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Abstract The Ramanujan series attached to a complex-valued arithmetic function ĝ in a fixed integer a is the
series

∑

n ĝ(n)cn(a), where cn(a) is the so-called Ramanujan sum. Assuming that ĝ is additive or, more generally,
a product of a multiplicative function with an additive one, we study the relationships between the Ramanujan
series attached to ĝ in a positive integer a and its subseries obtained by taking the terms with n coprime to a
fixed integer d ≥ 2.
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1 Introduction and statement of the results

The Ramanujan series attached to an arithmetic function f : N → C is
∑

n∈N

f (n)cn(a), (1)

where

cn(a) =
∑

1≤t≤n
(t,n)=1

cos(2π ta/n), n ∈ N, a ∈ Z,

is the so-called Ramanujan sum. Hereafter, the symbol (m, n) denotes the greatest common divisor of m, n ∈ N.
It is known that [5]

cn(a) =
∑

d|(n,a)

dμ(n/d) = ϕ(n)
μ

(

n/(n, a)
)

ϕ
(

n/(n, a)
) , ∀a, n ∈ N, (2)

where ϕ(n) = #{m ∈ N ∩ [1, n] : (m, n) = 1} is the Euler totient and μ is the Möbius function defined by

μ(n) =

⎧

⎪

⎨

⎪

⎩

1, if n = 1;
(−1)k, if n = p1 p2 · · · pk for distinct primes pi ;
0, otherwise.
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596 M. Laporta

Here and in what follows, the letter p (with or without subscript) is reserved for the prime numbers. It turns out
that μ(n) = (−1)ω(n) if n is square-free, μ(n) = 0 otherwise, where ω(1) = 0 and ω(n) is the number of the
distinct prime factors of n ≥ 2. By using (2), we see that cn(a) = μ(n) whenever (a, n) = 1.

We say that an arithmetic function g admits a Ramanujan expansion in A ⊆ N if there exists an arithmetic
function f such that g(a) is the sum of the series (1) for every a ∈ A. The Ramanujan expansions of a given
arithmetical function are infinite. Indeed, a theorem of Hildebrand [2] ensures that for any arithmetic function
g and any a ∈ N there exists M = M(a) ∈ N such that g(a) = ∑M

n=1 f (a, n)cn(a) with f (a, n) ∈ C.
However, the dependence on a for M or for f (a, n) might be effective [5], (besides the case where M = 1 and
f (a, 1) = g(a), trivially). Further, since there are the following expansions of the identically zero function [1],
[4],

∑

n∈N

cn(a)

n
= 0,

∑

n∈N

cn(a)

ϕ(n)
= 0, ∀a ∈ N,

the same Ramanujan series (1) is attached to f (n) + z1/n + z2/ϕ(n) for any choice of z1, z2 ∈ C.

Definition 1 If the Ramanujan expansion attached to ĝ : N → C converges for some a ∈ N, then we set

g(a) =
∑

n∈N

ĝ(n)cn(a). (3)

If such a series converges for any a ∈ A ⊆ N, i.e., g admits a Ramanujan expansion in A, then we also say that
the pair (g, ĝ) satisfies (3) in A.

For example, the pair (ϕ �/id, μ/ϕ) satisfies (3) in N \ {1}, where id(n) = n for all n ∈ N and � is the
von Mangoldt function defined by �(a) = log p if a is a power of p, �(a) = 0 otherwise [1]. Note that the
Ramanujan series attached to μ/ϕ diverges for a = 1 because

∑

μ(n)2/ϕ(n) ≥ ∑

1/p, while �(1) = 0. On
the other hand, an expansion convergent to ϕ(a)�(a)/a for all a ∈ N can be obtained at the cost of introducing
coefficients ĝ(a, n) such that ĝ(1, n) = 0, ĝ(a, n) = μ(n)/ϕ(n) for every integer a ≥ 2. Thus, from what we
have seen before, it is plain that the coefficients ĝ(n) of the series (3), together with their support, might depend
on the argument a of the sum g(a) in a nontrivial way. In some case, as (4) and (6) below, a dependence on some
further parameter might arise.

In this note we study the relationship between the Ramanujan series (3) and its subseries

�ĝ(a, d) =
∑

(n,d)=1

ĝ(n)cn(a),

where a, d ∈ N, d ≥ 2. First, in Theorem 1 and Corollary 1 below we study the case of an additive ĝ. An
example of additive function is the aforementioned function ω, for which, however, neither the series (3) nor
�ω(a, d), with a, d ∈ N, d ≥ 2, converges because |ω(p)cp(a)| = |μ(p)| = 1 for all the infinitely many prime
numbers p not dividing a. Indeed, a necessary condition for the convergence of both series (3) and �ĝ(a, d) is
that |̂g(p)| → 0, as p → ∞. Theorem 1 and Corollary 1 are then generalized by assuming that ĝ = ĝ1ĝ2, with
ĝ1 additive and ĝ2 multiplicative. Since ϕ and μ are multiplicative, by using (2) we deduce that the function
n ∈ N → cn(a) ∈ Z is multiplicative for any fixed a ∈ N.

