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Abstract Let f(x) € Z[x] be a monic polynomial that is irreducible over Q, and suppose thatdeg(f) = N > 2.
For a prime p not dividing the discriminant of f(x), we define the reducibility type of f(x) modulo p to be
(di,da, ...,d;)pif f(x) factors into distinct irreducibles g; (x) € IF,[x] as

F&x) =g1(x)g2(x) - -- g (x),

where deg(g;) = d; withd) < dp <--- <d;. Let Ty := (Uy,)n>0 be the Nth order linear recurrence sequence
with initial conditions

Uy=U =---=Uy_—2=0 and Uy_; =1,

such that f (x) is the characteristic polynomial of Y . In this article, we show, in certain circumstances, how the
value modulo p of a particular term of Y s determines the reducibility type of f(x) modulo p.

Keywords Cyclic polynomials - Linear recurrence sequence
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1 Introduction

Throughout this article, we let f(x) € Z[x] denote a monic polynomial of degree N := deg(f) > 2 that is
irreducible over Q, and we let A(f) denote the discriminant of f(x) over Q.

Definition 1.1 Let p > N be a prime that does not divide A(f). We define the reducibility type of f(x) modulo
ptobe (dy,da, ..., d;)pif f(x) factors into irreducibles g; (x) over IF, as

fx) =g1(x)g2(x) - gr(x),

where deg(g;) = d; withd; < d» < --- < d;. For brevity, we will simply say f(x) has reducibility type
(d]ad27 -"7df)])'

Communicated by B. Sury.

J. Harrington ()
Department of Mathematics, Cedar Crest College, Allentown, PA, USA
E-mail: doctorlennyjones @ gmail.com

L. Jones

Professor Emeritus, Department of Mathematics, Shippensburg University, Shippensburg, PA 17257, USA
E-mail: Joshua.Harrington @cedarcrest.edu

@ Springer



546 J. Harrington, L. Jones

Remark 1.2 Note, in Definition 1.1, that f(x) is separable over I, since p { A(f), so that the polynomials g; (x)
are distinct.

We caution the reader that our notion of reducibility type differs from the definition given by Bremner and Ulas
in [2], where the authors were concerned specifically with the way a trinomial 7' (x) = x" + rx" 4+ s € Q[x]
factors over QQ into (not necessarily distinct) irreducibles of degrees di < d» < --- < d;. They showed a
connection, in their context, with the reducibility type (di, da, ..., d;) of T (x) and rational points on certain
algebraic curves.

Definition 1.3 We define Y s := (U,),>0 to be the Nth order linear recurrence sequence with initial conditions
U()=U1 =---=UN_2=O and UN_1 = 1,
such that f(x) is the characteristic polynomial of Y f.

In this article, we investigate when there is a connection between the reducibility type of f(x) and the values
modulo p of certain terms of Y ;. As a consequence, when such a correspondence exists, we can deduce
information, via the Dedekind-Kummer theorem [13, Chapter 1, Proposition 8.3], about the factorization of
the ideal (p) in the number field Q(«), where f(a) = 0. Exploiting connections between linear recurrence
sequences and the associated characteristic polynomial to ascertain certain properties of related number fields is
not new [11,12,14,19]. In particular, the authors of [14] show that if (p) splits completely in Q(«), then the pth
term of a certain linear recurrence sequence is congruent to 1 modulo p. However, while this theorem in [14] is,
in some sense, more general than our results, there is a cost to pay for this generality. The initial conditions of
their recurrence sequence are dependent on f(x), and the construction of these initial conditions require some
tedious calculations. Our approach, on the other hand, requires no computations for the initial conditions of ' f.
Moreover, in contrast to Dedekind’s theorem and the result in [14], we can actually deduce more information in
some special situations about the degrees of the irreducible factors modulo p of f(x), which, in turn, supplies
more explicit information concerning the factorization of rational primes in Q(«).

