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Abstract Let D be a digraph of order n and with a arcs. The eigenvalues of the signless Laplacian matrix Q (D),
denoted by q1 (D), g2(D), ..., g, (D), are the signless Laplacian eigenvalues of D. The signless Laplacian energy

n
of D is defined as QE(D) = }_ |qi(D) — %
i=1
signless Laplacian energy Q E (D) and the characterization of the extremal digraphs for these bounds. We study
the spectral radius and the signless Laplacian energy of signless Laplacian normal digraphs and characterize the

extremal digraphs. Our bounds improve some known bounds in [12] and [22]. Moreover, our results generalize
some important results obtained for graphs to digraphs.

. The main contribution of this paper is a series of bounds for the

Keywords Digraphs - Strongly connected digraphs - Normal digraphs - Signless Laplacian spectral radius -
Signless Laplacian energy
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1 Introduction

Let D = (V(D), E(D)) be a digraph, where V(D) = {vy, va, ..., v,} is the set of vertices and E (D) is the set
of arcs in D. A digraph D is called a simple digraph if there are no loops or multiple arcs. A digraph D is called
strongly connected if any two vertices v;, v; € V(D) can be connected by directed paths from v; to v; and vice
versa. A digraph is considered as connected if its undirected version is connected as a graph. Throughout this
paper, we confine ourselves to connected simple digraphs. For any notions not defined explicitly in the paper we
will refer the reader to the standard book [6].

For two vertices u and v in a digraph D, if there is an arc (#,v) € E(D) or (v,u) € E(D), they are
called adjacent. If both arcs (u, v), (v,u) € E(D), the two vertices are called doubly adjacent. Given an
arc e = (v;,v;) € E(D), we call v; the initial vertex of e, v; the terminal vertex, and v; a tail of v;. The
inneighborhood and outneighborhood of v; are denoted, respectively, by Ny (v;) = {v; € V(D)|(vj, v;) €
E(D)} and N'D"(vi) = {v; € V(D)|(v;, vj) € E(D)}. Accordingly, the indegree and outdegree are denoted by
d; = |Np(v;)| and di‘|r = |N2-;(v,~)|, respectively. Let 87 be the minimum outdegree and AT be the maximum
outdegree. Similarly, let 6~ be the minimum indegree and A~ be the maximum indegree. D is called outdegree
regularif df =df =--- =d.
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556 H. A. Ganie

Letm : u = uo,uy,...,u; = v be a sequence of vertices, where (uy_1, ux) forms an arc in D for any
1 <k <. 7 is called a walk of length / from u to v. r is a closed walk if u = v. Write cg) for the number of

closed walks of length 2 associated with the vertex v; € V(D). The sequence (cél), céz), e, cg')) is a closed

walk sequence of length 2 in D. Clearly, we know that ¢, = cél) + céz) +...+ cé")

of closed walks of length 2.
A digraph D is symmetric if the existence of any arc (1, v) € E(D) implies the existence of the other one
(v, u) € E(D).Itis easy to see that any simple graph naturally corresponds to a symmetric digraph by following

is equivalent to the number

the mapping G — <5>, where <5) and G share the same vertex set and each edge #v in G is mapped to the arcs
(u, v) and (v, u).

Write D for a digraph having the adjacency matrix A(D) = (a;;), where a;; = 1 if (v;,v;) € E(D) and
a;j = 0 otherwise. The diagonal matrix of outdegrees is denoted by Deg(D) = ", d;' ,...,dF). The signless
Laplacian matrix Q(D) of the digraph D is defined as Q(D) = Deg(D) + A(D). Clearly, Q(D) is a real
non-negative matrix, which is not necessarily symmetric. The signless Laplacian eigenvalues of the digraph D,
denoted by q1(D), g2(D), ..., g,(D), are the eigenvalues of Q (D). The signless Laplacian spectral radius or
Q-spectral radius, denoted by g1 (D) = g(D), is the eigenvalue that has the largest modulus. When D forms a
strongly connected digraph, an immediate application of the Perron-Frobenius Theorem [17] implies that g (D)
is an eigenvalue of Q(D) and ¢ (D) admits a unique positive unit eigenvector. This eigenvector is the so-called
Perron vector of Q(D). The signless Laplacian spectral radius of digraphs has attracted considerable attention
in the algebraic graph theory and as such various papers have been published featuring the bounds and extremal
results. Some recent results in this direction have been reported in for example [1,8-11,13,16] and the references
therein.

For a digraph D with n vertices and a arcs, the signless Laplacian energy is denoted by Q E (D) and is defined
in [22] as

n

QE(D) =Y 1gi(D) = =1 = Y lail.
i=1

i=1

where a; = q; (D) — 7 and q1, q2, . . ., g, are the signless Laplacian eigenvalues of D. For some bounds on the
signless Laplacian energy of a digraph, we refer to [4,12,22].

The rest of the paper is organised as follows. In Section 2, we obtain some new bounds for the signless
Laplacian energy Q E (D), in terms of the number of vertices 7, the number of arcs a, the vertex outdegrees, the
number of closed walks of length 2 and characterize the extremal digraphs attaining these bounds. In Section
3, we study the spectral radius and signless Laplacian energy of signless Laplacian normal digraphs. We obtain
bounds and discuss the extremal digraphs. We show our bounds improve the bounds obtained in [12] and [22].
We end the paper with the conclusion highlighting the importance of our work.

