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Abstract We introduce a variation of a Pascal-like matrix which includes double factorial binomial coefficients
and show that it satisfies several properties. We find the inverse of the defined matrix and derive explicit repre-
sentations of the powers of it for the integer, rational and irrational exponents. Finally, we give a generalization
of this matrix and obtain some identities.
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1 Introduction

The binomial coefficients have many interesting properties and due to this fact they are well studied several areas
in mathematics. For example, they make up the entries of Pascal’s triangle defined by

Pn :=
[(

r

s

)]
0≤r,s≤n

(1.1)

and with nth row gives the coefficients of xk (0 ≤ k ≤ n) for the binomial expansion of (1 + x)n in order. The
Pascal matrix Pn and its generalized versions have been investigated by several authors, see [1–5,9,10,12,14,16–
21]. In [15], considering the terms in the binomial expansion of (x + y)m , m = 0, 1, . . . , k − 1, a generalization
of the matrix (1.1) is defined. The defined matrix Bk(x, y) satisfies some interesting properties such as

Bk(x, y)Bk(w, z) = Bk(x + yw, yz). (1.2)

The identity (1.2) for z �= 0 gives the inverse and the power of the matrix Bk(w, z) as follows

B−1
k (w, z) = Bk(−wz−1, z−1), (1.3)

Bn
k (w, z) = Bk

(
w(1 − zn)/(1 − z), zn) . (1.4)

Another generalization of the Pascal matrix is studied in [6] with coefficients

P[x] :=
{(i−1

j−1

)
xi− j , if i ≥ j,

0, otherwise
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500 G. Kizilaslan

and some results are obtained such as

P[x]P[y] = P[x + y], (1.5)

P j = P[ j] and (P[ j/k])k = P j , P[x] = ex L ,

where x and y are real numbers, j and k (k �= 0) are integers, and L is defined by

Li j =
{

j, j = i − 1,

0, otherwise.

In [8], the authors are also interested in Pascal matrices and they obtain some properties of the symmetric Pascal
matrix. The factorization of Pascal matrix by special summation matrices and the inverse of these matrices are
also found interesting, see [5].

Binomial coefficients are defined using factorials. One interesting variation of the factorial is the double
factorial of a number m, denoted by m!!, that is

m!! =
� m

2 �−1∏
k=0

(m − 2k).

For example, we can see double factorials in the modified Hermite polynomials with two variables which are
defined by

Hr (x, y) =
r∑

i=0

{r
i

}
σr−i x

1
2 (r−i)yi (1.6)

where

σr := 1 + (−1)r

2
,
{r

i

}
:=
{

r !
i !(r−i)!! , if r ≥ i ≥ 0,

0, otherwise
,

see [13]. In [20], a matrix is defined whose row entries are the terms of the polynomial given in (1.6). It is called
as Pascal-like matrix since it satisfies similar properties with the Pascal matrix.

The double factorial in the denominator of
{r

i

}
made us think what kind of results we will encounter when

we take all factorials as double factorials. We can define double factorial binomial coefficients by using double
factorials in the place of factorials, see [7,11]. Although they look very similar, however when using double
factorial binomial coefficients we lose many properties that classical binomial coefficients have. One of the most
obvious cases is that although binomial coefficients are always defined as integers, this is not the case for double
factorial binomial coefficients.

In this paper, we are interested in a bivariate polynomial by taking double factorial binomial coefficient

instead of
{r

i

}
in (1.6). The results are similar to some properties, such as (1.2)–(1.5), which are owned by the

Pascal matrix and its generalizations. That’s why we think the matrix we work with will be interesting.
Throughout the paper, (i, j) entry of a matrix An(x, y) will be denoted by (An(x, y))i, j .

2 A variation of a Pascal-like matrix

Now, we will give a variation of the Pascal-like matrix studied in [20]. First, using double factorials and the
definition of the binomial coefficients, we define double factorial binomial coeffcients.

