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Abstract We consider two restricted linear regression models M1 and M2, and obtain some conditons for
the superiorities of the ordinary least squares estimators (OLSEs) and best linear unbiased estimators (BLUEs)
under M1 and M2 with respect to the dispersion matrix criterion. Via these conditions, we provide an answer
the question how to increase the estimation accuracy of related estimator by another one restriction.
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1 Introduction

Consider a general regression model

y = Xβ + ε, E(ε) = 0, D(ε) = V (1.1)

with its two competing restrictions
Aiβ = ri , i = 1, 2, (1.2)

where y is an n × 1 observable random vector, X is a known n × p matrix of arbitrary rank, β is a p × 1 vector
of unknown parameters, V is a known nonnegative definite matrix of arbitrary rank, ri is a known mi × 1 vector,
Ai is a known mi × p matrix with r(Ai ) = mi .

In brief, (1.1) is signified as

M = {y, Xβ, V} (1.3)

and (1.1) together with (1.2) is written as following

Mri = {y, Xβ|Aiβ = ri , V}, i = 1, 2. (1.4)
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602 X. Ren, Q. Zhou

Before proceeding, some notations are introduced to the reader. r(N), N′, C (N) and N† stand for the rank,
the transpose, the range (column space) and Moore-Penrose inverse of a real matrix N, respectively. We denote
by R

m×n the set of all m × n real matrices. Moreover, we write PN = NN†, N⊥ = I − NN† and FN = I − N†N,
and define i+(N) and i−(N) as the number of the positive and negative eigenvalues of a real symmetric matrix N,

which is calculated with multiplicities, respectively. Further, if M − N is nonnegative definite (positive definite,
nonpositive definite, negative definite), one says that M ≥ N (> 0,≤ 0,< 0).

In applied econometrics, it often needs to compare estimators under two competing restricted linear regression
models. In a Bayesian framework, the comparisons can be made among non-nested and nested restrictions on
the basis of posterior odds, see [28]. In addition, it may be attractive for practitioners to adjust their tests for
comparisons and evaluations of estimators under two competing restricted models. For instance, one intends to
compare estimators under two competing restricted models in order to eliminate each of two different regressors
from the model (1.1). Trenkler [27] considered the models Mri and derived that

D(OLSE(β|Mr1)) ≥ D(OLSE(β|Mr2))

if and only if there exists a matrix P such that r1 = Pr2, where OLSE(β|Mri ) stands for OLSE of estimable
parameter β under Mri , i=1, 2. But it is limited to the case where X has full column rank and V = σ 2I in
which σ 2 is unknown constant. One of the main objects of this article is to investigate a more general form for
Trenkler,s result, under which we present an answer to the question how to increase the efficiency of estimator
by another one restriction. As is well known, OLSE and BLUE are defined by different optimality criteria. These
both kinds of estimators are often employed as comparison objects to judge the estimation accuracy of other
unbiased estimators due to their optimality. Based on the consideration, we compare these estimators, OLSEs
and BLUEs of estimable parameter β under Mri , i=1, 2, in the sense of their dispersion matrices. Precisely, we
deduce the necessary and sufficient conditions for the following both (a) and (b):
(a) The BLUE of estimable parameter β under Mr2 outperforms the OLSE of estimable parameter β

under Mr1 according to the dispersion matrix criterion, i.e.,

D(OLSE(β|Mr1)) ≥ D(BLUE(β|Mr2)).

(b) The BLUE of estimable parameter β under Mr2 outperforms the BLUE of estimable parameter β

under Mr1 according to the dispersion matrix criterion, i.e.,

D(BLUE(β|Mr1)) ≥ D(BLUE(β|Mr2)).

The above BLUE(β|Mri ) denotes the BLUE of estimable parameter β under Mri , i=1, 2. Moreover, we also
discuss the following two inequalities

D(BLUE(β|Mr2)) ≥ D(OLSE(β|Mr1)), D(OLSE(β|Mr1)) ≥ D(OLSE(β|Mr2)),

where parameter β is estimable under Mr1 and Mr2 , respectively. As to the comparisons of OLSEs and BLUEs
under M and Mr1 , we may refer to the study [21]. A lot of attention was paid to the comparisons of OLSEs and
BLUEs in the sense of dispersion matrices under different linear models, as well as the equalities of OLSEs and
BLUEs. The more details on the comparisons of OLSEs and BLUEs can be found, e.g., in [2,8,17,22,23,25,26].
The more details on the equalities of OLSEs and BLUEs can be found, e.g., in [3–5,7,9,10,12,14,18,24].

Now we recall the definitions of OLSEs under M and Mri , i=1, 2.
(a) The OLSE of parameter β under M , denoted by OLSE(β|M ), is defined to be

OLSE(β|M ) = arg min
β

(y − Xβ)′(y − Xβ).