2 Bounds for the signless Laplacian energy

The first outdegree Zagreb index of a digraph D is denoted by Zg™ (D) and is defined as
n
zgt (D) =) (@),
i=1

where df > d;r > ... > d} are the outdegrees of D. If D is a symmetric digraph (5>, then a’;r = d; and so the
first outdegree Zagreb index becomes the corresponding first Zagreb index Zg(G) of the graph G. Therefore,
ZgT (D) is extension of Zg(G) to digraphs. For some recent papers on Zg™ (D), we refer to [23].

The following lower bound for the signless Laplacian spectral radius g (D) in terms of the number of arcs,
the number of closed walks and the order of the digraph D was obtained in [12].

Theorem 2.1 Let D be a digraph of order n with a arcs. Suppose that co = cél) + cgz)

of closed walks of length 2 in D. Then

+-- '—i—c;") be the number

gDy = 42 @.1)
n
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<~
For a strongly connected digraph D, the equality in (2.1) holds true if and only if D = G, in which every
connected component of G is r-regular satisfying 2r = ‘#

The next lower bound for the signless Laplacian spectral radius ¢ (D) in terms of the squares of outdegrees,
the squares of the number of closed walks of length 2 and the order of the digraph D was also obtained in [12].

Theorem 2.2 Let D be a digraph of order n with a arcs. Suppose that d1+ > d; > ... > d} are the vertex

outdegrees and (cél), cgz), ceey cé")) is the sequence of closed walks of length 2 in D. Then
n N\ 2
> (4 + )
q(D) > | = (22)
n

For a strongly connected digraph D, the equality in (2.2) holds true if and only if D = <5> with every connected

A\ 2
G b . l . h 2 _ Z?:l(d;—+cgl))
component Of eing r-regular witn r= = I ra—

Remark 2.3 By Cauchy-Schwarz inequality, we have

I

i=1

n n? n? T
This gives that the lower bound given by Theorem 2.2 is better than the lower given by Theorem 2.1.

The following upper bound for the signless Laplacian energy of a digraph D was obtained in [12].

OE(D) < 2A* — % + \/(n - 1)(Zg+(D) + a(l - g) - (6—2)2) 2.3)

n n

Equality occurs for a strongly connected digraph D if and only if D = ?n or D = ? is AT-regular
digraph with three distinct signless Laplacian eigenvalues, given by ¢(D) = 2A™, 5 +0and T — 6, where

2
Zg+<D)+a(1—%)—(%)
0 =

n—1
The next upper bound for the signless Laplacian energy of a digraph D was also obtained in [12].

+_ 4 a a\2
QE(D) =287 =2 4 Jo = D)(Zgr ) +a(1-2) = (8- %)), 2.4)
n n n
equality occurs for a strongly connected digraph D if and only if D = K, or D = G is A%t-regular
digraph with three distinct signless Laplacian eigenvalues, given by ¢(D) = zn—“ S+ 6 and & — 6, where

n—1 n

2 n 2\ 2
Zg*(D)+a(1—%)—(;3—%) > (diJrJng))
0 = and =\ =~

Remark 2.4 Using Remark 2.3, it follows that "“LTCZ — & < B — 7, giving that the upper bound given by (2.4)
for the signless Laplacian energy is always better than the upper bound given by (2.3).

The following upper and lower bounds for the signless Laplacian energy of a digraph D, in terms of order
n, the number of arcs a, the first outdegree Zagreb index and the determinant of the matrix Q(D) — %I,, were
obtained in [12].

2
n—1

2
QE(D) < 2A™ — ‘—l+\/(n—2)(a— (6—2) )+ (n — 1)<£) o1 (2.5)
n n 2
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and

0E(D) > 2 + /w —at e - (2A+ - g)2 +—1)n— 2)(2A+ - g)”%‘ol, (2.6)
n n n

2

where 0 = Zg*(G) +a(l— %) and oy = ’ det(Q(D) — 7 1) "' Equality occurs in (2.5) and (2.6) if and only

. H H . . . . . . . .
ifD= K ,orD = G isaA"-regular digraph with three distinct signless Laplacian eigenvalues, g(D) = A™

Zgt(D)+a(1—4)—(2)?

and the other two eigenvalues with absolute value P

The following upper bound for the signless Laplacian energy of a digraph D was obtained in [22].

QE(D) < \/n<Zg+(D)+a(1 - g)) 2.7)
n
The following lower bound for the signless Laplacian energy of a digraph D was obtained in [22].
a2
QE(D) > 2(Zg+(D) Ly 62). (2.8)
n
The following upper bound for the signless Laplacian spectral radius g (D) was obtained in [3].
q(D) = max {d +m}, (2.9)
vev(D) ! !
where ml+ = d% Z(u,«,Uj YeE(D) d}". Equality occurs in (2.9) if and only if D is an outdegree-regular digraph or

a bipartite semiregular digraph.

In this section, we obtain some new bounds for the signless Laplacian energy of a digraph D in terms of
different parameters associated with the structure of the digraph. We characterize the extremal digraphs attaining
these bounds.

If in place of the upper bound ¢(D) < 2A™, we make use of the upper bound given by (2.9) in Theorem 3.1
of [12], then we obtain the following upper bound for the signless Laplacian energy of digraphs, which is better
than the upper bound given by (2.3).

Theorem 2.5 Let D be a digraph of order n having a arcs. Let Zg™ (D) be the first outdegree Zagreb index and
ca be the number of closed walks of length 2 of D. Then

a c

QE(D) <y — % + /(n - 1(zg* D) +a(1-%) - (—)2), (2.10)

n n

where y = maxviev(p){di+ + mi+}. For a strongly connected digraph D, equality occurs in (2.10) if and only if
D is a :-outdegree regular digraph such that the absolute values of all the eigenvalues of Q(G) — 11 different

2
Zgt(D)+a (1—;‘7) - (%)
from the spectral radius is .

n—1

The following result gives an upper bound for the signless Laplacian energy of D, in terms of the order, the
number of arcs, the maximum outdegree, the first outdegree Zagreb index and the number of closed walks of
length 2.

