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Abstract In [8], the condition of commutativity was relaxed and certain results of [7] regarding regular rings,
feebly Baer rings and weakly complemented rings were proved for reversible rings. We further ease some
conditions and prove these results for nearrings with no non-zero nilpotent elements.
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1 Introduction

The terminology of feebly Baer rings and modules was given by M. L. Knox, R. Levy, W. Wm. McGovern and J.
Shapiro [7]. The feebly Baer rings were also studied by Al-Ezeh [1,2] under the name almost p.p. rings. In [7], it
is proved that a commutative ring R is weakly complemented if and only if the ring of quotients of R is a feebly
Baer ring, if and only if the ring of quotients of R is weakly complemented. The commutativity condition was
eased by M.T. Kosan, T.K. Lee and Y. Zhou [8] and they proved these results for reversible rings (ab = 0 implies
ba = 0). Further, they also proved some relations between regular rings, feebly Baer rings and modules under the
same condition. This motivated us to investigate these results for more generalized structures nearrings, which
are non-commutative with respect to multiplication and has only left distributive law, under the condition having
no non-zero nilpotents elements. But in the absence of one distributive law, the results of rings and modules
cannot be generalized as it is for nearrings. The nearring settings complicate the things and it becomes necessary
to use some other substructures in nearrings instead of ideals and modules as is also evident from [5]. In place of
feebly Baer modules, here we use feebly Baer N-groups in nearrings. With some modifications, we are able to
prove that a nearring N is regular if and only if every right N-group is feebly Baer, if and only if every cyclic right
N-group is feebly Baer. We also prove some relations between the regular nearrings and feebly Baer nearrings.
Following the terminology of [8], a nearring with all idempotents central will be called an abelian nearring. The
main results, we prove in this paper are as follows:

(i) For a regular nearring N, the feebly Baerness of N- groups and cyclic N-groups coincides.
(ii) If N is feebly Baer and right quasi morphic, then it is regular.
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Feebly Baer N-groups and Nearrings 677

(iii) Every feebly Baer and right morphic nearring satisfying intersection-factor-property (IFP) is unit regular.
The converse is also true in the case of abelian nearrings.

(iv) N is strongly regular if and only if N is feebly Baer and right centrally morphic.

(v) For abelian nearrings, any right N-group M is feebly Baer if and only if right N[x]-group M[x] is feebly
Baer, where N[x] is a nearring of polynomials in variable x.

(vi) If anearring N has no non-zero nilpotent elements, then the nearring of quotients N of N is feebly Baer if
and only if N is weakly complemented (if ij = 0 in N, then there exist finitely generated ideals I and J of
N suchthati € I, j € J, IJ = {0} and I 4 J contains a non-zero divisor of N), if and only if the nearring
of quotients s N of N is weakly complemented.

2 Feebly Baer N-groups

Throughout this paper, N is a zerosymmetric left nearring with identity 1. Let M be an additive group. Then M
is said to be a right N-group if there exists a map M x N — M satisfying (i) m(n| + ny) = mn| + mno, (ii)
m(niny) = (mny)ny and (iii) (my + mo)z = miz + moz forall m,my,my € M, n;,ny € N and z belongs
to multiplicative center of nearring N. Here afterwards, a right N-group will be called N-group. An N-group is
said to be cyclic if there exists an element m € M such that M = mN. A non-empty normal subgroup M’ of
M is said to be a right N-subgroup of M if m'n € M’ and, a right N-ideal of M if (m + m’)n — mn € M’ for
allm e M,m' € M’ and n € N [10]. A right N-subgroup A is said to be a semi-direct summand of N if there
exists aright N-ideal B of N such that N = A @ B. For an N-group, right annihilator of m € M in N is denoted
by ry (m). We follow the definitions of right ideal, left ideal and ideal of a left nearring N from [10]. Forn € N,
(n), and (n) denote right N-ideal and ideal of N generated by n respectively (see [4]).

Lemma 1 Suppose that M is an N-group over a zerosymmetric nearring N. Then the following statements are
equivalent:

(i) If mn = 0 for some m € M and n € N, then there exists an idempotent e in N such that me = 0 and
en' = n for somen’ € N.

(ii) ry(m) = {eiN : e} = e; € ry(m)}.

1

Proof (i) = (ii) Suppose that (i) holds and mn = 0. Then, there exists an idempotent e in N such that me = 0

and en’ = n for some n’ € N. Thus, n € eN implying that ry(m) € eN € |J{e;N : e7 = e; € ry(m)}. On
i

other hand, n € | {eiN : el.2 =¢; € rN(m)}, thus n = e;n’ for some n’ € N. So mn = (me;)n’ = 0.

