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1 Introduction

As the basic geometric property in Banach space, k-rotundity was introduced by Singer [1], which is closely
related to k-smoothness and reflexivity, and has been widely applied in best approximation [2,3].

A Banach space X is called a k-rotund (k ≥ 1) space [4] provided that ‖xi‖ = 1(i = 1, 2, · · · , k + 1) and
‖x1 + x2 + · · · + xk+1‖ = k + 1 implies that {xi }i≤k+1 are linearly dependent. Obviously, k-rotundity is the
generalization of rotundity. The criteria of k-rotundity in Orlicz spaces were obtained by Shi and Wu etc [5,6].

We call a function ϕ : R → R+
⋃{0} an Orlicz function [4] if ϕ is convex, even, ϕ(0) = 0, ϕ(u) > 0 for all

u > 0, limu→0
ϕ(u)

u = 0 and limu→∞ ϕ(u)
u = ∞. Its complementary function ψ is defined by

ψ(v) = sup
u>0

{|uv| − ϕ(u)}

for all v ∈ R. If ϕ is an Orlicz function, then its complementary function ψ is also an Orlicz function. Recall
that an Orlicz function ϕ satisfies the condition�2(0) (ϕ ∈ �2(0) for short) if there exists a constant K ≥ 2 and
a constant u0 > 0 such that ϕ(2u) ≤ Kϕ(u) whenever u ∈ [0, u0]. If ϕ(α1x1 +α2x2) < α1ϕ(x1)+α2ϕ(x2) for
any x1, x2 ∈ [a, b] and any α1, α2 ∈ (0, 1) with α1 + α2 = 1, then ϕ is said to be strictly convex [4] at [a,b].

Let l0 be the space of all sequences x : N → (−∞,∞). Give any x ∈ l0, the distribution function and
nonincreasing rearrangement [7] of x are defined as follows

dx (θ) = μ{ j ∈ N : |x( j)| > θ},
x∗( j) = inf{θ > 0 : dx (θ) < j},

where μ denotes the counting measure on N. A weight sequence ω = (ω( j)) is nonincreasing sequence of
positive real numbers such that

∑∞
j=1 ω( j) = ∞.
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k-rotundity of Orlicz-Lorentz sequence spaces 687

For a real number sequence x = (x(1), x(2), · · · ), its modulus is defined as

ρϕ,ω(x) =
∞∑

j=1

ϕ(x∗( j))ω( j).

It is well known that the linear space

λϕ,ω = {x = (x(1), x(2), · · · ) : ρϕ,ω(hx) < +∞ for some h > 0}
equipped with the Luxemburg norm

‖x‖ϕ,ω = inf
{

h > 0 : ρϕ,ω
( x

h

)
≤ 1
}

or the Orlicz norm

‖x‖◦
ϕ,ω = sup

{ ∞∑

i=1

x∗(i)y∗(i)ω(i) : ρψ,ω(y) ≤ 1

}

forms a Banach space [8,9]. Which is called Orlicz-Lorentz sequence space, and denoted by λϕ,ω and λ◦
ϕ,ω,

respectively. Cui, Foralewski and Kończak have shown that in Orlicz-Lorentz sequence space the Orlicz norm
and the Amemiya norm

‖x‖A
ϕ,ω = inf

k>0

1

k
(1 + ρϕ,ω(kx))

are equal [10].
From [8] we can see that for x ∈ λϕ,ω, ρϕ,ω(x) = 1 implies ‖x‖ϕ,ω = 1, and the converse is true whenever

ϕ ∈ �2(0). For x ∈ λ◦
ϕ,ω\{0}, we have [9]

‖x‖◦
ϕ,ω = 1

k
(1 + ρϕ,ω(kx)) if and only if k ∈ K (x) = [k∗, k∗∗],

where k∗ = inf{h > 0 : ρψ,ω(p(h|x |)) ≥ 1}, k∗∗ = sup{h > 0 : ρψ,ω(p(h|x |)) ≤ 1}. For more properties
about Orlicz-Lorentz space, we refer to [8–11].