Theorem 2.6 Let D be a digraph of order n having a arcs. Let Zg™ (D) be the first outdegree Zagreb index and
2,2
o be the number of closed walks of length 2 of D. If ZgT (D) < anﬂ — a, then

2

QE(D) < Cn—2 + /m - 1(zg* D) +a(1-%) - (—)2). .11

n n

Equality occurs in (2.11) for a strongly connected digraph D if and only if D = ?n or D = (5> is At-
outdegree regular digraph with three distinct signless Laplacian eigenvalues, given by (D) = 2%, ¢ 4+ 0 and

non
2
Zg*(D>+a<1—§)—(%>
& —0, where 6 = )

n—1
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Proof Let Q(D) = (g;;) be the signless Laplacian matrix of D. By Schur’s triangularization theorem [17], there
exists a unitary matrix U such that U* Q(D)U = T, where T = (t;;) is an upper triangular matrix with diagonal
entries tj; = qi, i = 1,2, ..., n. Therefore,

n n n n
Z lgij > = Z ltj1* > Z 41> = Z i1,
i=1 i=1

i,j=1 i,j=1

that is,

n n n
Dlail* < ) gl =) @ +a=2g" (D) +a,
i=1

ij=1 i=1

n

where Zgt(D) = > (diJr )2 is the first outdegree Zagreb index of D. Now, consider the matrix Q (D) — %I . Let

i=1

o =q; — 5, fori =1,2,...,n,be the eigenvalues of Q(D) — 71 = (pi;). By the reasoning similar to above
we obtain
n 5 n ) n N an? . u
Z o |* < Z |pijI* =a+ Z (dl- - ;) = Zgt (D) +a(1 - ;). 2.12)
i=1 i,j=1 i=1
Applying the Cauchy-Schwarz inequality to the vectors (|az], |3], ..., |a,|) and (1, 1,...,1) of R"™!, we
obtain

(Ylal) -0 k.
i=2 i=2

that is,

n

(0ED) ) < @ — (X loil? — lea ?).

i=1

Using the inequality (2.12), we get

QE(D) < |au| + \/(n - D(zgr D) +a(1-2) —lai?). 2.13)

Consider the function f(x) = x 4+ [ (n — 1)(0 — x2>, for x € [0, /o ]. It is easy to verify that the function

2,2
a”+c5
n

f(x) is increasing for x € [0, %] and decreasing for x € [ % J/o]. Since, Zgt(D) <

— a gives that

JE =2 <o Notethat Jo| = @y = (G) = & = “E2 — & = 2, by Theorem 2.1 and the fact that the

n

n
spectral radius ¢(G) is an eigenvalue of Q(G). Also, a% =la? < 21 lai|? < Zgt(D) + a(l — %), implies

1

that @) < +/o. This shows that a; € [\/g, J/ol. Since, f(x) is a decreasing function for x € [\/g, Jol, it
follows that

08D = fan = 1 (2) = 2+ Ju- n(zer @ +a(1- %) - (2))

n n

This proves the truth of inequality (2.11). The equality case can be discussed similar to Theorem 3.1 of [12] and
is therefore omitted. ]
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2,2
Remark 2.7 For digraphs D with Zg* (D) < % — a, the upper bound given by Theorem 2.6 is always better
than the upper bound given by (2.7). This follows due to following reasoning. Since the function f(x) in the

proof of Theorem 2.6 is a decreasing function for x € [,/ 7, 2. Jo]land \F < an < a1, it follows that

1(2) =1(/2) = 2+ Jo-n(ze @ +a(1-5) - ()
- \/§+ n — 1)@:;1@: Jno = \/n(Zg+(D) +a(1 - %))

Remark 2.8 The upper bound given by Theorem 2.6 only holds for digraphs which satisfy the inequality

Zgt(D) < uz:C% — a. We will show existence of infinite families of digraphs for which the inequality
ZgT (D) < i a, always holds. In fact, it seems that for digraphs D with large c», the inequality
Zg . Let us first suppose that D = (5), a symmetric digraph with n vertices and
m edges. Thena = ¢ =2m and Zg+ (D) = Zg(G) = Xn: dl.z. Therefore, the inequality Zg™ (D) < ”2:% —a
becomes =

Zg(G) < 8%2 —2m. (2.14)

For a graph G with n vertices, m edges, maximum degree A and minimum degree §, it is shown in [14] that the
first Zagreb index Zg(G) satisfies

(A =82 4m?

n
Zg(G) s ———+ —.
4 n

s 2 2 ' .
We have, “A700 4 4m < 8m° o provided that 2m? — 2m — MA700

= > 0. It is easy to see that this
n[1+ (A—6)2+1]

last inequality holds provided that m > —~——,————=. This gives that for symmetric digraphs with m >
nl:l—l-/\/(A—(S)z-l-l:I
———5—— the inequality (2.14) always holds. In particular, if G is a regular graph, then A = § and

n|:1+«/(A78)2+1:|
som > ———F—= becomes m > %, which is always true. In fact, for symmetric digraphs D, with
A — § < /15, the inequality (2.14) holds for all m > n. Next, we show the existence of infinite families

2,2
a“+c;
n

of unsymmetric digraphs which satisfies the inequality Zg* (D) < — a. First consider the digraph D

obtained from the symmetric digraph K » by deleting an arc from the vertex v, to v,_1, then dl.+ =n-—1,
fori <n—landd}f =n—2. Also,a = n> —n — 1 and ¢; = n> — n — 2. Therefore, we have Zg* (D) =