The OLSE of parametric function Kβ under M is defined by OLSE(Kβ|M ) = KOLSE(β|M ).
(b) The OLSE of parameter β under Mri , denoted by OLSE(β|Mi), is defined to be

OLSE(β|Mri) = arg min
Aiβ=ri

(y − Xβ)′(y − Xβ).

The OLSE of parametric function Kβ under Mri is defined by OLSE(Kβ|Mri ) = KOLSE(β|Mri).
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2 Preliminaries

As everyone knows, a general solution to Aiβ = ri is

β = A†
i ri + FAi γ i , (2.1)

where γ i is arbitrary vector, i=1, 2. Substituting (2.1) into (1.1) yields

y − XA†
i ri = XFAi γ i + ε, i = 1, 2. (2.2)

Hence Mri can be compactly expressed as

(y − XA†
i ri , XFAi γ i , V), i = 1, 2.

In the following sections, we assume that

y − XA†
i ri ∈ C (XFAi , V) (2.3)

holds with probability 1, which is equivalent to
(

y
ri

)
∈ C

(
X V
Ai 0

)
(2.4)

holds with probability 1, i=1, 2, demonstrated by [24]. Thus (2.3) implies y ∈ C (X, V), which means that the
consistency of Mri results in that of M , i=1, 2. Kβ is said to be estimable under M , if there exists a matrix L
such that E(Ly) = Kβ, which is equivalent to C (K′) ⊆ C (X′), see [1]. In view of the definition of estimability,
the following result can be obtained.

Lemma 2.1 The following statements are equivalent (i=1, 2).

(a) β is estimable under Mri .

(b) r(X′, A′
i )

′ = p.

Proof (i=1, 2) Note that the model Mri can be equivalently represented as (2.2). In light of (2.1), (a) holds if
and only if FAi γ i is estimable under (2.2), that is,

C (F′
Ai

) ⊆ C (F′
Ai

X′), or equivalently,

r(F′
Ai

X′, F′
Ai

) = r(F′
Ai

X′)

if and only if
r(F′

Ai
X′) = r(X′, A′

i )
′ − r(Ai ) = p − r(Ai ) = r(F′

Ai
),

which is exactly (b). �	
It can be seen from preceding conclusions that model Mi is equivalent to

N : z = XFAi γ + ε,

where z = y − XA†
i ri , i=1, 2. Clearly, by (2.1),

OLSE(β|Mi) = A†
i ri + OLSE(FAiγ i|N ),

BLUE(β|Mi) = A†
i ri + BLUE(FAiγ i|N ), i = 1, 2.

Trivially, if FAi γ i is estimable under N , namely, β is estimable under Mri , then the OLSE of FAi γ i under N
has the unique form FAi (XFAi )

†z by the definition of OLSE, i=1, 2. Now we recall that Gy is the BLUE of Kβ

under M if and only if
GX = K and D(Gy) ≤ D(Ly) ∀ L : LX = K

⇐⇒
G(X, VX⊥) = (K, 0),
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see [15]. Therefore, on setting

BLUE(FAiγ i|N ) = G̃z,

we quickly obtain

G̃(XFAi , V(XFAi )
⊥) = (FAi , 0), i = 1, 2. (2.5)

The solution to (2.5) is given by

G̃ = (FAi , 0)
(

XFAi , V(XFAi )
⊥)† + U

(
XFAi , V(XFAi )

⊥)⊥
, i = 1, 2.

Now we can state the following results, see [18].

Lemma 2.2 Consider the models Mri and define XAi = XFAi , i=1, 2. Then:
(a) Let β be estimable under Mri , i=1, 2. Then OLSE of β under Mri can be written as

OLSE(β|Mri ) = X†
Ai

y + (I − X†
Ai

X)A†
i ri (2.6)

with
E(OLSE(β|Mri)) = β, D(OLSE(β|Mri)) = X†

Ai
V(X†

Ai
)′, i = 1, 2.

(b) Let β be estimable under Mri , i=1, 2. Then BLUE of β under Mri can be written as

BLUE(β|Mri ) = G̃y + (I − G̃X)A†
i ri (2.7)

with

E(BLUE(β|Mri)) = β,

D(BLUE(β|Mri)) = (FAi , 0)
(

XAi , VX⊥
Ai

)†
V
(
(XAi , VX⊥

Ai
)′
)†

(FAi , 0)′, i = 1, 2,

where

G̃ = (FAi , 0)
(

XAi , VX⊥
Ai

)† + U
(

XAi , VX⊥
Ai

)⊥
.

Moreover, r
(
XAi , V

) = r
(

XAi , VX⊥
Ai

)
= r(XAi ) + r(VX⊥

Ai
), i=1, 2.

A well-known lemma for rank formulas of matrices is given, see [11].