Definition 2.1 For integers 0 ≤ i ≤ r , the double factorial binomial coefficient
((r

i

))
is defined

((r
i

))
= r !!

i !!(r − i)!! .
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Pascal-like matrix with double factorial 501

We define a bivariate polynomial including double factorial binomial coefficients as follows.

Definition 2.2 A variation of the polynomial (1.6) is denoted by Vr (x, y) and defined as

Vr (x, y) =
r∑

i=0

((r
i

))
σr−i x

1
2 (r−i)yi .

Combining the modified Hermite polynomial given in (1.6) and Definition 2.1, the i th term of the r th variation
of modified Hermite polynomial Vr (x, y) is denoted as

vr,i (x, y) :=
((r

i

))
σr−i x

1
2 (r−i)yi , for r ≥ i ≥ 0. (2.1)

It satisfies the following recursive relations and initial conditions.

vr,i (x, y) = y2 vr−2,i−2(x, y) + x vr−2,i (x, y), for y �= 0, r, i ≥ 0,

vr,i (x, y) = r

r − 1

(
1 − 1

i

)
y2 vr−2,i−2(x, y) + r

r − 1
x vr−2,i (x, y),

for r, i ≥ 2 and i ≤ r − 2

vr,0(x, y) = σr x
1
2 r , vi,i (x, y) = yi , for r, i ≥ 0. (2.2)

We construct a matrix Vn(x, y) with entries vi, j (x, y) where vi, j (x, y) = 0 if i < j . Then the matrix V6(x, y)

will look as

V6(x, y) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0
0 y 0 0 0 0 0
x 0 y2 0 0 0 0
0 3

2 xy 0 y3 0 0 0
x2 0 2xy2 0 y4 0 0
0 15

8 x2 y 0 15
6 xy3 0 y5 0

x3 0 3x2 y2 0 3xy4 0 y6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

We assume that x and y in Vn(x, y) are non-zero real numbers since otherwise Vn(x, y) and vi, j (x, y) both are
trivial.

Now we will study the properties and applications of the Pascal-like matrix Vn(x, y). The following theorem
gives the multiplication properties.

Theorem 2.3 For positive integer n and real numbers x, y, z and w, we have

Vn(x2, y)Vn(w2, z) = Vn(x2 + w2 y2, yz). (2.3)

Proof From the rules of the matrix multiplication, the (i, j) entry of Vn(x2, y)Vn(w2, z) can be obtained as

i∑
m= j

vi,m(x2, y)vm, j (w
2, z) =

i∑
m= j

(( i
m

))
σi−m xi−m ym

((m
j

))
σm− jw

m− j z j

=
((i

j

))
(yz) j

i∑
m= j

(i − j)!!σi−mσm− j

(i − m)!!(m − j)!! xi−m(yw)m− j

=
((i

j

))
(yz) j

i− j∑
m=0

(i − j)!!σi− j−mσm

m!!(i − j − m)!! xi− j−m(yw)m .

Clearly, m and i − j must both be even, otherwise σi− j−mσm = 0 and the (i, j) entry of
Vn(x2, y)Vn(w2, z) equals 0. So just consider i − j is even. For m = 2l, we have

(i − j)!!
m!!(i − j − m)!! = (i − j)!!

(2l)!!(i − j − 2l)!! = (
i− j

2 )!
l!( i− j

2 − l)! =
( i− j

2
l

)
.
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Therefore,

i∑
m= j

vi,m(x2, y)vm, j (w
2, z) =

((i
j

))
(yz) j

1
2 (i− j)∑

l=0

( i− j
2
l

)
xi− j−2l(yw)2l

=
((i

j

))
(yz) j (x2 + y2w2)

1
2 (i− j).

This is also the (i, j) entry of Vn(x2 + w2 y2, yz), so equation (2.3) holds. ��
For y = z = 1, we get

Vn(x2, 1)Vn(w2, 1) = Vn(x2 + w2, 1).