Throughout this article, for brevity of notation, we let U, denote the value of U,, modulo p. Our main results
are the following:

Theorem 1.4 Let f(x) = x° — ax? — bx — ¢ € Z[x] be irreducible over Q, and suppose that f(x) is the
characteristic polynomial of the linear recurrence sequence Yy, as defined in Definition (1.3). Let p > 3 be a
prime such that p 1 A(f). Define

A:=da’>+3b and B :=2a’+9ab+27c.
(1) If pt AB, then f(x) has reducibility type:

(I, 1,1), ifandonlyif U, =0,
(1,2), ifandonlyif Up #0and U ,» =0,
(3)p ifandonlyif U, #0and U 2 # 0.

(2) If p| A, then B
(1) f(x) has reducibility type (1,2), if and only if U, # 0;
(ii) if p t a, then f(x) has reducibility type:

(1,1, 1), ifand only if g,, = oand§p2+p+1 £0,
(3)p ifandonlyif Uy, =0and U, ,  =0;

(iii) if p | a, then f(x) has reducibility type:

(1,1,1), ifandonlyif Up =0and U i1 =1,
3)p ifandonlyif U, =0and U,y # 1;

(3) If p | B, then f(x) has reducibility type:

(1,1,1), ifand only if QP'H =1,
(1,2)p ifandonlyif Upy = —1,

and f(x) never has reducibility type (3) .
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Reducibility type of polynomials 547

The following corollary, which we present in a more algorithmic format, provides an application of Theorem 1.4
to some infinite families of cyclic cubics.

Corollary 1.5 For each of the families below, f(x) is irreducible over Q for all integers k > 1, and Galg(f) ~
Cs. Let p > 3 be a prime such that p t A(f).

(1) f(x)=x3—kx? = (k+3)x — LIfU, = 0then (1,1, 1), else (3),.

2) f)=x3 =& +k+Nx—(k*>+k+TIfU, =0then (1,1,1),, else (3).

(3) f)=x3— K +k2+2k — x> — (k2 +2k+ Dx — 1
(a) (kK* 4k + 1)(2k> + 4k* + 8k> + 4k> + 5k +4) # 0 (mod p) If U, = 0, then (1, 1, 1), else (3) .
(b) k> 4+k+1=0 (mod p) Ifﬁpzﬂ,_H = 0then (3)p, else (1,1, 1),.
(c) 2k + 4k* + 8k + 4k> + 5k +4 =0 (mod p) Then f(x) has reducibility type (1, 1, 1) .

Theorem 1.6 For each of the following polynomial families, f (x) is irreducible over Q with cyclic Galois group
Galg(f) of order N = deg(f), and (Uy)n>0 is the linear recurrence sequence Y y as defined in Definition 1.3.
Let k be a positive integer, and let p > N be a prime such that p ¥ A(f).

(1) f(x)=x*—kx® —6x>+kx + 1, with k # 3. Then f(x) has reducibility type:

(1,1,1,1), ifand onlyif U, =0,
2,2)p ifandonlyifg,,zl,
D p ifand only if U, = —1/2.

(2) f(x) =xO42kx>+5(k —3)x* —20x3 —5kx? —2(k — 3)x + 1, with k ¢ {3, 8}.Then f(x) has reducibility
rype:

(1,1,1,1), ifandonlyif U, =0,
(2,2,2), ifandonlyif U, = —16/9,
(3,3)p  ifandonly if Up =1,
©)p ifand only if U, = —1/9.

2 Preliminaries

The following theroem is due to Dedekind [1,3].

Theorem 2.1 Let p be a prime such that p { A(f), and suppose that f (x) has reduciblity type (di, da, . .., d;) p.
Then, viewing Galg(f) as a subgroup of the symmetric group Sy, Galg(f) contains an element of the form
0107 - - - 01, where o; is a dj-cycle, and the o; are disjoint.

