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Abstract This paper is concerned with the existence of multiple solutions for a biharmonic problem involving
multi-polar Rellich type potentials and Sobolev critical nonlinearity in an open bounded domain of R

N , N ≥ 5.
The method used here is based on the Nehari manifold.
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1 Introduction and main result

The purpose of this paper is to study the existence of solutions to the following inhomogeneous problem

(P)

⎧
⎪⎨

⎪⎩

�2u −
k∑

i=1

μi

|x − bi |4 u = |u|2∗−2u +
k∑

i=1

λi

|x − bi |4−αi
u + f (x), x ∈ �,

u = ∂u
∂n = 0, x ∈ ∂�,

where� is a bounded domain in R
N (N ≥ 5), containing bi ,�2 = �� and ∂n denotes the outward unit normal

on the boundary ∂�, μi and λi are positive parameters, 0 < αi < 4 and f is a given bounded measurable
function. Here 2∗ = 2N

N−4 is the Sobolev critical exponent. The presence of the singular weights and the critical
exponent of Sobolev impose a critical growth of the nonlinearity which causes a loss of compactness of the
problem, consequently one cannot apply the classical variational methods directly which makes the study less
obvious and more difficult.
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632 S. Messirdi et al.

In recent years, people have paid much attention to the existence of solutions for the singular problems
concerning the operator L = �2 − μ

|x |4 , see [1,6]. When the problem (P) has no singular term (λi = μi =
0, ∀i ∈ {1, ..., k}), Benmouloud [2] proved the existence of two nontrivial solutions for f ∈ H−2 (the dual of
H2

0 (�)) such that

∫

�

f udx <
8

N − 4

(
N − 4

N + 4

) N+4
8
(∫

�

|�u|2dx

) N+4
4

.

Deng and Wang [5] studied the existence and non-existence of multiple solutions of the following problem
{
�2u = |u|2∗−2u + λu + f (x), x ∈ �,
u = ∂u

∂n = 0, x ∈ ∂�.
Very recently, Hsu and Zhang [9] studied the existence and multiplicity of nontrivial solutions for the following
equation

⎧
⎪⎨

⎪⎩

�2u −
k∑

i=1

μi

|x − bi |4 u = |u|2∗−2u + λ|u|q−2u, x ∈ �,
u = ∂u

∂n = 0, x ∈ ∂�,
where λ > 0 and 1 ≤ q < 2∗. By using Nehari’s manifold and analytical techniques, they proved the existence
of solutions according to assumptions on q.

In our work, we extend the results of Bouchekif and Messirdi [4] for the biharmonic problem. The case when
the problem has only one pole of singularity has been treated by Bennour et all [3]. To our knowledge, our result
is new and interesting.

The problem (P) is related to the following Rellich inequality [8]

∫

�

u2

|x − b|4 dx ≤ 1

μ

∫

�

|�u|2dx, for all b ∈ �, u ∈ H2
0 (�),

where μ = N 2

16 (N −4)2 is the best Rellich constant. Denote the space H = H2
0 (�), the completetion of C∞

0 (�)

with respect to the norm

‖u‖ =
⎛

⎝

∫

�

(|�u|2 −
k∑

i=1

μi

|x − bi |4 u2)dx

⎞

⎠

1
2

,

with
k∑

i=1
μi < μ. In particular, Rellich inequality shows that this norm is equivalent to the usual norm

(
∫

�
|�u|2dx)

1
2 .

We define for μi ∈ [0;μ[ the constant

Sμi (�) := inf
u∈H\{0}

∫

�

(|�u|2 − μi
|x−bi |4 u2)dx

(
∫

�

|u|2∗dx

) 2
2∗

.

From [9], Sμi (�) is independent of any � ⊂ R
N in the sense that Sμi (�) = Sμi (R

N ) = Sμi . The authors in
[1,6] proved that Sμi is attained in R

N by the functions

{yε(x − bi ) = ε
4−N

2 Uμi

(
x − bi

ε

)

, ε > 0},

where Uμi is positive, radially symmetric, radially decreasing and solves
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On nonhomogeneous biharmonic problem involving 633

�2u − μ

|x |4 u = |u|2∗−2u, x ∈ R
N , u(x) > 0,

moreover the functions yε(x − bi ) satisfy
∫

�

(|�yε(x − bi )|2 − μi

|x − bi |4 y2
ε (x − bi ))dx =

∫

�

|yε(x − bi )|2∗
dx = S

N
4
μi .

Furthermore, Uμi has the following properties for μi ∈]0;μ[:
1. Uμi (ρ) = O(ρ−a(μi )), U ′

μi
(ρ) = O(ρ−a(μi )+1) as ρ → 0.