This result is an analogue of (1.5).
The inverse and the power of the matrix Vn(x, y) can be obtained by using Theorem 2.3.

Theorem 2.4 Let y be a nonzero real number. Then we have

V −1
n (x2, y) = Vn(−x2 y−2, y−1). (2.4)

In particular,

V −1
n (1, 1) = Vn(−1, 1). (2.5)

Proof Using Theorem 2.3, we obtain

Vn(x2, y)Vn(−x2 y−2, y−1) = Vn(x2 − x2 y−2 y2, yy−1)

= Vn(0, 1) = In+1.

Therefore, Eq. (2.4) holds. By taking x = y = 1 in (2.4), we get (2.5). ��
Theorem 2.5 For k > 0, we have

V k
n (x2, y) = Vn

(
x2

k−1∑
l=0

y2l , yk

)
=
{

Vn

(
1−y2k

1−y2 x2, yk
)

, if y �= ±1,

Vn(kx2, yk), if y = ±1.
(2.6)

Proof Taking w = x and z = y in (2.3), we have

V 2
n (x2, y) = Vn

(
x2(1 + y2), y2

)
.

Using formula (2.3) again, multiplying Vn
(
x2(1 + y2), y2

)
and Vn(x2, y), we get

V 3
n (x2, y) = Vn

(
x2(1 + y2 + y4), y3

)
.

Then by using the mathematical induction method, we achieve

V k
n (x2, y) = Vn

(
x2(1 + y2 + · · · + y2k), yk

)
.

After simplification, equation (2.6) is obtained. ��
We have the following lemma as a corollary to Theorem 2.5. Here ek is the kth unit vector and e =

(1, 1, 1, · · · , 1)T in R
n+1.

Lemma 2.6 The sum of the i th row of matrix V k
n (x2, y) is equal to

(V k
n (x2, y)e)i =

{
Vi
(
x2(1 − y2k)/(1 − y2), yk

)
, if y �= ±1

Vi
(
kx2, yk

)
, if y = ±1.

(2.7)
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Proof By (2.6), we have

(V k
n (x2, y)e)i = eT

i V k
n (x2, y)e =

i∑
j=0

((i
j

))
σi− j x i− j yk j

( k−1∑
l=0

y2l
) 1

2 (i− j)

= Vi

(
x2

k−1∑
l=0

y2l , yk
)

.

After simplification, (2.7) is obtained. ��
Now we seek the eigenvalues and eigenvectors of defined matrix Vn(x, y).

Theorem 2.7 The eigenvalues of Vn(x, y) are 1, y, y2, . . . , yn−1 and the columns of matrix

Vn

(
x

1−y2 , 1
)

gives the corresponding eigenvectors, respectively.

Proof The definition of the eigenvalue and eigenvector and the identity

Vn(x, y)Vn

( x

1 − y2 , 1
)

= Vn

( x

1 − y2 , y
)

proves our contention. ��
Corollary 2.8 Let Y = diag{1, y, y2, . . . , yn−1}. Then for y �= ±1, we have

Vn(x, y) = Vn

( x

1 − y2 , 1
)

Y Vn

(
− x

1 − y2 , 1
)
.

We now consider the factorization of the matrix Vn(x, y) and with the following matrices we observe some
results. We take the matrices with entries:

(Sn(x, y))i, j =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

y j , i = j and j ∈ {0, 1, 2},
y2, i = j > 2,

i
i−1 x(Sn(x, y))i−2,1, i > j and j = 1,

x
i− j

2 y2, i − j = 0( mod 2) and j > 1,

0, i − j = 1( mod 2) and i < j.

(Dn(x, y))i, j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
y j , i = j and j ∈ {0, 1, 2},
1
y2 , i = j > 2,

−x/y2, j = i − 2, and j �= 1,

− 3
2 x/y2, for i = 3, j = 1,

1
i

((i
j

))
, for odd i and for j = 1,

0, otherwise.