1
(ii) = (i) Foranym € M and n € N, let mn = 0, then (ii) yields that n € eN for some idempotent e in N
which implies that me = 0 and en’ = n for some n’ € N. O

Definition 1 An N-group My is called feebly Baer if every element of M satisfies the equivalent conditions of
Lemma 1 and the nearring N is feebly Baer if Ny is a feebly Baer N-group.

Lemma 2 Let M’ be a right N-subgroup of an N-group M. Then the following statements are true:

(1) M’ is feebly Baer, if M is feebly Baer.
(ii) Let M; € I be any chain of feebly Baer right N-subgroups of M, then \ ] M; is again a feebly Baer N-group.

1
(i) An N-group My is said to be torsionfree if ry(m) = 0 for all 0 # m € M. Suppose that N is a nearring
with no non-trivial idempotents, then My is feebly Baer if and only if it is torsionfree.

Proof (i) and (ii) are obvious.

(iii) Firstly suppose that M is feebly Baer. Let mn = 0 for some non-zero m € M and n € N, then by
Lemma 1, there exists an idempotent ¢ € N such that me = 0 and en’ = n for some n’ € N. But N has no
non-trivial idempotents so if e = 0, then n = 0; and if ¢ = 1, then m = 0, which shows that both the cases give
contradiction to our assumption. Hence ry (m) = O for all 0 # m € M; that is, M is torsionfree. Conversely, if
M is torsionfree, then ry (m) = 0; that is, mn = 0 implies that » = 0. Hence for all 0 # m € M, the condition
(1) of Lemma 1 is satisfied with e = 0 and n’ = 0. If m = 0, then we can take e = 1. ]

Definition 2 An N-group My is called p.p. N-group if and only if for any m € M, ry(m) = eN for some
idempotent e in N. For example, every torsionfree right N-group is a p.p. N-group.
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Proposition 3 An N-group M is a p.p. N-group if and only if it is feebly Baer with ry(m) = eN for some
ecN.

Proof Suppose that for any m € M, ry(m) = nN for some n € N. Since by Lemma 1, ry(m) =
U {eiN : el.2 =e¢; € rN(m)}, we have n € eN for some idempotent e € ry(m) and hence ry(m) = eN.

1
The converse is obvious. O

3 Feebly Baer N-groups over regular nearings

In this section, we discuss various relations between feebly Baer, regular, weakly and strongly regular nearrings,
their homomorphic images and feebly Baer N-groups and p.p. N-groups. First, we give the definitions of
aforementioned terms.

Definition 3 A nearring N is said to be regular if for any a € N, there exists b € N such that aba = a. If b is
a unit in N, then N is called unit regular. An N-group M is regular if for any m € M, m = m(mf) for some
f € Homy(M, N). A weakly regular nearring is defined in [3] as having the property that n € (n),.n for every
n € N. An N-group M is called cyclically presented if M = N /(n), for somen € N.

We note that strictly semisimplicity of a nearring N coincides with the property that every N-group is p.p.
N-group in case N is abelian.

Theorem 4 [f nearring N is strictly semisimple, then every N-group becomes p.p. N-group. The converse is
true in case of abelian nearrings.

Proof Suppose that N is strictly semisimple, then ry (m) is a right N-subgroup of N, for every m in an N-group
M, which is cyclic and generated by an idempotent (see [6]). Hence, My is a p.p. N-group. For converse,
suppose that every N-group is p.p. N-group. Then, for any right N-ideal A of N, M = N/A becomes a p.p.
N-group. Therefore, for I = 1 + A € M, we have A = ry(1) = eN for some idempotent ¢ in N. Let
B =ry(e) = (1 —e)N,then N = A + B with AN B = {0}, proving that N is strictly semisimple. |

Next we have theorem giving equivalent condition for a regular nearring N to be feebly Baer.
Theorem 5 The following statements are equivalent for a nearring N:

(1) Every N-group is feebly Baer.

(i1) Every cyclic N-group is feebly Baer.
(iii) Every cyclic semi-direct summand of N is feebly Baer.
(iv) N is a regular nearring.

Proof (i) = (ii) = (iii) are obvious.

(iii) = (iv) Let a € N such that aN is a cyclic semi-direct summand of N, then there exists a right
N-ideal B of N such that N = aN @ B. Since 1 € N, we have 1 = an + b forsomen € N and b € B.
Thus a = l.a = (an + b)a — ana + ana which implies that a — ana = (an + b)a — ana € B. Also
a —ana = a(l — na) € aN, therefore, a — ana € AN B = {0}. Hence a = ana for some n € N; thatis, N is
a regular nearring.