Lemma 2.3 Let A ∈ R
m×n, B ∈ R

m×k and C ∈ R
l×n. Then:

r (A, B) = r (A) + r(A⊥B) = r (B) + r(B⊥A). (2.8)

r

(
A
C

)
= r (A) + r(CFA) = r (C) + r(AFC). (2.9)

r
(

CA†B
)

= r

(
A B
C 0

)
− r (A) , if C (B) ⊆ C (A) and C (C′) ⊆ C (A′). (2.10)

The following conclusions are also presented:

A† = A′(AA′)† = (A′A)†A′,
C (A′) ⊆ C (B′) ⇐⇒ C (FB) ⊆ C (FA), r(A, B) = r(B) ⇐⇒ C (A) ⊆ C (B).

The subsequent four lemmas related to inertia formulas for partitioned matrices were supplied by [20],
which will be used to characterize inequalities for dispersion matrices and to simplify various matrix expressions
including matrices and their Moore-Penrose inverses.
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Lemma 2.4 Let S1 = S′
1 ∈ R

n1×n1, S2 = S′
2 ∈ R

n2×n2 , A ∈ R
n1×n1 and D ∈ R

n1×n2 . Then

i±(AS1A′) ≤ i±(S1), i±(−S1) = i∓(S1), (2.11)

i±(AS1A′) = i±(S1), if A is nonsingular, (2.12)

i±
(

S1 0
0 S2

)
= i±(S1) + i±(S2), (2.13)

i±
(

0 D
D′ 0

)
= r(D). (2.14)

Lemma 2.5 Let S = S′ ∈ R
n×n . Then

S ≤ 0 ⇐⇒ i+(S) = 0, S < 0 ⇐⇒ i−(S) = n,

S ≥ 0 ⇐⇒ i−(S) = 0, S > 0 ⇐⇒ i+(S) = n,

S = 0 ⇐⇒ i±(S) = 0 ⇐⇒ r(S) = 0.

Lemma 2.6 Let S = S′ ∈ R
n×n, B ∈ R

n×m and D ∈ R
m×m. Then

i±
(

S B
B′ 0

)
= r(B) + i±(B⊥SB⊥), (2.15)

i±
(

S B
B′ D

)
≥ i±(S). (2.16)

In particular,

i+
(

S B
B′ 0

)
= r(S, B), i−

(
S B
B′ 0

)
= r(B), if S ≥ 0. (2.17)

i+
(

S B
B′ 0

)
= r(B), i−

(
S B
B′ 0

)
= r(S, B), if S ≤ 0. (2.18)

Lemma 2.7 Let S1 = S′
1 ∈ R

n1×n1, S2 = S′
2 ∈ R

n2×n2 , P1 ∈ R
q1×m, P2 ∈ R

q2×m, Q1 ∈ R
q1×n1 and

Q2 ∈ R
q2×n2 . If C (Si ) ⊆ C (Q′

i ), C (Pi ) ⊆ C (Qi ), i = 1, 2, then

i±[P′
1(Q

′
1)

†S1Q†
1P1 − P′

2(Q
′
2)

†S2Q†
2P2] = i±

⎛
⎜⎜⎜⎝

S1 0 Q′
1 0 0

0 −S2 0 Q′
2 0

Q1 0 0 0 P1
0 Q2 0 0 P2
0 0 P′

1 P′
2 0

⎞
⎟⎟⎟⎠− r(Q1) − r(Q2). (2.19)

3 Main Results

In the section, we conclude the necessary and sufficient conditions for both

D(OLSE(β|Mr1)) ≥ D(BLUE(β|Mr2)) and D(BLUE(β|Mr1)) ≥ D(BLUE(β|Mr2)).

Moreover, we also discuss the following two inequalities

D(BLUE(β|Mr2)) ≥ D(OLSE(β|Mr1)) and D(OLSE(β|Mr1)) ≥ D(OLSE(β|Mr2)).

We begin with a helpful result described as follows, see [13].

Lemma 3.1 Assume that MM′ ≥ NN′. Then there exists a matrix P such that N = MP.

Theorem 3.2 Let M be a weakly singular linear model, i.e., C (X) ⊆ C (V). Also assume that β is estimable
under Mi , i=1, 2. Then the following two statements are equivalent.

(a) D(OLSE(β|Mr1)) ≥ D(BLUE(β|Mr2)).
(b) There exists a matrix P such that A1 = PA2.
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Proof Note that

X†
A1

V(X†
A1

)′ = FA1(X
′
A1

XA1)
†X′

A1
VXA1(X

′
A1

XA1)
†FA1 . (3.1)

Therefore, from lemma 3.1, (a) implies

C

(
(FA2 , 0)

(
XA2 , VX⊥

A2

)†
V
)

⊆ C
(

FA1(X
′
A1

XA1)
†X′

A1
V
)

, (3.2)

or equivalently,

r(FA1(X
′
A1

XA1)
†X′

A1
V, (FA2 , 0)

(
XA2 , VX⊥

A2

)†
V) = r(FA1(X

′
A1

XA1)
†X′

A1
V). (3.3)

Applying (2.10) to the left-hand side of (3.3) and simplifying by elementary block matrix operation, we give

r(FA1(X
′
A1

XA1)
†X′

A1
V, (FA2 , 0)