Corollary 2.2 If Galg(f) ~ C, the cyclic group of order N, then, for every prime p t A(f), f(x) has
reducibility type (m, m, ..., m)p, for some divisor m of N. In particular, when N is prime, f(x) has reducibility
—
N/m
type (N)por (1,1,...,1)).
~———
N

Suppose that f (x) is the characteristic polynomial for the linear recurrence sequence Y , as defined in Definition
(1.3). Since f(x) is separable over Q, f(x) has N distinct zeros, which we denote as «1, oz, . .., ay. Then, the
solution for U, in Y can be achieved by solving a system of linear equations via the inverse of a Vandermonde
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matrix [10] to obtain

N N
YD Ay Y (=D A
=1 =1

U = — = — 5
T @-ep AHI
i,j
I<i<j<N @1

1 ifN =2

where Ay = l_[ (i —aj) if N > 3.
15iléjj'5N
£, L

Lemma 2.3 Ler f(x) € Z[x] be irreducible over Q with deg(f) = N > 2, and suppose that f(x) is the
characteristic polynomial of the linear recurrence sequence Yy, as defined in Definition (1.3). Let p > N be a

prime such that p { A(f). If f(x) has reducibility type (1,1, ..., 1), then Up =0 (mod p).
————
N
Proof In this situation, the Frobenius map is simply the identity automorphism since the field extension is trivial.
That is, Olip = «; from Fermat’s Little Theorem. Thus, it follows from (2.1) and the initial conditions for Y" given
in Definition 1.3, that U , = U; = 0. O

3 The proofs

Although a particular focus in this article concerns the situation when Galg(f) is cyclic, we begin with an
investigation of general quadratics and cubics. Consider first the general irreducible quadratic f(x) = x*>—ax —b.
Then, using (2.1), Fermat’s Little Theorem and the fact that the Frobenius map of IF, (1) has order 2 when f'(x)
has reducibility type (2),, we deduce that

T | if f(x) has reducibility type (1, 1),
_ af —aof o] — a2
U,=-1——2 =
b @] — o2 o) — o]

= —1 if f(x) has reducibility type (2) .
o — o

The quadratic case is somewhat misleading in its simplicity, as can be seen below in our analysis of the
general cubic case. We first prove a lemma.

Lemma 3.1 Ler f(x) = x> — ax? — bx — ¢ € Z[x] be irreducible over Q, and suppose that p > 3 is a prime
such that p t A(f). Define

A:=a*>+3b and B :=2a’+9ab+2c.
Then pt AorptB.
Proof Assume, by way of contradiction, that p | A and p | B. Then, since p # 3, it follows that

2 3
2 9ab
b= —% (mod p) and c= _a;——7a (mod p),
which implies that
—2a* = 9a (—a*/3) &°
27 B

c

(mod p).

l\)lQ
-

Hence,

A(f) = —27¢% — 18abc + a*b* — 4a°c + 4b°
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= b*(@® +3b) + b> — c(2a® + 9ab + 27c + 24> + 9ab)
=b*A+b> — (B + 24> + 9ab)

=0 +27¢ (mod p)
3

(5 (3

=0 (mod p), 3.

2

which contradicts the fact that p  A(f). O

3.1 The Proof of Theorem 1.4

Proof By Lemma 3.1, we have the three possibilities:
ptAB, p|AandptB, ptAandp| B,

which correspond respectively to the three cases (1), (2) and (3) in the statement of the theorem.
Since f(x) is an irreducible cubic, we have from (2.1) that

U, — (a2 — az)af — (a1 — az)al + (o) — az)ag’_ (32)
(a1 —a2) (o) — a3)(az — a3)

When f(x) has reducibility type (3) », the Frobenius F of F, (1) has order 3, and there are two possibilities for
the way F permutes the ;:

(af,af af) € {(a2, a3, 1), (3, @1, ) }.
Without loss of generality, we assume that F (o)) = oc{7 = a». Then, we see from (3.2) that

U, = (o —a3)ar — (a1 —a3)a3 + (o) — o)y
(a1 —ap) (o) — a3) (a2 — a3)
_ Ol% + a% + a% — (x10p + a3 + apa3)
B (a1 —az)(o) — a3) (a2 — a3)
(a1 + o +a3)? — (e + a3 + r03)
B (a1 —a2) (o) — a3) (a2 — a3)
A

- (a1 —ap)(ar —a3)(ar —a3)’

(3.3)

since A = a® + 3b.