2 Lemmas

Using the same way as [8], we can see that for x ∈ λϕ,ω, there holds

∞∑

j=1

ϕ(x∗( j))ω( j) = sup
ω̃∼ω

∞∑

j=1

ϕ(x( j))ω̃( j),

where ω̃ ∼ ω means that ω̃ and ω have the same distribution function.
Similarly as the proof of Theorem 2.4 and Lemma 3.2 in [8], one can get the following two lammas.

Lemma 1 If ϕ /∈ �2(0), then λϕ,ω contains an isometric copy l∞.

Lemma 2 If x, y ∈ λϕ,ω with |x( j0)| < |y( j0)| and |x( j)| ≤ |y( j)| for all j ∈ N, then x∗(s) < y∗(s) for some
s ∈ N.

The following two lemmas play important role in this paper.

Lemma 3 [6] If ϕ is a strictly convex function at [a, b] and a straight line segment at [b, c], then for any
x(1), x(2), · · · , x(n) ∈ [a, c], if exists x( j) ∈ (a, b), j ∈ 1, 2, · · · , n, then

ϕ

⎛

⎝1

n

n∑

j=1

x( j)

⎞

⎠ <
1

n

n∑

j=1

ϕ(x( j)).
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Lemma 4 Suppose that x1, x2, · · · , xn ∈ λϕ,ω satisfy

1

n

n∑

i=1

ρϕ,ω(xi ) = ρϕ,ω

(
1

n

n∑

i=1

xi

)

,

then

1. Sx1 = Sx2 = · · · = Sxn := H, where Sx = { j ∈ N : x( j) �= 0};
2. for any j ∈ H, there holds x p( j)xq( j) > 0 for any p, q = 1, 2, · · · , n, and so S 1

n

∑n
i=1 xi

= H;

3. there exists a mapping σ : N → N satisfying xi ( j) = (x∗
i ◦ σ)( j) for any i ∈ {1, 2, · · · , n} whenever

μH < ∞, as well as a mapping σ : H → N satisfying xi ( j) = (x∗
i ◦ σ)( j) for any i ∈ {1, 2, · · · , n}

whenever μH = ∞.

Proof If j0 ∈ Sx p\Sxq , then by limu→0
ϕ(u)

u = 0 and the condition for the equality to hold in Jensen’s inequality,
we have

ϕ

(
1

n

n∑

i=1

xi ( j0)

)

<
1

n

n∑

i=1

ϕ
(
xi ( j0)

)
.

Consequently 1
n

∑n
i=1 ρϕ,ω(xi ) < ρϕ,ω

( 1
n

∑n
i=1 xi

)
by Lemma 2. A contradiction shows Sx1 = Sx2 = · · · = Sxn .

Similarly as the proof above we can get (2). Next we will show the result (3).
Using the same method as [7], we can get that for x ∈ λϕ,ω, there exists a mapping σ : N → N satisfying

x( j) = (x∗ ◦ σ)( j) whenever μSx < ∞, as well as a mapping σ : Sx → N satisfying x( j) = (x∗ ◦ σ)( j)
whenever μSx = ∞. Therefore, if μH < ∞, we have

σ̃ : N → N,

(
1

n

n∑

i=1

xi

)

( j) =
(

1

n

n∑

i=1

xi

)∗
◦ σ̃ ( j),

and

σi : N → N, xi ( j) = x∗
i ◦ σi ( j)

for i = 1, 2, · · · , n. Hence by

ρϕ,ω

(
1

n

n∑

i=1

xi

)

=
∞∑

j=1

ϕ

((
1

n

n∑

i=1

xi

)∗
( j)

)

ω( j)

=
∞∑

j=1

ϕ

(
1

n

n∑

i=1

xi ( j)

)

ω(σ̃ ( j)) (1)

≤
∞∑

j=1

1

n

n∑

i=1

ϕ(xi ( j))ω(σ̃ ( j)) (2)

≤ 1

n

n∑

i=1

∞∑

j=1

ϕ(xi ( j))ω(σ̃i ( j))

= 1

n

n∑

i=1

ρϕ,ω(xi ) (3)

one can see that all equalities hold. Thus by equation (2), x1( j), x2( j), · · · , xn( j) are in the same structural
affine interval for j = 1, 2, · · · , and σ1 = σ2 = · · · = σn = σ̃ by (3).

