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Abstract In this manuscript, we consider an inverse problem for a second-order abstract differential equation
in a Banach space and identify the parameter using an over-determined condition on a mild solution. A direct
approach using Volterra integral equation for sufficiently regular data and an optimal control approach for less
regular data are the main techniques to find the solution pair of the considered problem. Finally, an application
to an inverse problem that appears in elasticity theory is presented.
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1 Introduction

In a dynamical mathematical model describing a natural process, the problem of parameter identification using the
given set of observations is of particular interest in an extensive range of sciences, biology, medicine, engineering,
economy, or environmental sciences. Its mathematical approach may be challenging and the problem is not one
of a particular estimation technique. Of course, the ideal solution is to obtain an identification formula for the
parameter, but generally, this can be done under some strong hypotheses. These types of problems are called
inverse problems. Because they provide information about parameters that are difficult to study directly, inverse
problems are among the most important mathematical problems in science and mathematics. Communication
theory, system identification, acoustics, optics, astronomy, radar, medical imaging, remote sensing, computer
vision, [1,2] signal processing, oceanography, natural language processing, machine learning, [3] geophysics,
nondestructive testing and many more fields all use them. See [4–9] for the core theory of inverse problems.

An area of mathematics involved discovering control for a dynamical system over a period of time to optimize
an objective function [10]. The optimal control approach is essential in a wide range of mathematical applications.
We investigate a control function that steers or transfers the position from a primary state to a specific destination
state at the lowest cost and in the shortest time achievable in a time-optimal control problem. Optimal control is
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applied in various fields, including science, operations research, and engineering. Electric bulk power systems,
aeronautical engineering, chemical process control, crystal growth, quantum systems theory, reactor control and
vascular surgery are among the specialties studied. [11–18] have more recent works on optimal control.

Abstract differential equations are the differential equations what are defined on abstract space. These equa-
tions play a critical role in many areas of science and engineering, including physics, economics, biology, and
control theory, to name a few. Abstract differential equations are an essential tool for modeling complex systems,
unifying different fields of study, developing control strategies, and developing numerical methods for solving
differential equations. For more detail, we refer [19,20] and references therein.

The first-order abstract differential equations were the foundation of inverse problem theory for abstract
differential equations. Orlove-sky, Prilepko, et al. [21] were the first to examine second-order equations. Angelo
Favini and coauthors have studied a large class of second-order inverse problems for linear evolution equations.
There are sufficient prerequisites for the existence and uniqueness of the inverse problem solution. Many authors
[22–29] have discussed the existence and uniqueness of the solution of an inverse problem for a differential
equation. Fadi Awawdeh [22] have solved the second-order inverse problem using perturbation method. Angelo
Favini et al. [23] have solve a direct and inverse problem for degenerate parabolic differential equation with
multi-valued operators. They have used real interpolation spaces for solving some identification linear evolu-
tion problems in Banach spaces, under space regularity assumptions. Muslim Malik et al. [20] have studied the
inverse problem for an abstract neutral differential equation of Sobolev-type. They have proved the existance
and uniqueness of strong solution of the considered inverse problem. Santosh Ruhil et al. [24] have solved an
inverse problem for Atangana-Baleanue fractionl differential equation. They have studied two type of solutions
one is strong solution and other is approximate solution based on a strong hypotheses. Bondarenko et al. [25]
have discussed about finite-difference approximation of the inverse Sturm-Liouville problem with frozen argu-
ment. Buterin, S. A. et al. [26] discussed an inverse spectral problem for second-order functional-differential
pencils with two delays. Xu, Xin-Jian et al. [27] solved an inverse spectral problem for Bessel operators with
interior transmission conditions. Angell, T. S. et al. [28] discussed about an inverse transmission problem for the
Helmholtz equation. Viorel Barbu and Gabriela Marinoschi [29] have discussed the possibility of solving the
first-order linear inverse problem in two situations. The first is when data is regular, and the second is for irregular
data. Now, the question arises that can we solve the second order inverse problem for an abstract differential
equation in these two situations? If yes, then what will be the solution? The primary tool for our work is abstract
cosine function theory, which has the same rule for second-order equations as semigroup theory does inverse
first-order problems. Therefore, motivated from the preceding information and to fill the mentioned gap, in this
paper, we shall discuss a new direct approach using the sine and cosine family and an optimal control approach
to solving the inverse problem of the second-order in a Banach space Z, which is of the form

{
ν′′(β) = Bν(β)+ u(β)ζ(β), β ∈ (0, r),
ν(0) = ν0, ν′(0) = ν1,

(1.1)

where the state ν(β) ∈ Z, the operator B denotes the generator of a strongly continuous cosine family {C(β)}β∈R

onZ, ζ : [0, r ] → Z . Given the demand (1.1), the requirement is to recover the unknown function u : [0, r ] → R,

from the supply

ϕ(ν(β)) = G(β), β ∈ [0, r ], (1.2)

where G : [0, r ] → R is known and ϕ ∈ Z∗, the dual of Z. The general assumptions are:

(i) ν0, ν1 ∈ Z,
(ii) ζ ∈ L2(0, r;Z),

(iii) G ∈ L2(0, r; R).