When f(x) has reducibility type (1, 2) ,, we assume without loss of generality that ¢z € I, so that 7, which
then has order 2, is such that F(«;) = ozf) = oy and F(an) = ozf = «1. Then, using (3.2), calculations similar
to those used in the derivation of (3.3) also reveal that

— -3
U, = a @ if f(x) has reducibility type (1, 2),, (3.4)
(o3 —ap) (o2 — @3)
1 if f(x) has reducibility type (1, 1, 1),
a% —ajon

. if f(x) has reducibility type (1, 2),
Upr = | @ —ﬁ3)(a1 —a3) (3.5)

— ¢ if £ (x) has reducibility type (3) .

A2
where A = afas + aj03 + w03,
0 if f(x) has reducibility type (1, 1, 1),
ﬁpz = 0 if f(x) has reducibility type (1,2), (3.6)
—U, if f(x) has reducibility type (3) .,
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and

- a if f(x) has reducibility type (1, 1, 1),
Up2+p+1 = 1 a3Up41 if f(x) has reducibility type (1, 2), 3.7
0 if f(x) has reducibility type (3) .

Proof of (1 Suppose first that f(x) has reducibility type (1, 1, 1),. Then ﬁp = 0 by Lemma 2.3. So, for the

converse, assume that Up = 0. If f(x) has reducibility type (3),, then p | A from (3.3), which contradicts the
fact that p 1 A. If f(x) has reducibility type (1, 2) p»then a3 = a/3 (mod p) from (3.4) since p > 3, so that
f(a/3) =0 (mod p). However,

2a3 +9ab + 27¢

B

fla/3)=—

since p { B. Hence, f(x) has reducibility type (1, 1, 1),.
The next two parts of (1) concerning the reducibility types (1, 2), and (3), follow immediately from the
previous argument and (3.6). O

Proof of (2)(i) If f(x) has reducibility type (1, 2),, then the argument used in the first part of the proof of (1)

shows that ﬁp # 0. Conversely, if ﬁp # 0, then f(x) has reducibility type (1,2), by Lemma 2.3 and (3.3)
since p | A. O

Proof of (2)(ii) Suppose first that f(x) has reducibility type (1,1, 1),. Then Up = 0 by Lemma 2.3, and
Up2+p+1 # 0 by (3.7). Conversely, ifﬁ,, = 0and Upz+[,+1 # 0, then f(x) has reducibility type (1, 1, 1) by
(2)(i) and (3.7). - -

Next, if f(x) has reducibility type (3)p, then U, = 0 by (3.3) since p | A,and U 2, , | = 0 by (3.7). The
converse follows from (2)(i) and (3.7), since p { a.

Proof of (2)(iii) Observe first that p | band p { ¢ since p > 3, p | A, p | a and p { B. Thus,

f)=x>—c (mod p), (3.8)
and
(a1 — @)@ —a3)(@2 — a3) = AN =272 (mod p) =3cv/=3 (mod p), (3.9)
from (3.1).

If f(x) has reducibility type (1, 1, 1),, then U, = 0 by Lemma 2.3 and U ,4+1 = 1 by (3.5). Conversely,
assume that Up = 0 and ﬁp“ = 1. Then f(x) has reducibility type (1,1, 1), or (3), by (2)(i). Assume, by
way of contradiction, that f(x) has reducibility type (3),. Hence, we see from (3.8) that ¢ is not a cube modulo
p,sothat p =1 (mod 3) and —3 is a square modulo p. Hence, the zeros of f(x) (mod p) are

1/3

ay=c’”, azza)cl/3

and o3 = w’c!/?, (3.10)
where € F,, with @® = 1 (mod p). Thus, since U ,4+1 = 1, it follows from (3.5) and (3.9) that
A=3c+ A(H)'? = —6c0® (mod p). (3.11)

However, a straightforward calculation using (3.10) shows that A = 3cw? (mod p); and combining this fact
with (3.11) produces the contradiction that p = 3. Thus, f(x) has reducibility type (1, 1, 1), completing the
proof of this part of (2)(iii).