If μH = ∞, we have

σ̃ : H → N,

(
1

n

n∑

i=1

xi

)

( j) =
(

1

n

n∑

i=1

xi

)∗
◦ σ̃ ( j),
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and

σi : H → N, xi ( j) = x∗
i ◦ σi ( j)

for i = 1, 2, · · · , n. Then we can get the similar result by change
∞∑

j=1

into
∞∑

j=1
j∈H

in (1),(2) and (3). �


3 k-rotundity in Orlicz-Lorentz sequence spaces equipped with the Luxemburg norm

Theorem 1 The Orlicz-Lorentz sequence space λϕ,ω is k-rotund if and only if

(1) ϕ ∈ �2(0), and

(2) ϕ is strictly convex on

[

0, ϕ−1
(

1
∑k+1

j=1 ω( j)

)]

.

Proof (Necessity) (i) If ϕ /∈ �2(0), then according to Lemma ?? λϕ,ω contains an isometric copy l∞. Which
contradicts with the k-rotundity of λϕ,ω.

(ii) If ϕ is not strictly convex on

[

0, ϕ−1
(

1
∑k+1

j=1 ω( j)

)]

, then there exists [a, b] ⊂
(

0, ϕ−1
(

1
∑k+1

j=1 ω( j)

))

such that ϕ(u) = αu + β on [a, b]. For simplicity, we set t = b−a
k+2 , then

k+1∑

j=1

ϕ
(
a + (k + 2 − j)t

)
ω( j) =

k+1∑

j=1

ϕ (b − t j) ω( j) <
k+1∑

j=1

ϕ (b) ω( j) < 1.

Thus combining the continuity of ϕ with
∑∞

j=k+2 ω( j) = ∞, there exist u0 ∈ (0, a) and N ∈ N such that

k+1∑

j=1

ϕ
(
a + (k + 2 − j)t

)
ω( j)+

N∑

j=k+2

ϕ(u0)ω( j) = 1. (4)

Let ε0 ∈ (0, t) and define

x1 =
k+1∑

j=1

(
a + (k + 2 − j)t

)
e j +

N∑

j=k+2

u0e j ,

xi =
k+1∑

j=1

(
a + (k + 2 − j)t

)
e j + ω(k + 3 − i)

ω(k + 2 − i)
ε0ek+2−i − ε0ek+3−i +

N∑

j=k+2

u0e j

for i ∈ {2, 3, · · · , k + 1}, where e j = (0, 0, · · · , 0, 1 ( j th), 0, · · · ).
The nonincreasing of (ω( j)) and ε0 ∈ (0, t) follows that a + i t + ω(k+3−i)

ω(k+2−i) ε0, a + (i − 1)t − ε0 ∈ [a, b] for
i = 1, 2, · · · , k + 1. Obviously, the sequence x1, x2, · · · , xk+1 are nonincreasing.

Set Ei = {1, 2, · · · , k + 1}\{k + 2 − i, k + 3 − i}. By

ρϕ,ω(x1) =
k+1∑

j=1

ϕ
(

a + (k + 2 − j)t
)
ω( j)+

N∑

j=k+2

ϕ(u0)ω( j) = 1

and

ρϕ,ω(xi ) =
∑

j∈Ei

ϕ
(

a + (k + 2 − j)t
)
ω( j)

+ ϕ
(

a + i t + ω(k + 3 − i)

ω(k + 2 − i)
ε0

)
ω(k + 2 − i)
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+ ϕ
(

a + (i − 1)t − ε0

)
ω(k + 3 − i)+

N∑

j=k+2

ϕ(u0)ω( j)

=
∑

j∈Ei

ϕ
(

a + (k + 2 − j)t
)
ω( j)

+ ϕ(a + i t)ω(k + 2 − i)+ α
ω(k + 3 − i)

