using Theorem 4.4 and Lemma 4.7, the result is obtained.

O

Now we will generalize the Pascal-like functional matrix in two variables associated with a sequence b =

{bn }n >0-
Definition 4.9 We define

Ve = by () o gx 20y

Example 4.10 For n = 3, we have

by O 0 0
| 0 by 0 0
Vsau D) =10 07 by(y 4 4) 0

0 3bixy 0 b3y(y +M)(y+24)
Lemma 4.11 The matrix V, ;. (x, y, b) has the following factorization

Vo (x, y,b) = V5. (x, y)diag{by, by, - - - , b,}.

Proof The proof can be done easily by mathematical induction and Theorem 4.8.

Theorem 4.12 We have

(i) Vaa(x+y,2,b) =V 0OV (y, z, b).
(ii) Var(x +y,2,b) =V, a(X)Vn 5.(y, 2)diag{bg, by, - - - , by }.
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Proof Using Theorem 4.4 and 4.8 and Lemma 4.11 the proof follows. O

Remark 4.13 We can also set the sequence b = {b,},>0 in the Pascal-like matrix in another form. Let n = 4.
We can put the sequence in a form such as

bo 0 0 00
0 by 0 00
brx 0 by 0 0 | =V, (x)diag{bo, b1, by, b3, bs}.

0  3bsx 0 b30
bax(x +1) "0 2bsx 0 by

Proposition 4.14 For any positive integer n and real number x, we have
(Vn,)»(x) - n+l)LEJ =M,

where 1,1 is an identity matrix of order n + 1 and M,, is a matrix of order n + 1 in which all elements are equal
to zero except

n
(Mp) 0 = 2 'x"/2 4.3)
for n is even and

n—1 _ n!! B
(M)n-10 = (ST (Mo = Soma ™D (44)

with all other elements are zero for n is odd.

Proof We will prove it first for n is even. Let n = 2m, we prove that for each 1 < k < m, all elements of the
first 2k rows of

Mo i= Vam () — Doms1) 4.5)

are zero and for the (2k 4 1)-th row, only the first element is

o= () (2 )< =

and the other elements in this row are zero.
The proof will be done by induction on k. It is clear for k = 1. Suppose (4.5) and (4.6) hold for k. Then using
matrix multiplication we have

(VZmJ(x) - 12m—&-1)k+1 = (Vzm,x(x) — Dyt1) Moy
00,0 00,1 " 0

*2k+1,0 *2k+1,1 0 « 0

() (0 N
o () 0 (@)

00.0 00,1 -+ 00,2m
X 02%-1,0 O2%—1,1 = O2k—1,2m
(Mar)2ko O 0

00,0 00,1 -+ Ooo2m

O2k+1.0  O2kt1,1 -+ O2kt1,2m
(Maks2)2k420 O --- 0

where

orans = ()5 ammn = () (2 NP

Hence, (4.5) and (4.6) hold for k£ + 1. By induction, let k = m, and (4.3) are proved.
The same procedure gives the result (4.4) for n is odd. O
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