Together with (3.3), the previous argument also serves to show that if f(x) has reducibility type (3),, then
Up = 0and U,,+ 1 # 1. Conversely, suppose that ﬁ,, = 0and U,,+ 1 # 1. Then, f(x) cannot have reducibility
type (1, 2),, from an argument in the proof of (1) since p { B, and f(x) cannot have reducibility type (1, 1, 1),
from (3.5). Hence, f(x) has reducibility type (3),, which completes the roof of (2)(iii). O O
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Proof of (3) Since f(a/3) = —B/27 = 0 (mod p), it follows that f(x) does not have reducibility type (3),
and

) = (x —a/3) <x2 — Qa/3)x — (2d> + 9b)/9) (mod p). (3.12)
Then, the three zeros of f(x) are
ar = (a+~34)/3, ar=(a—~34)/3 and a3 =a/3. (3.13)

If f(x) has reducibility type (1, 1, 1), then U,,H = 1 by (3.5). Conversely, suppose that Up+1 =1, and
assume, by way of contradiction, that f (x) has reducibility type (1, 2),. Then, from (3.13) and (3.5), a simple
calculation shows that

A/3=03 —ajar = (@2 — @3) () —a3) = —A/3  (mod p),

which implies that p | A, contradicting Lemma 3.1.

If f(x) has reducibility type (1, 2) , then a straightforward calculation using (3.13) and (3.5) yields Up+l =
—1. Conversely, if ﬁp+] = —1, then f(x) must have reducibility type (1,2), by (3.12) and (3.5), which
completes the proof of the theorem. O

3.2 The Proof of Corollary 1.5

Proof Because all of the polynomials f (x) listed here are such that Galg(f) ~ Cs, it follows from Corollary
2.2 that the only possible reducibility types of f(x) are (1, 1, 1), and (3),. In particular, if p | B, it follows

from case (3) of Theorem 1.4 that f(x) must have reducibility type (1, 1, 1), and so ﬁp = 0 by Lemma 2.3.

Proof of Item (1) These particular cubics, which are referred to in the literature as the “simplest cubics”, were
studied extensively by Daniel Shanks [15]. In the context of Theorem 1.4, we have that

Af) =K +3k+9?% A=k>+3k+9 and B = (2k+3)A.

The Rational Root Theorem and the fact that A(f) is a square, show that f(x) is irreducible over Q and
Galg(f) >~ C3 forall k > 1. If p { AB, then we see from case (1) of Theorem 1.4 that f(x) has reducibility
type (1,1, 1), if U,, = 0, and reducibility type (3) otherwise. Since p 1 A(f), we see that p 1 A, and so case
(2) of Theorem 1.4 is vacuous, and the proof of item (1) is complete. O

Proof of (2) In the context of Theorem 1.4, we have that
a=0 and b=c=k*+k+7,
so that
A(f) = 2k +1)*b*, A=3b and B =27b. (3.14)
Since A(f) > 0, we have that f (x) has three distinct real zeros. Furthermore, since

f(—=(k+1)) = —2k*> +4k — 1 < 0 whenk > 2

f(=k)=6k—7>0 whenk > 2
f(=3)=-9 whenk = 1
f(=2) =1 whenk = 1
f(=2)=k*+k—-1>0 whenk > 1
f(=1)=—1 whenk > 1
flk+1)=—6k—13 <0 whenk > 3

flk+2)=2k>4+2k—13>0 whenk > 3
flk+2)=2k*+2k—13<0  whenk=1,2
fk+3)=4k* +16k — 13 >0 whenk =1,2,

we deduce that f(x) has no integer zeros, and therefore, f(x) is irreducible over Q. Since A(f) is a square, it
follows that Galg(f) =~ Cs. Since p > 3 and p  A(f), we see that p f AB from (3.14). Hence, only item (1)
of Theorem 1.4 applies, which completes the proof of item (2). O