V k(x, y) =
⎡
⎣1 0 0

0 1 0
0 0 Vk(x, y)

⎤
⎦

Un = Sn, Uk(x, y) =
[

In−k−1 0
0 Sk(x, y)

]
, 1 ≤ k ≤ n − 1.

It is easy to see that

S−1
n (x, y) = Dn(x, y).
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Example 2.9

S6(x, y)D6(x, y) =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0
0 y 0 0 0 0 0
x 0 y2 0 0 0 0
0 3

2 xy 0 y2 0 0 0
x2 0 xy2 0 y2 0 0
0 15

8 x2 y 0 xy2 0 y2 0
x3 0 x2 y2 0 xy2 0 y2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0
0 1/y 0 0 0 0 0

−x/y2 0 1/y2 0 0 0 0
0 − 3

2 x/y2 0 1/y2 0 0 0
0 0 −x/y2 0 1/y2 0 0
0 − 3

8 x2/y2 0 −x/y2 0 1/y2 0
0 0 0 0 −x/y2 0 1/y2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

= I7.

Lemma 2.10 For k > 0, we have

Dk(x, y)Vk(x, y) = V k−1(x, y), (2.8)

or

Vk(x, y) = Sk(x, y)V k−1(x, y).

Proof If y = 0, then it is trivial that (2.8) holds. Now suppose y �= 0. Then using the recursive relation (2.2), it
is easy to verify that (2.8) holds. ��
Example 2.11

S6(x, y)V 5(x, y)

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0
0 y 0 0 0 0 0
x 0 y2 0 0 0 0
0 3

2 xy 0 y2 0 0 0
x2 0 xy2 0 y2 0 0
0 15

8 x2 y 0 xy2 0 y2 0
x3 0 x2 y2 0 xy2 0 y2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 y 0 0 0
0 0 x 0 y2 0 0
0 0 0 3

2 xy 0 y3 0
0 0 x2 0 2xy2 0 y4

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0
0 y 0 0 0 0 0
x 0 y2 0 0 0 0
0 3

2 xy 0 y3 0 0 0
x2 0 2xy2 0 y4 0 0
0 15

8 x2 y 0 15
6 xy3 0 y5 0

x3 0 3x2 y2 0 3xy4 0 y6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

= V6(x, y).

We can factorize Vn(x, y) by using the Lemma 2.10 and the definition of the matrices Uk(x, y). The following
theorem gives the factorization.

Theorem 2.12 The matrix Vn(x, y) can be factorized as

Vn(x, y) = Un(x, y)Un−1(x, y) · · · U1(x, y).

In particular,

Vn = UnUn−1 · · · U1 (2.9)

where Vn := Vn(1, 1), Uk := Uk(1, 1), k = 1, 2, . . . , n.
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By Theorem 2.12, the factorization of the inverse of the matrix Vn(x, y) will be

V −1
n (x, y) = U−1

1 (x, y)U−1
2 (x, y) · · · U−1

n (x, y)

with

U−1
k (x, y) =

[
In−k−1 0

0 Dk(x, y)

]
, k = 1, 2, · · · , n − 1

and

U−1
n (x, y) = Dn(x, y).

Example 2.13 Since

V5(x, y) =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 y 0 0 0 0
x 0 y2 0 0 0
0 3

2 xy 0 y3 0 0
x2 0 2xy2 0 y4 0
0 15

8 x2 y 0 15
6 xy3 0 y5

⎤
⎥⎥⎥⎥⎥⎥⎦

,

we can factorize this matrix with the help of defined matrices Uk(x, y) for k = 5, 4, 3, 2, 1 as

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 y 0 0 0 0
x 0 y2 0 0 0
0 3

2 xy 0 y2 0 0
x2 0 xy2 0 y2 0
0 15

8 x2 y 0 xy2 0 y2

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 y 0 0 0
0 x 0 y2 0 0
0 0 3

2 xy 0 y2 0
0 x2 0 xy2 0 y2

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 y 0 0
0 0 x 0 y2 0
0 0 0 3

2 xy 0 y2

⎤
⎥⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 y 0
0 0 0 x 0 y2

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 y

⎤
⎥⎥⎥⎥⎥⎦

.