(n—=1)(n—1)2+(n—2)2 < #l=n= 1)2+(" =2’ _ (2 _p 1), provided that n* —3n3 —2n> +4n+5 > 0.1t
is easy to verify that this last inequality holds for alln > 4. Let us consider a digraph D obtained from symmetric

digraph C , by deleting an arc from the vertex v, to v;. Then, d =2,foralli <n—1andd = 1.Also,

a =2n—1and c» = 2n—2. Therefore, we have Zg* (D) = 4n—3 < W 2n—1) = 6n—1l+n,

which is always true for n > 4. From these examples it becomes clear that there exists many infinite families of
2 2

digraphs D, which satisfies the inequality Zg™ (D) < anﬂ —a

We note that the problem of characterizing the connected graphs with three distinct signless Laplacian
eigenvalues is well studied and some papers can be found in the literature in this direction. For recent developments
we refer to [15] and the references therein. It will be an interesting problem to characterize the digraphs with
three distinct signless Laplacian eigenvalues. Therefore, we leave the following problem for future research.

Problem 1 Characterize all unsymmetric digraphs having three distinct signless Laplacian eigenvalues.

Proceeding similarly as in Theorem 2.6 and making use of the lower bound given in Theorem 2.2, we obtain
the following upper bound for the signless Laplacian energy of a digraph D.
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On the signless Laplacian energy... 561

Theorem 2.9 Let D be a digraph of order n with a arcs. Let Zg™ (D) be the first outdegree Zagreb index and
. 2
cg) be the number of closed walks of length 2 at vertex v; of D. If Zg* (D) < n (ﬂ - 2) + ‘jl—z — a, then

n

a a a\?2
QE(D) =B~ =+ \/(n —D(zgrD)+a(1-2) = (B-2)). (2.15)
<~ <>
For a strongly connected digraph D, equality occurs in (2.15) if and only if D = K , or D = G is A™-
regular digraph with three distinct signless Laplacian eigenvalues, given by (D) = 27“ S +6and T —0, where

2 n N\ 2
zeryraci-0)-(p-2) £ (a+)
0 = and p =\ =~

n—1 n

a2+c§
n

Remark 2.10 Using Remark 2.3, it follows that

n

2
—a < n(ﬂ - ﬂ) + “n—z — a. Therefore, for digraphs
2,2
D with Zg™ (D) < anﬂ — a, it is clear from Remark 2.3 that the upper bound given by Theorem 2.9 for the
signless Laplacian energy is always better than the upper bound given by Theorem 2.6.

3 Signless Laplacian normal digraphs

A digraph is said to be a normal digraph if its adjacency matrix is a normal matrix. Equivalently, a digraph is
normal if and only if number of all common successors and predecessors of any two vertices u and v is same,
see [21]. Likewise, we define a digraph to be signless Laplacian normal digraph(SL-normal digraph for short) if
its signless Laplacian matrix is a normal matrix. Clearly, all symmetric digraphs are signless Laplacian normal
digraphs. Various families of unsymmetric digraphs have been classified which are normal digraphs, for example
see [2]. Let D be a normal digraph, then A"(D)A(D) = A(D)A'(D), where A(D) is the adjacency matrix of
D. Suppose that D is also a signless Laplacian normal digraph, then Q'(D)Q (D) = Q(D) Q' (D), giving that

Deg(D)' Deg(D) + A(D) Deg(D) + Deg(D) A(D) + A(D)' A(D)
= Deg(D)Deg(D)" + Deg(D)A(D)" + A(D)Deg(D)" + A(D)A(D)'.

Using the facts Deg(D)! = Deg(D), Deg(D)! Deg(D) = Deg(D)? = Deg(D)Deg(D)" and A’(D)A(D) =
A(D)A'(D), we get
(A(D)" — A(D))Deg(D) = Deg(D)((A(D)" — A(D))).

Now, comparing the element on the i-th row and the j-th column of the matrices on both sides, we arrive at

cijdj =dcij, (3.16)
Where c;; is the (i, j)-entry of the matrix A(D)' — A(D). If ¢ij = 0, forall i, j, then (3.16) always holds. Note
that D is a symmetric digraph in this case. If ¢;; # 0, for some i, j, then (3.16) holds provided that dt = dl.+ .
That s, if D is an outdegree-regular digraph. Thus, it follows that if D is a outdegree-regular normal digraph then
D is a signless Laplacian normal digraph. Therefore, all the outdegree-regular normal digraphs in discussed in
[2] are signless Laplacian normal digraphs. Motivated by the work of Rada [21], who studied the spectral radius
and energy of normal digraphs. In the rest of this section we will study the signless Laplacian spectral radius and

the signless Laplacian energy of the SL-normal digraphs.
Ning, Li and Lu [20](see also Proposition 3.1 of [5]) showed that for a graph G with n vertices and m edges, the

n
signless Laplacian spectral radius g (G) satisfies ¢(G) > 47’" = % Y qij(G), with equality if and only if G is
i,j=1
a 27’”-regular graph. Let D be the symmetric digraph with n vertices and a arcs corresponding to graph G, then

n n

using this result, the signless Laplacian spectral radius Q (D) satisfies g(D) > % > qij(D) = % > di+ = 27“
i,j=1 i=1

with equality if and only if D is a {-outdegree-regular digraph. We note that this result need not be true for

digraphs which are not symmetric. For example, consider the digraph D3 as shown in Figure 1. For D3, we have
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2110
1210
0011
1012
spectral radius of Dj is given by ¢(D3) =24+ /2 ~ 3.4142 < 3.5 = zn—“ This shows that for the digraph Ds3,
the inequality ¢ (D) > 2}1—” does not hold. A natural question which arises from this problem is “Does their exist a
class of digraphs other an symmetric digraphs which always satisfies this inequality”. A positive answer to this
question is presented in Theorem 3.1.
Consider the spectral norm ||A|| of an m x n matrix A = (a;;). It is well known [19] that

a =7,n = 4. Also, the signless Laplacian matrix of D3 is . Itis easy to see that the signless Laplacian

1
[All2 = max{|x*Ay| : [x]| = Iyl =1} = \/ﬁ‘ in:aij . (3.17)

If A is a non-negative matrix, then equality holds in (3.17) if and only if the row sums and the column sums are
equal.