(
XA2 , VX⊥

A2

)†
V)

= r

⎡
⎣((FA2 , 0), FA1

) ((XA2 , VX⊥
A2

)
0

0 X′
A1

XA1

)† (
V 0
0 X′

A1
V

)⎤⎦

= r

⎛
⎝(XA2 , VX⊥

A2
) 0 V 0

0 X′
A1

XA1 0 X′
A1

V
(FA2 , 0) FA1 0 0

⎞
⎠− r(XA2 , VX⊥

A2
) − r(X′

A1
XA1). (3.4)

Notice from C (X) ⊆ C (V) that

C (X′
A1

XA1) ⊆ C (X′
A1

V) ⊆ C (X′
A1

),

which leads to

r(X′
A1

XA1) = r(X′
A1

V) = r(X′
A1

). (3.5)

By using (3.5), C (X) ⊆ C (V) and r(XA2 , VX⊥
A2

) = r(XA2 , V), (3.4) can be reduced to

r

⎛
⎝ (0, 0) 0 V 0

0 0 0 X′
A1

V
(FA2 , 0) FA1 0 0

⎞
⎠− r(XA2 , V) − r(X′

A1
XA1) = r(FA1 , FA2). (3.6)

Applying (2.10) to the right-hand side of (3.3) and using (3.5) and C (X) ⊆ C (V), we give

r(FA1(X
′
A1

XA1)
†X′

A1
V) = r

(
X′

A1
XA1 X′

A1
V

FA1 0

)
− r(X′

A1
XA1) = r(FA1). (3.7)

Substituting (3.6) and (3.7) into (3.3) results in C (FA2) ⊆ C (FA1), which is equivalent to C (A′
1) ⊆ C (A′

2), i.e.,
(b) holds. Conversely, Applying (2.19) to the difference between both sides of inequality (a), we have

i−(D(OLSE(β|Mr1)) − D(BLUE(β|Mr2)))

= i−(FA1(X
′
A1

XA1)
†X′

A1
VXA1(X

′
A1

XA1)
†FA1 − (FA2 , 0)

(
XA2 , VX⊥

A2

)†
V
[
(XA2 , VX⊥

A2
)′
]†

(FA2 , 0)′)

= i−

⎛
⎜⎜⎜⎜⎜⎜⎝

X′
A1

VXA1 0 X′
A1

XA1 0 0 0
0 −V 0 XA2 VX⊥

A2
0

X′
A1

XA1 0 0 0 0 FA1

0 X′
A2

0 0 0 FA2

0 X⊥
A2

V 0 0 0 0
0 0 FA1 FA2 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

− r(X′
A1

XA1) − r(XA2 , VX⊥
A2

)
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= i−

⎛
⎜⎜⎜⎜⎜⎜⎝

X′
A1

VXA1 0 X′
A1

XA1 0 0 0
0 −V 0 XA2 0 0

X′
A1

XA1 0 0 0 0 FA1

0 X′
A2

0 0 0 FA2

0 0 0 0 X⊥
A2

VX⊥
A2

0
0 0 FA1 FA2 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

− r(XA1) − r(XA2 , VX⊥
A2

), (3.8)

which from (2.13) is equal to

i−

⎛
⎜⎜⎜⎜⎝

X′
A1

VXA1 0 X′
A1

XA1 0 0
0 −V 0 XA2 0

X′
A1

XA1 0 0 0 FA1

0 X′
A2

0 0 FA2

0 0 FA1 FA2 0

⎞
⎟⎟⎟⎟⎠− r(XA1) − r(XA2 , VX⊥

A2
) + i−(X⊥

A2
VX⊥

A2
). (3.9)

Using lemmas 2.4, 2.5 and C (FA2) ⊆ C (FA1), (3.9) is reduced to

i−

⎛
⎜⎜⎜⎜⎝

X′
A1

VXA1 0 0 −X′
A1

XA2 0
0 −V 0 XA2 0
0 0 0 0 FA1−X′

A2
XA1 X′

A2
0 0 0

0 0 FA1 0 0

⎞
⎟⎟⎟⎟⎠− r(XA1) − r(XA2 , VX⊥

A2
)

= i−

⎛
⎝X′

A1
VXA1 0 −X′

A1
XA2

0 −V XA2−X′
A2

XA1 X′
A2

0

⎞
⎠− r(XA1) − r(XA2 , VX⊥

A2
) + r(FA1)

= i−

⎛
⎝ 0 −X′

A1
V 0

−VXA1 −V XA2

0 X′
A2

0

⎞
⎠− r(XA1) − r(XA2 , VX⊥

A2
) + r(FA1)

= i−

⎛
⎝ −V VXA1 XA2

X′
A1

V 0 0
X′

A2
0 0

⎞
⎠− r(XA1) − r(XA2 , VX⊥

A2
) + r(FA1). (3.10)

From lemma 2.1, (2.9), (2.18), C (X) ⊆ C (V) and r(XA2 , VX⊥
A2

) = r(XA2 , V), (3.10) follows

r(−V, VXA1 , XA2) − r(XA1) − r(V) + r(FA1) = 0, (3.11)

which by lemma 2.5 asserts that (a) is true. This completes the proof. �	
Theorem 3.3 Let M be a weakly singular linear model, i.e., C (X) ⊆ C (V). Also assume that β is estimable
under Mi , i=1, 2. Then the following two statements are equivalent.