(iv) = (i) Let M be an N-group and ma = 0 for some m € M and a € N. By (iv), for any a € N, there
exists some b € N such that a = aba, so e = ab becomes idempotent element of N. Also, me = m(ab) =
(ma)b = 0b = 0 and ea = aba = a. Hence My is feebly Baer. |

As an easy consequence of the above theorem, we have

Corollary 6 (i) The homomorphic image of a regular nearring is a feebly Baer nearring.
(i) If N is a regular nearring then every simple N-group is feebly Baer.

Proof (i) Suppose that N is a regular nearring. Then for any f(a) € f(N), there exists b € N such that
f(a) = f(aba) = f(a)f(b)f(a), thatis, f(N) is regular nearring hence by Theorem 5, f(N) is feebly Baer.
(ii) True by Theorem 5. O

A partial converse of the above results is proved below.
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Proposition 7 (i) If every homomorphic image of a feebly Baer nearring N is feebly Baer, then N is weakly
regular.
(ii) For an abelian nearring N, if every simple N-group is feebly Baer, then N is weakly regular.

Proof (i) Forany a € N, define N = N/(a),, which is an N-group. Let@ = 1 + (a),, then aa = 0. Since N is
feebly Baer, so there exists an idempotent e € N such that ge = 0 and ea’ = a for some a’ € N. Thus ¢ € (a),
hence a = ea € (a),a, proving that N is weakly regular.
(i7) Suppose that N is not weakly regular. Then a ¢ (a),a for some a € N. Let
={I; C N : I s are right N-ideals of N and (a?), C I; C (a),}
be non-empty and partially ordered set with respect to the inclusion of subsets. Let C = {I; € 2} be a chain

in @, then UI- becomes a right N-ideal of N and (a?), C (U I) )r,as (@?), € I; C (a), for all i,

which 1mphes that U I; is in Q. Thus by Zorn’s lemma we can choose / € €2, a maximal element in €2 such that

(@, c1 C (a),. Then (a)r/1 becomes simple N-group hence feebly Baer. Note that aa = 0in (a),/I where
a = a + 1, then there exists an idempotent ¢ € N such that @de = 0 and ea’ = a for some @’ € N. Thus ae € I
hence a = ea = ae € I, a contradiction to our assumption. O

The regular property of a nearring N is stronger than feebly Baerness of its cycllically presented and singular
cyclic N-groups.

Theorem 8 For any regular nearring N, we have

(1) Every cycllically presented N-group is feebly Baer.
(ii) Every singular cyclic N-group is feebly Baer.

On the other hand, if (i) or (ii) are satisfied, then N is weakly regular.

Proof For any regular nearring N, (i) and (ii) follow from Theorem 5.

Now assume that (i) is true, then for any n € N, define N = N/(n),, which is an N-group. Let T = 1+ (n),
then Tn = 0. Since N is feebly Baer, so there exists an idempotent e in N such that Te = 0 and en’ = n for some
n’ € N.Thus e € (n), and hence n = en € (n),n implying that N is weakly regular.

For second half, assume that (i7) is true, let n € N, then by Zorn’s lemma, there exists a right N-ideal L of
N which is maximal with respect to property that (n), N L = {0}. Thus (n), & L is an essential right N-ideal
in Ny, hence N = N/({n), ® L) becomes a singular N —group. Taking 1=1+ ((n), ® L), we have ln =0.
Since N is feebly Baer, so there exists an idempotent e in N such that e = 0 and en’ = n for some n’ € N.
Thus, e € (n), @ Landhencen =en € ((n), ® L)n € (n),n@® L;thatis,n— (n),n € L.Butn— (n),n € (n),,
hence n — (n),n € (n), N L = {0} implying that n € (n),n. Hence N is weakly regular. |

Definition 4 Anelementa € N is said to be right quasi morphic if there exist b and ¢ in N such thatry(a) = bN
and aN = ry(c). N is right quasi morphic if its every element is right quasi morphic. Further, a is said to be
right morphic if there exists b € N such that ry(a) = bN and aN = ry(b). Similarly, N is right morphic if its
every element is right quasi morphic. If b is central in NV, then N is said to be right centrally morphic. A strongly
regular nearring is a regular nearring which is abelian.

Lemma 9 The following statements are true for any nearring N:

(1) Every unit u is right morphic in N and uN = N.
(i1) Foranya € N, ry(a) = ry(ua) and ury(a) = rN(au_l)for any unitu in N.
(iii) If a is right morphic in N, then so is au and ua for any unit u in N.

Proof (i) If u is a unit in N, then ry(u) = {n € N :un =0} givesn = 0 as u~! exists in N. Define a

map f : N — uN by nf = un, which is an onto N-homomorphism. Thus by First Theorem on N-
isomorphism, we have N /ry(u#) = uN; that is, N = uN. Hence for any unit # in N, we have ry(u) = 0
and ry(0) = N = uN, proving that u is right morphic in N.