O\

@ Springer



552 J. Harrington, L. Jones

Proof of (3) These cubics were first studied by Lecacheux [8], and subsequently by Washington [20]. It is
straightforward to show that f (x) is irreducible over Q and that Galg(f) >~ Cs for all k > 1. In the context of
Theorem 1.4 we see that

a=k +k*4+2k—1, b=k>+2k+1 and c=1,
so that
A(f):kzrzsz, A=rsA and B:rsE,
where r = k2 —k + 1,5 = k? + 2k + 4,
A=Ik>+k+1 and B =2k + 4k* + 8k> + 4k* + 5k + 4.

An easy ged argument confirms that gcd(;f , §) | 3.

If p LAB, then p t AB, and item (3)(a) follows from case (1) of Theorem 1.4. Suppose then that p | A, so
that p | A.If p | a, then a simple gcd argument shows that p = 3. Hence, p 1 a and (3)(b) follows from case (2)
of Theorem 1.4. Finally, (3)(c) follows easily from case (3) of Theorem 1.4 if p | B. m|

The methods used in the proof of Theorem 1.4 become intractable for the general N-th degree polynomial.
This is partially due to the increasing number of possibilities for the reducibility type of f(x), which in turn
increases the number of restrictions that must be placed on the coefficients to extract the desired information in
a reasonable manner. Consequently, our focus beyond cubics is on the cyclic situation which is somewhat less
complicated (see Corollary 2.2).

3.3 The Proof of Theorem 1.6

These polynomials, known as the “simplest quartics” and “simplest sextics”, were first introduced and studied
by Gras [4-7]. She showed that these polynomials are cyclic and Galois over Q for all integers k > 1, with the
exception of k = 3 in the case of the quartics, and k € {3, 8} in the case of the sextics. Gras also proved that
since there exist infinitely many values of k such that k> + 16 is not divisible by an odd square, then this quartic
family of polynomials represents infinitely many distinct cyclic quartic fields.

Proof For item (1), suppose that f(«) = 0, and define 1 := «. Following [16], we have that the other zeros of
f(x) are:

a—1 1 o+ 1
— i =——, S . 3.15
= 1 as 5 p— (3.15)
Observe that
a3 = 004 = —1. (3.16)

Suppose first that f'(x) has reducibility type (4) ,. In this case, the Frobenius map F permutes the zeros of
f(x) transitively since F has order 4. Thus, in particular, we cannot have F(«1) = «3, since then F 2(ay) = aj.
Hence, there are only two possibilities:

Flor, oo, a3, 04) € {(a2, a3, a4, a1), (o4, o1, a2, a3)}.

Each of these possibilities produces the same result for U,,. With the help of a computer, we use (2.1), (3.15),
(3.16) and the fact that f(«a) = 0, to calculate

oo (@ + D3(@® 4+ 3a* + 30> + 1)/ (@ + D3 (@ — 1)?)

P 2(e + D)6/ (@ + D33 (@ — 1))

=—1/2.

Suppose next that f(x) has reducibility type (2, 2),. In this case, the Frobenius map has order 2 and, by
(3.16), permutes the zeros as:

Flay, az, a3, a4) = (a3, 04, 001, @2).
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We use (2.1), (3.16) and a computer to verify that U,, =1.

From Lemma 2.3, ﬁp = 0 when f(x) has reducibility type (1, 1, 1, 1) ,, which completes the proof of item
(1.

