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Abstract This paper is concerned with the existence of multiple solutions for a biharmonic problem involving
multi-polar Rellich type potentials and Sobolev critical nonlinearity in an open bounded domain of R¥, N > 5.
The method used here is based on the Nehari manifold.
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1 Introduction and main result

The purpose of this paper is to study the existence of solutions to the following inhomogeneous problem

k

. k .
i *_ )‘l
A%y — —u=|u|2 2y + E ——u+ f(x), x €,
P) ,-; lx — bi|* =il = by

_ou _
u—an—O, x € 092,

where  is a bounded domain in RV (N = 5), containing b;, A?% = AA and 9n denotes the outward unit normal
on the boundary 9€2, ¢; and A; are positive parameters, 0 < «; < 4 and f is a given bounded measurable
function. Here 2* = % is the Sobolev critical exponent. The presence of the singular weights and the critical
exponent of Sobolev impose a critical growth of the nonlinearity which causes a loss of compactness of the
problem, consequently one cannot apply the classical variational methods directly which makes the study less

obvious and more difficult.
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632 S. Messirdi et al.

In recent years, people have paid much attention to the existence of solutions for the singular problems
concerning the operator L = A% — ﬁ, see [1,6]. When the problem (P) has no singular term (A; = u; =

0, Vi € {1, ..., k}), Benmouloud [2] proved the existence of two nontrivial solutions for f € H -2 (the dual of
HZ(R)) such that

N+4

§ (N—4\'F KN
/fudx< —_— /|Au|2dx .
Q N—4\N +4 Q

Deng and Wang [5] studied the existence and non-existence of multiple solutions of the following problem

{Azu = [u* 2u+ ru+ f(x), x e,

uzg—g=0, x € 092.

Very recently, Hsu and Zhang [9] studied the existence and multiplicity of nontrivial solutions for the following
equation

k .
Wi

A%y — _—

i; lx — bi|*

_ du _
u—an—O, x €092,

w=ul*"2u+rul9%u, xeg,

where A > 0 and 1 < ¢ < 2*. By using Nehari’s manifold and analytical techniques, they proved the existence
of solutions according to assumptions on q.

In our work, we extend the results of Bouchekif and Messirdi [4] for the biharmonic problem. The case when
the problem has only one pole of singularity has been treated by Bennour et all [3]. To our knowledge, our result
is new and interesting.

The problem (P) is related to the following Rellich inequality [8]

2
1
/”—dx < :/|Au|2dx, forall b € Q,u € HZ (),
|x —b[* i
Q Q

where & = 1;/—62 (N —4)? is the best Rellich constant. Denote the space H = Hoz(Q), the completetion of Cgo ()
with respect to the norm

2

k
B
]| = f<|Au|2 - Zmuz)dx :
Q i=1

k
with Y u; < m. In particular, Rellich inequality shows that this norm is equivalent to the usual norm
i=1
(fo |AulPdx)?.
We define for p; € [0; [ the constant

[(Au? — —Liu?)dx
Q

lx—b; |4

Sy (Q):= inf .

ue H\{0} =
<f|u|2*dx)

Q

From [9], Sy, (2) is independent of any 2 C RY in the sense that Su; (2) = 8§y, (RN) = Su; - The authors in
[1,6] proved that S,,, is attained in R" by the functions

_ _b
yex —b)) =& 7 Uy, (x ) e >0},
£

where U,,; is positive, radially symmetric, radially decreasing and solves
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N Lu = |u|2*_2u, x e RY u(x) >0,
x
moreover the functions y. (x — b;) satisfy

. . N
f(mys(x — b)) - —f’b,ﬁyf(x —bi))dx = /m(x —b)* dx = S,
l

|x

Furthermore, Uy, has the following properties for u; €]0; [:
L Uy (p) = O(p~*W0), U], (p) = O(p~*W)H1) as p — 0.
2. Uy, (p) = O(p~44), U}, (p) = O(p#0H1) as p — +oo,

where d(i;) = (N =91 = 5, a(ui) = (N = H5, B = g(%4) and
g :[0; 1] — [0; 1] is defined as