(i) Ify e ry(a),thenay = Oifand only if (ua)y = Oif and only if y € ry(ua). For second part, let y € ury(a),
then y = ux for any x € ry(a) implies that (auH(ux)=0= a(u_ly) andsoy € ry(au™"). Conversely,
suppose that y € ry(au~Y) then (au=Hy =0 =a(uy) implying that u~'y € ry(a); thatis, y € ury(a).
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(iii)) Leta € N be right morphic element in . Then there exists b € N such thatry(a) = bN and aN = ry(b).
For any unit « in N, by (), uN = N = u~'N. So (au)N = auN) = aN = ry(b) = ry(u=tb) (by (i)
and (u’lb)N =u! (bN) = ulry@) =ry (au) (by (ii)), proving that au is right morphic in N. Similarly,
ua can be proved right morphic in N.

O

Lemma 10 The following statements are true for a strongly regular nearring N:

(i) N has no non-zero nilpotents elements.
(i1) N is reversible; that is, if ab = 0 then ba = 0 and hence satisfies IFP (Intersection Factor Property).
(iii) Every regular N-group is feebly Baer.

Proof (i) and (ii) are obvious.

(i1) Let My be aregular N-group such that ma = 0 for some m € M and a € N. Then by definition of regular
N-group, we have m = m(mf) for some f € Homy (M, N) which gives thatmf = (m(mf)) f = (mf)z;
that is, mf is an idempotent in N. Define e = 1 — mf, then e becomes an idempotent in N such that
me = m(l —mf) =m—m(@mf) =0and ea = ae = a(l —mf) = a—a(mf) = a — (mf)a =
a— (ma)f =a—(0)f =a—0=a.Hence, My is feebly Baer.

O

By using above results, we have
Theorem 11 The following statements are true for a nearring N:

(1) If N is feebly Baer and right quasi morphic, then it is regular.
(i1) Every feebly Baer and right morphic nearring satisfying IFP is unit regular. The converse is also true in the
case of abelian nearrings.
(iii) N is strongly regular if and only if N is feebly Baer and right centrally morphic.

Proof (i) Suppose that N is feebly Baer and right quasi morphic. As N is right quasi morphic, forany a € N,
there exist b, c € N such that ry(a) = bN and aN = ry(c), which implies that ab = 0 = ca. Since N
is feebly Baer, so there exists an idempotent e in N such that ae = 0 and eb’ = b for some b’ € N. Here
bN =ry(a) =ry(a(l —e)) 2 eN D bN which implies that ry(a) = eN showing that right annihilator
of each element of N is generated by an idempotent of N. In particular, aN = ry(c) is generated by an
idempotent; that is, there exists an idempotent ¢’ in N such that aN = ¢’ N. Therefore, there exist some
n,n’ € N such thata = ¢’n and ¢’ = an’ implies that ¢'a = ¢’n = a as ¢’ is an idempotent in N and also
¢'a = an’a hence an’a = a for some n’ € N.

(i1) Suppose that N is feebly Baer and right morphic. For any a € N, there exists b € N such thatry(a) = bN
and aN = ry(b) which implies that ab = 0 = ba. By (i), there exist idempotents e,, ¢, € N such that
aN = e,;N and bN = ¢, N. Hence an,a = a and bnpb = b, where e, = an, and e, = bn;, for some
ng,np € N.Letu = b + nge,. We shall prove that u is a unit in N by proving that ry (1) = 0 (see
Lemma 9) which gives that 1=uv for some v € N. If we define a map f' : N — vN by nf’ = vn then
N = vN,so 1l = vy for some y € N. But u = uvy = y showing that uv = vu = 1. Suppose that
y € rn(u), then uy = 0 = (bnpu)y = (bnp(b + neeq))y = (bnpb + bnpngeqa)y = (bnpb)y = by by
using IFP and bnpb = b; thatis, y € ry(b) = aN so y can be written as an for some n € N. Note
that 0 = a.0 = a(uy) = a(b + ngeq)y = (angeq)y = (ang)an = an = y proving that ry(u) = 0.
Also aua = a(b + nye,)a = anga = a, showing that N is a unit regular nearring. Conversely in abelian
nearring, every idempotent is right morphic. For, if e is an idempotent element in N then 1 — e is also
an idempotent of N. We know that (1 — e)N C ry(e). Conversely, let y € ry(e) then ey = 0 = ye
hence y = y(1 —¢) = (1 —e)y € (1 —e)N thus (1 —e)N = ry(e). Note that (1 — e)e = 0 gives
that eN C ry(1 — e). Conversely, suppose that y € ry(1 —e) then (1 —e)y = 0 = y(1 — e) giving
that y = ye € eN. Hence, e is right morphic in N. Note that by Theorem 5, N is feebly Baer and by
Lemma 9(iii), for any right morphic element a, au and ua are right morphic in N for every unitu € N.
Since e = au is a idempotent in N hence right morphic in N so eu~! = a is right morphic in N, proving
that N is right morphic.