As aconsequence to (3.17), we have the following result, which gives a lower bound for the signless Laplacian
spectral radius in terms of the number of arcs and the order of the digraph.

Theorem 3.1 Let D be a SL-normal digraph with n vertices and a arcs. Then
2a
q(D) = —, (3.18)
n

with equality if and only if D is a % -regular digraph.

Proof The proof follows from (3.17) by using the fact that when the signless Laplacian matrix Q(D) of D is
a normal matrix then g(D) = ||Q(G)|2. Equality occurs in (3.18) if and only if all the row sums and column
sums of Q (D) are equal. That is, if and only if D is a £ -regular digraph. This completes the proof. O

‘We note that the lower bound given by Theorem 3.1 generalizes the lower bound given by Proposition 3.1
of [5] and Lemma 2.1 of [20].
It is worth to mention here that there are digraphs other than symmetric digraphs and signless Laplacian normal
digraphs which satisfy the inequality g(D) > zn—“ For example, consider the digraph D as shown in Figure 1.
Clearly Dj is not a strongly connected digraph. For the digraph Dj, we have @ = 5, n = 4. Also, the signless

3111
Laplacian matrix of Dy is 8 (1) i (1) . It is easy to see that the signless Laplacian spectral radius of D is given
0000
by g(D1) =3 > 25 = Zn—” Next, consider the strongly connected digraph D;. For the digraph D», we have
2101
. . . . 11210 . . .
a =9, n = 4. Also, the signless Laplacian matrix of D; is 11311 Itis easy to see that the signless Laplacian
1012

spectral radius of D; is given by g(Dy) ~ 4.56153 > 4.5 = 2n—” This shows that for the digraph D and D>,

the inequality ¢ (D) > 2n—“ holds true. But these digraphs are neither symmetric digraphs nor they are signless
Laplacian normal digraphs. Therefore, we leave the following problem for the future research.

Problem 2 Characterize all digraphs D other than symmetric digraphs and signless Laplacian normal digraphs,
which satisfy the inequality (D) > %

Let I',, be the family of digraphs D of order n with a arcs, which satisfy the inequality ¢(D) > 2%. Then,

this family is non empty as the signless Laplacian normal digraphs belong to I',. !

Remark 3.2 For any digraph D belonging to the family I',,, the lower bound given by (3.18) is better than the
lower bound given by (2.1). This follows by using the fact a > ¢, with equality if and only if D is a symmetric
digraph(where c; is the number of closed walks of length 2 in D). For symmetric digraphs the two lower bounds
are same, but for unsymmetric digraphs the lower bound given by (3.18) is strictly greater than the lower bound
given by (2.1).
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D1 D2 D3

Fig. 1 The digraphs D, D, and D3

Next, we obtain an upper bound for the signless Laplacian energy of SL-normal digraphs.

Theorem 3.3 Let D be a SL-normal digraph of order n having a arcs. Let Zg™ (D) be the first outdegree Zagreb
index and c; be the number of closed walks of length 2 of D. Then

QE(D) < 2A* — g n \/(n - 1)(Zg+(D) n a(l - %) - (‘—l)z) (3.19)

n

a

For a strongly connected digraph D, equality occurs in (3.19) if and only if D is a 3 -outdegree regular
digraph such that the absolute values of all the eigenvalues of Q(G) — 1 different from the spectral radius is

2
ngﬂmﬂ(l;)(g)

n—1

Proof Let Q(D) = (g,;) be the signless Laplacian matrix of D. Since D is a SL-normal digraph, therefore by
Theorem 2.5.4 of [17], the matrix Q(D) is unitarily diagonalizable matrix. That is, there exists a unitary matrix
U suchthat U*Q(D)U = T,where T = (#;j) is diagonal matrix with diagonal entries t;; = ¢;, i = 1,2, ..., n.
Therefore,

n n n n
2 2 2 2
D dailP =)0 1P =Dl =) lail,
i,j=1 i,j=1 i=1 i=1
that is,

n n n
YolgilP =" laii? =) (d" +a=2Zg" (D) +a,
i=1

i, j=1 i=1

n
where ZgT (D) = Y (d;')2 is the first outdegree Zagreb index of D. Consider the matrix Q(D) — %I , where
i=1
I is the identity matrix of order n. Let o1, a2, . .., o, be the eigenvalues of Q(D) — %I, then o; = ¢q; — %, for
i=1,2,...,n.Since, Q(D) is a normal matrix implies that the matrix Q (D) — %I = (pij) is a normal matrix.
It follows by the same reasoning as above that

n n n s
; o = ”Z::I Pl =a+ ; (47— 2) = zgr ) +a(1-2). (320)

Since Q(D) is a non-negative matrix, therefore g(D) is an eigenvalue of Q(D). Applying the Cauchy-
Schwarz inequality to the vectors (|az|, |3, ..., |a,|) and (1,1, ..., 1) of R"~!, we obtain