\/(N —2)2 44— /16(N —2)2 +1(N — 4)2N?2
N —4 '

gt)y=1-

Let us define ¢ : [0; 1] — [O; 1] as follows

(1= 2N =D+ DN — 41 2N +4)

9 (t) = 3

Let’s put

_ 8N(N —4)?(3N? — 10N? 4 32N — 32)
B (N +4)*

1 2 2
QSZE(N—4—S)(N—4+S)(N —59),

and & = min(gy, T, I0).
We clearly note that ¥ is an increasing homeomorphism and its inverse is g.
Define

N NN N
T _ 1 1 1
S, =min{S,, S5, ..., S )

Wi
't |x—b;|*

the following eigenvalue problem with Rellich potentials_ and singular coefficient

Due to the Rellich inequality, the operator L := A% —

is defined on H. Moreover, fori € {1

Z «
| 1x— h,|4 |x—b|4 o

M_W_O’ XEBQ,

u, x €,

where 0 < «; <4 and A; € R, has the first eigenvalue A} given by:

k
J(Aul? - P Sul)dx
W= it 2
ue H\{0} fmdx

Let

Al = min 2}
1<i<k

e k)

Since the embedding H < L?(2, |x|%~*) is compact, by choosing a minimizing sequence, we easily infer that

2.1 can be obtained in H and A! > 0.
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In what follows, we state the main results for which we consider the following hypothesis.

. N+4 %
(H) 0 < inf{Cn(Q(un)) & — /fudx : ueH, /|u| dx =1}
Q Q

— 2
where Cy = 5= 4(N+4) ,and Q(u) = ||ul| ZA flx h\“ d
The main result of this paper is the following theorem
k
Theorem 1 Assume that the parameters A;, |u; are nonnegative numbers fori = 1, ..., k such that Y_A; < AL
i=1

k
> i < wand f is a bounded measurable function which is positive in each neighborhood of b; and satisfies

i=1
the condition (H), then the problem (P) has at least k solutions.
In addition, if w,, €)0; [ then the (P) has at least 2k solutions, if

])O<ozm§%f0rN25.
2) 3 <am<4for5<N<I2

This paper is organized as follows. In Section 2, we give some properties of Nehari manifold. By Ekeland’s
variational principle and the Mountain Pass Lemma, we establish in Section 3 the proof of our theorem.

In what follows, we shall denote various positive constants as C, O(g”) verifies O(S ) < C, the norms of L”
(I < p < +o0) and H™ (the dual of H) by |.|, and ||.||— respectively. Bi'7 is the ball in € with center i and

radius 1, and o0, (1) we always means it is a generic infinitesimal value.
k

k
In the sequel of our work we consider 0 < Y u; < wand 0 < Y A; < AL

i=1 i=l1

2 Nehari manifold

Define the energy functional J associated to (P) :

o) T .
(M)—EQ(M)—Z—*|M|2* —ffu X.
Q

We see that J is well defined in H and belongs to C'(H; R). Thus, u € H is a weak solution of (P) if it is a
critical point of J, which means that u satisfies

k

X Ai
/(AuAv— | — |4uv—|u|2 72—Zmuv—fv)dx=0,forallveH.
1 i=1 - U

Definition 1 Letc € R,
(1) (u,), is a Palais—Smale sequence at level ¢ (in short (P S).) in H for J if
J(up) = ¢+ 0, (1) and J'(u,) = 0,(1).
(i) We say that J satisfies the (P S). condition if any (P S). sequence in H for J has a convergent subsequence.
Define, fori € {1, ..., k},
J Wi ()| AulPdx

_Q
Bi(u) = A

where ¥; (x) = min(n, |x — b;|) and n > 0.
Take ro = 2 with < }‘m;r_ﬂb,» — bjl.
i)
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Lemma 2.1 Let n > 0 and ry defined as above. If B; (u) < ro, then