2. Uμi (ρ) = O(ρ−d(μi )), U ′
μi
(ρ) = O(ρ−d(μi )+1) as ρ → +∞,

where d(μi ) = (N − 4)(1 − β
2 ), a(μi ) = (N − 4)β2 , β = g(μi

μ
) and

g : [0; 1] → [0; 1] is defined as

g(t) = 1 −
√

(N − 2)2 + 4 −√
16(N − 2)2 + t (N − 4)2 N 2

N − 4
.

Let us define ϑ : [0; 1] → [0; 1] as follows

ϑ(t) = t (t − 2)((N − 4)t + 4)((N − 4)t − 2N + 4)

N 2 .

Let’s put

�s = 1

16
(N − 4 − s)(N − 4 + s)(N 2 − s2), τ = 8N (N − 4)2(3N 3 − 10N 2 + 32N − 32)

(N + 4)4
,

and μ̂ = min(�s, τ, μ).

We clearly note that ϑ is an increasing homeomorphism and its inverse is g.
Define

S
N
4
μm = min{S

N
4
μ1 , S

N
4
μ2 , ..., S

N
4
μk }.

Due to the Rellich inequality, the operator L := �2 −
k∑

i=1

μi
|x−bi |4 is defined on H . Moreover, for i ∈ {1, ..., k}

the following eigenvalue problem with Rellich potentials and singular coefficient
⎧
⎪⎨

⎪⎩

�2u −
k∑

j=1

μ j

|x−b j |4 u = λi

|x − bi |4−αi
u, x ∈ �,

u = ∂u
∂n = 0, x ∈ ∂�,

where 0 < αi < 4 and λi ∈ R, has the first eigenvalue λ1
i given by:

λ1
i = inf

u∈H\{0}

∫

�

(|�u|2 −
k∑

j=1

μ j

|x−b j |4 u2)dx

∫

�

u2

|x−bi |4−αi
dx

.

Let

λ1 = min
1≤i≤k

λ1
i .

Since the embedding H ↪→ L2(�, |x |αi −4) is compact, by choosing a minimizing sequence, we easily infer that
λ1 can be obtained in H and λ1 > 0.
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634 S. Messirdi et al.

In what follows, we state the main results for which we consider the following hypothesis.

(H) 0 < inf{CN (Q(u))
N+4

8 −
∫

�

f udx : u ∈ H,
∫

�

|u|2∗
dx = 1}

where CN = 8
N−4 (

N−4
N+4 )

N+4
8 , and Q(u) = ‖u‖2 −

k∑

i=1
λi
∫

�

u2

|x−bi |4−αi
dx .

The main result of this paper is the following theorem.

Theorem 1 Assume that the parameters λi , μi are nonnegative numbers for i = 1, ..., k such that
k∑

i=1
λi < λ1,

k∑

i=1
μi < μ and f is a bounded measurable function which is positive in each neighborhood of bi and satisfies

the condition (H), then the problem (P) has at least k solutions.
In addition, if μm ∈]0; μ̂[ then the (P) has at least 2k solutions, if

1) 0 < αm ≤ 1
2 for N ≥ 5.

2) 1
2 < αm < 4 for 5 ≤ N < 12.

This paper is organized as follows. In Section 2, we give some properties of Nehari manifold. By Ekeland’s
variational principle and the Mountain Pass Lemma, we establish in Section 3 the proof of our theorem.
In what follows, we shall denote various positive constants as C, O(ε p) verifies O(ε p)

ε p ≤ C ; the norms of L p

(1 ≤ p < +∞) and H− (the dual of H ) by |.|p and ‖.‖− respectively. Bηi is the ball in � with center i and
radius η, and on(1) we always means it is a generic infinitesimal value.

In the sequel of our work we consider 0 <
k∑

i=1
μi < μ and 0 <

k∑

i=1
λi < λ1.

2 Nehari manifold

Define the energy functional J associated to (P) :

J (u) = 1

2
Q(u)− 1

2∗ |u|2∗
2∗ −

∫

�

f udx .

We see that J is well defined in H and belongs to C1(H ; R). Thus, u ∈ H is a weak solution of (P) if it is a
critical point of J , which means that u satisfies

∫

�

(�u�v −
k∑

i=1

μi

|x − bi |4 uv − |u|2∗−2 −
k∑

i=1

λi

|x − bi |4−αi
uv − f v)dx = 0, for all v ∈ H.

Definition 1 Let c ∈ R,

(i) (un)n is a Palais–Smale sequence at level c (in short (P S)c) in H for J if

J (un) = c + on(1) and J ′(un) = on(1).