(Tlal) -0y il
i=2 i=2

that is,

(0E®) -~ al)’ = - Llasl = e ).
i=1
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Using the inequality (3.20), we get

QE(D) = fon| + \/<n ~D(2g* D) +a(1- %) — ). (3.21)

Since Q (D) is anon-negative matrix and for a non-negative matrix spectral radius [17] lies between the minimum
and the maximum row sums, it follows that

28T < g(D) <2AT, (3.22)

with equality for a strongly connected digraph if and only D is a A" -outdegree regular digraph. So, we have

loy| = a1 =¢q(D) - < 2AT — <. By Theorem 3.1, we have ¢(D) > 24 oiving that |aj] = g(D) — ¢ > ¢

With these observations, it follows from (3.21) that " e

L+ a a a\?2
OEMD) <2a* -2 4 [ — 1)<Zg+(D) +a(1 - —) - (—) )
n n n
Assume that equality holds in (3.19). Then equality holds in Cauchy-Schwarz inequality, the equality holds in
(3.22) and the equality holds in Theorem 3.1. The equality in Cauchy-Schwarz inequality gives |aa| = |o3| =
-+ = |ay|. By (3.22), for a strongly connected digraph D, the equality holds in g(D) < 2A™, if and only D
is a AT-outdegree regular digraph. By Theorem 3.1, the equality holds in g(D) > 211—“, if and only if D is a

4-outdegree regular digraph. Combining these observations it follows that the equality holds in (3.19) if and
only if D is a -outdegree regular digraph and |az| = |a3| = - - - = |a,|. Now, let D be an 7--outdegree regular

n
digraph with Jaa] = la3] = - = layl, then Jori| = ¢ and so ;lai|2 — Zgt(D) +a(1 - 2) gives that

1

212

) 2
. Thus, it
follows that equality holds in (3.19) if and only if D is a 7 -outdegree regular digraph such that the absolute values

Jrrl2) ()

of all the eigenvalues of Q(G) — #1 different from the spectral radius is - . Conversely,
it is easy to see that equality occurs in (3.19) for the digraphs mentioned in the statement of the theorem. This
completes the proof. O

) ) Zg*(D)+a(1—%)—(
la1|> + (n — Dla;|> = Zgt (D) + a(l — ‘—‘) This further gives that |o;| =

nj* n—1

=R

Remark 3.4 For signless Laplacian normal digraphs, it is easy to see that the upper bound given by Theorem 3.3
is always better than the upper bound given by (2.3).

If in place of the upper bound ¢(D) < 2A™, we make use of the upper bound given by (2.9) in Theorem
3.3, then we obtain the following upper bound for the signless Laplacian energy of SL-normal digraphs, which
is better than the upper bound given by Theorem 3.3.

Theorem 3.5 Let D be a SL-normal digraph of order n having a arcs. Let Zg (D) be the first outdegree Zagreb
index and ¢ be the number of closed walks of length 2 of D. Then

a a

QE(D) <y — % + \/(n - 1)<Zg+(D) +a(1 - —) - (-)2), (3.23)

n n

where y = maxviev(p){di“L + mi+}. For a strongly connected digraph D, equality occurs in (3.23) if and only if
D is a :-outdegree regular digraph such that the absolute values of all the eigenvalues of Q(G) — 11 different

2
J zerorea1-8)-(2)
from the spectral radius is i .

n—

The following result gives another upper bound for the signless Laplacian energy of SL-normal digraphs.

Theorem 3.6 Let D be a SL-normal digraph of order n having a arcs. Let Zg™ (D) be the first outdegree Zagreb
index of D. If Zg+ (D) < a(%“ - 1), then

QE(D) < % + \/<n -1 (zg* D) +a(1- %) - (f)z)
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For a strongly connected digraph D, equality occurs in (3.24) if and only if D is a -outdegree regular
digraph such that the absolute values of all the eigenvalues of Q(G) — ¢ 1 different from the spectral radius is

\/Zgﬂma(l_g)_(g)f

n—1

Proof Proceeding similar to above Theorem to arrive at

QE(D) = lau| + \/(n - D(2g* D) +a(1-2) — ). (3.25)

Consider the function f(x) = x + [/ (n — l)(a — x2>, for x € [0, /o]. It is easy to verify that the function

f(x) is increasing for x € [0, \/g] and decreasing for x € [\/%, J/n]. Since, Zgt (D) < a(%” — ) gives that
\/g < % < «a;. Note that |aj| = o) = ¢q(G) — 7 > zn—” — & = %, by Theorem 3.1 and the fact that the spectral
n
radius ¢(G) is an eigenvalue of Q(G). Also, 0‘1 log |2 < <y lo;|? = ZgH(D) + a(l — %), implies that
i=1
a1 < /0. This shows that o] € [\/g, /o). Since, f(x) is a decreasing function for x € [\/%, /o], it follows
that

QE(D) < f(a)) < f(f—;) = g + \/(n —D(zgr ) +a(1-2) - (3)2).

n n
This proves the truth of inequality (3.25). The proof of equality case can be discussed similar to Theorem 3.3
and is therefore omitted. |

2

Remark 3.7 For signless Laplacian normal digraphs D with Zg™ (D) < a(;a — 1), the upper bound given

by Theorem 3.6 is always better than the upper bound given by Theorem 3.3. This follows due to the fact that
n
a=y d,.Jr <nAT.
i=1

Remark 3.8 For signless Laplacian normal digraphs D with Zg* (D) < a(z—“ — ), the upper bound given by

Theorem 3.6 is always better than the upper bound given by (2.7). This follows due to following reasoning. Since
the function f(x) in the proof of Theorem 3.6 is a decreasing function for x € [\/g ,x/o]and \/é < % < ay,it

=)= fa-need(-5)- ()
“rremnyi- f = 2@ +o1-5))

The following result gives a lower bound for the signless Laplacian energy of a SL-normal digraph.