/|Au|2dx >3 / |Aul’dx. (1)
Q Q\B/!
Proof The proof is essentially known. We write here just for completeness. From the definition of v; and §;, we
have
n [ 1AuPdx < [ yilAuPdx < [yilAuPdx < § [|Auldx,
Q\B! Q\B! Q Q@
thus (1) easily follows. o

As the energy functional J is not bounded below on H, it is useful to consider the functional on the Nehari
manifold

M:={ueH, (J (u),u)=0}.
It is natural to split M into three subsets

M i={ue M, (J" ), u) > 0},
M= {u e M, (J' (), u) =0}

and
M i={ueM,{J w,u) <0},
with
(J" ), u) =20 ) — 2" ul} — ffudx
Q
= Q@) — 2* = Dlul}.
=2-20u)+ 2* - 1)/fudx.
Q
Denote
M ={ue M2 Biw) <ro} , My ={ueM 1 i <r)
and
ml+ = inf J(u) , m; = inf J(u).
ueM; ueM;

Lemma 2.2 Define
. 1
M = inf {(Q(u))? : [ulpx =1},
ueH

then M is strictly positive.
Proof We know that

2 k k
1 u 2 Z Hi 2 Z 1
)\.l/mdx < f(|AM| — mu )dx and )\i <A
Q Q i=1 i=1

SO

k k
1 Wi
Q) = (1- FE 1)\1')/(|AM|2 - E 1 muz)dx.
1= Q 1=
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k
Then there exists ¢ = 1 — ;—1 > i, ¢ > 0 satisfying
i=1

Q) > cllul®.

Thus by Rellich inequality, we get
1 & 1<
(1= A - ﬁZmnAm% < Q@) < |Aul3.
i=1 i=1
Then (Q(u))? > v/KSo > 0 for all u € H such that |ulp+ = 1. Here

k k
1 1
K=(1-— E A1 — — E ;
( Y - i)( ﬁi=1'ul)

and Sy is the best Sobolev constant for the embedding of H in to LY ().
We immediately have that M > 0. O

Lemma 2.3 Let f # 0 satisfying the condition (H). For every u € H \ {0} there exists a unique t™ = t*(u) > 0
such that tYu € M~ . In particular:

%
o[ ew 7T
(2% = Dul3s
and J(tTu) = trgltax J(tu). Moreover, ifffudx > 0, then there exists a unique t— =t~ (u) > 0 such that
—Fmax Q
tTue MY, t7 <tmaxand J(t"u) = min J(tu).
0=<t<tmax
Proof The lemma is proved in the same way as in [5]. O

Lemma 2.4 Let [ # 0 satisfying the condition (H), then M° = (.
Proof The proof is similar to the proof of [[4], Lemma 2.4]. O
Claim 1.1 /\/ll+ is a closed set in H for 1 <i <k.

Proof By Lemma 2.4, we deduce that M = M+T U M™.

‘We have /\/l;r =MTnN ,3;1([0; ro]) and M™ are closed subsets in H \ {0}. For this, it suffices to prove that
Bi is continuous function on M™. Let (y,) C M™ such that y, — y in H i.e, Ve > 0, 3 ng(e) > 0, Vn >

no, |A(yn —y)l2 <e,

1
1Bi ) — B < —szl-(xnmyn(xnz — Ay () Pldx
i)

1

+/w~(x>|Ay(x>|2| ~ ——ldx.
l ISERIST:
Q
Using the Holder inequality, we obtain
ne
1Bi (yn) — Bi(W)| = 4———r.
[Ayl2

Then claim 1 is proved. O
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Lemma 2.5 Let f # 0 satisfying the condition (H). For eachu € M\ {0}, there exist ¢ > 0 and a differentiable
functiont = t(w) >0, w e H\ {0}, ||w| < ¢ satisfying the following

t(0) =1,

t(w)(u —w) € M, forall |w| < e

[2Aunv — 22(‘)6 i |x_bx-]4—«i)“” — 2*|u[¥ 2wy — fuldx
and (£'(0), v) = 2 :

Q) — (2% = Dlul3.
Proof Definethe map F : R x H — R,

F(t,w) =1Qu —w) — 1> u — w3 — /(u —w) fdx.
Q

Since
oF N o
F(1,0) =0, 5(1,0) = Q@) — (2" = Dlul3« #0,

applying the implicit function Theorem at the point (1, 0) we can get the result of Lemma 2.6. O

3 Proof of the main result

In this Section, we use the results in Section 2 to prove the existence of solutions on M, as well as on M.
First, we give the following result.

