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Abstract We establish some Bernstein-type inequalities which are point-wise estimates for the modulus of
the derivative and polar derivative of a polynomial. The obtained results produce various generalizations and
refinements of the classical Erdős-Lax inequality and related inequalities.
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1 Introduction

Let P(z) := ∑n
v=0 avzv be a polynomial of degree n and P ′(z) its derivative. The estimation of various norms

of derivatives and the underlying polynomial are important concepts in geometric function theory, with various
inequalities relating to the two playing a key role in studying the extremal problems of functions of a complex
variable. One such inequality is Bernstein’s inequality (see [2]), which has been generalized in different domains,
norms, and for different classes of functions. This classical inequality due to Bernstein relates the estimate to the
size of the derivative of a polynomial on the unit disk in the uniform norm with that of the polynomial itself on
the unit disk in the plane as follows: if P(z) is a polynomial of degree n, then it is true that

max|z|=1
|P ′(z)| ≤ n max|z|=1

|P(z)|. (1.1)

Equality in (1.1) holds if and only if P(z) has all its zeros at the origin. A considerable collection of inequalities
and analogues to (1.1) that provide upper bounds for |P ′(z)| on the unit disk is known in the literature. In 1985,
Frappier, Rahman and Ruscheweyh in [3] strengthened (1.1) by obtaining a point-wise estimate for the derivative
of a polynomial on the unit disk and showed that if P(z) is a polynomial of degree n, then

max|z|=1
|P ′(z)| ≤ n max

1≤l≤2n
|P(e

ilπ
n )|. (1.2)

Clearly (1.2) represents a refinement of (1.1), since the maximum of |P(z)| on |z| = 1 may be larger than the
maximum of |P(z)| taken over the (2n)th roots of unity, as is shown by the simple example P(z) = zn + ia,
a > 0.
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In the meantime, Aziz improved (1.2) and established in [1] that if P(z) is a polynomial of degree n, then

max|z|=1

∣
∣P ′(z)

∣
∣ ≤ n

2
(Lγ + Lγ+π ), (1.3)

where

Lγ = max
1≤l≤n

∣
∣P(ei(γ+2lπ)/n)

∣
∣, (1.4)

for all real γ .
Erdős conjectured that if we limit ourselves to the class of polynomials without zeros in |z| < 1, then (1.1) can
be sharpened and replaced by

max|z|=1

∣
∣P ′(z)

∣
∣ ≤ n

2
max|z|=1

∣
∣P(z)

∣
∣. (1.5)

Later in 1944, the above inequality (1.5) was proved by Lax, see [9]. It is natural to ask what improvement
results in (1.3) from supposing that P(z) �= 0 in |z| < 1. This was addressed by Aziz in [1], who proved that if
P(z) �= 0 in |z| < 1, then

max|z|=1

∣
∣P ′(z)

∣
∣ ≤ n

2

{
L2

γ + L2
γ+π

} 1
2
, (1.6)

where Lγ is defined by (1.4). On continuing this kind of study, Rather and Shah in [19] strengthened (1.6) by
proving under the same hypothesis that

max|z|=1

∣
∣P ′(z)

∣
∣ ≤ n

2

{
L2

γ + L2
γ+π − 2m2

1

} 1
2
, (1.7)

where m1 = min|z|=1 |P(z)| and Lγ is defined by (1.4). Equality in (1.6) and (1.7) holds for P(z) = zn + eiγ .
The latest research and development on Bernstein-type inequalities can be found, for example, in the papers

([8,12]–[14,16]), to mention only a few.
Geometric function theory focuses on studying the extremal problems of the functions of a complex variable

and generalizing the classical polynomial inequalities in various directions. One of those generalizations is the
move from the domain of ordinary derivatives of polynomials to their polar derivatives. Let us remind that the
polar derivative of a polynomial P(z) of degree n with respect to point α ∈ C (see [4, Chap 6] or [10]) is defined
as

Dα P(z) := n P(z) + (α − z)P ′(z).

Note that Dα P(z) is a polynomial of degree at most n − 1 and it generalizes the ordinary derivative in the
following sense:

lim
α→∞

{
Dα P(z)

α

}

= P ′(z),

uniformly with respect to z for |z| ≤ R, R > 0.