This paper addresses the reconstruction of u and consequently of ν, as a solution to the inverse problem (1.1)–
(1.2), from the observation (1.2). The results of this manuscript are new and interesting. In Section 2, firstly we
have given some important definitions which will be useful throughout the manuscript then we have solved the
problem using strongly continuous cosine families and Volterra integral equations. In Section 3, we introduced
an optimal control approach that provides an approximating solution and checks if this could tend to the solution
to our original inverse problem. Finally, in Section 4, we have given an example of application to the inverse
problem.
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2 A direct approach

In this part, we use a strongly continuous cosine family and a Volterra integral equation of the second kind to
discover the unique strong solution to the inverse problem (1.1)–(1.2).

Definition 2.1 [30] Let z be a point in a subset U
′

of a Banach space U and V be another Banach space. A
continuous linear operator T : U

′ → V is called the derivative of the operator S : U → V at z if

lim‖h‖→0

‖S(z + h)− S(z)− T (h)‖
‖h‖ = 0.

The limit here is meant in the usual sense of a limit of a function defined on a metric space, using U and V as
the two metric spaces, and the above expression as the function of argument h in U

′
. This derivative is called

Fréchet derivative. If U = R = V, then it will called a classical derivative.

Definition 2.2 [30] Let (X,
∑
, μ) be a measure space, and Z be a Banach space. The integral of a function

f : X → Z is much in the same way as Lebesgue integral. Firstly, define a simple function to be any finite sum
of the form

s(x) =
n∑

i=1

χEi (x)bi ,

where Ei are disjoint members of the σ−algebra
∑
, the bi are distinct element of Z, and χE is the characteristic

function of E . If μ(Ei ) is finite whenever bi �= 0, then the simple function is integrable, and the integration is
then defined by ∫

X

[
n∑

i=1

χEi (x)bi

]
dμ =

n∑
i=1

μ(Ei )bi .

Now, a measurable function f : X → Z is integrable if there exists a sequence of integrable simple functions
sn such that

lim
n→∞

∫
X

‖ f − sn‖Z dμ = 0,

where the integral on the left side is an ordinary Lebsegue integral. In this case, the integral is defined by∫
X

f dμ = lim
n→∞

∫
X

sn dμ.

This integration in the general Banach space is take in the Bochner integral sense [31].

Definition 2.3 Let u and ζ be continuous functions from [0, r ] to R and Z, respectively. A strong solution to
the system (1.1) is a function ν ∈ C2([0, r ],Z) ∩ C([0, r ],D(B)), which satisfies (1.1) almost everywhere on
[0, r ].
Definition 2.4 [32,34] Let M(Z) denotes a set of all bounded linear operators on Z. If a family {C(β)}β∈R of
one parameter, which is a subset of M(Z), satisfies the following conditions, then it is called a Z-valued strongly
continuous cosine family:

1. C(0) = I,
2. C(q + β)+ C(q − β) = 2C(q)C(β) ∀ q, β ∈ R,

3. the map β → C(β)ν is continuous, for each ν ∈ Z.
Definition 2.5 [32,34] An operator B ⊂ M(Z) defined by

Bν = d2

dβ2C(β)ν
∣∣
β=0

is called an infinitesimal generator of {C(β)}β∈R. The domain of the operator B is given by

D(B) = {ν ∈ Z : C(β)ν ∈ C2([0, r ],Z)}.
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Definition 2.6 [32,34] The sine family {S(β)}β∈R, which is linked to {C(β)}β∈R, is defined as follows:

S(β)ν =
∫ β

0
C(τ )ν dτ, ν ∈ Z, β ∈ R.

For more information on cosine and sine family one may see [32,34,35].

Definition 2.7 [32] Let B be the infinitesimal generator of a cosine family C(β), ν0, ν1 ∈ Z, ζ ∈ L2(0, r;Z)
and {S(β)}β∈R, is sine family associated with C(β). Then the function ν ∈ C1([0, r ];Z) given by

ν(β) = C(β)ν0 + S(β)ν1 +
∫ β

0
S(β − τ)ζ(τ )u(τ )dτ, ∀ β ∈ [0, r ]

is called the mild solution of the initial value problem (1.1) on [0, r ], if it satisfies the equation ν′′(β) =
Bν(β)+ u(β)ζ(β) together with the initial conditions ν(0) = ν0, ν′(0) = ν1.