Proposition 2 Let f be a bounded measurable function, locally positive in each neighborhood of b; and satisfying

(H). Then mlJr = inf J(v) is achieved at a point u; € ./\/lJr which is a critical point and even a local minimum
veM
for J.
Proof We start by showing that J is bounded below in M. Indeed, for u € M™, we have
1 1 *
I = 5000 = 5l — [ fuds = 0w - —/fudx
Q
(N + 4)2
Z =N —— | fl%.
In particular
(N + 4)2

mb >my > ———"— N I£I1%.

We claim that ml+ < 0. In fact, we know that f fu; ¢dx for all & smaller than a certain &1 > 0.
B
Set 0 < tgfi < t;i’max, given by Lemma 2.3, such that t;l.u,-,e e M™. Since B; (t;iu,-,g) tends to 0, as € goes
to 0, it follows that there exists an &; such that g; (t, ;u; ) < roforO <& < &2 < &;. Thent_;u; . € M;r, hence

(;,)2

J(t, juie) = —(tg,) Q(uie) —

|Mt 8|2* - tg_,,'/fui,sdx
Q

_ 1 —\2 1 1 — (2% 2%

= S QMuie) + (1= (1) luie 3.
2 —32

< =) Quie) <0,

thus —o0o < mg < mjr < 0.
Applying the Ekeland’s variational principle, we can get a minimizing sequence (u; ,) C M:‘ satisfying:
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() J(uin) <mf + 1
(i) J (i) < JW)+ Hw —uinll, ¥Ywe M.

By taking n large, we have for some ¢ €]0; &3],

2 N+4 1 2()2
J (i) = ﬁQ(”i,n) - W/f“i,ndx <mf + L= ;’; O(uje),
Q
this implies that
41.)°
/fui,ndx > N‘:_l4 OUie),
Q
consequently, u; , 7 0 and we get
4 )’ N+4
_ = i) < lluj,l < _.
NEalfI Quie) < lluinll < ic A1l

Thus there exists a subsequence labeled (u; ), such thatu; , — u; in H, when n goes to 4-00. Using an argument
similar to one from [4], we can conclude that ||J’(u; ,)||— tends to 0, as n goes to +o0.
We deduce that

(J'(up), ) =0, V¢ € H.
In particular, u; € M and we have
4 t,

, (t,)?
/fuidx = nllr_{_loo/fui,ndx = N_;_l4 O(uie) > 0.
Q Q

Thus u; # 0. Also, from Lemma 2.4 and as u; € M it follows that necessarily u; € M™.
By the fact that 8; (u;) = lir}: Bi(uin) <ro, thenu; € /\/l,Jr Hence
n——+00

m < J(u;) < iminf J (g ) = m;.

So, we have that u; , — u; in H and J(u;) = ml+ = infrJ(u). Moreover, u; € ./\/ll+ and we conclude that u; is
i

a local minimum for J. O

Now, we shall give some estimates for the extremal functions U,,; which we shall use later. Let ¢; (x) = ¢; (|x]) €
R

C5°(£2) such that 0 < ¢;(x) < lin B§ and ¢;(x) = 1in Boj. Set us ;i = @i(x — b;)ye(x — b;), the following
asympotic properties hold.

Proposition 3 Suppose that N > 5 and p; €]0; u[. Then
2 N
(1) JQAueil? = i = S £ 00070,
N .