(ii) We say that J satisfies the (P S)c condition if any (P S)c sequence in H for J has a convergent subsequence.

Define, for i ∈ {1, ..., k},

βi (u) =
∫

�

ψi (x)|�u|2dx

|�u|22
,

where ψi (x) = min(η, |x − bi |) and η > 0.
Take r0 = η

3 with η < 1
4 min

i 
= j
|bi − b j |.
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On nonhomogeneous biharmonic problem involving 635

Lemma 2.1 Let η > 0 and r0 defined as above. If βi (u) ≤ r0, then
∫

�

|�u|2dx ≥ 3
∫

�\Bηi

|�u|2dx . (1)

Proof The proof is essentially known. We write here just for completeness. From the definition of ψi and βi , we
have

η
∫

�\Bηi

|�u|2dx ≤ ∫

�\Bηi

ψi |�u|2dx ≤ ∫

�

ψi |�u|2dx ≤ η
3

∫

�

|�u|2dx ,

thus (1) easily follows. ��
As the energy functional J is not bounded below on H , it is useful to consider the functional on the Nehari
manifold

M := {u ∈ H, 〈J ′(u), u〉 = 0}.
It is natural to split M into three subsets

M+ := {u ∈ M, 〈J ′′(u), u〉 > 0},
M0 := {u ∈ M, 〈J ′′(u), u〉 = 0}

and

M− := {u ∈ M, 〈J ′′(u), u〉 < 0},
with

〈J ′′(u), u〉 = 2Q(u)− 2∗|u|2∗
2∗ −

∫

�

f udx

= Q(u)− (2∗ − 1)|u|2∗
2∗

= (2 − 2∗)Q(u)+ (2∗ − 1)
∫

�

f udx .

Denote

M+
i = {u ∈ M+ : βi (u) ≤ r0} , M−

i = {u ∈ M− : βi (u) ≤ r0}
and

m+
i = inf

u∈M+
i

J (u) , m−
i = inf

u∈M−
i

J (u).

Lemma 2.2 Define

M = inf
u∈H

{(Q(u)) 1
2 : |u|2∗ = 1},

then M is strictly positive.

Proof We know that

λ1
i

∫

�

u2

|x − bi |4−αi
dx ≤

∫

�

(|�u|2 −
k∑

i=1

μi

|x − bi |4 u2)dx and
k∑

i=1

λi < λ1

so

Q(u) ≥ (1 − 1

λ1

k∑

i=1

λi )

∫

�

(|�u|2 −
k∑

i=1

μi

|x − bi |4 u2)dx .
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636 S. Messirdi et al.

Then there exists ς = 1 − 1
λ1

k∑

i=1
λi , ς > 0 satisfying

Q(u) ≥ ς‖u‖2.

Thus by Rellich inequality, we get

(1 − 1

λ1

k∑

i=1

λi )(1 − 1

μ

k∑

i=1

μi )|�u|22 ≤ Q(u) ≤ |�u|22.

Then (Q(u))
1
2 ≥ √

K S0 > 0 for all u ∈ H such that |u|2∗ = 1. Here

K = (1 − 1

λ1

k∑

i=1

λi )(1 − 1

μ

k∑

i=1

μi )

and S0 is the best Sobolev constant for the embedding of H in to L2∗
(�).

We immediately have that M > 0. ��
Lemma 2.3 Let f 
≡ 0 satisfying the condition (H). For every u ∈ H \{0} there exists a unique t+ = t+(u) > 0
such that t+u ∈ M−. In particular:

t+ >
[

Q(u)

(2∗ − 1)|u|2∗
2∗

] N+4
8

= tmax

and J (t+u) = max
t≥tmax

J (tu). Moreover, if
∫

�

f udx > 0, then there exists a unique t− = t−(u) > 0 such that

t−u ∈ M+, t− < tmax and J (t−u) = min
0≤t≤tmax

J (tu).

Proof The lemma is proved in the same way as in [5]. ��
Lemma 2.4 Let f 
≡ 0 satisfying the condition (H), then M0 = ∅.
Proof The proof is similar to the proof of [[4], Lemma 2.4]. ��
Claim 1.1 M+

i is a closed set in H for 1 ≤ i ≤ k.