(iii) Suppose that N is feebly Baer and right centrally morphic. Since N is feebly Baer, so it is regular by
Theorem 5. Now it only remains to prove that idempotents are central. Let e be an idempotent in N. Then
since N is right centrally morphic so there exists b € N such that ry(e) = bN = Nb and eN = ry(b).
Note that e(1 —e) = 0 givesthat 1 —e € ry(e) = bN = Nb thus n(l —e) € bN = ry(e); that is,
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en(l—e) = Oimplying thaten = ene. Alsory(b) = {n € N : bn = 0} = eN; thatis, be = 0 = eb = bne
forall n € N, then ne € ry(b) = eN hence ne = en’ for some n’. Therefore, en = ene = ne; that is,
e is central. Conversely, since if N is strongly regular, then for all @ € N there exists a unit ¥ in N such
that a = aua; that is, N is unit regular [9, Proposition 5]. Hence, N is feebly Baer (by Theorem 5) and by
(ii), N is right morphic. Thus by (i), for any a € N, there exists b € N such that ry(a) = bN = eN and
aN = ry(b) for some idempotent ¢ € N. It is only left to prove that ry(e) = aN. Since ae = 0 = ean,
because e is central, which implies that a N C ry (e). For converse, suppose that y € ry(e). Since b € eN,
thus b can be written as en for some n € N. Also N satisfies IFP, so we have eny = 0 = by so that
y € ry(b) = aN implying that ry(e) € aN. Hence, N is right centrally morphic.

O

4 Feebly Baer N-groups over Abelian nearrings

Throughout this section, N is an abelian nearring which is commutative w.r.t. addition. The main results of this
section are regarding (i) the feebly Baerness of N-group M /I, where I is aright N-ideal of M and (ii) the feebly
Baerness of polynomial extension and power series extension of N-group M.

For abelian nearrings, the following result provides the single idempotente € N for finite number of m;n; = 0
where m; € M andn; € N when My is feebly Baer.

Lemma 12 The following statements are equivalent for an N- group M :

(i) My is feebly Baer.
(i) Ifmgn, = Owheremgy € M andn; € N fors =0, 1,...,nandt =0, 1, ..., k then there exists an idempotent
e € N such that mg = mge and n; = (1 — e)n; for all s and t.

Proof (i) = (ii) We use induction on s. Let My be feebly Baer, so there exist idempotents ¢, € N such
that mg = moe; and n; = (1 — e;)n, for all ¢t. Set e = ege;...e; so we have ¢ = e because N is abelian
thus mo = mge and en; = e(1 — ¢;)n; = 0; that is, n; = (1 — e)n; for all ¢. Hence (ii) is true for s = 0.
Suppose that s > 1 and for induction, we assume that there exist idempotents e1, e € N such that m; = mge;
andn;, = (1 —ep)n, foralls =0,1,....n—1landt =0, 1, ..., k; m;, = muep and n; = (1 — ep)n, for all
t=0,1, ..,k Set f =ej+ery—ejey sowehave f2 = f,e1f =e1,eaf =exand(1—e)(1—e2) = 1—f.Thus
(I=FHny = A—=e)((1=ex)n;) = (1—e)n; = nyandmy, f = (muez) f = my (e f) = myex = my. Moreover,
foralls =0,1,...,n — I,m; f = (mje1) f = m;(e1 f) = mje; = m;. Hence (ii) holds fors =0, 1, ..., n.

(i) = (i) Letmn = Oforsomem € M andn € N, then there exists an idempotent e € N such thatm = me
andn = (1 —e)n.Define | —e = f, then f becomes idempotentin N suchthatmf =0and fn = (1—e)n =n
for some n € N. Hence, My is feebly Baer. O

Using Lemma 12, we have
Theorem 13 Suppose that M is an N-group and 1 its right N-ideal. Then the following statements are true:

(1) The direct sum of any two feebly Baer right N-ideals is again feebly Baer.
(i) If I and M /I both are feebly Baer, then so is M.

Proof (i) We know that the union of any chain of feebly Baer right N-ideals of an N-group is again feebly
Baer N-group so we only have to prove that direct sum of two feebly Baer N-groups is again feebly Baer. Let
M = M + M> where M and M, are feebly Baer right N —ideals of M. Suppose that mn = O for some m € M
and n € N. Since m can be written as m| + mo, where m; € My and mp € M, then min = mon = 0. Hence
by Lemma 12, there exists an idempotent e € N such that mie = m1, mpe = my and en = 0. Thus we have
me = (my +mp)e =mie+mpe =m; +my =mandn = (1 — e)n.