Theorem 3.9 Let D be a SL-normal digraph of order n having a arcs. Let Zg ™+ (D) be the first outdegree Zagreb
index of D. Then

\/ 2a?
QE(D) > ,/2Zg" (D) — — +a +c2, (3.26)
n

with equality if and only if the signless Laplacian eigenvalues of D are T + \/% (Zg+ (D) — “n—z + C2>, o=

\/% (Zg+(D) — “n—z + cz> and . with multiplicity n — 2.
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566 H. A. Ganie

Letay, a2, ..., ay, Where o; = gq; — %, fori = 1,2,...,n, be the eigenvalues of the matrix Q(D) — 1.
Then, we have

n

n n
Z%’ZZ(%—%):Zqi—aza—a:O.
i=1 i=1

i=1

Using this it follows that

oz( ot,~)2:Zai2+ZZot,'aj. (3.27)

=
N
~
+
|
BN
—
&)

+
)

v
z
=
=
=.
»
=
g
=
Q
<
»
=
o
=

~
©

(V]
~

N—
—t
=
o
-

n
From the equation (5) of [22], we get Y _ ozl.z =
i=1

2Za,-aj=—§a3=—(2n:(di+—f—l)2+c2). (3.28)

i<j i=1

On the other hand using the equations (3.27) and (3.20), we arrive at

(QE(D))2 =(Z lgi — %I)2 = (Z |“f|)2
i=1 i=l
= i|0[,’|2+22|ai||0‘j|
i=1

i<j
n L a2
Za+2(di ——) +‘22a,~aj)
i=1 n i<j
n L oay? n L ay?
=(1+Z<di —;> +Z<di —;) + 2
i=1 i=1

" 24>
=27Zg7 (D) — . +a+ .

From this the inequality (3.26) now follows. Note that Q (D) is a normal matrix implies that the matrix Q (D) —
&1 = (pij) is also a normal matrix. Therefore, equation (3.20) is applicable.
Assume that equality occurs in (3.26), then we must have

S leallesl = | 3 e |

i<j i<j

This equality holds if for each pair o; o}, and o, j, with iy # iz, j1 # jo, there exists a nonnegative real
number &, such that o, o j; = kaj,aj,. Using this in (3.27) it follows that each of «;, «j, is a non-positive real
number. Since o1 + a2 + - -+ + a, = 0, it follows that o;;j;, < 0 holds for all i1, j; only if two eigenvalues
of Q(D) — 1 are non-zero with opposite sign. One of them is the spectral radius o; = g — 3 and the other
is —ag. Thus, it follows that equality occurs in (3.26), if and only if D has three distinct signless Laplacian

n n 2
eigenvalues, namely g1, —¢1 and & with multiplicity n — 2. Since, ozl.2 = > (dl+ — 9) + ¢7, it follows

n
i=1 i=1

that oy = \/ % (Z gt (D) — “n—z + cz>. From this the result now follows. Conversely, it is easy to see that equality

occurs in (3.26) for the digraphs mentioned in the statement. This completes the proof. O

Remark 3.10 For signless Laplacian normal digraphs D, the lower bound given by Theorem 3.9 is always better
than the lower bound given by (2.8). This follows due to the fact that a > c».

The following Arithmetic-Geometric means inequality can be found in [18].
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Lemma 3.11 Ifay, ay, ..., a, are non-negative numbers, then

1

= 2
1 n n n n n

mly e |\ TTai)] |=ndai=| 2 vaj
Jj=1 J=1 J=1 J=1

ln n n
<nn-—-1)| — a; — a;
<n(n—1) n;lj j]j[l,

Moreover equality occurs if and only ifa; = ap = - - - = ap.

Using Lemma 3.11, Theorem 3.1 together with equation (3.20) and proceeding similarly as in Theorem 3.4
of [12], we obtain the following bounds for the signless Laplacian energy of a signless Laplacian normal digraph
D, in terms of order n, the number of arcs a, the first outdegree Zagreb index and the determinant of the matrix

o(D) — 1.

Theorem 3.12 Let D be a SL-normal digraph of order n > 3 with a arcs having first outdegree Zagreb index
Zg™(G) and maximum outdegree A™". Then

2
n—1

QE(D) <2A" — % + \/(n —2)(o — (%)2) (- 1)(2) o1

and

-2

OE(D) > g + \/o - (2A+ - %)2 + (=1 — 2)(2A+ - %)"jal,

2

n—1

where o = Zg"(G) +a(l — %) and o1 = ‘det(Q(D) — 40

. Equality occurs in both the inequalities if

<~ <
andonly if D = K ,, or D = G is a AV -regular digraph with three distinct signless Laplacian eigenvalues,

Zgt(D)+a(1-2)—(2)?
n—1 .

q(D) = A7 and the other two eigenvalues with absolute value \/

Remark 3.13 For signless Laplacian normal digraphs D, the upper and lower bounds given by Theorem 3.12
are always better than the upper and lower bounds given by (2.5) and (2.6), respectively.