By (2.1), Vn(x2, y) and Vn(−x2, y) have the following factorizations, respectively, where the variables x and y
are separated.

Theorem 2.14 For n > 0, we have

Vn(x2, y) = Cn(x)Vn(1, 1)C−1
n (x/y),

Vn(−x2, y) = Cn(x)Vn(−1, 1)C−1
n (x/y),

where Cn(x) := diag{1, x, x2, . . . , xn} is a diagonal matrix.

Further, the following factorizations of Vn and V −1
n both include a lower triangular Toeplitz matrix, which

is immediately established by their definition.

Theorem 2.15 The matrices Vn and V −1
n can be decomposed as follows

Vn = Jn An J−1
n and V −1

n = Jn A−1
n J−1

n ,

where Jn := diag{0!!, 1!!, 2!!, . . . , n!!} and An = [ai j ] with ai j = 1/(i − j)!! for i − j is even and ai j = 0
otherwise.
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After some computations, we have A−1
n = [bi j ] where bi j = (−1)(i− j)/2/(i − j)!! for i − j is even and

bi j = 0 otherwise, or expressed as

A−1
n = En An En, where En := diag{(−1)
i/2�}0≤i≤n .

So V −1
n = Jn A−1

n J−1
n = Jn(En An En)J−1

n = En(Jn An J−1
n )En = En Vn En . Using (2.9) again, we have the

following result.

Theorem 2.16 The inverse matrix of Vn has the following factorization.

V −1
n = En Vn En = EnUnUn−1 . . . U1 En .

3 Some applications of the Pascal-like matrix

In this section, we give some applications of the Pascal-like matrix Vn(x, y) using the results given in Section
2. For example, Lemma 2.6 shows that we can change the roles of the base and the exponent. As a consequence
we have the following theorem.

Theorem 3.1 If 2p > k, then we have

p∑
i=0

(−1)p−i
(

p

i

)
Vk

(
i x2, 1

)
= 0.

Proof Since Vn(x2, 1) − In+1 is a strictly lower triangular matrix, if 2p > k , then there is

0 = eT
k (Vn(x2, 1) − In+1)

pe

=
p∑

i=0

(−1)p−i
(

p

i

)
eT

k

(
V i

n (x2, 1)
)

e

=
p∑

i=0

(−1)p−i
(

p

i

)
Vk

(
i x2, 1

)
.

This completes the proof of the theorem. ��
Theorem 2.5 can be easily generalized to rational exponents. Thus we can investigate the validity of the

power of Vn(x, 1) for irrational exponents k. If Vn(kx, 1) can be written as Vn(x, 1)k , we expect that there exist a
matrix L such that Vn(x, 1) = ex L . Now, we will give a relation between the matrix Vn(x, 1) and the exponential
of a special matrix. For any square matrix L , the exponential of L is defined to be the matrix

eL = I + L + L2

2! + L3

3! + · · · + Lk

k! + · · · .

Definition 3.2 The matrix Ln = [li, j ] is defined by

li, j =

⎧⎪⎨
⎪⎩
((i

j

))
, if i = j + 2,

0, otherwise.

for all 0 ≤ i, j ≤ n.

We want to prove that Vn(x, 1) = ex Ln and to see this we prove the following result. Let((i
j

))
k

:= ∏k−1
n=0

(( i + 2n
i + 2n − 2

))
for a fixed nonnegative integer j .