(ii) Letmn = O forsomem € M andn € N. Then (im+1)n = 0in M/I. Since M /1 is feebly Baer, so there
exists anidempotente € N suchthatm+1 = (m+1)e = me+1andn = (1—e)n. Thusm—me = m(l—e) € I
and (m(1 —e))n = m((1 — e)n) = mn = 0. Since [ is feebly Baer, there exists an idempotent f € N such that
m(l—e)=m(l—e)fandn=(1— f)n=(1— f)(1 —e)n. Setting g = e + f — ef, we have g2 = g such
that mg = (me)g = me = m and n = (1 — g)n, proving that My is feebly Baer. |

For any nearring N, a nearring of polynomials in variable x denoted by

k
Nix] = {Znixi tk>0,n € M}

i=0
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682 R. P. Sharma, S. Chandel

becomes nearring by defining addition: Y n;x’ + Y n;//x' = Y (n; + n;")x’ and multiplication for any
i i

i

an Zn]xfeN[x]as

i=0 Jj=0
k k' k+k'
o) (0w ) =5 (52 0|
i=0 j=0 s=0 \i+j=s

In the absence of right distributive law in nearring N, one should collect the coefficients of the same degree of
variable x before multiplication of two elements in N [x]. Similarly, we can define N[[x]] = { > n; xiinjeN }

a nearring of power series in variable x by addition and multplication as defined above. For any N-group M, the
polynomial extension of M denoted by

M[x] = {Zmixi n>0,m; EM}

i=0
becomes a right N[x]- group over N[x] by defining addition componentwise and scalar multiplication for any

me € M[x] and Zn,xl e N[x] as

i=0 j=0
n k n+k
(2o} () =32 X ]
i=0 j=0 s=0 \i+j=s

Similarly, the power series extension of M denoted by

M[[x]] = {Zmixi cm; € M}

i=0
becomes aright N[[x]]- group over N[[x]] by defining addition componentwise and scalar multiplication for any

me € M[x andanx/eN[x]as

i=0 j=0
00 00 00
ol ] = . s
(o) () = 2 3 )
i=0 =0 s=0 \i+j=s

Now, we prove a main result of this section.

Theorem 14 [f N is an abelian nearring, then the following statements are equivalent for an N-group M :

(i) My is a feebly Baer N-group.
(i1) M[x]n[x is a feebly Baer N|x]-group.
(i) If m(x)n(x) = 0, where m(x) € M[x] and n(x) € N|[x], then there exists an idempotent e € N such that
m(x) = m(x)e and en(x) = 0.

n .
Proof (i) = (iii) Let My be feebly Baer. Suppose that m(x)n(x) = 0 for some m(x) = Y m;x' € M[x] and
i=0
k .
n(x) = Y njx/ € N[x]. Then we shall prove that m;n; = 0 by induction on s = i + j. Note that mono = 0
j=0
so result is true for s = 0. Suppose that each component in the coefficient of x* is zero. Now we will prove the
same for coefficient of x5*!; that is, if

monsy1 +ming + ... +mgyping = 0 (1)
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then each component in (1) is zero. Since mong = mons—1 = ... = mong = 0 by (1), so there exist idempotents
eor € N such that mg = moeq, and eg;ns—, = Oforallr =0, 1, ..., s. Setting eg = egpeo ---€0s, We have e(z) = ¢
such that mg = mgeg and egng_; = 0 forallt =0, 1, ..., s. So from (1),

mongy1eo +mingey + ... +mgrinoeg =0
which implies that mong+1e9 = mong+1 = 0. So we are left with
ming +mong_y...+msying =0

Again by repeating the same procedure, we have miny = 0 and so on. Hence, m;n; = Oforalli =0,1,...,n
and j =0, 1, ..., k. Therefore by Lemma 12, there exists an idempotent e in N such thatm; = m;eanden; =0
foralli =0,1,...,nand j =0, 1, ..., k. Hence m(x) = m(x)e and en(x) = 0, proving (iii).

In order to show that (iii) = (i) and (i7) and (iii) are equivalent, it suffices to show that the idempotents of
N[x] are exactly the idempotents of N. For, let p(x) = ng +nix + ... + ngxk be an idempotent in N[x]. Then
(p(x))? = p(x) which implies that ng is an idempotent in N and hence central. Suppose that k > 1 is the smallest
positive integer such that ny # 0. Then 2ngny = ni which further gives n;y = 0, which is a contradiction. Hence,
p(x) =ng e N. |

As an easy consequence of above theorem, we have
Corollary 15 For an abelian nearring N, Ny is feebly Baer if and only if N[x]|n|x] is feebly Baer.
Finally, we prove a result similar to Theorem 14.