The extension of inequalities from the ordinary derivative to the polar derivative of polynomials is a widely studied
topic. Over the years, many authors have produced various versions and generalizations of these inequalities by
introducing restrictions on the multiplicity of zero at z = 0, the modulus of the largest root of P(z), restrictions
on coefficients, and more. Many of these generalizations involve the comparison of the polar derivative Dα P(z)
with various choices of P(z), α and other parameters. To learn more about polar derivatives of polynomials, we
refer the reader to the comprehensive books of Marden (see [10]), Milovanonić et al., see [11] and Rahman and
Schmeisser, see [18].
It is topical in geometric function theory to study the extremal problems of functions of a complex variable, and
the most familiar ones are those of the Bernstein-type relating the norm estimates, which generalize the classical
estimates for polynomials. These inequalities are used in a wide range of applications in various fields of science
and engineering. They are also widely used in discrete dynamical systems, as they provide a simple and efficient
way to express the relationship between the variables of the system. We also refer the reader to ([5,8,15,17,21])
and the references therein, for a deeper treatment of these inequalities and their applications.
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2 Main results

We begin by presenting a Bernstein-type inequality giving a point-wise estimate on the unit disk for the modulus
of the polar derivative of a polynomial not vanishing in an open disk. The obtained estimate involves the size
of the constant term and the leading coefficient of the underlying polynomial. As a consequence, it provides a
generalization as well as a refinement of (1.6).

Theorem 1 Let P(z) =
n∑

v=0

avzv be a polynomial of degree n without zeros in |z| < k, k ≤ 1, and let

Q(z) = zn P
(

1
z

)
. If |P ′(z)| and |Q′(z)| attain maximum at the same point on |z| = 1, then for every complex

number β with |β| ≥ 1,

|Dβ P(z)| ≤ n max|z|=1
|P(z)| + n(|β| − 1)

√
2(1 + k2n S2

0 (k))

{

L2
γ + L2

γ+π

} 1
2

, (2.1)

where

S0(k) = |an|kn+1 + |a0|
|an|kn + |a0|k

and Lγ is defined by (1.4).

Remark 1 Since P(z) =
n∑

v=0

avzv �= 0 in |z| < k, k ≤ 1, and if z1, z2, ...zn , are the zeros of P(z), then

∣
∣
∣
∣
a0

an

∣
∣
∣
∣ = |z1z2...zn| ≥ kn . (2.2)

Using this, one can easily check that

S0(k) = |an|kn+1 + |a0|
|an|kn + |a0|k ≥ 1.

Also, for every β ∈ C, the function

x 	→ |β| − 1√
1 + k2n x2

, (x ≥ 0)

is decreasing for |β| ≥ 1, it follows that

n(|β| − 1)
√

2(1 + k2n S2
0 (k))

≤ n(|β| − 1)
√

2(1 + k2n)
.

Hence, from Theorem 1, we get the following result which in particular provides polar derivative generalization
of (1.6).

Corollary 1 Let P(z) =
n∑

v=0

avzv be a polynomial of degree n without zeros in |z| < k, k ≤ 1, and let

Q(z) = zn P
(

1
z

)
. If |P ′(z)| and |Q′(z)| attain maximum at the same point on |z| = 1, then for every complex

number β with |β| ≥ 1,

|Dβ P(z)| ≤ n max|z|=1
|P(z)| + n(|β| − 1)

√
2(1 + k2n)

{

L2
γ + L2

γ+π

} 1
2

, (2.3)

where Lγ is defined by (1.4).
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Remark 2 If we divide both sides of (2.3) by |β| and let |β| → ∞, we get under the same hypothesis as in
Corollary 1, that for |z| = 1,

|P ′(z)| ≤ n
√

2(1 + k2n)

{

L2
γ + L2

γ+π

} 1
2

, (2.4)

from which we recover (1.6) for k = 1.

Remark 3 Dividing both sides of (2.1) by |β| and let |β| → ∞, we get under the same hypothesis as in Theorem
1, that

|P ′(z)| ≤ n
√

2(1 + k2n S2
0 (k))

{

L2
γ + L2

γ+π

} 1
2

. (2.5)

In fact, excepting the case when P(z) has the form zn + kn , the bound obtained in (2.5) is always sharper than
the bound obtained in (2.4) as S0(k) ≥ 1.

As an application of Theorem 1, we prove the following more general result giving refinements of (2.3) and
(2.4). One can observe that the inequality (2.1) will be a consequence of a more fundamental inequality presented
by the following theorem.