(a) D(BLUE(β|Mr1)) ≥ D(BLUE(β|Mr2)).
(b) There exists a matrix P such that A1 = PA2.

Proof Similar to (3.1) - (3.3), (a) means

r

(
(FA2 , 0)

(
XA2 , VX⊥

A2

)†
V, (FA1 , 0)

(
XA1 , VX⊥

A1

)†
V
)

= r

(
(FA1 , 0)

(
XA1 , VX⊥

A1

)†
V
)

. (3.12)

Applying (2.10) to the both sides of (3.12) and simplifying by C (X) ⊆ C (V) and r(XAi , VX⊥
Ai

) = r(XAi , V),

i=1, 2, we give

r

(
(FA2 , 0)

(
XA2 , VX⊥

A2

)†
V, (FA1 , 0)

(
XA1 , VX⊥

A1

)†
V
)

= r

⎡
⎢⎣((FA2 , 0), (FA1 , 0)

)
⎛
⎝
(

XA2 , VX⊥
A2

)
0

0
(

XA1 , VX⊥
A1

)
⎞
⎠

† (
V 0
0 V

)⎤⎥⎦
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= r

⎛
⎝XA2 VX⊥

A2
0 0 V 0

0 0 XA1 VX⊥
A1

0 V
FA2 0 FA1 0 0 0

⎞
⎠− r(XA1 , VX⊥

A1
) − r(XA2 , VX⊥

A2
)

= r(FA2 , FA1), (3.13)

r

(
(FA1 , 0)

(
XA1 , VX⊥

A1

)†
V
)

= r

(
XA1 VX⊥

A1
V

FA1 0 0

)
− r

(
XA1 , VX⊥

A1

)

= r(V) + r(FA1) − r
(

XA1 , VX⊥
A1

)
= r(FA1). (3.14)

Combining (3.12) with (3.13) and (3.14) yields C (FA2) ⊆ C (FA1), which asserts that (b) is true. Applying
(2.19) to the difference between the both sides of inequality (a) and simplifying by lemma 2.4, we give

i−
(
D(BLUE(β|Mr1)) − D(BLUE(β|Mr2))

)

= i−
(

(FA1 , 0)
(

XA1 , VX⊥
A1

)†
V
[
(XA1 , VX⊥

A1
)′
]†

(FA1 , 0)′ − (FA2 , 0)

(
XA2 , VX⊥

A2

)†
V
[
(XA2 , VX⊥

A2
)′
]†

(FA2 , 0)′
)

= i−

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

V 0 XA1 VX⊥
A1

0 0 0
0 −V 0 0 XA2 VX⊥

A2
0

X′
A1

0 0 0 0 0 FA1

X⊥
A1

V 0 0 0 0 0 0
0 X′

A2
0 0 0 0 FA2

0 X⊥
A2

V 0 0 0 0 0
0 0 FA1 0 FA2 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

− r(XA1 , VX⊥
A1

) − r(XA2 , VX⊥
A2

)

= i−

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

V 0 XA1 0 0 0 0
0 −V 0 0 XA2 0 0

X′
A1

0 0 0 0 0 FA1

0 0 0 −X⊥
A1

VX⊥
A1

0 0 0
0 X′

A2
0 0 0 0 FA2

0 0 0 0 0 X⊥
A2

VX⊥
A2

0
0 0 FA1 0 FA2 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

− r(XA1 , VX⊥
A1

) − r(XA2 , VX⊥
A2

)

= i−

⎛
⎜⎜⎜⎜⎝

V 0 XA1 0 0
0 −V 0 XA2 0

X′
A1

0 0 0 FA1

0 X′
A2

0 0 FA2

0 0 FA1 FA2 0

⎞
⎟⎟⎟⎟⎠+ i+(X⊥

A1
VX⊥

A1
) + i−(X⊥

A2
VX⊥

A2
) − r(XA1 , VX⊥

A1
) − r(XA2 , VX⊥

A2
).