We note that there are normal digraphs which are not SL-normal digraphs. For example, consider the digraph
20011
11000
D3 in [21]. The signless Laplacian matrix of D3 is given by Q(D3) = | 0 1 2 1 0 |. It is now easy to verify that
10120
00101
Q(D3)Q*(D3) # Q*(D3)Q(D3), where Q*(D3) is the conjugate transpose of the matrix Q(D3).
Let M be an p x n matrix and let M* be the conjugate transpose of M. The eigenvalues of the matrix M*M
are called singular values of the matrix and are denoted by s1(M) > s;(M) > --- > 5,(M). The following
important result about the singular values of the sum of two matrices can be found in [7].

Lemma 3.14 Let X, Y and Z be square matrices of order n such that Z = X + Y. Then

n

Y 5i(2) =) s(X)+ > si(¥),
i=1 i=1

i=1

where s1(M) > so(M) > --- > s,(M) are the singular values of the matrix M. Moreover, equality holds if and
only if there exists an orthogonal matrix P such that PX and PY are both positive semidefinite matrices.

Next, we state the polar decomposition theorem for a real matrix of order n and can be found in [19].
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568 H. A. Ganie

Lemma 3.15 Let M € R"™". Then there exist positive semidefinite matrices X,Y € R™™" and orthogonal
|
matrices P, F € R"™" such that M = PX = Y F. Moreover, the matrices X, Y are unique, X = (M'M)?2,

Y = (MM )%. The matrices P and F are uniquely determined if and only if M is non-singular. Note that M"
represents the transpose of the matrix M.

The next interesting result regarding the positive semidefinite matrices can be found in [17].

Lemma 3.16 [17] If M = (m;;) is a positive semidefinite matrix of order n with m;; = 0 for some i, then
ajj=0=aj;, for j=1,2,...,n

The following result gives an upper bound for the signless Laplacian energy of a signless Laplacian normal
digraph in terms of the energy of digraph.

Theorem 3.17 Let D be a normal digraph of order n > 3 with a arcs. If D has no isolated vertices, then

QE(D) <)+ |4+ - 2|, (3.29)

i=1
Equality occurs if and only if D is an outdegree-regular digraph.
Proof Let Q(D) = Deg(D) + A(D) be the signless Laplacian matrix of digraph D of order n. We have,

a a
o) — 1 = A(D) + (Deg(D) - —1).
n n

Suppose that D is a normal digraph. Let A; (M) and s; (M) be respectively the ith eigenvalue and the ith singular
value of the n-square matrix M, then it is well known that |X; (M)| < s;(M), with equality if and only if M is a
normal matrix, see [17]. Using this inequality to the matrix Q(D) — 1 for all i, we arrive at

QE(D) =Y lgi = 1 = Y 14(Q(D) = =D = Y_si(Q(D) = 1.
i=1 i=1 i=1

n
Using this observation together with Lemma 3.14 and the fact E(D) = Y (A (A(D))| = >_ 5i(A(D)), the
i=1 i=1

inequality (3.29) follows. O

If D is an outdegree-regular digraph, then a = ndl.*, for all i and so equality in (3.29) holds. On the other
hand, suppose that equality holds in (3.29). We will show that D is an outdegree-regular digraph. Assume
on the contrary that D is not an outdegree-regular digraph, then AT = d1+ > S Fori = 1,2,...,n, let
a; = dl.+ — 2. Clearly, a; = df’ — 2 > 0. Since, equality occurs in (3.29), it follows from Lemma 3.14 that
there exists an orthogonal matrix P, such that X = P(Deg(D) — %I )and Y = P(A(D)) are both positive

semidefinite matrices. This gives that the matrices P” X and PTY (as P is orthogonal, hence P! = P~!) are
the polar decompositions of the matrices Deg(D) — 1 and A(D), respectively. Using, Lemma 3.15, we get

P11 P12 = Pln
. 1 p21 P22+ P2n
X = |Deg(D) — 51| =diag(|lai|, |azl, ..., |ay])and Y = (A(D)A(D)")2.Let P' = | . . . | and
Pnl Pn2 *** Pnn
0 app---an latlpi1 lazlpiz -+ - lan|pin
ap 0 ---ay . lai|p21 laz|paz -+ - |an|pan
AD) =1 . . . |- We have P'X = Deg(D) — %1, giving that ) . . =
aip azy -+ 0 lat|pnt la2lpn2 -+ - lan| pun
a 0 ---0
0a - 0
.o . Using equality of matrices, the equality at first column gives p1; = 1 and p;; = 0, for
00 -a,
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1 0 --- 0
o P12 P22 -+ DPn2 )
all j = 2,3,...,n. From this it follows that P = L . |- Now, Y = PA(D) gives that Y =
Pin P2n " Pnn
1 0 --- 0 0 ap - aiy 0 ap - ap

pr2pn--pr2| a2 0 ---axy €21 €22+ Cop . h .
L. . . = L .|, where ¢;; is the product of i row of P with

Pln P2n " Pnn ai, azp -+ 0 Cnl Cn2 "+ Cnn

the j’h column of A(D), fori =2,3,...,nand j = 1,2, ..., n. Since the matrix Y is a positive semidefinite
matrix, it follows from Lemma 3.16 that ay; = 0, for all j = 2,3, ..., n. Which is a contradiction to the fact
that D is a connected digraph. This completes the proof. O

Itis clear from Theorem 3.17 that any upper bound for the energy £(D) of a digraph D gives a corresponding
upper bound for the signless Laplacian energy Q E (D).

4 Conclusion

If we take D = ? where ? is the symmetric digraph corresponding to the underlying graph G of the
digraph D, the results obtained in Sections 2 and 3 become the corresponding results for the signless Laplacian
spectral radius A(Q(G)) and the signless Laplacian energy Q E(G) of the graph G. Therefore, our results are
generalization of the known results for the signless Laplacian spectral radius and the signless Laplacian energy
of a graph G.
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