Theorem 2.8 Given the data (ν0, ν1) �→ G(β), one can get the unique solution of the inverse problem (1.1)–(1.2)
as

(u, ν) ∈ C([0, r ],R)×
(

C2([0, r ],Z) ∩ C([0, r ],D(B))
)

satisfying the conditions

ν0, ν1 ∈ D(B), ϕ(0) �= 0, (2.1)

ζ ∈ C1([0, r ],D(B)), G ∈ C2([0, r ],R). (2.2)

Proof We know that problem (1.1) has a unique mild solution ν ∈ C2([0, r ],Z) because B is the generator of
{C(β)}β∈R and that solution is given by

ν(β) = C(β)ν0 + S(β)ν1 +
∫ β

0
S(β − τ)ζ(τ )u(τ )dτ, ∀ β ∈ [0, r ]. (2.3)

By (2.1), this turns out to be a strong solution. Applying ϕ and by using the fact that ϕ ∈ Z∗ and fundamental
theorem of calculus [33], we obtain

ϕ(ν(β)) = ϕ(C(β)ν0)+ ϕ(S(β)ν1)+
∫ β

0
ϕ(S(β − τ)ζ(τ ))u(τ )dτ. (2.4)

Denoting

F(β, τ ) = ϕ(S(β − τ)ζ(τ )), 0 ≤ τ ≤ β ≤ r,

	u(β) =
∫ β

0
F(β, τ )u(τ )dτ.

By using eq. (1.2), we can write eq. (2.4) as follows

	u(β) = G(β)− ϕ(C(β)ν0)− ϕ(S(β)ν1). (2.5)

We note that (β, τ ) → F(β, τ ) is differentiable on [0, r ]×[0, r ] and the right-hand side of eq. (2.5) is differentiable
on [0, r ]. This is an integral equation of the first kind, which can be reduced to a linear Volterra equation of the
second kind by a standard way. By differentiating the eq. (2.5) with respect to β, we obtain

F(β, β)u(β)+
∫ β

0
Fβ(β, τ )u(τ )dτ = G′(β)− ϕ(C′(β)ν0)− ϕ(S′(β)ν1). (2.6)

Let us denote

g(β) = [G′(β)− ϕ(C′(β)ν0)− ϕ(S′(β)ν1)][F(β, β)]−1
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and observing that F(β, β) = ϕ(0) �= 0 ∀ β ∈ [0, r ], we obtain

u(β) =
∫ β

0
K(β, τ )u(τ )dτ + g(β) ∀ β ∈ [0, r ], (2.7)

where

K(β, τ ) = −Fβ(β, τ )

F(β, β)
Fβ(β, τ ) = ϕ(C(β − τ)ζ(τ )), 0 ≤ τ ≤ β ≤ r.

Under our hypotheses g ∈ C[0, r ],R) and so the Volterra integral equation of second kind, eq. (2.5) has a unique
solution u ∈ C[0, r ] given by

u(β) = g(β)+
∫ β

0
R(β, τ )g(τ )dτ ∀ β ∈ [0, r ]

with the resolvent kernel

R(β, τ ) =
∞∑
j=0

K j (β, τ ) ∀ 0 ≤ τ ≤ r, 0 ≤ β ≤ r,

where

Kn(β, τ ) =
∫ β

τ

K(β, τ )Kn−1(β, τ )dτ, K0(β, τ ) = K(β, τ ).

As also known, u(β) can be iteratively obtained as

un+1(β) = g(β)+
∫ β

0
K(β, τ )un(τ )dτ, u0(β) = u(0)

and the sequence {un(β)}n≥1 converges strongly to the solution u(β) of the eq. (2.7) as n → ∞. By eq. (2.3),
the corresponding solution ν(β) is unique. Hence, system (1.1)–(1.2) has a unique strong solution (u, ν). ��
Corollary 2.9 Under the hypothesis of theorem (2.8), if ∀ β, τ ∈ [0, r ], u(0) ≥ 0, g(β) ≥ 0 and K(β, τ ) ≥ 0, it
follows that u(β) ≥ 0 ∀ β ∈ [0, r ]. Moreover, if ∀ β, τ ∈ [0, r ], u(0) ≤ 0, g(β) ≤ 0 and K(β, τ ) ≤ 0, It follows
that u(β) ≤ 0 ∀ β ∈ [0, r ].

3 An optimal control approach

An alternative for solving the inverse problem (1.1)–(1.2) is to use an optimal control approach. Firstly, we have
addressed some important definitions which will be useful throughout this section. Then we have defined our
optimal control problem and proved that the unique solution of this problem will be the solution to our orignal
inverse problem.

Definition 3.1 [38] Let Z be a Banach space and F ∈ M(Z), then a Volterra operator F is said to be completely
continuous if for any sequence {zn} in Z such that zn → z weakly it follows that ‖F zn − F z‖ → 0.

Definition 3.2 [39] Let S be the closed convex subset of R and indicator function IS(z) =
{

0; z ∈ S

∞; otherwise.
Then the subdifferential of the indicator function at z is defined as

NS(z) = ∂ IS(z) = {g ∈ R : gz ≥ gy for any y ∈ S}.
The subdifferential of indicator function at z is also known as the normal cone.