Proof By Lemma 2.4, we deduce that M = M+ ∪ M−.
We have M+

i = M+ ∩ β−1
i ([0; r0]) and M± are closed subsets in H \ {0}. For this, it suffices to prove that

βi is continuous function on M+. Let (yn) ⊂ M+ such that yn → y in H i.e, ∀ε > 0, ∃ n0(ε) > 0, ∀n ≥
n0, |�(yn − y)|2 < ε,

|βi (yn)− βi (y)| ≤ 1

|�yn|22

∫

�

ψi (x)||�yn(x)|2 − |�y(x)|2|dx

+
∫

�

ψi (x)|�y(x)|2| 1

|�yn|22
− 1

|�y|22
|dx .

Using the Hölder inequality, we obtain

|βi (yn)− βi (y)| ≤ 4
ηε

|�y|2 .

Then claim 1 is proved. ��
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On nonhomogeneous biharmonic problem involving 637

Lemma 2.5 Let f 
≡ 0 satisfying the condition (H). For each u ∈ M\{0}, there exist ε > 0 and a differentiable
function t = t (w) > 0, w ∈ H \ {0}, ‖w‖ < ε satisfying the following

t (0) = 1,

t (w)(u − w) ∈ M, for all ‖w‖ < ε

and 〈t ′(0), v〉 =
∫

�

[2�u�v − 2
k∑

i=1
(

μi
|x−bi |4 − λi

|x−bi |4−αi
)uv − 2∗|u|2∗−2uv − f v]dx

Q(u)− (2∗ − 1)|u|2∗
2∗

.

Proof Define the map F : R × H → R,

F(t, w) = t Q(u − w)− t2∗−1|u − w|2∗
2∗ −

∫

�

(u − w) f dx .

Since

F(1, 0) = 0,
∂F

∂t
(1, 0) = Q(u)− (2∗ − 1)|u|2∗

2∗ 
= 0,

applying the implicit function Theorem at the point (1, 0) we can get the result of Lemma 2.6. ��

3 Proof of the main result

In this Section, we use the results in Section 2 to prove the existence of solutions on M+, as well as on M−.
First, we give the following result.

Proposition 2 Let f be a bounded measurable function, locally positive in each neighborhood of bi and satisfying
(H). Then m+

i = inf
v∈M+

i

J (v) is achieved at a point ui ∈ M+
i which is a critical point and even a local minimum

for J .

Proof We start by showing that J is bounded below in M. Indeed, for u ∈ M+, we have

J (u) = 1

2
Q(u)− 1

2∗ |u|2∗
2∗ −

∫

�

f udx = 2

N
Q(u)− N + 4

2N

∫

�

f udx

≥ − (N + 4)2

32Nς
‖ f ‖2−.

In particular

m+
i ≥ m0 ≥ − (N + 4)2

32Nς
‖ f ‖2−.

We claim that m+
i < 0. In fact, we know that

∫

Bεi

f ui,εdx for all ε smaller than a certain ε1 > 0.

Set 0 < t−ε,i < t−ε,i,max, given by Lemma 2.3, such that t−ε,i ui,ε ∈ M+. Since βi (t
−
ε,i ui,ε) tends to 0, as ε goes

to 0, it follows that there exists an ε2 such that βi (t
−
ε,i ui,ε) ≤ r0 for 0 < ε < ε2 < ε1. Then t−ε,i ui,ε ∈ M+

i , hence

J (t−ε,i ui,ε) = 1

2
(t−ε,i )

2 Q(ui,ε)− (t−ε,i )2
∗

2∗ |ui,ε|2∗
2∗ − t−ε,i

∫

�

f ui,εdx

= −1

2
(t−ε,i )

2 Q(ui,ε)+ (1 − 1

2∗ )(t
−
ε,i )

2∗ |ui,ε|2∗
2∗

< − 2

N
(t−ε,i )

2 Q(ui,ε) < 0,

thus −∞ < m0 ≤ m+
i < 0.

Applying the Ekeland’s variational principle, we can get a minimizing sequence (ui,n) ⊂ M+
i satisfying:
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638 S. Messirdi et al.

(i) J (ui,n) < m+
i + 1

n .

(ii) J (ui,n) ≤ J (w)+ 1
n ‖w − ui,n‖, ∀ w ∈ M+

i .

By taking n large, we have for some ε ∈]0; ε2[,

J (ui,n) = 2

N
Q(ui,n)− N + 4

2N

∫

�

f ui,ndx < m+
i + 1

n
≤ −2(t−ε,i )2

N
Q(ui,ε),

this implies that

∫

�

f ui,ndx ≥ 4(t−ε,i )2

N + 4
Q(ui,ε),

consequently, ui,n 
= 0 and we get

4

N + 4

(t−ε,i )2

‖ f ‖−
Q(ui,ε) ≤ ‖ui,n‖ ≤ N + 4

4ς
‖ f ‖−.