(2) [lueil* dx = Sf; + O w)=N),
Q

(3) [Ix = b *u? dx = Oe*).
Q

(4) flug,i|2*_1uidx = e#ui(bi)E + (9(8#), where E = [ Uﬁ:_l(x)dx, and j; < 1.
Q RN
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Proof For the estimates (1) and (2) we can see [6]. So, we only verify (3) and (4). Take R > 0 small enough
R
such that Bj C Q.

—4 2 —4 2 i—4 2
/|x —bi|“ug jdx = / |x — bi|* " ug dx + / |x — bi|*ug ;dx
Q R
7
BO

R
Q\B7
R
— O N2y +wN€4—N/Zpa,«—4—N71U3_(£)pN71dp
te
0
= O(e%). 2)
PSS _ N4 2% 1 2% ]
g uilxydx =¢e 7 [ lo° " (ey) = NU; — (V)ui(ey + bi)dy
Q RN
N4 251 N4 251
+e 2 | U; ~ DIui(ey +bi) —ui(bj)ldy + & 2 ui(by) | Uy ~ (y)dy
RN RN
— 06" T) +e' T wB)E, 3)

where

* too *
E= /Uﬁ;‘(x)dx = a)N/ ug e ldr
RN 0

Rk R +00
< Cl/ PN=1=Q* =Da(ui) 4, +0)N/ Uﬁ**l(r)erldr +C2/ JN=1-Q*=1d(ui) g,

0 R R’

Let N —(2*—Da(ui)—1 > —land N — (2* — 1)d(u;) — 1 < —1, this implies that u; < t. So, from (2) and
(3) we get (4). O

N
Lemma 3.1 Letc < %S,fm. Then J verifies the Palais-Smale condition at level c.

Proof Let (u,), bea (PS). sequence for J. Then (u,), is bounded in H. Passing to a subsequence if necessary,
we have that

u, =~ u in H and Lz*(Q),

N S S )
|x — b;|? |x — b;|? '
n _ inL2(Q),

a4 - i
lx — b7 lx — b7
u, — u in LY(Q) for1 <q <2,

u, — u almost everywhere in 2.

By a standard argument, we deduce that u is a solution of problem (P). Thus

J'(u) =0 and /fundxszudx+0n(l). “4)

Q Q

Next, we verify that u # 0. Arguing by contradiction, we assume that # = 0. By the concentration compactness
principle [7], there exists a subsequence, still denoted by (u,), an at most countable set Z, a set of different
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640 S. Messirdi et al.

points (x;) jez C 2\ {b1, ..., br}, nonnegative real numbers ﬁxj, ;xj,j € Z and l:b,-y ;b[, ;hi(l <1i <k)such
that

|Aup? = dp > |AuP + Y 1,8 + Zub 8t
/GZ
2

Uy N —
|x b\4 dy |x b|4 +yb 8h,a (5)

ual? = dv = [ul® + 3 vy, 6y, + va 8,
JjEZ

where &, is the Dirac mass at x. By the Rellich inequalities, we get

2

~ ~ ~ 5%

Moy — WiV, = Suvy, » 1 =i <k (6)

~ ~ N
Claim 3.1 The set Z is finite and either vy; = 0 or vy, > Sy forany j € Z.

In fact, let ¢ > 0 be small enough such that b; ¢ B%‘f forall 1 <i <k and B%f N B%f ={fori # j,i,je 2.

Let ¢¢ be a smooth cut-off function centered at x; such that 0 < ¢ < 1, ¢! = 1for [x — x;| < &, ¢! =0 for

lx — x;| > 2e, |Vg0;9j| < % and |A<p;9"| < 8% Consider the sequence (i, ), it is obvious that this sequence is
bounded in H, then

I ~
Sli%nl:rr /|Aun| pldx = llm/ z My,

2
lim lim /| 4] 4<pgdx—hm/(pgdy—o
X

e—0n— 400 — bj|

lim lim |un| dx = hm dv = V.,
g—0n——+00 J

lim lim /u,,AunA(pgdx =0,

e—>0n——+o0
Q

e—>0n—+00

Q

lim lim /Aun(ZVuanog + unAwg)dx =0,

thus we have

. . ’ j ~ o~
0= glgr%)nl}r-ir—loo<‘] (), unpl) > Mx; = V-

By the Sobolev inequality, we get

bx3

Sov < Ity n
~ ~ N
hence we deduce that v, = Oorv, ;= SO4 , which implies that Z is finite. The Claim 3.1 is proved.