ω(k + 2 − i)
ε0ω(k + 2 − i)

+ ϕ
(

a + (i − 1)t
)
ω(k + 3 − i)− αε0ω(k + 3 − i)+

N∑

j=k+2

ϕ(u0)ω( j)

=
k+1∑

j=1

ϕ
(

a + (k + 2 − j)t
)
ω( j)+

N∑

j=k+2

ϕ(u0)ω( j) = 1

for i = 2, · · · , k + 1, we have ||xi ||ϕ,ω = 1 for any i = 1, 2, · · · , k + 1.
Set

A =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a + (k + 1)t a + kt . . . a + 2t a + t

a + (k + 1)t a + kt . . . a + 2t + ω(k+1)
ω(k) ε0 a + t − ε0

a + (k + 1)t a + kt . . . a + 2t − ε0 a + t

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a + (k + 1)t a + kt + ω(3)
ω(2) ε0 . . . a + 2t a + t

a + (k + 1)t + ω(2)
ω(1) ε0 a + kt − ε0 . . . a + 2t a + t

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

and

A′ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a + (k + 1)t a + kt . . . a + 2t a + t

0 0 . . .
ω(k+1)
ω(k) −1

0 0 . . . −1 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 ω(3)
ω(2) . . . 0 0

ω(2)
ω(1) −1 . . . 0 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

It is easy to see that A = 0 if and only if A′ = 0.
Now we will show A′ �= 0. Denote the column vectors in A′ by y1, y2, · · · , yk and yk+1. If A′ = 0, there is a

set of numbers β1, β2, · · · , βk and βk+1 that are not all 0 such that β1 y1 + β2 y2 + · · · + βk yk + βk+1 yk+1 = 0,
that is, ⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(a + (k + 1)t)β1 + (a + kt)β2 + · · · + (a + 2t)βk + (a + t)βk+1 = 0

ω(k + 1)

ω(k)
βk − βk+1 = 0

· · · · · ·
ω(3)

ω(2)
β2 − β3 = 0

ω(2)

ω(1)
β1 − β2 = 0

. (5)

By ω( j) > 0 and (5), we can see that β1, β2, · · · , βk and βk+1 have the same sign. It contradicts with (a + (k +
1)t)β1 + (a + kt)β2 + · · · + (a + 2t)βk + (a + t)βk+1 = 0. Which means that A′ �= 0, and so A �= 0. Whence
x1, x2, · · · , xk+1 are linear independence. And because of the nonincreasing of (ω( j)) and 0 < ε0 < t , we have
xi ( j) ∈ [a, b] for any i, j = 1, 2, · · · , k + 1.
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Since ϕ is affine function in [a, b], we have

ρϕ,ω

(
1

k + 1

k+1∑

i=1

xi

)

=
N∑

j=1

ϕ

(
1

k + 1

k+1∑

i=1

xi ( j)

)

ω( j)

=
k+1∑

j=1

ϕ

(
1

k + 1

k+1∑

i=1

xi ( j)

)

ω( j)+
N∑

j=k+2

ϕ

(
1

k + 1

k+1∑

i=1

xi ( j)

)

ω( j)

=
k+1∑

j=1

1

k + 1

k+1∑

i=1

ϕ(xi ( j))ω( j)+
N∑

j=k+2

ϕ(u0)ω( j)

= 1

k + 1

⎛

⎝
k+1∑

i=1

⎛

⎝ρϕ,ω(xi )−
N∑

j=k+2

ϕ(u0)ω( j)

⎞

⎠

⎞

⎠+
N∑

j=k+2

ϕ(u0)ω( j)

= 1

k + 1

k+1∑

i=1

ρϕ,ω(xi ) = 1.

Which yields
∥
∥
∥ 1

k+1

∑k+1
i=1 xi

∥
∥
∥
ϕ,ω

= 1. A contradiction with the k-rotundity of λϕ,ω.

(Sufficiency) Ifλϕ,ω is not k-rotundity, then there exist x1, x2, · · · , xk+1 ∈ S(λϕ,ω) satisfying 1
k+1

∑k+1
i=1 xi ∈

S(λϕ,ω) and that x1, x2, · · · xk+1 are linearly independent.