Our minimization problem can be stated as follows:
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Problem 3.1 Find a continuous function û on [0, r ] such that

J(û) = min
u∈C[0,r ]

[
J(u) = 1

2

∫ r

0
[ϕ(ν(β))− G(β)]2dβ

]
(3.1)

for all (u, ν) satisfying eq. (1.1).

Definition 3.3 A pair (û, ν̂) is called optimal for (3.1) if û is the solution of the problem (3.1) corresponding to
mild solution ν̂ of Cauchy problem (1.1).

It is obvious that if system (1.1) has a unique solution, this turns out to be the unique solution to the
problem (3.1), but the converse assertion is not generally true. It is unclear if the problem (3.1) may have a
solution, especially if we do not assume that ϕ(0) �= 0. To find the optimal pair for the problem (3.1), we use
an approximating control problem which provides an approximating solution (ûκ , ν̂κ ) and to check if this could
tend to the solution to the problem (3.1) if the latter has one. In this approximating problem we shall require less
regularity for the data than in the first case of Section 2. The hypotheses used in this part are (i), (ii), (iii) and Z
is a reflexive Banach space. We stress that we do not require that ϕ(0) is nonzero.
Next, our approximating minimization problem can be stated as follows

Problem 3.2 Let κ be any non negative real number and

Ua =
{

u ∈ L2(0, r) : u(β) ∈ [c, d] ⊂ R, a.e. β ∈ (0, r)
}
,

then find ûκ ∈ Ua such that

J(ûκ) = min
u∈Ua

[
Jκ(u) = 1

2

∫ r

0
[ϕ(ν(β))− G(β)]2dβ + κ

2
‖u‖2

L2(0,r)

]
(3.2)

subject to (1.1).

Definition 3.4 A pair (ûκ , ν̂κ ) is called optimal for (3.2) if ûκ ∈ Ua is the approximating solution of the
problem (3.2) corresponding to mild solution ν̂κ of Cauchy problem (1.1).

Lemma 3.1 If ûκ minimizes the functional Jκ(u) and ν̂κ solve the system (1.1), then the problem (3.2) has an
unique optimal pair (ûκ , ν̂κ ).

Proof We know that Jκ(u) ≥ 0, which implies that its infimum xκ (say) exists and it is nonnegative. Let us
consider a minimizing sequence (um

κ , ν
m
κ ) with um

κ ∈ Ua and we have

xκ ≤ Jκ(u
m
κ ) ≤ xκ + 1

m
, for m ≥ 1. (3.3)

It follows that ‖um
κ ‖L2(0,r) is bounded so, we can select a subsequence, denoted still by um

κ such that um
κ converges

weakly to ûκ and ûκ ∈ Ua [36]. For u = um
κ , system (1.1) has a unique mild solution (since um

κ ζ ∈ L1([0, r ],Z)
and ν0, ν1 ∈ Z), that is

νm
κ (β) = C(β)ν0 + S(β)ν1 +

∫ β

0
S(β − τ)ζ(τ )um

κ (τ )dτ ∀ β ∈ [0, r ].

Let us define

ν̂κ (β) = C(β)ν0 + S(β)ν1 +
∫ β

0
S(β − τ)ζ(τ )ûκ(τ )dτ.

Now, we consider

νm
κ (β)− ν̂κ (β) = C(β)ν0 + S(β)ν1 +

∫ β

0
S(β − τ)ζ(τ )um

κ (τ )dτ

−C(β)ν0 − S(β)ν1 −
∫ β

0
S(β − τ)ζ(τ )ûκ(τ )dτ.
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It implies

νm
κ (β)− ν̂κ (β) =

∫ β

0
S(β − τ)ζ(τ )(um

κ (τ )− ûκ(τ ))dτ.

We can see that the right side operator of the above equation is a kind of Volterra operator [37] which is
completely continuous [38] and we know that (um

κ (τ ) − ûκ(τ )) converges weakly to 0. Hence we will have∥∥S(β − τ)ζ(τ )um
κ (τ )− S(β − τ)ζ(τ )ûκ(τ )

∥∥ → 0. It implies that

νm
κ (β) → ν̂κ (β), weakly in Z for all β ∈ [0, r ].

Thus, ν̂κ is a mild solution of the system (1.1). Next, since Z is reflexive Banach space, νm
κ (β) →

ν̂κ (β), weakly in Z for all β ∈ [0, r ] and ϕ ∈ Z∗, we obtain

ϕ(νm
κ (β)) → ϕ(ν̂κ (β)), ∀β ∈ [0, r ]

and passing to the limit in the eq. (3.3), we obtain

Jκ(ûκ) = xκ .

Thus, problem (3.2) has a solution. Since the functional Jκ(u) is strictly convex, then the minimum ûκ is unique.
��
Let us denote 〈., .〉 by the pairing between the Banach Space Z and its dual space Z∗ and P[c,d](h) by the
projection of h on [c, d].
Theorem 3.5 Let the problem (3.2) has a solution (ûκ , ν̂κ ). Then, the necessary conditions of optimality are

ûκ(β) = P[c,d]
(

1

κ
〈pκ(β), ζ(β)〉

)
, a.e.β ∈ (0, r), (3.4)

where pκ is the solution to the problem{
p′′
κ (β) = B∗ pκ(β)− (ϕ(ν̂)(β)− G(β))ϕ, β ∈ (0, r),

pκ(r) = 0, p′
κ(r) = 0,

(3.5)

and B∗ is the adjoint of B.