Thus there exists a subsequence labeled (ui,n)n such that ui,n ⇀ ui in H,when n goes to +∞.Using an argument
similar to one from [4], we can conclude that ‖J ′(ui,n)‖− tends to 0, as n goes to +∞.

We deduce that

〈J ′(ui ), φ〉 = 0, ∀φ ∈ H.

In particular, ui ∈ M and we have

∫

�

f ui dx = lim
n→+∞

∫

�

f ui,ndx ≥ 4(t−ε,i )2

N + 4
Q(ui,ε) > 0.

Thus ui 
= 0. Also, from Lemma 2.4 and as ui ∈ M it follows that necessarily ui ∈ M+.
By the fact that βi (ui ) = lim

n→+∞βi (ui,n) ≤ r0, then ui ∈ M+
i . Hence

m+
i ≤ J (ui ) ≤ lim

n→+∞ inf J (ui,n) = m+
i .

So, we have that ui,n → ui in H and J (ui ) = m+
i = inf

M+
i

J (u). Moreover, ui ∈ M+
i and we conclude that ui is

a local minimum for J . ��
Now, we shall give some estimates for the extremal functions Uμi which we shall use later. Let ϕi (x) = ϕi (|x |) ∈
C∞

0 (�) such that 0 ≤ ϕi (x) ≤ 1 in B R
0 and ϕi (x) = 1 in B

R
2

0 . Set uε,i = ϕi (x − bi )yε(x − bi ), the following
asympotic properties hold.

Proposition 3 Suppose that N ≥ 5 and μi ∈]0;μ[. Then

(1)
∫

�

(|�uε,i |2 − μi
u2
ε,i

|x−bi |4 )dx = S
N
4
μi + O(ε2d(μi )−N+4).

(2)
∫

�

|uε,i |2∗
dx = S

N
4
μi + O(ε2∗d(μi )−N ).

(3)
∫

�

|x − bi |αi −4u2
ε,i dx = O(εαi ).

(4)
∫

�

|uε,i |2∗−1ui dx = ε
N−4

2 ui (bi )E + O(ε N−4
2 ), where E = ∫

RN

U 2∗−1
μi

(x)dx, and μi < τ.
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On nonhomogeneous biharmonic problem involving 639

Proof For the estimates (1) and (2) we can see [6]. So, we only verify (3) and (4). Take R > 0 small enough

such that B
R
2

0 ⊂ �.

∫

�

|x − bi |αi −4u2
ε,i dx =

∫

�\B
R
2

0

|x − bi |αi −4u2
ε,i dx +

∫

B
R
2

0

|x − bi |αi −4u2
ε,i dx

= O(ε4−N+2d(μi ))+ ωN ε
4−N

∫

0

R
2
ραi −4−N−1U 2

μi
(
ρ

ε
)ρN−1dρ

= O(εαi ). (2)
∫

�

u2∗−1
ε,i ui (x)dx = ε

N−4
2

∫

RN

[ϕ2∗−1(εy)− 1]U 2∗−1
ε (y)ui (εy + bi )dy

+ε N−4
2

∫

RN

U 2∗−1
ε (y)[ui (εy + bi )− ui (bi )]dy + ε

N−4
2 ui (bi )

∫

RN

U 2∗−1
ε (y)dy

= O(ε N−4
2 )+ ε

N−4
2 ui (bi )E, (3)

where

E =
∫

RN

U 2∗−1
μi

(x)dx = ωN

∫

0

+∞
U 2∗−1
μi

(r)r N−1dr

≤ C1

∫

0

R

r N−1−(2∗−1)a(μi )dr + ωN

∫

R

R′
U 2∗−1
μ (r)r N−1dr + C2

∫

R′

+∞
r N−1−(2∗−1)d(μi )dr.

Let N − (2∗ − 1)a(μi )− 1 > −1 and N − (2∗ − 1)d(μi )− 1 < −1, this implies that μi < τ. So, from (2) and
(3) we get (4). ��

Lemma 3.1 Let c < 2
N S

N
4
μm . Then J verifies the Palais-Smale condition at level c.

Proof Let (un)n be a (P S)c sequence for J . Then (un)n is bounded in H . Passing to a subsequence if necessary,
we have that

un ⇀ u in H and L2∗
(�),

un

|x − bi |2 ⇀
u

|x − bi |2 in L2(�),

un

|x − bi |2− αi
2

→ u

|x − bi |2− αi
2

in L2(�),

un → u in Lq(�) for 1 ≤ q < 2∗,
un → u almost everywhere in �.