Since ϕ ∈ �2(0), we can see ρϕ,ω(x1) = ρϕ,ω(x2) = · · · = ρϕ,ω(xk+1) = ρϕ,ω(
1

k+1

∑k+1
i=1 xi ) = 1. Then

ρϕ,ω(
1

k+1

∑k+1
i=1 xi ) = 1

k+1

∑k+1
i=1 ρϕ,ω(xi ), and so by Lemma 4, x1( j), x2( j), · · · , xk+1( j), 1

k+1

∑k+1
i=1 xi ( j)

have same sign for j ∈ {1, 2, · · · }, and the sequences x1, x2, · · · , xk+1 have the same size ordering.
Without loss of generality, we may assume

(
1

k + 1

k+1∑

i=1

xi

)∗
= 1

k + 1

k+1∑

i=1

xi .

In view of ρϕ,ω(x1) = 1, one can see

k′ := μ

{

j ∈ N : |x1( j)| ≥ ϕ−1

(
1

∑k+1
j=1 ω( j)

)}

≤ k + 1.

Without loss of generality, we may assume

{

j ∈ N : |x1( j)| ≥ ϕ−1
(

1
∑k+1

j=1 ω( j)

)}

= {1, 2, · · · , k′}.
Observing the following equations

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρϕ,ω(x1) = ϕ(x1(1))ω(1)+ ϕ(x1(2))ω(2)+ · · · + ϕ(x1(n))ω(n)+ · · · = 1

ρϕ,ω(x2) = ϕ(x2(1))ω(1)+ ϕ(x2(2))ω(2)+ · · · + ϕ(x2(n))ω(n)+ · · · = 1

· · ·
ρϕ,ω(xk+1) = ϕ(xk+1(1))ω(1)+ ϕ(xk+1(2))ω(2)+ · · · + ϕ(xk+1(n))ω(n)+ · · ·

= 1

ρϕ,ω

(
1

k + 1

k+1∑

i=1

xi

)

= ϕ

(
1

k + 1

k+1∑

i=1

xi (1)

)

ω(1)+ ϕ

(
1

k + 1

k+1∑

i=1

xi (2)

)

ω(2)

+ · · · + ϕ

(
1

k + 1

k+1∑

i=1

xi (n)

)

ω(n)+ · · · = 1

,
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692 Z. Wang, W. Gong

by ϕ
(

1
k+1

∑k+1
i=1 xi ( j)

)
≤ 1

k+1

∑k+1
i=1 ϕ(xi ( j)) for j ∈ N, we have

ϕ

(
1

k + 1

k+1∑

i=1

xi ( j)

)

= 1

k + 1

k+1∑

i=1

ϕ(xi ( j)).

Therefore for any given j ∈ N, x1( j), x2( j), .., xk+1( j) are in the same structural affine interval.

For j ≥ k′+1, in view of the strict convexity of ϕ on

[

0, ϕ−1
(

1
∑k+1

j=1 ω( j)

)]

and |x1( j)| < ϕ−1
(

1
∑k+1

j=1 ω( j)

)

,

we obtain x1( j) = x2( j) = · · · = xk+1( j) by Lemma 3. Next we will divide the proof into several cases.
Case I k′ = k + 1.

In this case, by ρϕ,ω(x1) = 1 we have |x1( j)| = ϕ−1
(

1
∑k+1

j=1 ω( j)

)

for j = 1, 2, · · · , k + 1. Using Lemma 3

and that x1( j), x2( j), · · · , xk+1( j) are in the same structural affine interval, we can get x1( j) = x2( j) = · · · =
xk+1( j) for j = 1, 2, · · · , k + 1. Therefore x1, x2, · · · , xk+1 are linear dependent by x1( j) = x2( j) = · · · =
xk+1( j) for j ≥ k′ + 1.