Lemma 3.3 For every positive integer k, the entries of the matrix Lk
n are given by

(Lk
n)i, j =

⎧⎪⎨
⎪⎩
((i

j

))
k
, if i = j + 2k,

0, otherwise.
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Proof The proof will be done by induction on k. The base case is clear. Let us assume the inductive hypothesis
on (Lk+1

n )i, j = (Ln)i, j (Lk
n)i, j . Then for i �= j + 2k + 2, (Lk+1

n )i, j = 0. For i = j + 2k + 2, we have

(Lk+1
n )i, j =

((i
r

))((r
j

))
k

=
(( j + 2k + 2

r

))((r
j

))
k

=
((i

j

))
k+1

.

��
Theorem 3.4 For n ∈ N, r ∈ Z and x ∈ R, we have

Vn(x, 1) = ex Ln .

Proof Assume that there is a matrix Mn such that Vn(x, 1) = ex Mn . Then we have
V ′

n(x, 1) |x=0= Mn . So there is at most one matrix Mn such that Vn(x, 1) = ex Mn . Calculating the deriva-
tive of the matrix Vn(x, 1) for x = 0, we see that Mn = Ln which is the matrix defined in Definition 3.2. From
Lemma 3.3, (Lk

n)i, j = 0 for 2k ≥ n, thus

ex Ln =

 n

2 �∑
k=0

xk

k! Lk
n .

Observe that (ex Ln )i, j = 0 for i < j , and (ex Ln )i,i = 1. For i > j and i = j + 2k, we obtain (ex Ln )i, j =
xk

k! (Lk
n)i, j = xk

k!
((i

j

))
k

= (Vn(x, 1))i, j . ��

At the end of this section, we give the explicit inverse of In − aVn(x, 1) for all numbers | a |< 1.

Theorem 3.5 For | a |< 1, the matrix Rn(x) = (In − aVn(x, 1))−1 is defined by

(Rn(x))i,i = 1

1 − a

for the main diagonal entries and it is defined for i > j as

(Rn(x))i, j = (Vn(x, 1))i, j Li j−i (a)

where Lin(z) is the polylogarithm function.

Proof For any | a |< 1, we have

Rn(x) = (In − aVn(x, 1))−1 =
∞∑

k=0

ak V k
n (x, 1)

and from Theorem 2.5 we can write

(Rn(x))i, j =
∞∑

k=0

ak(Vn(kx, 1))i, j = (Vn(x, 1))i, j

∞∑
k=0

akki− j .

Hence the proof can be finished after writing the cases i = j and i > j . ��
Example 3.6

I6 − aV6(x, 1) = I6 −

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

a 0 0 0 0 0 0
0 a 0 0 0 0 0

xa 0 a 0 0 0 0
0 3

2 xa 0 a 0 0 0
x2a 0 2xa 0 a 0 0
0 15

8 x2a 0 15
6 xa 0 a 0

x3a 0 3x2a 0 3xa 0 a

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
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=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 − a 0 0 0 0 0 0
0 1 − a 0 0 0 0 0

−xa 0 1 − a 0 0 0 0
0 − 3

2 xa 0 1 − a 0 0 0
−x2a 0 −2xa 0 1 − a 0 0

0 − 15
8 x2a 0 − 5

2 xa 0 1 − a 0
−x3a 0 −3x2a 0 −3xa 0 1 − a

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The inverse of this matrix equals

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1−a 0 0 0 0 0 0
0 1

1−a 0 0 0 0 0
xa

(1−a)2 0 1
1−a 0 0 0 0

0 3
2

xa
(1−a)2 0 1

1−a 0 0 0
x2a(a+1)

(1−a)3 0 2xa
(1−a)2 0 1

1−a 0 0

0 15
8

x2a(a+1)

(1−a)3 0 5
2

xa
(1−a)2 0 1

1−a 0

x3a a2+4a+1
(1−a)4 0 3x2a(a+1)

(1−a)3 0 3xa
(1−a)2 0 1

1−a

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

4 A generalization of the Pascal-like matrix

In this section we give a Pascal-like functional matrix and obtain some results.

Definition 4.1 Let x and λ be two real arbitrary numbers and n be a non-negative integer. Then

xn|λ =
{

x(x + λ) · · · (x + (n − 1)λ) if n > 0,

0 if n = 0.