(3.15)

In view of

C (FA2) ⊆ C (FA1),

r(XAi , VX⊥
Ai

) = r(XAi , V) = r(XAi ) + r(VX⊥
Ai

), i = 1, 2

and β is estimable under M1, i.e., r(XA1) = r(FA1), we can conclude that (3.15) is

i−

⎛
⎜⎜⎜⎝

V 0 0 −XA2 0
0 −V 0 XA2 0
0 0 0 0 FA1−X′

A2
X′

A2
0 0 0

0 0 FA1 0 0

⎞
⎟⎟⎟⎠+ r(X⊥

A1
V) − r(XA1, V) − r(XA2 , V)
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= i−

⎛
⎝ V 0 −XA2

0 −V XA2−X′
A2

X′
A2

0

⎞
⎠+ r(X⊥

A1
V) − r(XA1, V) − r(XA2 , V) + r(FA1)

= i−

⎛
⎝ V V XA2

V 0 0
X′

A2
0 0

⎞
⎠− r(XA2 , V)

= 0 (by (2.17)),

by lemma 2.5, establishing inequality (a). �	
Theorem 3.2 together with Theorem 3.3 yields the following conclusion.

Corollary 3.4 Let M be a weakly singular linear model, i.e., C (X) ⊆ C (V). Also assume that β is estimable
under Mi , i=1, 2. Then the following statements are equivalent.

(a) D(OLSE(β|Mr1)) ≥ D(BLUE(β|Mr2)).
(b) D(BLUE(β|Mr1)) ≥ D(BLUE(β|Mr2)).
(c) There exists a matrix P such that A1 = PA2.

Theorem 3.5 Let M be a weakly singular linear model, i.e., C (X) ⊆ C (V). Also assume that β is estimable
under Mi , i=1, 2. Then the following conclusions hold.

(a) If D(BLUE(β|Mr2)) ≥ D(OLSE(β|Mr1)), then there exists a matrix P such that A2 = PA1.

(b) If there exists a matrix P such that A2 = PA1 and C (VXA1) ⊆ C (XA1), then

D(BLUE(β|Mr2)) ≥ D(OLSE(β|Mr1)). (3.16)

Proof Analogous to (3.1) - (3.3), D(BLUE(β|Mr2)) ≥ D(OLSE(β|Mr1)) implies

r(FA1(X
′
A1

XA1)
†X′

A1
V, (FA2 , 0)

(
XA2 , VX⊥

A2

)†
V) = r((FA2 , 0)

(
XA2 , VX⊥

A2

)†
V). (3.17)

From (3.14), clearly

r((FA2 , 0)
(

XA2 , VX⊥
A2

)†
V) = r(FA2). (3.18)

By (3.4) - (3.6), (3.17) and (3.18), we obtain

r(FA2 , FA1) = r(FA2),

or equivalently,

C (FA1) ⊆ C (FA2),

i.e., there exists a matrix P such that A2 = PA1. This completes the proof of (a). Assume that there exists a
matrix P such that A2 = PA1, which is equivalent to C (FA1) ⊆ C (FA2). Similar to (3.8) - (3.11), we have

i+(D(OLSE(β|Mr1)) − D(BLUE(β|Mr2))) = r(VXA1 , XA1) − r(XA1),

by lemma 2.5 and C (VXA1) ⊆ C (XA1), establishing (3.16). �	
We found that in the classical regression model, V = σ 2I, where σ 2 is unknown constant, let β be estimable

under Mi , i=1, 2, then the statements below are equivalent:

(a) D(BLUE(β|Mr2)) ≥ D(OLSE(β|Mr1)).
(b) There exists a matrix P such that A2 = PA1.

Theorem 3.6 Let M be a weakly singular linear model, i.e., C (X) ⊆ C (V). Also assume that β is estimable
under Mi , i=1, 2. Then the following conclusions hold.

(a) If D(OLSE(β|Mr1)) ≥ D(OLSE(β|Mr2)), then there exists a matrix P such that A1 = PA2.
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(b) If there exists a matrix P such that A1 = PA2 and C (X′
A1

VXA2) ⊆ C (X′
A1

XA2), then

D(OLSE(β|Mr1)) ≥ D(OLSE(β|Mr2)). (3.19)

Proof Similar to (3.1) - (3.3), D(OLSE(β|Mr1)) ≥ D(OLSE(β|Mr2)) indicates

r(FA2(X
′
A2

XA2)
†X′

A2
V, FA1(X

′
A1

XA1)
†X′

A1
V) = r(FA1(X

′
A1

XA1)
†X′

A1
V). (3.20)

Applying (2.10) to the left-hand side of (3.20), we obtain

r(FA2(X
′
A2

XA2)
†X′

A2
V, FA1(X

′
A1

XA1)
†X′

A1
V)

= r

[
(FA2 , FA1)

(
X′

A2
XA2 0

0 X′
A1

XA1

)† (X′
A2

V 0
0 X′

A1
V

)]

= r

⎛
⎝X′

A2
XA2 0 X′

A2
V 0

0 X′
A1

XA1 0 X′
A1

V
FA2 FA1 0 0

⎞
⎠− r(XA2) − r(XA1). (3.21)

Since C (X) ⊆ C (V), clearly

C (X′
Ai

XAi ) ⊆ C (X′
Ai

V) ⊆ C (X′
Ai

),

r(X′
Ai

XAi ) = r(X′
Ai

V) = r(X′
Ai

), i = 1, 2.