Proof Let (ûκ , ν̂κ ) denotes any solution of the problem (3.2) and

uσκ = ûκ + σw wi th w = v − ûκ , (3.6)

where σ > 0 and v ∈ Ua. Now, consider the equation in Variations{
ϒ ′′(β) = Bϒ(β)+ w(β)ζ(β), β ∈ (0, r)
ϒ(0) = 0, ϒ ′(0) = 0.

(3.7)

Let νuσ and ν û are solutions of (1.1) corresponding to uσ and û, respectively. Then

νuσ (β) = C(β)ν0 + S(β)ν1 +
∫ β

0
S(β − τ)ζ(τ )uσ (τ ) dτ

and

ν û(β) = C(β)ν0 + S(β)ν1 +
∫ β

0
S(β − τ)ζ(τ )û(τ ) dτ.

Now,

ϒ = lim
σ→0

νuσ − ν û

σ
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= lim
σ→0

1

σ

[
C(β)ν0 + S(β)ν1 +

∫ β

0
S(β − τ)ζ(τ )uσ (τ )dτ

]

− lim
σ→0

1

σ

[
C(β)ν0 − S(β)ν1 −

∫ β

0
S(β − τ)ζ(τ )û(τ )dτ

]

= lim
σ→0

1

σ

[∫ β

0
S(β − τ)ζ(τ )(uσ (τ )− û(τ ))dτ

]

= lim
σ→0

1

σ

[∫ β

0
S(β − τ)ζ(τ )σw(τ)dτ

]

= C(β)ϒ(0)+ S(β)ϒ ′(0)+
∫ β

0
S(β − τ)ζ(τ )w(τ)dτ.

From here, we can see that ϒ = limσ→0
νuσ −ν û

σ
is the solution of (3.7). Since (ûκ) is optimal in (3.2) so, it

satisfies

Jκ(ûκ) ≤ Jκ(u
σ
κ )

when we divide both sides by σ , perform some calculation and taking limit σ → 0, we get the optimality relation∫ β

0
(ϕ(ν̂κ (β))− G(β))ϕ(ϒ(β)) dβ + κ

∫ r

0
ûκ(β)w(β) dβ ≥ 0. (3.8)

Since Z∗ is reflexive Banach space, B∗ is generating a strongly continuous cosine family [40] and ϕ ∈ Z∗, it
implies that equation (3.5) has unique mild solution pκ(β) ∈ C([0, r ];Z∗) defined as

pκ(β) =
∫ r

β

S(β − τ)(ϕ(ν̂κ (τ ))− G(τ ))ϕ dτ.

Now, if ϕ ∈ D(B∗) and wy ∈ D(B) then pκ and ϒ would be strong solutions. By multiplying equation (3.7) by
pκ and taking integration both side we get∫ r

0

〈
pκ(β),ϒ

′′(β)
〉 =

∫ r

0
〈(pκ)(β),Bϒ(β)〉 dβ +

∫ r

0
〈(pκ)(β),w(β)ζ(β)〉 dβ.

To integrate by parts we get

〈
pκ(r), ϒ

′(r)
〉 − 〈

pκ(0), ϒ
′(0)

〉 − 〈
(pκ)β(r), ϒ(r)

〉 + 〈
(pκ)β(0), ϒ(0)

〉 + ∫ r

0

〈
(pκ)ββ(β), ζ(β)

〉
dβ

=
∫ r

0
〈(pκ)(β),Bϒ(β)〉 dβ +

∫ r

0
〈(pκ)(β),w(β)ζ(β)〉 dβ

Now, by using initial conditions and some properties of adjoint operator we get∫ r

0

〈
(pκ)ββ(β)− B∗ pκ(β),ϒ(β)

〉
dβ =

∫ r

0
〈(pκ)(β), ζ(β)〉w(β) dβ.

Using equation (3.5),

−
∫ r

0
(ϕ(ν̂)(β)− G(β))ϕ(ϒ(β)) dβ =

∫ r

0
〈(pκ)(β), ζ(β)〉w(β) dβ.

Comparing it with equation (3.8) we get

−
∫ r

0
〈((pκ)(β), ζ(β)〉 − κ ûκ(β))w(β) dβ ≥ 0

when we take into account that w = v − ûκ , we get∫ r

0
(〈(pκ)(β), ζ(β)〉 − κ ûκ(β))(ûκ(β)− v(β)) dβ ≥ 0, v ∈ Ua.
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Thus, we deduce that

〈(pκ)(β), ζ(β)〉 − κ ûκ(β) ∈ N[c,d](ûκ(β)) = ∂ I[c,d](ûκ(β)), almost everywhere for β ∈ (0, r),
where N[c,d](ûκ(β)) is the normal cone to [0, r ] at ûκ(β) and ∂ I[c,d] is the subdifferential of the indicator function
of [c, d]. Then

1

κ
〈(pκ)(β), ζ(β)〉 ∈ ûκ(β)+ 1

κ
∂ I[c,d](ûκ(β)) a.e.β ∈ (0, r).