Thus if λ = 0, we have xn|0 = xn .

Lemma 4.2 ([2, Lemma 1]) Let x, y, λ be real numbers and n be a positive integer. Then

(x + y)n|λ =
n∑

i=0

(
n

i

)
x (n−i)|λyi |λ. (4.1)

Proof See [2]. ��
We deal with the following matrix which generalize Pascal-like matrix by considering the above lemma.

Definition 4.3 The matrix Vn,λ(x) is defined by

(Vn,λ(x)
)

i, j :=
((i

j

))
σi− j x
i− j

2 �|λ.

Theorem 4.4 For n > 0, we have

Vn,λ(x + y) = Vn,λ(x)Vn,λ(y). (4.2)

Proof The proof is similar to Theorem 2.3. By Definition 4.3 and the rules of the matrix multiplication, the (i, j)
entry of Vn,λ(x)Vn,λ(y) can be obtained as

i∑
k= j

(Vn,λ(x)
)

i,k

(Vn,λ(y)
)

k, j =
i∑

k= j

((i
k

))
σi−k x
i−k

2 �|λ((k
j

))
σk− j y
k− j

2 �|λ

=
((i

j

)) i∑
k= j

(i − j)!!σi−kσk− j

(i − k)!!(k − j)!! x
i−k
2 �|λy
k− j

2 �|λ
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=
((i

j

)) i− j∑
k=0

(i − j)!!σi− j−kσk

k!!(i − j − k)!! x
i− j−k
2 �|λy
k

2�|λ.

Clearly, k and i − j must both be even, otherwise σi− j−kσk = 0 and the (i, j) entry of Vn,λ(x)Vn,λ(y) equals
0. Let k = 2l. Then the last expression will be

((i
j

)) 1
2 (i− j)∑

l=0

(i − j)!!
(2l)!!(i − j − 2l)!! x
i− j

2 −l�|λyl|λ

=
((i

j

)) 1
2 (i− j)∑

l=0

( i− j
2
l

)
x
i− j

2 −l�|λyl|λ =
((i

j

))
(x + y)


i− j
2 �|λ.

Note that the last equality comes from formula (4.1). Therefore we obtain (4.2). ��
Corollary 4.5 Let j and k be integers with k > 0. Then we have

(i) V j
n,λ(1) = Vn,λ( j)

(ii) Vk
n,λ( j/k) = Vn,λ( j).

Now, we generalize Definition 4.3 for two variables x and y .

Definition 4.6 Let x, y and λ be real numbers and n be a positive integer. The matrix Vn,λ(x, y) is defined by

(Vn,λ(x, y))i, j :=
((i

j

))
σi− j x
i− j

2 �|λy j |λ.

The following lemma is an immediate consequence of the above definition.

Lemma 4.7 Vn,λ(x, y) is factorized as

Vn,λ(x, y) = Vn,λ(x)diag{1, y1|λ, · · · , yn|λ}.
Theorem 4.8 For n > 0, we have

Vn,λ(x + y, z) = Vn,λ(x)Vn,λ(y, z) = Vn,λ(y)Vn,λ(x, z).

Proof Using Theorem 4.4 and Lemma 4.7, the result is obtained. ��
Now we will generalize the Pascal-like functional matrix in two variables associated with a sequence b =

{bn}n≥0.

Definition 4.9 We define

(Vn,λ(x, y, b))i, j := b j

((i
j

))
σi− j x
i− j

2 �|λy j |λ.

Example 4.10 For n = 3, we have

V3,λ(x, y, b) =

⎡
⎢⎢⎣

b0 0 0 0
0 b1 y 0 0

b0x 0 b2 y(y + λ) 0
0 3

2 b1xy 0 b3 y(y + λ)(y + 2λ)

⎤
⎥⎥⎦ .