Before giving the first result, let us claim that, given any prime p and any n ∈ N, the symbol vp(n) denotes
the nonnegative integer such that pvp(n)|n and pvp(n)+1
 |n.

Theorem 1 Let ĝ : N → C be additive and such that the series �ĝ(a, d) converges for some a, d ∈ N, with
d ≥ 2. The pair (g, ĝ) satisfies (3) in a if and only if

g(a) =
∑

n∈Ga,d

cn(a)
∑

p|(n,d)

ĝ(pvp(n)), (4)

where Ga,d = {n ∈ N : (n, d) > 1 and vp(n) ≤ vp(a) + 1,∀p|(n, d)}.
In particular, assuming also that (a, d) = 1, the equation (4) becomes

g(a) =
∑

n∈Ga,d

cn/(n,d)(a)μ
(

(n, d)
)

∑

p|(n,d)

ĝ(p),

with Ga,d = {n ∈ N : (n, d) > 1 and vp(n) = 1,∀p|(n, d)}.
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On Ramanujan expansions with additive coefficients 597

Remark 1 Recall that the Dirichlet product of the arithmetic functions h1, h2 is the function h1 ∗ h2 defined by

(h1 ∗ h2)(d) =
∑

t |d
h1(t)h2(d/t), ∀d ∈ N.

The Möbius inversion formula for h1 and h2 states that h1 = h2 ∗ μ if and only if h2 = h1 ∗ u, where u is the
function identically 1. This function is the inverse of μ with respect to the Dirichlet product, i.e.,

(μ ∗ u)(d) =
∑

t |d
μ(d) =

{

1, if d = 1;
0, otherwise.

By using such a property we see that for any arithmetic function h one has
∑

1≤n≤x
(n,d)=1

h(n) =
∑

1≤n≤x

h(n)
∑

k|(n,d)

μ(k) =
∑

k|d
μ(k)

∑

1≤n≤x
n≡ 0 (k)

h(n). (5)

(here and throughout what follows, we write n ≡ m (k) to mean that k divides n − m). Consequently, taking
h(n) = ĝ(n)cn(a) for a fixed a ∈ N (with ĝ not necessarily additive or else), the series �ĝ(a, d) converges
whenever

�′̂
g(a, k) =

∑

n≡0 (k)

ĝ(n)cn(a)

converges for every k|d. In particular, by taking d = p, one has that if both series (3) and �′̂
g(a, p) converge,

then so does

�ĝ(a, p) =
∑

n 
≡0 (p)

ĝ(n)cn(a).

Vice versa, by applying the Möbius inversion formula to (5) for a given square-free d, we deduce that the
convergence of �ĝ(a, k) for every fixed k|d implies the convergence of �′̂

g(a, d). In particular, since μ(p) = −1,
the convergence of �′̂

g(a, p) follows from the convergence of both series �ĝ(a, p) and (3). Further, in this case
we can write g(a) = �ĝ(a, p) + �′̂

g(a, p). Finally, it is plain that if (3) converges absolutely, then both series
�ĝ(a, d) and �′̂

g(a, d) converge absolutely for any d ∈ N. For example, this is the case when the series
∑

n ĝ(n)

converges absolutely because |cn(a)| ≤ (a, n) ≤ a for all a, n ∈ N [3, §4.1.1, exercise 3].

Corollary 1 Let ĝ : N → C be additive and such that the series �ĝ(a, p) converges for some a ∈ N and some
prime number p. If p divides a, then (g, ĝ) satisfies (3) in a if and only if

g(a) =
∑

n≡0 (p)
vp (n)≤vp (a)+1

ĝ(pvp(n))cn(a). (6)

If p does not divide a, then (g, ĝ) satisfies (3) in a if and only if g(a) = ĝ(p) = 0.

Remark 2 Under the hypotheses of the previous corollary, it is plain that if �ĝ(a, p) converges for some p 
 | a
such that ĝ(p) = 0, then g(a) = 0 and consequently �ĝ(a, p) = −�′̂

g(a, p). On the other hand, if (g, ĝ)

satisfies (3) in a divisible by p, then from (6) we get

�ĝ(a, p) = g(a) − �′̂
g(a, p) =

∑

n≡0 (p)

̂h(n)cn(a),

where

̂h(n) = ̂h(n, a, p) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

0, if vp(n) = 0;
−

∑

q prime 
=p

ĝ(qvq (n)), if 1 ≤ vp(n) ≤ vp(a) + 1;

−ĝ(n), if vp(n) > vp(a) + 1.
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Remark 3 The case a = 1 features further considerations. If μ(d) = 0, then for any arithmetic function ĝ one
has trivially

�′̂
g(1, d) =

∑

n≡0 (d)

ĝ(n)μ(n) = 0.