It implies that

ûκ(β) = P[c,d]
(

1

κ
〈pκ(β), ζ(β)〉

)
, a.e.β ∈ (0, r).

��
Let

Q =
{

u ∈ L2(0, r); u(β) ∈ [c, d] a.e., (u, ν) solves (1.1)−(1.2)
}
.

We can easily see that Q is a close and convex set. Let us denote PQ(0) by the projection of 0 on Q.

Theorem 3.6 Let (ûκ , ν̂κ ) be a solution to the problem (3.2). If Q is non-empty then for κ → 0, we have ûκ
and ν̂κ converges to ũ and ν̃ strongly in L2(0, r) and C([0, r ];Z), respectively, where (ũ, ν̃) is a solution to the
inverse problem (1.1)–(1.2). Moreover, ũ = PQ(0).

Proof Let (ûκ , ν̂κ ) be the solution to the problem (3.2). By condition of optimality, we have

J(ûκ) ≤ J(u).

It implies that

1

2

∫ r

0
[ϕ(ν̂κ (β))− G(β)]2dβ + κ

2
‖ûκ‖2

L2(0,r) ≤ 1

2

∫ r

0
[ϕ(ν(β))− G(β)]2dβ + κ

2
‖u‖2

L2(0,r) ∀ u ∈ Ua.

In particular, let us take u = û and ν = ν̂ where (û, ν̂) is any solution to (1.1)–(1.2) if Q is non-empty. Hence
ϕ(ν̂(β)) = G(β), a.e. β ∈ (0, r) and we have

‖ ˆuκn ‖L2(0,r) ≤ ‖û‖L2(0,r). (3.9)

Hence on κn → 0, we get ˆuκn converges to ũ(say) weakly in L2(0, r) [36]. Now, we know that ˆνκn is the solution
of eq. (1.1) so,

ˆνκn = C(β)ν0 + S(β)ν1 +
∫ β

0
S(β − τ)ζ(τ ) ˆuκn (τ ) dτ.

Let us define

ν̃ = C(β)ν0 + S(β)ν1 +
∫ β

0
S(β − τ)ζ(τ )ũ(τ ) dτ, ∀ β ∈ [0, r ].

Now, we consider

ˆνκn (β)− ν̃(β) = C(β)ν0 + S(β)ν1 +
∫ β

0
S(β − τ)ζ(τ ) ˆuκn (τ )dτ

−C(β)ν0 − S(β)ν1 −
∫ β

0
S(β − τ)ζ(τ )ũ(τ )dτ.

It implies

ˆνκn (β)− ν̃(β) =
∫ β

0
S(β − τ)ζ(τ )( ˆuκn (τ )− ũ(τ ))dτ.
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We can see that the right side operator of the above equation is a kind of Volterra operator [37], which is
completely continuous [38] and we know that ( ˆuκn (τ ) − ũ(τ )) converges weakly to 0. Hence we will have∥∥S(β − τ)ζ(τ )um

κ (τ )− S(β − τ)ζ(τ )ûκ(τ )
∥∥ → 0. It implies that

ˆνκn (β) → ν̃(β), weakly in Z for all β ∈ [0, r ].
Thus, ν̃ is also the solution of (1.1). Next, since ϕ ∈ Z∗, it implies that ϕ( ˆνκn (β)) converges to ϕ(ν̃) as κ → 0
and so (ũ, ν̃) is a mild solution to (1.1)–(1.2), that is ũ ∈ Q. On the other hand, by (3.9) we have

‖ũ‖L2(0,r) ≤ lim inf
κn→0

‖ ˆuκn ‖L2(0,r) ≤ ‖û‖L2(0,r)

for any û ∈ Q and so we deduce that the distance from ũ to 0 is the smallest that is

ũ = PQ(0). (3.10)

Namely ũ = 0 if 0 ∈ Q and ũ ∈ ∂Q if 0 does not belongs to Q. Using (3.9), lim sup
κn→0

‖ ˆuκn ‖L2(0,r) ≤ ‖û‖L2(0,r)

and ˆuκn converges to ũ weakly in L2(0, r). It implies that

ˆuκn → ũ strongly in L2(0, r). (3.11)

Using (3.10), we can say that ũ is unique. It follows that (3.11) holds ∀ κn → 0 which implies ûκ and ν̂κ
converges to ũ and ν̃ strongly in L2(0, r) and C([0, r ];Z), respectively, where (ũ, ν̃) is a solution to the inverse
problem (1.1)–(1.2). ��

4 Applications

As an application, we will explore an inverse problem from elasticity theory in this paper: Linear elasticity is the
mathematical study of how solid objects disfigure and become internally stressed due to certain conditions. It is
a branch of continuum mechanics that applies at microscopic and sometimes macroscopic length scales and is
based on continuum theory. It makes the more broad nonlinear theory of elasticity easier to understand. “Small”
deformations (or strains) or tiny strains, as well as linear correlations between strain and stress components, are the
key “linearizing” assumptions of linear elasticity. Furthermore, linear elasticity is only applicable to stress states
that do not produce flexibility. For many engineering design synopses, these assumptions are adaptable. Linear
elasticity is commonly utilized in engineering materials and engineering design structural analysis, sometimes
with the help of finite element analysis. Firstly, we will breiefly define some notation which is useful in this
section. Let 
 ⊂ R

3, L2(
) denotes the Lebesgue integrable space, C2(
) is space of all functions from 


to R which are two times continuously differentiable and C∞(
) is the space of all infinite times continuously
differentiable functions. Next,

L2,ρ(ω) =
{

f : 
 → R; f is measurable on 
 and ‖ f ‖2,ρ =
(∫




| f (x)|2 ρ(x)
)1/2

}
,

W 2
2 (
) = {

f ∈ L2(
) : Dα f ∈ L2(
), |α| ≤ 2
}

and (
◦

W 1
2)(
) denotes the closure of C∞

0 (
) in W 1
2 (
), where C∞

0 (
) is the space of all C∞(
) functions with
compact support in 
. For more details on Sobolev spaces we refer [41,42].
The following three tensor equations are required for the linear elastic boundary value problem:

• Equation of motion: Let 
 ⊂ R
3 be a bounded domain with a sufficiently smooth boundary and x =

(x1, x2, x3) ∈ 
. Let us pretend that an elastic body occupies 
 with a density of ρ(x). We have a system
of equations that is an expression of Newton’s second law derived from linear elastic theory [4,43]:

ρ
∂2νm

∂β2 = ∂σmn

∂xn
+ ρζ(x, β) x ∈ 
, β ∈ [0, r ], m = 1, 2, 3, (4.1)
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or in engineering notation

ρ
∂2ν1

∂β2 = ∂σ1

∂x1
+ ∂τ21

∂x2
+ ∂τ31

∂x3
+ ρζ1

ρ
∂2ν2

∂β2 = ∂τ12

∂x1
+ ∂σ2

∂x2
+ ∂τ32

∂x3
+ ρζ2

ρ
∂2ν3

∂β2 = ∂τ13

∂x1
+ ∂τ23

∂x2
+ ∂σ3

∂x3
+ ρζ3

where ν(x, β) = (ν1(x, β), ν2(x, β), ν3(x, β)) is the displacement vector, ζ(x, β) = (ζ1(x, β), ζ2(x, β),
ζ3(x, β)) is the density of external force andσmn(x, β) denotes the stress tensor. Assume that the displacement
vector ν(x, β) satisfies the following initial conditions

ν(x, 0) = ν0(x),
∂ν

∂β
(x, 0) = ν1(x), x ∈ 
 (4.2)

and the boundary condition

ν(x, β) = 0, x ∈ ∂
, β ∈ [0, r ]. (4.3)

• Strain-displacement equations:

ei j (ν) = 1

2

(
∂νi

∂x j
+ ∂ν j

∂xi

)
(4.4)

where ei j (ν) denotes the components of the deformation tensor.
• Constitutive equations: Hooke’s law represents the material behavior for elastic materials and relates the

unknown strains and stresses. the general equation of Hooke’s law is given by:

σmn = αmni j (x)ei j (ν). (4.5)

In the general case of body density ρ(x) and the elasticity coefficients αmni j are essentially bounded and
measurable. Also, the coefficients αmni j are supposed to satisfy the condition of symmetry and positive
definiteness

αmni j = αmnji = αnmji = α j imn, (4.6)

αmni j (x)ξmnξi j ≥ kξmnξmn, k > 0 (4.7)

and the density ρ(x) has the bound

0 < ρ0 < ρ(x). (4.8)

Let us introduce the Lebesgue space with weights; Z = (L2,ρ(
))
3 for the further treatment of the system (4.1)–

(4.5) as an abstract Cauchy problem. Now, for converting the linear elasticity problem in abstract form we have
to define all the parameters in abstract form. Hence, first of all define the operator H : D → Z s.t.

(Hν)i = 1

ρ

∂

∂xn

(
αmni j (x)

∂νi

∂x j

)
, i = 1, 2, 3

where

D(H) = (W 2
2 (
))

3 ∩
(
(

◦
W 1

2)(
)

)3

.