Lemma 4.11 The matrix Vn,λ(x, y, b) has the following factorization

Vn,λ(x, y, b) = Vn,λ(x, y)diag{b0, b1, · · · , bn}.
Proof The proof can be done easily by mathematical induction and Theorem 4.8. ��
Theorem 4.12 We have

(i) Vn,λ(x + y, z, b) = Vn,λ(x)Vn,λ(y, z, b).
(ii) Vn,λ(x + y, z, b) = Vn,λ(x)Vn,λ(y, z)diag{b0, b1, · · · , bn}.
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Proof Using Theorem 4.4 and 4.8 and Lemma 4.11 the proof follows. ��
Remark 4.13 We can also set the sequence b = {bn}n≥0 in the Pascal-like matrix in another form. Let n = 4.
We can put the sequence in a form such as⎡

⎢⎢⎢⎣

b0 0 0 0 0
0 b1 0 0 0

b2x 0 b2 0 0
0 3

2 b3x 0 b3 0
b4x(x + λ) 0 2b4x 0 b4

⎤
⎥⎥⎥⎦ = V4,λ(x)diag{b0, b1, b2, b3, b4}.

Proposition 4.14 For any positive integer n and real number x, we have

(Vn,λ(x) − In+1)

 n

2 � = Mn

where In+1 is an identity matrix of order n + 1 and Mn is a matrix of order n + 1 in which all elements are equal
to zero except

(Mn)n,0 = n

2
!xn/2 (4.3)

for n is even and

(Mn)n−1,0 = (
n − 1

2
)!x (n−1)/2, (Mn)n,1 = n!!

2(n−1)/2
x (n−1)/2 (4.4)

with all other elements are zero for n is odd.

Proof We will prove it first for n is even. Let n = 2m, we prove that for each 1 ≤ k ≤ m, all elements of the
first 2k rows of

M2k := (V2m,λ(x) − I2m+1)
k (4.5)

are zero and for the (2k + 1)-th row, only the first element is

(M2k)2k,0 =
((2

0

))((4
2

))
· · ·
(( 2k

2k − 2

))
xk = k!xk (4.6)

and the other elements in this row are zero.
The proof will be done by induction on k. It is clear for k = 1. Suppose (4.5) and (4.6) hold for k. Then using

matrix multiplication we have

(V2m,λ(x) − I2m+1)
k+1 = (V2m,λ(x) − I2m+1)M2k

=

⎡
⎢⎢⎢⎢⎣

00,0 00,1 ··· ··· ··· ··· 0··· ··· ··· ··· ··· ··· ···∗2k+1,0 ∗2k+1,1 ··· 0 ··· ··· 0((
2k+2

0

))
xk|λ 02k+2,1 ···

((
2k+2

2k

))
x 0 ··· 0

02k+3,0

((
2k+3

1

))
x (k+1)|λ ··· 0

((
2k+3
2k+1

))
x 0 ···

··· ··· ··· ··· ··· ··· ···

⎤
⎥⎥⎥⎥⎦

×
⎡
⎣

00,0 00,1 ··· 00,2m··· ··· ··· ···
02k−1,0 02k−1,1 ··· 02k−1,2m

(M2k )2k,0 0 ··· 0··· ··· ··· ···

⎤
⎦

=

⎡
⎢⎢⎢⎣

00,0 00,1 · · · 00,2m
· · · · · · · · · · · ·

02k+1,0 02k+1,1 · · · 02k+1,2m
(M2k+2)2k+2,0 0 · · · 0

· · · · · · · · · · · ·

⎤
⎥⎥⎥⎦

where

(M2k+2)2k+2,0 =
((

2k+2
2k

))
x · (M2k)2k,0 =

((2
0

))((4
2

))
· · ·
(( 2k

2k − 2

))((2k + 2
2k

))
xk+1.

Hence, (4.5) and (4.6) hold for k + 1. By induction, let k = m, and (4.3) are proved.
The same procedure gives the result (4.4) for n is odd. ��
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