By a standard argument, we deduce that u is a solution of problem (P). Thus

J ′(u) = 0 and
∫

�

f undx =
∫

�

f udx + on(1). (4)

Next, we verify that u 
≡ 0. Arguing by contradiction, we assume that u ≡ 0. By the concentration compactness
principle [7], there exists a subsequence, still denoted by (un), an at most countable set Z , a set of different
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points (x j ) j∈Z ⊂ � \ {b1, ..., bk}, nonnegative real numbers
∼
μx j

,
∼
ν x j , j ∈ Z and

∼
μbi
,
∼
νbi ,

∼
γ bi
(1 ≤ i ≤ k) such

that

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

|�un|2 ⇀ d
∼
μ ≥ |�u|2 + ∑

j∈Z
∼
μx j

δx j +
k∑

i=1

∼
μbi
δbi ,

u2
n

|x−bi |4 ⇀ d
∼
γ = u2

|x−bi |4 + ∼
γ bi
δbi ,

|un|2∗
⇀ d

∼
ν = |u|2∗ + ∑

j∈Z
∼
ν x j δx j +

k∑

i=1

∼
νbi δbi ,

(5)

where δx is the Dirac mass at x . By the Rellich inequalities, we get

∼
μbi

− μi
∼
γ bi

≥ Sμi

∼
ν

2
2∗
bi
, 1 ≤ i ≤ k. (6)

Claim 3.1 The set Z is finite and either
∼
ν x j = 0 or

∼
ν x j ≥ S

N
4

0 for any j ∈ Z.

In fact, let ε > 0 be small enough such that bi /∈ B2ε
x j

for all 1 ≤ i ≤ k and B2ε
x j

∩ B2ε
xi

= ∅ for i 
= j, i, j ∈ Z.
Let ϕ j

ε be a smooth cut-off function centered at x j such that 0 ≤ ϕ
j
ε ≤ 1, ϕ j

ε = 1 for |x − x j | ≤ ε, ϕ
j
ε = 0 for

|x − x j | ≥ 2ε, |∇ϕ j
ε | ≤ 2

ε
and |�ϕ j

ε | ≤ 2
ε2 . Consider the sequence (unϕ

j
ε ), it is obvious that this sequence is

bounded in H, then

lim
ε→0

lim
n→+∞

∫

�

|�un|2ϕ j
ε dx = lim

ε→0

∫

�

ϕ j
ε d

∼
μ ≥ ∼

μx j
,

lim
ε→0

lim
n→+∞

∫

�

|un|2
|x − bi |4 ϕ

j
ε dx = lim

ε→0

∫

�

ϕ j
ε d

∼
γ = 0,

lim
ε→0

lim
n→+∞

∫

�

|un|2∗
ϕ j
ε dx = lim

ε→0

∫

�

ϕ j
ε d

∼
ν = ∼

ν x j ,

lim
ε→0

lim
n→+∞

∫

�

un�un�ϕ
j
ε dx = 0,

lim
ε→0

lim
n→+∞

∫

�

�un(2∇un∇ϕ j
ε + un�ϕ

j
ε )dx = 0,

thus we have

0 = lim
ε→0

lim
n→+∞〈J ′(un), unϕ

j
ε 〉 ≥ ∼

μx j
− ∼
ν x j .

By the Sobolev inequality, we get

S0
∼
ν

2
2∗
x j

≤ ∼
μx j

,

hence we deduce that
∼
ν x j = 0 or

∼
ν x j ≥ S

N
4

0 , which implies that Z is finite. The Claim 3.1 is proved.

Claim 3.2 We claim that for each i = 1, 2, ..., k either
∼
νbi = 0 or

∼
νbi ≥ S

N
4
μi .
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For ε > 0 be small enough such that x j /∈ Bεbi
for all j ∈ Z, i 
= j and Bεb j

∩ Bεbi
= ∅. Let ϕi

ε be a smooth cut-off

function centered at b j such that 0 ≤ ϕi
ε ≤ 1, ϕi

ε = 1 for |x − bi | ≤ ε, ϕi
ε = 0 for |x − b j | ≥ 2ε, |∇ϕi

ε| ≤ 2
ε

and |�ϕi
ε| ≤ 2

ε2 . Then, by (5) and similar argument to the proof of Claim 3.1, we obtain

lim
ε→0

lim
n→+∞

∫

�

|�un|2ϕi
εdx = lim

ε→0

∫

�

ϕi
εd

∼
μ ≥ ∼

μbi
,

lim
ε→0

lim
n→+∞

∫

�

|un|2
|x − bi |4 ϕ

i
εdx = lim

ε→0

∫

�

ϕi
εd

∼
γ = ∼

γ ai
,

lim
ε→0

lim
n→+∞

∫

�

|un|2
|x − b j |4 ϕ

i
εdx = lim

ε→0

∫

�

ϕi
εd

∼
γ = 0, for i 
= j

lim
ε→0

lim
n→+∞

∫

�

|un|2∗
ϕi
εdx = lim

ε→0

∫

�

ϕi
εd

∼
ν = ∼

νbi ,

lim
ε→0

lim
n→+∞

∫

�

un�un�ϕ
i
εdx = 0,

lim
ε→0

lim
n→+∞

∫

�

�un(2∇un∇ϕi
ε + un�ϕ

i
ε)dx = 0.