~ ~ N
Claim 3.2 We claim that for eachi = 1,2, ..., k either v, =0 or vy, > S..
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For ¢ > 0 be small enough such that x; ¢ Bgi forall j € Z,i # jand ng N Bgi = . Let <p£ be a smooth cut-off

function centered at b; such that 0 < ¢! < 1, ¢! = 1for [x — b;| <&, ¢! =O0for [x —b;| > 2¢, |Vg!| < %

and |A<p£| < 6% Then, by (5) and similar argument to the proof of Claim 3.1, we obtain

e—0n—+o00

lim lim /|Aun| gog x = hm/gos n > ub,

2
lim lim /|x| tn| 4g0€dx = hm/%d)/ = Va,

£—0n——+o00 — b;|

2
lim lim /|x| ”IL |4g08dx— hm/%dy =0, fori # j

e—0n—+o0

e—>0n——+o0

lim lim /|un|2*¢édx = lir%/wéd; = ;bw
E—>

lim lim funAunAwédx =0,

e—0n——+00
Q
lim lim /Aun(ZVuanoé + unAgoé)dx =0.
e—>0n—+00
Q
Thus we have
0=1lim Hm (J'(up), unl) = ty, — WiV, — V- (7
e—>0n—+00

From (6) and (7) we deduce that
~ ~a%
Vb/- z Sﬂi vbj

~ ~ N
and then either v, =0 or Vy; = S;f,- forall 1 <i < k. Then the Claim 3.2 is proved.
Consequently, from the above argument and (4), we conclude that

. 1
= Tim (J () = > (J (n), up)) =+ lim f|un| dx = —(va, + val
jez
If ;x, = ;bi =0foralli € {1,2,....,k}, j € Z, then ¢ = 0 which contradicts the assumption that ¢ > 0. On

the other hand, if there exists ani € {1, 2, ..., k}, such that ;hi # 0 or there exists an j € Z with ;x, = 0 then
we infer that
N
c> NS,Z‘W =c*.

Therefore, u is a nonzero solution of the problem (P). O
Lemma 3.2 Under the hypothese (H) and for all t > 0, there exists &g > 0 such that for 0 < & < g9, we have
2 N
J @i + te ) <m 4 S, ®)
Proof We have

2% 2% 2% 2% 2% -2
i e 3 = 3+ B+ 2% [Pt
Q

+ 2*t2*_1/|u5‘m|2*_1uidx + O HAN
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By the Proposition 3 and as u; € M is a solution of (P), we get

2 2 2 2 2%
t 2 us,m At us,m t 2%
JWi +tugm) = 3/(|Aue,m| — K x[* Ndx — ) /|x — i dx — 2_*/ue,mdx
Q Q

&,

+ J(u;) — tz*_I/uz*,zluidx + O (2 TA=N)
Q
= J(ui) + ;ng - tzi*s,% 2 L ) E
+ O ANy — O(cm) + O(e"T ) + O U=V,
Define

2 2 N

1 o N 1 N—4
G(t) = ESlj‘m — ﬁsﬂ“m — 2 e T u;(b)E,

then G (¢) achieves its maximum at some 79 > 0.
Since

N « N * —
S, — 1278 = 2F — D2 2 T wi (b)) E,

necessarly 0 <) < landty — lase — 0, so

2 N 2¥_] N4
J(ui + tuem) <ml.+ + v oy — 17 e T ui(b)E

+ OEZ =Ny _ O(em) + O(e"T ) + O(2m+4=N)
We distinguish the following two cases.