Theorem 16 Suppose that N is an abelian nearring. Then the following statements are equivalent for an N -group
M:

(1) MI[x]1Inx is a feebly Baer N[[x]]-group.
(i) Ifminj =0, where m; € M andnj € N fori =0,1,...and j =0, 1, ..., then there exists an idempotent
e € N such thatm; = mje andenj =0foralli =0,1,...and j =0, 1, ....
(iii) Ifm;(x)n;(x) =0, where m;(x) € M[[x]] andn;(x) € N[[x]] fori =0,1,...and j =0, 1, ..., then there
exists an idempotent e € N such that m;(x) = m;(x)e and enj(x) =0 fori =0,1,...and j =0, 1, ....

Proof (i) = (ii) Letm;n; = 0,wherem; € M andn; € Nfori =0,1,...and j =0, 1, .... Accordingly define

n . k .

m(x) = (Z m,-x’) andn(x) = (Z n;x’/ | whichimplies thatm (x)n(x) = 0. Hence by (i), m(x) = m(x)e(x)
i=0 j=0

and e(x)n(x) = 0 for some idempotent e(x) € N[[x]]. But the idempotents of N[[x]] belong to N because N

is abelian so we have e = e(x) € N. Thus m(x) = m(x)e and en(x) = 0 implying that m; = m;e and en; =0

foralli =0,1,...and j =0, 1, ....

o0 . o .
(ii) = (i) Suppose thatm(x)n(x) = Oforsomem(x) = ) m;x' € M[[x]]andn(x) = Y n;x/ € N[[x]].
= j=0
On a similar argument in the previous theorem, we can say that m;n; = O foralli =0,1,...and j =0, 1, ....
Thus by (ii), there exists an idempotent e € N such that m; = m;e and en; = 0 for all i and j. Hence
m(x) = m(x)e and en(x) = O; that is, (M[[x]]) yy[x]) is feebly Baer.

o0 .
(ii) = (iii) Note that (ii) implies that My is feebly Baer. Define m;(x) = <2 m§’>x~*> e M[[x]] and
s=0

o .
nx) = <Z nf”xt> € N[[x]] such that m;(x)n;(x) = O for every i and j. On similar argument in previ-
=0

ous theorem, this implies that m?)nfj) =0foralls = 0,1,...and t = 0, 1, .... Since both the sequences
mﬁi) i=0,1,...;5=0,1, ... and ngj) :j=0,1,...;t =0, 1, ... are countable, by (ii), there exists an idempo-
tent e € N such that m@ = mﬁi)e and engj) = Ofori, j, s and ¢. Thus we have m; (x) = m;(x)e anden;(x) =0
foralli =0,1,...and j =0, 1, ....

(iii) = (i) True by definition of feebly Baer N-group. O
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5 Nearrings of quotients

Let S be a subsemigroup of N containing all non-zero divisors of N and N satisfies the left ore condition (for
any s € Sandn € N, there exists s € Sandn; € N such that sjn = nys). Since § is cancelable and N satisfies
left ore condition with respect to S, it follows from [10, Theorem 1.65] that the nearring of left quotients s N with
respect to subsemigroup S exists. This section contains two necessary and sufficient conditions for the nearring
of quotients s N of N to be feebly Baer and a result that Q = N x N is feebly Baer if and only if N is feebly
Baer.

Theorem 17 Suppose that N has no non-zero nilpotent elements, then the following conditions are equivalent
for a nearring satisfying the left ore condition with respect to subsemigroup S of N:

(i) sN is feebly Baer.
(ii) Ifab = 0 in N, then there exist finitely generated ideals A and B of N such thata € A, b € B, AB = {0}
and A + B contains a non-zero divisor.
(iii) If y8 = 0in gN, then there exist finitely generated ideals I and J of sN such thaty € I, § € J, IJ = {0}
and I 4+ J contains a non-zero divisor.

Proof sN has no non-zero nilpotent elements. For, let (s, n) € gN such that (s, n)> = 0in gN. Since N satisfies
the left ore condition so for (s, n) € gN, there exists (s1,n1) € sN such that s;n = nys; thus, nyjn = 0in N.
Since N satisfies IFP, so we have nisn = 0 = s;n? implying that n% = 0 as s; is a non-zero divisor of N. But
N has no non-zero nilpotent elements so we have n = 0; that is, (s, n) = 0 in gN.

(i) = (iii) Suppose that 8 = 0 in gN. Since gN is feebly Baer, hence there exists an idempotent € € g N
suchthaty = yeanded = 0.Hencey € esN = gNe C (¢) = Tandd € (1—€)sN = sN(1—e€) C (1—€) = J,
where I = (€) and J = (1 — ¢€) are ideals of gN, both finitely generated by € and 1 — € respectively. Note that
I1J = {0} and 1 € I 4+ J having non-zero divisor.