Thus we have

0 = lim
ε→0

lim
n→+∞〈J ′(un), unϕ

i
ε〉 ≥ ∼

μbi
− μi

∼
γ bi

− ∼
νbi . (7)

From (6) and (7) we deduce that

∼
νb j ≥ Sμi

∼
ν

2
2∗
b j

and then either
∼
ν x j = 0 or

∼
ν x j ≥ S

N
4
μi for all 1 ≤ i ≤ k. Then the Claim 3.2 is proved.

Consequently, from the above argument and (4), we conclude that

c = lim
n→+∞(J (un)− 1

2
〈J ′(un), un〉) = 2

N
lim

n→+∞

∫

�

|un|2∗
dx = 2

N
(
∑

j∈Z

∼
ν x j +

k∑

i=1

∼
νbi ).

If
∼
ν x j = ∼

νbi = 0 for all i ∈ {1, 2, ..., k}, j ∈ Z, then c = 0 which contradicts the assumption that c > 0. On

the other hand, if there exists an i ∈ {1, 2, ..., k}, such that
∼
νbi 
= 0 or there exists an j ∈ Z with

∼
ν x j 
= 0 then

we infer that

c ≥ 2

N
S

N
4
μm = c∗.

Therefore, u is a nonzero solution of the problem (P). ��
Lemma 3.2 Under the hypothese (H) and for all t > 0, there exists ε0 > 0 such that for 0 < ε < ε0, we have

J (ui + tuε,m) < m+
i + 2

N
S

N
4
μm . (8)

Proof We have

|ui + tuε,m |2∗
2∗ = |ui |2∗

2∗ + t2∗ |uε,m |2∗
2∗ + 2∗t

∫

�

|ui |2∗−2ui uε,mdx

+ 2∗t2∗−1
∫

�

|uε,m |2∗−1ui dx + O(ε2d(μm )+4−N ).
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By the Proposition 3 and as ui ∈ M is a solution of (P), we get

J (ui + tuε,m) = t2

2

∫

�

(|�uε,m |2 − μ
u2
ε,m

|x |4 ))dx − λt2

2

∫

�

u2
ε,m

|x − bi |4−αi
dx − t2∗

2∗

∫

�

u2∗
ε,mdx

+ J (ui )− t2∗−1
∫

�

u2∗−1
ε,m ui dx + O(ε2d(μm )+4−N )

= J (ui )+ t2

2
S

N
4
μm − t2∗

2∗ S
N
4
μm − t2∗−1ε

N−4
2 ui (bi )E

+ O(ε2∗d(μm )−N )− O(εαm )+ O(ε N−4
2 )+ O(ε2d(μm )+4−N ).

Define

G(t) = t2

2
S

N
4
μm − t2∗

2∗ S
N
4
μm − t2∗−1ε

N−4
2 ui (bi )E,

then G(t) achieves its maximum at some t0 > 0.
Since

t0S
N
4
μm − t2∗−1

0 S
N
4
μm = (2∗ − 1)t2∗−2

0 ε
N−4

2 ui (bi )E,

necessarly 0 < t0 < 1 and t0 → 1 as ε → 0, so

J (ui + tuε,m) <m+
i + 2

N
S

N
4
μm − t2∗−1ε

N−4
2 ui (bi )E

+ O(ε2∗d(μm )−N )− O(εαm )+ O(ε N−4
2 )+ O(ε2d(μm )+4−N ).

We distinguish the following two cases.
Case 1. When αm ≤ N−4

2 < 2d(μm) + 4 − N < 2∗d(μm) − N , then 0 < μm ≤ �αm and 0 < αm ≤ 1
2 ,

therfore, for μm ∈]0; μ̂[, we obtain

J (ui + tuε,m) < m+
i + 2

N
S

N
4
μm .

Case 2. When N−4
2 < αm < 2d(μm) + 4 − N < 2∗d(μm) − N , then 0 < μm < � N−4

2
and N ≤ 1

2αm < 4,
therefore, for μm ∈]0, μ̂[, we obtain

J (ui + tuε,m) < m+
i + 2

N
S

N
4
μm .