Therefore, (3.21) becomes

r

⎛
⎝ 0 0 X′

A2
V 0

0 0 0 X′
A1

V
FA2 FA1 0 0

⎞
⎠− r(XA2) − r(XA1) = r(FA2 , FA1). (3.22)

Substituting (3.7) and (3.22) into (3.20) leads to

r(FA2 , FA1) = r(FA1),

or equivalently,

C (FA2) ⊆ C (FA1),

namely, there exists a matrix P such that A1 = PA2.

Now let us consider (b). Observe that

X†
A1

V(X†
A1

)′ = FA1(X
′
A1

XA1)
†X′

A1
VXA1(X

′
A1

XA1)
†FA1 ,

X†
A2

V(X†
A2

)′ = FA2(X
′
A2

XA2)
†X′

A2
VXA2(X

′
A2

XA2)
†FA2 .

Applying (2.19) to the difference of the above both equalities, we have

i−
(
D(OLSE(β|Mr1)) − D(OLSE(β|Mr2))

)
= i−(FA1(X

′
A1

XA1)
†X′

A1
VXA1(X

′
A1

XA1)
†FA1 − FA2(X

′
A2

XA2)
†X′

A2
VXA2(X

′
A2

XA2)
†FA2)

= i−

⎛
⎜⎜⎜⎜⎝

X′
A1

VXA1 0 X′
A1

XA1 0 0
0 −X′

A2
VXA2 0 X′

A2
XA2 0

X′
A1

VXA1 0 0 0 FA1

0 X′
A2

XA2 0 0 FA2

0 0 FA1 FA2 0

⎞
⎟⎟⎟⎟⎠− r(X′

A1
XA1) − r(X′

A2
XA2). (3.23)

Suppose that there exists a matrix P such that A1 = PA2, i.e.,

C (FA2) ⊆ C (FA1).
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Then (3.23) is equal to

i−

⎛
⎜⎜⎜⎜⎝

X′
A1

VXA1 0 0 −X′
A1

XA2 0
0 −X′

A2
VXA2 0 X′

A2
XA2 0

0 0 0 0 FA1−X′
A2

XA1 X′
A2

XA2 0 0 0
0 0 FA1 0 0

⎞
⎟⎟⎟⎟⎠− r(XA1) − r(XA2),

which by (2.13) becomes

i−

⎛
⎝X′

A1
VXA1 0 −X′

A1
XA2

0 −X′
A2

VXA2 X′
A2

XA2

−X′
A2

XA1 X′
A2

XA2 0

⎞
⎠− r(XA1) − r(XA2) + r(FA1)

= i−

⎛
⎝X′

A1
VXA1 X′

A1
VXA2 X′

A1
XA2

X′
A2

VXA1 0 0
X′

A2
XA1 0 0

⎞
⎠− r(XA1) − r(XA2) + r(FA1). (3.24)

By utilization of lemma 2.1 and (2.17), (3.24) is equivalent to

r
(
X′

A1
VXA2 , X′

A1
XA2

)− r(XA2). (3.25)

Notice that

C (FA2) ⊆ C (FA1) �⇒ C (X′
A2

XA2) ⊆ C (X′
A2

XA1) ⊆ C (X′
A2

).

Thus,

r(X′
A1

XA2) = r(XA2),

which in view of C (X′
A1

VXA2) ⊆ C (X′
A1

XA2) implies that (3.25) is zero. By lemma 2.5, (3.19) is established.
�	

It is noteworthy from Theorem 3.6 that in the classical regression model, say, V = σ 2I, where σ 2 is unknown
constant, let β be estimable under Mi , i=1, 2, then the statements below are equivalent:

(a) D(OLSE(β|Mr1)) ≥ D(OLSE(β|Mr2)).
(b) There exists a matrix P such that A1 = PA2.

The above result is direct extension of the lemma 3, in [27], to the situation where X has not full column
rank. It is easy to see that if dispersion matrix V satisfies the condition C (X′

A1
VXA2) ⊆ C (X′

A1
XA2), then the

above both (a) and (b) are also equivalent.
Consideration of Theorems 3.2, 3.3, 3.6 all together presents a compact link among D(OLSE(β|Mr1)),

D(BLUE(β|Mr1)), D(BLUE(β|Mr2)) and D(OLSE(β|Mr2)).

Corollary 3.7 Let M be the classical regression model, say, V = σ 2I, where σ 2 is unknown constant. Aslo let
β be estimable under Mi , i=1, 2. Then the following conclusions hold.

(a) D(OLSE(β|Mr1)) ≥ D(BLUE(β|Mr2)).
(b) D(BLUE(β|Mr1)) ≥ D(BLUE(β|Mr2)).
(c) D(OLSE(β|Mr1)) ≥ D(OLSE(β|Mr2)).
(d) There exists a matrix P such that A1 = PA2.