Let ĝ be additive and μ(d) 
= 0. Given any real number x ≥ d, we can write
∑

1≤n≤x
n≡0 (d)

ĝ(n)μ(n) =
∑

1≤n≤x/d
(n,d)=1

ĝ(nd)μ(nd)

= μ(d)
∑

1≤n≤x/d
(n,d)=1

ĝ(n)μ(n) + μ(d)ĝ(d)
∑

1≤n≤x/d
(n,d)=1

μ(n).

Therefore, the series �′̂
g(1, d) and �ĝ(1, d) are both convergent or both divergent if and only if ĝ(d) = 0. In

case they converge, one has �′̂
g(1, d) = μ(d)�ĝ(1, d).

The previous theorem and corollary are generalized as follows.

Theorem 2 Let ĝ : n ∈ N → ĝ(n) = ĝ1(n)ĝ2(n) ∈ C, with ĝ1 additive and ĝ2 multiplicative, be such that the
series �ĝ(a, d) converges for some a, d ∈ N, with d ≥ 2.

The pair (g, ĝ) satisfies (3) in a if and only if the following series converges:
∑

n∈Ga,d

ĝ2(n) cn(a)
∑

p|(n,d)

ĝ1(pvp(n)),

where Ga,d = {n ∈ N : (n, d) > 1 and vp(n) ≤ vp(a) + 1,∀p|(n, d)}. In this case,

g(a) =
∑

n∈Ga,d

G1(n, d) ĝ2(n) cn(a) + �ĝ(a, d)
∏

p|d
G2(a, p), (7)

where we set

G1(n, d) =
∑

p|(n,d)

ĝ1(pvp(n)), G2(a, p) =
vp(a)+1

∑

α=0

ĝ2(pα)cpα (a) =
vp(a)
∑

α=0

pα

(

ĝ2(pα) − ĝ2(pα+1)

)

.

In particular, assuming also that (a, d) = 1, the equation (7) becomes

g(a) =
∑

n∈Ga,d

Gĝ(n, d) ĝ2(n/(n, d)) cn/(n,d)(a) + (μ ĝ2 ∗ u)(d)�ĝ(a, d)

with

Gĝ(n, d) = μ
(

(n, d)
)

ĝ
(

(n, d)
) = μ

(

(n, d)
)

ĝ2
(

(n, d)
)

∑

p|(n,d)

ĝ1(p).

Note that Theorem 1 is recovered once we take ĝ2 = u. Analogously the next result generalizes Corollary 1.

Corollary 2 Let ĝ : n ∈ N → ĝ(n) = ĝ1(n) ĝ2(n) ∈ C, with ĝ1 additive and ĝ2 multiplicative, be such that the
series �ĝ(a, p) converges for some a ∈ N and some prime number p.

If we assume that p divides a, then (g, ĝ) satisfies (3) in a if and only if

g(a) =
∑

n≡0 (p)
vp (n)≤vp (a)+1

ĝ1(pvp(n))ĝ2(n)cn(a) + �ĝ(a, p)

vp(a)
∑

α=0

pα
(

ĝ2(pα) − ĝ2(pα+1)
)

.

If we assume that p does not divide a, then we have the following possibilities:

• ĝ1(p) = 0: (g, ĝ) satisfies (3) in a if and only if g(a) = (

1 − ĝ2(p)
)

�ĝ(a, p);
• ĝ1(p) 
= 0: (g, ĝ) satisfies (3) in a if and only if the series

�ĝ2(a, p) =
∑

n 
≡0 (p)

ĝ2(n)cn(a)

converges, with g(a) = ĝ(p)�ĝ2(a, p) + (

1 − ĝ2(p)
)

�ĝ(a, p).
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2 Proofs of the main results

Proof of Theorem 1 Let us consider the set Kd = {∏

p|d pα : α = α(p) ≥ 0
}

and for any n ∈ N define

kn = kn(d) =
{

∏

p|(n,d) pvp(n), if (n, d) > 1;
1, if (n, d) = 1.

Obviously, k ∈ Kd if and only if (k, m) = 1 for any integer m coprime to d. Since by definition kn ∈ Kd and
(n/kn, kn) = (n/kn, d) = 1, it follows that ĝ(n) = ĝ(kn) + ĝ(n/kn) for ĝ is additive. Thus, recalling that cn(a)

is multiplicative with respect to n, for any real number x ≥ 1 we write
∑

1≤n≤x

ĝ(n)cn(a) =
∑

n≤x
kn∈Kd

ĝ(kn)cn(a) +
∑

k≤x
k∈Kd

ck(a)
∑

m≤x/k
(m,d)=1

ĝ(m)cm(a). (8)

By using (2) it is readily seen that [3, proof of Th. 4.1], [5, §I.3, formula (3.4)],

cpα (a) =

⎧

⎪

⎨

⎪

⎩

ϕ(pα), if 0 ≤ α ≤ vp(a);
−pvp(a), if α = vp(a) + 1;
0, otherwise.