��
We know by Lemma 2.3 that for u ∈ H such that ‖u‖ = 1 there exists a unique t+(u) > 0 such that t+(u)u ∈ M−
and J (t+(u)u) = max

t≥tmax
J (su). The uniqueness of t+(u) and its extremal property give that t+(u) is a continuous

function of u.
Define

A1 = {u ∈ H : u = 0 or ‖u‖ < t+( u

‖u‖ )},

A2 = {u ∈ H\{0} : ‖u‖ > t+( u

‖u‖ )}.

and

A = {u ∈ H\{0} : ‖u‖ = t+( u

‖u‖ )}.

Lemma 3.3 Under the hypothese (H), we have
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1. H = A1 ∪ A2 ∪ M−,
2. M+ ⊂ A1,

3. there exists t0 > 1 such that ui + t0uε,m ∈ A2,

4. there exists t ∈]0; 1[ such that ui + t t0uε,m ∈ M−,
5. m−

i < m+
i + 2

N S
N
4
μm .

Proof 1. Let u ∈ M− and v = u
‖u‖ . By Lemma 2.3, there exists t+(v) > 0 such that t+(v)v ∈ M−. As

t+(v)v = t+( u
‖u‖ )

1
‖u‖u ∈ M−, then t+( u

‖u‖ )
1

‖u‖ = 1. Hence, we get M− ⊂ A. If u ∈ A, then

u = t+( u

‖u‖ )
1

‖u‖uM−.

Thus A ⊂ M−. Consequently, H = A1 ∪ A2 ∪ M−.
2. Let u ∈ M+ then t−( u

‖u‖ )
1

‖u‖ = t−(u) = 1. Since t+(u) > t−(u), it follows that t+(u) = t+( u
‖u‖ )

1
‖u‖ > 1.

So ‖u‖ < t+( u
‖u‖ ), and we conclude that M+ ⊂ A1.

3. We have ui ∈ A1 for all i ∈ {1, 2, ..., k}, we can choose a constant c′, which satisfies

sup
tε>0

t+
(

ui + tεuε,m
‖ui + tεuε,m‖

)

≤ c′.

Set

t0 =
( |c′2 − ‖ui‖2|

‖uε,m‖2

) 1
2

+ 1.

In fact, a direct computation shows that

‖ui + t0uε,m‖2 = ‖ui‖2 + t2
0 ‖uε,m‖2 + 2t0

∫

�

(�ui�uε,m − μ
ui uε,m
|x |4 )dx

≥ ‖ui‖2 + |c′2 − ‖ui‖2| > c′2 ≥
[

t+
(

ui + t0uε,m
‖ui + t0uε,m‖

)]2

.

Hence, we get ui + t0uε,m ∈ A2.

4. We fix ε > 0 such that both (8) and ui + t0uε,m ∈ A2 hold by the choice of t0. We set

� = {γ ∈ C([0; 1], H) : γ (0) = ui , γ (1) = ui + t0uε,m},
and take ζ(t) = ui + t t0uε,m, which belongs to �.

5. From Lemma 3.2 , we conclude that

c = inf
ζ∈� max

t∈[0;1]J (ζ(t)) < m+
i + 2

N
S

N
4
μm .

Since every ζ ∈ � intersects M−, we get that

m−
i ≤ c < m+

i + 2

N
S

N
4
μm .

��
Proposition 4 Suppose that f verifies the condition (H) then J has a minimizer vi ∈ M−

i such that m−
i = J (vi ).

Moreover, vi is a solution of the problem (P).
Proof There exists a minimizing sequence (v j,n) ∈ M−

i such that J (v j,n) → m−
i and J ′(v j,n) → 0 in H−.

From Lemma 3.3 we have m−
i < m+

i + 2
N S

N
4
μm and by using Lemma 3.2, there exists v j,n converges strongly

to vi in H . Thus vi ∈ M−, M− is closed and βi (vi ) = lim
n→+∞βi (v j,n) ≤ r0 and m−

i = J (vi ).

Then J ′(vi ) = 0 and so vi is a solution of the problem (P). ��
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(Proof of Theorem 1) From Proposition 2 (respectively Proposition 4) and Lemma 2.1 (the energy concentrated
in the neighborhood of each point bi is three times greater than elsewhere, hence the solutions in M+ are distinct
respectively in M−) we obtain the existence of k distinct solutions in M+, (respectively k distinct solutions in
M−). Since M− ∩ M+ = ∅, this implies that the problem (P) admits at least 2k distinct solutions in H. ��
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