For item (2), suppose that f(«) = 0, and define | := «. As in the case of the “simplest" quartics, we have
from [16] that the other zeros of f(x) are:

oa—1 1 o+2 oa+1 200 + 1 3.17)
0= ——, 03=———, 4= ————, 05 = — , 0 = — . .
2 o+ 2 3 a+1 4 2a + 1 > o 6 a—1
Observe that
a3y = o4 = 1. (3.18)

Suppose first that f'(x) has reducibility type (6),. Then the Frobenius map has order 6, and it follows from
(3.18) that there are two possibilities:

Flay, ap, a3, a4, a5, ap) € {(02, a3, o4, a5, ag, o), (g, a1, 002, 03, 24, 045)}.

Each of these possibilities produces the same result for Up. Using a computer, (2.1), (3.17), (3.18) and the fact
that f(a) = 0, we calculate

— =24 +a+ DB/ (@@ — 1)@+ D (@ +2)7Q2a +1)°)
PT216(e? +a 4+ DI/ (e (@ — D3 (@ + D3 (e +2)52a + 1)3)

= —1/9.

If f(x) has reducibility type (3, 3),, then there are two possibilities for the Frobenius:
Flay, a2, a3, a4, a5, a6) € {(a3, 4, &5, a6, a1, A2), (@05, &6, 01, 02, A3, Aa) }.
From (2.1), (3.17) and (3.18), it is easily verified that each of these possibilities yields:

— 216 +a+ DY/ (@@ — 1)@+ D (@ +2)°Qa+1)°)
T216@ + a4+ DI/ (@F (@ = DY@+ DY@ +2°Qa + 1))

Suppose next that f(x) has reducibility type (3, 3, 3) ,. In this case, the Frobenius map has order 3 and, by
(3.16), permutes the zeros as:

Flo, a2, a3, aa, a5, a6) = (a4, a5, 06, &1, 02, A3).
Then a computer verifies that

— =384 +a+ DY/ (@@ — D@+ D (e +2)°Qa + 1))
p= = —16/9.
216(c? + o + D3/ (@ (@ = D3 + 1 (@ +2)3Q2a + 1)°)

Finally, from Lemma 2.3, ﬁp = 0 when f(x) has reducibility type (1,1, 1, 1, 1, 1) ,, which completes the
proof of item (2) and the theorem. O

Remark 3.2 Ttem (1) of Corollary 1.5 containing the “simplest cubics” can also be proven using the methods
used in the proof of Theorem 1.6. The main interest in these “simplest” fields is that they have an explicit system
of relatively small fundamental units, and hence have a relatively large class number.
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4 Final comments

As previously mentioned, a complete generalization of Theorem 1.4 to arbitrary degree N > 4 polynomials
appears unreachable. Item (3) of Corollary 1.5 is an indication that even the cyclic case might not be doable in
general.

But what about the “simplest” polynomials? Beyond the “simplest cubics” of Shanks, Theorem 1.6 seems to
be an anomaly. Indeed, the “simplest quintics” of Lehmer [9],

fx) = x> 4+ k*x* — 2K + 6k + 10k + 10)x°
+(k* + 5k + 11k% + 15k 4 5)x% 4 (k> + 4k + 10k + 10)x + 1,
do not behave as well. Note that
AF) = (3 + 5k% 4+ 10k + )2 (k* + 5k + 15k% + 25k + 25)*.
Then, for example, if the Frobenius for a prime p { A(f) that divides k 4 2, is as described in [18], we have that

T (k +2) B
PR 5k +10k+7
Hence, the reducibility case (5), cannot be distinguished from (1, 1, 1, 1, 1) , without examining other terms in
Y modulo p. Although this situation can be worked out, it requires more effort than the quartics and sextics
of Theorem 1.6. For this reason, we have not included the details here. The situations beyond degree 6 of the
“simplest” cyclic fields are also mired in difficulties (see [16,17]), due to some algebraic complications.
When N is apower of an odd prime p, or twice a power of p, itis straightforward to construct cyclic extensions
of degree N by using primitive roots modulo N and considering subfields of cyclotomic fields. However, an
annoyance in this direction is that, as p varies, there are potentially more possibilities for the Frobenius.

Acknowledgements The authors thank the anonymous reviewer for the valuable suggestions.
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