Assume that a matrix P satisfy A1 = PA2. Then it is easy to see that r(P) = m1 and r1 = Pr2. Furthermore, we
pick a matrix P̃ ∈ R

(m2−m1)×m2 with r(P̃) = m2 − m1 such that r(P′, P̃′) = m2. Put P̃A2 = P̂ and P̃r2 = r̂2.

Note that these two restrictions

A2β = r2 and

(
PA2β

P̃A2β

)
=
(

A1β

Â2β

)
=
(

r1
r̂2

)
=
(

Pr2

P̃r2

)
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are equivalent. Therefore we can set

A2 =
(

A1

Â2

)
and r2 =

(
r1
r̂2

)
,

which implies P = (I, 0). Consequently, (1.2) becomes

A1β = r1 and

(
A1β

Â2β

)
=
(

r1
r̂2

)
.

In this situation, some authors deduced that

D(OLSE(β|Mr1)) ≥ D(OLSE(β|Mr2))

with some assumptions to M , see Section 5.4 in [16]. Ren [17] also considered the models Mr1 and Mr2 and
concluded that

D(BLUE(β|Mr1)) ≥ D(BLUE(β|Mr2)).

Thus, Theorem 3.3 is a generalized form for this conclusion.

4 Conclusion

In this article, we generalized the conclusion supplied by [27], which is relative to the comparison for the
dispersions of OLSEs under different restricted models. We also made comparisons among the dispersion matrices
of OLSEs and BLUEs under Mi , i=1, 2. These results reveal the close connections among OLSEs and BLUEs
under Mi , i=1, 2, and may be of value to related statistical inference. It should be emphasized that our results
provide an answer to the question how to enhance the estimation accuracy of estimators by another one restriction.
However, there remains many problems need to explore. For example, let M be a weakly singular linear model.
Then what are the necessary and sufficient conditons for the following two statements to hold:

D(BLUE(β|Mr2)) ≥ D(OLSE(β|Mr1)) and D(OLSE(β|Mr1)) ≥ D(OLSE(β|Mr2)),

where β be estimable under Mi , i=1, 2. Furthermore, for the model M without making any assumptions on the
dispersion matrix V and the design matrix X, what are the necessary and sufficient conditons for (a) in Theorem
3.2, (a) in Theorem 3.3 and the above both statements to hold, respectively. This is a challenging work.

We take the following two examples to illustrate the previous conclusions.
Example 1 (see [6]): Consider the following two competing restrictions

Aiβ = ri (4.1)

with
Ai = (A1

i , A2
i , 0), (4.2)

where A j
i ∈ R

mi ×p j and ri ∈ R
mi ×1, i, j = 1, 2 with p1 + p2 ≤ p. Let A j

i = 0, i �= j and r(Ai
i ) = mi ,

i = 1, 2.

Assume that there exists a matrix P such that A1 = PA2. Then

(A1
1, 0, 0) = (0, PA2

2, 0), (4.3)

which implies A1
1 = 0. This is impossible, so the estimators, OLSEs and BLUEs, under Mri , i = 1, 2 can not

compare with each other in terms of the above results.
Example 2 (see Sengupta and Jammalamadaka [19], p. 96): Consider an example about agricultural experi-

ment. Let the model
A : y = Xβ + ε, (4.4)
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where

X =
⎛
⎜⎝

110×1 110×1 010×1 110×1 010×1
110×1 010×1 110×1 110×1 010×1
110×1 110×1 010×1 010×1 110×1
110×1 010×1 110×1 010×1 110×1

⎞
⎟⎠ , β =

⎛
⎜⎜⎜⎝

μ

β1
β2
γ 1
γ 2

⎞
⎟⎟⎟⎠ .

When a few of treatments are used for all kinds of blocks of land, the above model is usually utilized to evaluate
the different influence of the treatments. Here, μ denotes a common impact existing in all the observations, β1
and β2 stand for the effects of two blocks on the observations respectively, and γ 1 and γ 2 signify the influences
of two treatments on the observations respectively. Put

� = D(ε) =
⎛
⎜⎝

11′ 11′ 11′ 11′
11′ 11′ 11′ 11′
11′ 11′ 11′ 11′
11′ 11′ 11′ 11′

⎞
⎟⎠ ,

where 1 stands for 110×1.
Suppose two competing restrictions

β1 − β2 = 0 and γ 1 − γ 2 = 0, (4.5)

i.e.,
A1β = r1 and A2β = r2, (4.6)

where A1 = (0, 1,−1, 0, 0), A2 = (0, 0, 0, 1,−1) and ri = 0, i = 1, 2. There is no matrix P such that
A1 = PA2, which leads to the impossibility of comparisons among the preceding estimators according to the
dispersion matrix criterion.

However, if we set

A2 =
(

0 1 −1 0 0
0 0 0 1 −1

)
, (4.7)

then the following statement
D(BLUE(β|Mr1)) ≥ D(BLUE(β|Mr2))

holds by Theorem 3.3.
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