Theorem 2 Let P(z) =
n∑

v=0

avzv be a polynomial of degree n without zeros in |z| < k, k ≤ 1, and let

Q(z) = zn P
(

1
z

)
. If |P ′(z)| and |Q′(z)| attain maximum at the same point on |z| = 1, then for every complex

number β with |β| ≥ 1,

|Dβ P(z)| ≤ n max|z|=1
|P(z)| + n(|β| − 1)

√
2(1 + k2n S2

1 (k))

{

L2
γ + L2

γ+π − 2m2S2
1 (k)

} 1
2

, (2.6)

where

S1(k) = |a0| + |an|kn+1 + km

|a0|k + |an|kn + m
; m = min|z|=k

|P(z)|

and Lγ is defined by (1.4).

Remark 4 Recall that P(z) =
n∑

v=0

avzv �= 0 in |z| < k, k ≤ 1. We first show that

kn|an| ≤ |a0| − m. (2.7)

We can assume without loss of generality that P(z) has no zeros on |z| = k, for otherwise (2.6) holds trivially by
(2.2). Now, as in the proof of Lemma 3 (given in next section), we have for every λ with |λ| < 1, the polynomial

P(z) + λmzn

kn
=
(

an + λm

kn

)

zn +
n−1∑

v=0

avzv

does not vanish in |z| < k, k ≤ 1, hence
∣
∣
∣
∣
∣

a0

an + λm
kn

∣
∣
∣
∣
∣
≥ kn . (2.8)

If in (2.8), we choose the argument of λ suitably, so that
∣
∣
∣
∣an + λm

kn

∣
∣
∣
∣ = |an| + |λ|m

kn
,
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we get

kn|an| + |λ|m ≤ |a0|. (2.9)

The inequality (2.7) follows by letting |λ| → 1 in (2.9).
By using the inequality (2.7), one can see that S1(k) ≥ 1 for every k ≤ 1. Also, it is easy to verify that the

function

x 	→ |β| − 1
√

2(1 + k2n x2)

{

L2
γ + L2

γ+π − 2m2x2
} 1

2

, (x ≥ 0)

is decreasing for |β| ≥ 1, we get from Theorem 2, the following refinement of (2.3).

Corollary 2 Let P(z) =
n∑

v=0

avzv be a polynomial of degree n without zeros in |z| < k, k ≤ 1, and let

Q(z) = zn P
(

1
z

)
. If |P ′(z)| and |Q′(z)| attain maximum at the same point on |z| = 1, then for every complex

number β with |β| ≥ 1,

|Dβ P(z)| ≤ n max|z|=1
|P(z)| + n(|β| − 1)

√
2(1 + k2n)

{

L2
γ + L2

γ+π − 2m2
} 1

2

, (2.10)

where m = min|z|=k
|P(z)| and Lγ is defined by (1.4).

Remark 5 If we divide both sides of (2.10) by |β| and let |β| → ∞, we obtain for |z| = 1,

|P ′(z)| ≤ n
√

2(1 + k2n)

{

L2
γ + L2

γ+π − 2m2
} 1

2

,

which represents a refinement of (2.4). Note that the above inequality was also established in ([19, Theorem 5]),
and it reduces to (1.7) for k = 1.

3 Auxiliary results

For the proofs of our results, we need the following lemmas.

Lemma 1 If P(z) =
n∑

v=0

avzv is a polynomial of degree n having all its zeros in |z| ≤ k, k ≥ 1, and let

Q(z) = zn P( 1
z ), then on |z| = 1,

|Q′(z)| ≤ kn+1
( |an|kn−1 + |a0|

|an|kn+1 + |a0|
)

max|z|=1
|P ′(z)|.

The above lemma is due to Jain [7].

Lemma 2 If P(z) =
n∑

v=0

avzv is a polynomial of degree n without zeros in |z| < k, k ≤ 1, and let Q(z) =

zn P( 1
z ), then on |z| = 1,

kn S0(k) max|z|=1
|P ′(z)| ≤ max|z|=1

|Q′(z)|, (3.1)

where S0(k) is defined in Theorem 1.
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Proof Since Q(z) = zn P( 1
z ), therefore P(z) = zn Q( 1

z ). Also P(z) =
n∑

v=0

avzv �= 0 in |z| < k, k ≤ 1, if

follows that Q(z) has all its zeros in |z| ≤ 1
k , 1

k ≥ 1. On applying Lemma 1 to Q(z), we get for |z| = 1,

|P ′(z)| ≤ 1

kn+1

( |a0| 1
kn−1 + |an|

|a0| 1
kn+1 + |an|

)

max|z|=1
|Q′(z)|

= 1

kn

( |a0|k + |an|kn

|a0| + |an|kn+1

)

max|z|=1
|Q′(z)|,

which in particular gives (3.1) and this proves Lemma 2 completely. ��

Lemma 3 If P(z) =
n∑

v=0

avzv is a polynomial of degree n without zeros in |z| < k, k ≤ 1, and let Q(z) =

zn P( 1
z ), then on |z| = 1,

kn S1(k)|P ′(z)| + mnS1(k) ≤ max|z|=1
|Q′(z)|,

where S1(k) and m are as defined in Theorem 2.