(9)

In particular, after setting Ka,d = { ∏

p|d pα ∈ Kd : 0 ≤ α ≤ vp(a) + 1
}

, it follows that

ck(a) = 0, ∀k ∈ Kd \ Ka,d and
v

∑

α=0

cpα (a) = 0, ∀v ≥ vp(a) + 1.

Therefore, since cn(a) = ckn (a)cn/kn (a), by taking x ≥ max Ka,d the equation (8) becomes
∑

1≤n≤x

ĝ(n)cn(a) =
∑

n≤x
kn∈Ka,d

ĝ(kn)cn(a) +
∑

k∈Ka,d

ck(a)
∑

m≤x/k
(m,d)=1

ĝ(m)cm(a).

Now, concerning the first sum on the right-hand side, note that there is no contribution from n such that kn = 1,
i.e., (n, d) = 1, because ĝ(1) = 0. Therefore, n ∈ Ga,d if and only if kn ∈ Ka,d \ {1}, and in this case we can
write

ĝ(kn) = ĝ

(

∏

p|(n,d)

pvp(n)

)

=
∑

p|(n,d)

ĝ(pvp(n)).

Hence, the equivalence between (3) and (4) follows because, as x → ∞, the second sum on the right-hand side
goes to

�ĝ(a, d)
∑

k∈Ka,d

ck(a) = �ĝ(a, d)
∏

p|d

vp(a)+1
∑

α=0

cpα (a) = 0.

Finally, if (a, d) = 1, it turns out that Ga,d = {n ∈ N : (n, d) > 1 and vp(n) = 1,∀p|(n, d)} and kn = (n, d) =
∏

p|(n,d) p for all n ∈ Ga,d . Hence, the conclusion follows from (4) after noticing that (kn, a) = 1, yielding
cn(a) = cn/kn (a)μ

(

(n, d)
)

. ��
Proof of Corollary 1 If p|a, then (6) follows immediately by taking d = p in Theorem 1 because Ga,p = {n ∈
N : 1 ≤ vp(n) ≤ vp(a) + 1}. If p 
 |a, i.e., vp(a) = 0, then one has Ga,p = {n ∈ N : vp(n) = 1}. Thus, arguing
as in the proof of Theorem 1, we see that

lim
x→∞

∑

1≤n≤x

ĝ(n)cn(a) = lim
x→∞

(

ĝ(p)
∑

n≤x
n∈Ga,p

cn(a)

)

= lim
x→∞

(

−ĝ(p)
∑

n≤x/p
n 
≡0 (p)

cn(a)

)

.

However, such a limit exists if and only if ĝ(p) = 0, and consequently g(a) = 0, because |cq(a)| = |μ(q)| = 1
for the infinitely many prime numbers q 
= p such that vq(a) = 0. ��
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600 M. Laporta

Proof of Theorem 2 Since the function n ∈ N → ĝ2(n)cn(a) ∈ C is multiplicative, the proof goes as for
Theorem 1 yielding the formula

g(a) =
∑

n∈Ga,d

ĝ2(n) cn(a)
∑

p|(n,d)

ĝ1(pvp(n)) + �ĝ(a, d)
∑

k∈Ka,d

ĝ2(k)ck(a)

=
∑

n∈Ga,d

G1(n, d) ĝ2(n) cn(a) + �ĝ(a, d)
∏

p|d

vp(a)+1
∑

α=0

ĝ2(pα)cpα (a).

Now, by using (9) we note that

vp(a)+1
∑

α=0

ĝ2(pα)cpα (a) = −ĝ2(pvp(a)+1)pvp(a) +
vp(a)
∑

α=0

ĝ2(pα)ϕ(pα)

= −ĝ2(pvp(a)+1)pvp(a) + 1 +
vp(a)
∑

α=1

ĝ2(pα)pα −
vp(a)
∑

α=1

ĝ2(pα)pα−1

=
vp(a)
∑

α=0

pα
(

ĝ2(pα) − ĝ2(pα+1)
)

.

Hence, (7) is proved. The case (a, d) = 1 follows easily as for Theorem 1, after noticing that vp(a) = 0 for all
p|d yields

∏

p|d
G2(a, p) =

∏

p|d

(

1 − ĝ2(p)
) =

∑

t |d
μ(t) ĝ2(t) = (μ ĝ2 ∗ u)(d).

Theorem 2 is completely proved. ��
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