Case II k′ ≤ k.
Since x1( j) = x2( j) = · · · = xk+1( j) for j ≥ k′ + 1, we have

k′
∑

j=1

ϕ(x1( j))ω( j) =
k′
∑

j=1

ϕ(x2( j))ω( j) = · · · =
k′
∑

j=1

ϕ(xk+1( j))ω( j)

=
k′
∑

j=1

ϕ

(∑k+1
i=1 xi ( j)

k + 1

)

ω( j). (6)

Now consider the following equation system
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

l1ϕ(x1(1))ω(1)+ l2ϕ(x2(1))ω(1)+ · · · + lk+1ϕ(xk+1(1))ω(1) = 0

l1ϕ(x1(2))ω(2)+ l2ϕ(x2(2))ω(2)+ · · · + lk+1ϕ(xk+1(2))ω(2) = 0

· · · · · ·
l1ϕ(x1(k

′))ω(k′)+ l2ϕ(x2(k
′))ω(k′)+ · · · + lk+1ϕ(xk+1(k

′))ω(k′) = 0

l1ϕ(x1(k
′ + 1))ω(k′ + 1)+ l2ϕ(x2(k

′ + 1))ω(k′ + 1)

+ · · · + lk+1ϕ(xk+1(k
′ + 1))ω(k′ + 1) = 0

. (7)

The remaining proof is similar to [6]. For convenience we will give the full process here.
Case II-1 k′ < k or ϕ(x1(k + 1)) = 0.
In this case, the number of unknowns l1, l2, · · · , lk+1 is greater than or equal to the number of equations,

thus there must exists a set of non-zero solutions α1, α2, · · · , αk+1 for (7).
Case II-2 k′ = k and ϕ(x1(k + 1)) �= 0.
In this case, it is clearly that (7) is equivalent to

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

l1ϕ(x1(1))+ l2ϕ(x2(1))+ · · · + lk+1ϕ(xk+1(1)) = 0

l1ϕ(x1(2))+ l2ϕ(x2(2))+ · · · + lk+1ϕ(xk+1(2)) = 0

· · · · · ·
l1ϕ(x1(k

′))+ l2ϕ(x2(k
′))+ · · · + lk+1ϕ(xk+1(k

′)) = 0

l1 + l2 + · · · + lk+1 = 0

. (8)

Calculating the determinant by taking the coefficient matrix of (8), by (6) we have
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

ϕ(x1(1)) ϕ(x2(1)) . . . ϕ(xk+1(1))

ϕ(x1(2)) ϕ(x2(2)) . . . ϕ(xk+1(2))

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ϕ(x1(k′)) ϕ(x2(k′)) . . . ϕ(xk+1(k′))
1 1 . . . 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
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= 1
k′
∏

j=1

ω( j)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∑k′
j=1 ϕ(x1( j))ω( j)

∑k′
j=1 ϕ(x2( j))ω( j) . . .

∑k′
j=1 ϕ(xk+1( j))ω( j)

ϕ(x1(2)) ϕ(x2(2)) . . . ϕ(xk+1(2))

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ϕ(x1(k′)) ϕ(x2(k′)) . . . ϕ(xk+1(k′))
1 1 . . . 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 0.

So there exists set of non-zero solutions α1, α2, · · · , αk+1 for (7) and (8).
Without loss of generality, for the solution α1, α2, · · · , αk+1 obtained by Case II-1 and Case II-2, we set

1 ≤ s ≤ k + 1, αi > 0 for 1 ≤ i ≤ s, and αi ≤ 0 for s + 1 ≤ i ≤ k + 1.
Through (8), it can be obtained that

s∑

i=1

αiϕ(xi ( j)) =
k+1∑

i=s+1

(−αi )ϕ(xi ( j)) (9)

for j = 1, 2, · · · , k′, and

s∑

i=1

αi =
k+1∑

i=s+1

(−αi ) > 0. (10)

Synthesizing (9), (10) and that x1( j), x2( j), · · · , xk+1( j) are in the same structural affine interval for j =
1, 2, · · · k′, we have

ϕ

(∑s
i=1 αi xi ( j)
∑s

i=1 αi

)

=
∑s

i=1 αiϕ(xi ( j))
∑s

i=1 αi
=
∑k+1

i=s+1(−αi )ϕ(xi ( j))
∑k+1

i=s+1(−αi )

= ϕ

(∑k+1
i=s+1(−αi )xi ( j)
∑k+1

i=s+1(−αi )

)

.