Case 1. When «;,, < NT*4 < 2d(um) +4—N < 2"d(um) — N, then 0 < pyy < Qq,, and 0 < a, <

1
zv
therfore, for w,, €]0; /1[, we obtain

2 N
J(ui + tugm) < mlJr + NS[Jm

Case 2. When %5 < &,y < 2d(jy) +4 — N < 2*d(um) — N, then 0 < p < ou_s and N < Ta < 4,
therefore, for w,, €10, i[, we obtain

2 N
J(ui + tugm) <mb + 5 Siin

O

We know by Lemma 2.3 that foru € H suchthat ||u|| = 1 there exists aunique ™ («) > Osuchthats*(u)u € M~
and J (1T (u)u) = tgltax J(su). The uniqueness of (1) and its extremal property give that t*(u) is a continuous

function of u.

Define
Al ={uecH:u=0or|u| < ﬁ(ﬁ)},
u
Ay = {u € H\{0} : |ul| > ﬁ(”Z—”n.
and

A={ueH\0}: [ull =T(—)).

[[ue]l

Lemma 3.3 Under the hypothese (H), we have
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1. H=A1UA UM™,
2. Mt c A,
3. there exists to > 1 such that u; + toue m € Az,
4. there exists t €]0; 1[ such that u; + ttoue,,, € M™,
N
- +, 2¢7
5.om; <m! + 5S4,
Proof 1. Letu € M~ and v = ”u” By Lemma 2.3, there exists t¥(v) > 0 such that tT(v)v € M™. As
OV tﬂﬁ)”;—uu e M~ thentt (m)m = 1. Hence, we get M~ C A.If u € A, then
1
+ -
(—)— M
fleell ™ Jlael]
Thus A € M™. Consequently, H = A; U A, UM™.
2. Letu € M then t—(”z_”)m =1t~ (u) = 1. Since t+(u) > t~(u), it follows that r+(u) = l"’Tﬁ)ﬁ > 1.
So |lu|| < t+(”’;—”), and we conclude that M+ C A;.
3. Wehave u; € A foralli € {1,2, ..., k}, we can choose a constant ¢/, which satisfies

u; teu
supt+<| i T leUem )Scl'

>0 lt; + tette mll
Set
1
| — Jlui 1) 2
= —2 + 1.
”"‘e,m”
In fact, a direct computation shows that
2 2 2 2 M Ug.m
lle; + toue,mll” = lluill” + 5 lee,m|l” + 210 | (Au;Auem — ——g)dx
| |
2 n 2 ” 4 i tlouem ?
> luill” + 1™ = w7l > = = |17 | ———— .
llu; + tO“s,m”

Hence, we get u; + fougm € A».
4. We fix ¢ > 0 such that both (8) and u; + fou. » € Az hold by the choice of 7). We set

I'={y eCUO; 11, H) : y(0) = uj, y(1) = u; + totte m},
and take ¢ (f) = u; + ttoue ,», which belongs to I'.

5. From Lemma 3.2 , we conclude that

= inf max J(¢(?)) < + — S
© T erelon) €@) < my Hom:

Since every ¢ € I intersects M ™, we get that

- + T
m; <c<m, —I-NSM.

O

Proposition 4 Suppose that f verifies the condition (H) then J has a minimizer v; € M suchthatm; = J(v;).
Moreover, v; is a solution of the problem (P).

Proof There exists a minimizing sequence (v ,) € M such that J(v;,) — m; and J'(v;,) — Oin H™.

N
From Lemma 3.3 we have m; < ml+ + % S,., and by using Lemma 3.2, there exists v; , converges strongly
tov; in H. Thus v; € M~™, M~ isclosed and §; (v;) = lirf Bi(jn) <roandm; = J(v;).
n—+00
Then J'(v;) = 0 and so v; is a solution of the problem (P). O
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(Proof of Theorem 1) From Proposition 2 (respectively Proposition 4) and Lemma 2.1 (the energy concentrated
in the neighborhood of each point b; is three times greater than elsewhere, hence the solutions in M are distinct
respectively in M ™) we obtain the existence of k distinct solutions in M, (respectively k distinct solutions in
M™). Since M~ N M™ = (¢, this implies that the problem (P) admits at least 2k distinct solutions in H. O
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