Proof If P(z) has a zero on |z| = k, then m = 0 and the result follows from Lemma 2 in this case. Henceforth,
we assume that all the zeros of P(z) lie in |z| > k, k ≤ 1. Clearly m > 0, and we have

∣
∣
∣
∣
λmzn

kn

∣
∣
∣
∣ < |P(z)| on |z| = k for any λ with λ < 1.

By Rouché’s theorem, it follows that the polynomial F(z) = P(z) + λm zn

kn has no zeros in |z| < k, k ≤ 1. Let

G(z) = zn F
(

1
z

)
= zn P

(
1
z

)
+ λ m

kn = Q(z) + λ m
kn .

Applying Lemma 2 to F(z), we get for any λ with |λ| < 1, and |z| = 1,

kn

( |a0| + |an + λm
kn |kn+1

|a0|k + |an + λm
kn |kn

)

|F ′(z)| ≤ max|z|=1
|G ′(z)|,

implying that

kn

( |a0| + |an + λm
kn |kn+1

|a0|k + |an + λm
kn |kn

) ∣
∣
∣
∣P

′(z) + λmnzn−1

kn

∣
∣
∣
∣ ≤ max|z|=1

|Q′(z)|, (3.2)

for |z| = 1 and |λ| < 1.
Also, for every λ ∈ C, we have

∣
∣
∣
∣an + λm

kn

∣
∣
∣
∣ ≤ |an| + |λ|m

kn
,

and since the function

x 	→ |a0| + kn+1x

|a0|k + kn x
, (x ≥ 0)

is non-increasing for k ≤ 1, it follows from (3.2) that for every |λ| < 1 and |z| = 1,

kn

⎛

⎝
|a0| +

(
|an| + |λ|m

kn

)
kn+1

|a0|k +
(
|an| + |λ|m

kn

)
kn

⎞

⎠
∣
∣
∣
∣P

′(z) + λmnzn−1

kn

∣
∣
∣
∣ ≤ max|z|=1

|Q′(z)|. (3.3)

Choosing the argument of λ on the left hand side of (3.3) suitably, we get for |z| = 1,

kn
( |a0| + |an|kn+1 + |λ|mk

|a0|k + |an|kn + |λ|m
)(

|P ′(z)| + |λ|mn

kn

)

≤ max|z|=1
|Q′(z)|. (3.4)

Finally, letting |λ| → 1 in (3.4), we get the required assertion. Hence Lemma 3 is proved. ��
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Lemma 4 If P(z) is a polynomial of degree n, then for |z| = 1,

∣
∣P ′(z)

∣
∣2 + ∣

∣n P(z) − z P ′(z)
∣
∣2 ≤ n2

2

(
L2

γ + L2
γ+π

)
,

where Lγ is defined by (1.4).
The above lemma is due to Aziz [1].

Lemma 5 If P(z) is a polynomial of degree n, and Q(z) = zn P
(

1
z

)
, then for |z| = 1,

|P ′(z)| + |Q′(z)| ≤ n max|z|=1
|P(z)|.

This lemma is a special case of a result due to Govil and Rahman [6].

4 Proofs of the main results

Proof of Theorem 1 Recall that P(z) =
n∑

v=0

avzv �= 0 in |z| < k, k ≤ 1. By Lemma 2, we have

kn S0(k) max|z|=1
|P ′(z)| ≤ max|z|=1

|Q′(z)|, (4.1)

where Q(z) = zn P( 1
z ). Also, |P ′(z)| and |Q′(z)| attain maximum at the same point on |z| = 1. Let

max|z|=1
|P ′(z)| = |P ′(eiδ)|, 0 ≤ δ < 2π (4.2)

then

max|z|=1
|Q′(z)| = |Q′(eiδ)|. (4.3)

It is easy to verify that

|Q′(z)| = |n P(z) − z P ′(z)| for |z| = 1.