In space Z , we can see that H is a self-adjoint operator [4]. The symbols ν(β) and ζ(β) will correspond to the
same function ν(x, β) and ζ(x, β), respectively, but as abstract functions of the variable β with values in the space
Z . In Z, ν0 and ν1 will be treated as ν0(x) and ν1(x), respectively. Using these ingredients, the system (4.1)–(4.5)
reduces to the abstract Cauchy problem in Banach space Z for the second-order equation{

ν′′(β) = Hν(β)+ ζ(β), β ∈ [0, r ],
ν(0) = ν0, ν′(0) = ν1.

(4.9)
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We will now find the external force using prescribed subsidiary information provided by condition of integral
overdetermination ∫




ν(x, β)w(x)dx = g(β), β ∈ [0, r ], (4.10)

under the condition that

ζ(x, β) = p(β)ψ(x). (4.11)

Here, ψ(x) is a known matrix of order 3, for all 
, while p(β) is a vector that has to be sought. We note that
equation (4.34) can be written in the form

ϕ[ν] =
∫



ν(x)w(x)dx,

for any function w(x) being subject to the relation w ∈ ◦
W 1

2(
). With these ingredients, system (4.1)–(4.5), or
we can say system (4.9)–(4.10)–(4.11) reduces to the inverse problem{

ν′′(β) = Hν(β)+ p(β)ψ(x), β ∈ [0, r ],
ν(0) = ν0, ν′(0) = ν1.

(4.12)

with the overdetermined condition∫



ν(x, β)w(x)dx = g(β), β ∈ [0, r ], (4.13)

where p(β) is the unknown parameter and ν is the solution to the problem (4.12). Hence our inverse problem
is to find the pair (p, ν) using the overdetermined condition (4.13). Now, to solve this problem we have two
approaches, one is direct approach and other one is optimal control approach. Both the approaches are based on
the fact that if we have regular data in the sense that ϕ(0) is not zero, then we can apply the direct approach, by
which we will get the unique strong solution. But if we remove this condition then we will get the approximate
solution using an optimal control approach. Hence, for direct approach, if we impose the set of constraints

ρ ∈ C2(
̄), ψ ∈ C([0, r ]; L2(
)), αmni j ∈ C2(
̄), (4.14)

det
∫



ψ(x, 0)w(x)dx �= 0, ν0 ∈ D(H) and ν1 ∈ D(H) (4.15)

then we can see that all the conditions of theorem (2.8) will be satisfied. Finally, let conditions (4.6)–(4.8)
with (4.14)–(4.15) hold together. Then a solution (ν, p) of the inverse problem (4.12)–(4.13) exists and is unique
( by corollary (9.3.1) and (9.3.2) of [4] ). Also

ν ∈ C1([0, r ]; (L2(
))
3) ∩ C([0, r ]; (W 1

2 (
))
3), p ∈ C([0, r ]; R

3).

We shift to the optimal control approach by solving the minimization problem. For a continuous function p∗ on
[0, r ] such that

J(p∗) = min
p∈C([0,r ])

[
J(p) = 1

2

∫ r

0

(∫



ν(x, β)w(x)dx − g(β)

)2

dβ

]
(4.16)

subject to equation(4.12). Now, for solving this problem we will construct the approximating optimal control
problem, which is as follows: For κ ≥ 0, we have to find p∗

κ ∈ Ua such that

J(p∗
κ) = min

p∈Ua

[
Jκ(p) = 1

2

∫ r

0

(∫



ν(x, β)w(x)dx − g(β)

)2

dβ + κ

2
‖p‖2

L2(0,r)

]
(4.17)

subject to (4.9), where

Ua =
{

p ∈ L2(0, r) : p(β) ∈ [c, d] ⊂ R, a.e. β ∈ (0, r)
}

123



524 M. Malik et al.

and applying the results in Section 3 we get the required result. In conclusion, we have convert the linear elasticity
problem (4.1)–(4.5) into an inverse problem (4.12)–(4.13). Then if we impose some conditions as defined by
equations (4.14)–(4.15) then we can see that all the conditions of theorem (2.8) so our inverse problem (4.12)–
(4.13) has unique strong solution under the constraints (4.14)–(4.15). Next, for some relaxed hypotheses, we
have converted the inverse problem (4.12)–(4.13) into an optimal control problem defined by equation (4.16).
Then by using the same approach defined in the Section 3, we can get a sequence of approximate solutions of
the problem (4.17) which will converge to the solution of our inverse problem (4.12)–(4.13).

5 Conclusion

In this work, we have considered the inverse problem for the second-order abstract differential equation. The main
aim of this work is the reconstruction of u and consequently of ν, as a solution to the considered system. Strongly
continuous cosine family, Volterra integral equation and duality in functional analysis are the primary tools to
establish these results. In Section 2, we have studied the uniqueness of the solution using the strongly continuous
cosine family and Volterra integral equation of the second kind. In Section 3, we have applied the optimal control
approach for finding the unique solution of the considered system. We have defined a cost functional (3.1),
which we have to minimize for that we have defined an approximate cost functional (3.2) which provides an
approximation solution. Then we have checked if this could tend to the solution of the problem (1.1)–(1.2). In
Section 4, an example is given to validate obtained outcomes.
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