(iii) = (ii) Letab = 0 in N. By using (ii7), there exist finitely generated ideals / and J of ¢/ such that
aecl,be J,IJ={0}and I + J contains a non-zero divisor of ¢/N. Since all non-zero divisors in g/N are units
and hence I + J = gN. Thus there existi, j € N suchthati € I, j € J and i + j is a non-zero divisor of N.
Now let A = (a) + (i) and B = (j) + (b) so we have AB = {0} and i + j € A + B is a non-zero divisor of N
where A and B are ideals of N, proving (ii).

(ii) = (i) Let (s1,n1)(s2,n2) = 01in gN. Since N satisfies the left ore condition so for any (sp, n1) € sN,
there exists (s, n}) € gN such that sjny = n/sy; that is, niny = 0 = n)sony in N because N satisfies IFP.
Hence s{njny = 0 implying that nyny = 0in N because s is a non-zero divisor of N. By hypothesis, there exist
finitely generated ideals A and B of N suchthatn; € A,n; € B, AB = {0} and A + B contains a non-divisor g
of N.Define A = {(s,a) :s € S,a € A}and sB = {(s,b) : s € S, b € B, }, hence both become ideals of gN.
Since ¢ is a unit in gN, so for any (s, n) € gN, we have (s,n) = (gs,qn) € s(A+ B) € sA + sB. Suppose
thaty € sSANgBsoy = (s,a) = (t,b) forsomea € A,b € B and s,t € S. Thus there exists (s4, n4) € sN
such that s45 = n4t and ssa = nab but sqa = nsb € AN B = {0}, hence y = 0 proving that yN = sA & sB.
Lete; + e = 1 € gN where €] € gA and €, € gB. Note that €] = €;.1 = €(€] + €2) = €12 + €€, which
implies that €] = €12 because sAgB = {0}. Hence, we have an idempotent €; € gN such that €1 (n2, s2) =0 =
(n2, s2)€1 implying that (ny, s2) = (n2, s2)(1 — €1) and (n1, s1)e2 = (n1, s1)(1 — €1) = 0 which further gives
(n1,s1) = (n1, s1)€1, proving that g N is feebly Baer. O

Finally, we prove some equivalent conditions for N to be feebly Baer nearring.
Theorem 18 Suppose that Q = N x N and I = {0} x N. Then the following statements are equivalent:

(1) Q is afeebly Baer nearring.

(i1) The Q-group g is a feebly Baer.
(iii) The Q-group (Q/I)¢ is a feebly Baer.
(iv) N is a feebly Baer nearring.

Proof (i) = (ii) Obvious.

(ii) = (iv) Letab = 0in N. Then (0, a)(0, b) = (0, 0) in /. By (ii), there exists an idempotent (e1, e3)
in Q such that (0, a)(eq, e2) = (0,0) and (e, e2)(b1, b2) = (0, b) for some (b1, by) € Q. Thus ae, = 0 and
exbr = b for some by € N, where e is an idempotent of N. Hence, N is feebly Baer.

(iv) = (i) Suppose that (a1, b1)(az, by) = (0,0) in Q. Then aja, = 0 and b1by = 0 in N. By (iv), there
exist idempotents ey and e; in N such that aje; = 0, ejay = ay, bie; = 0 and eb), = b, for some a5, b, in N
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implying that (ag, b1)(e1, e2) = (0,0) and (eq, ez)(aé, b/z) = (0, 0), where (e1, e2) becomes an idempotent in
Q, which shows that Q is feebly Baer.

(iii) = (iv) Let ab = 0 in N. Then we have (a, 0)(b,0) = ((a,d’) + I)(b, 0) for some @’ € N which
implies that (a, 0)(b,0) = (ab,0)+1 = (0,0) +1 = (0,0) in (Q/I)g. Since (Q/I) is feebly Baer, so
there exists an idempotent (ej, ez) € Q such that (a, 0)(e1, e2) € I and (ey, e2)(b], b’z) = (b, 0) for some
(b}, by) € Q. Note that e; is an idempotent of N such that ae; = 0 and e;b}| = b for some b} € N implying
that N is feebly Baer.

(iv) = (iii) Let (a,0)(b1, b2) = (0,0) in (Q/I)p. We have ab; = 0. By hypothesis, there exists an
idempotent ¢ € N such that ae = 0 and eb] = by for some b’ € N. Note that (a,0)(e, 1) = (ae, 0) and
(e, 1)(b}, by) = (b1, by) where (e, 1) is an idempotent of Q, proving that (Q/I)g is feebly Baer. |
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