Therefore, by Lemma 4, we get

|P ′(eiδ)|2 + |Q′(eiδ)|2 = |P ′(eiδ)|2 + |n P(eiδ) − eiδ P ′(eiδ)|2

≤ n2

2

(
L2

γ + L2
γ+π

)
.

This gives with the help of (4.1), (4.2) and (4.3), that

(
1 + k2n S2

0 (k)
)

|P ′(eiδ)|2 ≤ n2

2

(
L2

γ + L2
γ+π

)
,

which implies

|P ′(eiδ)| ≤ n
√

2(1 + k2n S2
0 (k))

{

L2
γ + L2

γ+π

} 1
2

.

Equivalently,

max|z|=1
|P ′(z)| ≤ n

√
2(1 + k2n S2

0 (k))

{

L2
γ + L2

γ+π

} 1
2

. (4.4)
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Using the definition of polar derivative of a polynomial P(z) with respect to the complex number β with |β| ≥ 1,

we have for |z| = 1,

|Dβ P(z)| ≤ |n P(z) − z P ′(z)| + |β||P ′(z)|
= |Q′(z)| + |β||P ′(z)|
= |Q′(z)| + |P ′(z)| − |P ′(z)| + |β||P ′(z)|
≤ n max|z|=1

|P(z)| + (|β| − 1)|P ′(z)| (By Lemma 5)

≤ n max|z|=1
|P(z)| + (|β| − 1) max|z|=1

|P ′(z)|. (4.5)

Inequality (4.5) in conjunction with inequality (4.4), gives for |z| = 1,

|Dβ P(z)| ≤ n max|z|=1
|P(z)| + n(|β| − 1)

√
2(1 + k2n S2

0 (k))

{

L2
γ + L2

γ+π

} 1
2

.

This completes the proof of Theorem 1. ��

Proof of Theorem 2 Recall that P(z) =
n∑

v=0
cvzv �= 0 in |z| < k, k ≤ 1, therefore, by Lemma 3, we have

kn S1(k) max|z|=1
|P ′(z)| + mnS1(k) ≤ max|z|=1

|Q′(z)|. (4.6)

By the given hypothesis, |P ′(z)| and |Q′(z)| attain maximum at the same point on |z| = 1. Let

max|z|=1
|P ′(z)| = |P ′(eiδ)|, 0 ≤ δ < 2π (4.7)

then

max|z|=1
|Q′(z)| = |Q′(eiδ)|. (4.8)

Further, it is easy to verify that

|Q′(z)| = |n P(z) − z P ′(z)| for |z| = 1.

Therefore, by Lemma 4, we get

|P ′(eiδ)|2 + |Q′(eiδ)|2 ≤ n2

2

(
L2

γ + L2
γ+π

)
,

which gives with the help of (4.6), (4.7) and (4.8), that

|P ′(eiδ)|2 +
(

kn S1(k)|P ′(eiδ)| + mnS1(k)
)2 ≤ n2

2

(
L2

γ + L2
γ+π

)
.

This in particular implies

|P ′(eiδ)|2 + k2n S2
1 (k)|P ′(eiδ)|2 + m2n2S2

1 (k) ≤ n2

2

(
L2

γ + L2
γ+π

)
,

which is equivalent to

max|z|=1
|P ′(z) ≤ n

√
2(1 + k2n S2

1 (k))

{

L2
γ + L2

γ+π − 2m2S2
1 (k)

} 1
2

. (4.9)

Using the definition of polar derivative, we have from (4.5) that for every β with |β| ≥ 1 and |z| = 1,

|Dβ P(z)| ≤ n max|z|=1
|P(z)| + (|β| − 1) max|z|=1

|P ′(z)|. (4.10)
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Inequality (4.10) in conjunction with inequality (4.9) gives for |z| = 1,

|Dβ P(z)| ≤ n max|z|=1
|P(z)| + n(|β| − 1)

√
2(1 + k2n S2

1 (k))

{

L2
γ + L2

γ+π − 2m2S2
1 (k)

} 1
2

,

which completes the proof of Theorem 2. ��
Remark 6 For the class of polynomials not vanishing in |z| < k, k ≤ 1, the precise estimate of maximum |P ′(z)|
on |z| = 1 is not easily obtainable. To overcome this problem, an additional hypothesis that |P ′(z)| and |Q′(z)|
attain maximum at the same point on |z| = 1 is required in Theorems 1 and 2 to generalize and sharpen the
previous inequalities.
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