From the monotonicity of ϕ and the same sign of x1( j), x2( j), · · · , xk+1( j), one can get

∑s
i=1 αi xi ( j)
∑s

i=1 αi
=
∑k+1

i=s+1(−αi )xi ( j)
∑k+1

i=s+1(−αi )
. (11)

Combining (10) with (11) we have
∑s

i=1 αi xi ( j) = ∑k+1
i=s+1(−αi )xi ( j), and so

∑k+1
i=1 αi xi ( j) = 0 for j =

1, 2, · · · , k′. Therefore (10) and x1( j) = x2( j) = · · · = xk+1( j) for j ≥ k′ + 1 imply
∑k+1

i=1 αi xi = 0, which
shows x1, x2, · · · , xk+1 are linear dependent, a contradiction. �


4 k-rotundity in Orlicz-Lorentz sequence spaces equipped with the Orlicz norm

Theorem 2 The Orlicz-Lorentz sequence space λ◦
ϕ,ω is k-rotund if and only if ϕ is strictly convex in

[

0, πϕ

(
1

∑k
j=1 ω( j)

)]

, where πϕ(α) = inf{t ≥ 0 : ψ(p(t)) ≥ α}.

Proof (Necessity) If ϕ is not strictly convex in

[

0, πϕ

(
1

∑k
j=1 ω( j)

)]

, then exist [a, b] ⊂
(

0, πϕ

(
1

∑k
j=1 ω( j)

))

such that ϕ(u) = αu + β on [a, b]. For simplicity, we set t = b−a
k+1 .

Because of a < a + j t < b < πϕ

(
1

∑k
j=1 ω( j)

)

for j ∈ {1, 2, · · · , k}, there holdsψ(p(a + j t)) < 1
∑k

j=1 ω( j)
,

which in turn leads to
∑k

j=1 ψ
(

p
(
a + (k + 1 − j)t

))
ω( j) < 1.
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In view of
∑∞

j=k+1 ω( j) = ∞, we can find N ∈ N and d1 ∈ (0, a) such that
∑k

j=1 ψ (p (a + (k + 1 − j)t))

ω( j)+∑N
j=k+1 ψ(p(d1))ω( j) ≥ 1. Set

d := inf

⎧
⎨

⎩
d ′ > 0 :

k∑

j=1

ψ (p (a + (k + 1 − j)t)) ω( j)+
N∑

j=k+1

ψ
(

p(d ′)
)
ω( j) ≥ 1

⎫
⎬

⎭
, (12)

h := 1 +
k∑

j=1

ϕ (a + (k + 1 − j)t) ω( j)+
N∑

j=k+1

ϕ(d)ω( j), (13)

and

x :=
∞∑

j=1

x( j)e j =

⎛

⎜
⎜
⎜
⎝

a + kt

h
,

a + (k − 1)t

h
, · · · , a + t

h
,

Item N−k
︷ ︸︸ ︷
d

h
, · · · , d

h
, 0, · · ·

⎞

⎟
⎟
⎟
⎠
,

where e j = (0, 0, · · · , 0,
( j th)

1 , 0, · · · ). We can easily see that x is a nonincreasing sequence from the choices of
t and d. In the following we will show h ∈ K (x) by (12). Actually, for any h′ ∈ (0, h), there holds

ρψ,ω
(

p(h′x)
) =

∞∑

j=1

ψ
(

p(h′x( j))
)
ω( j)

=
k∑

j=1

ψ

(

p

(

h′ a + (k + 1 − j)t

h

))

ω( j)+
N∑

j=k+1

ψ

(

p

(

h′ d
h

))

ω( j)

≤
k∑

j=1

ψ (p (a + (k + 1 − j)t)) ω( j)+
N∑

j=k+1

ψ

(

p

(
h′

h
d

))

ω( j)

< 1.

Similarly, for any h′′ > h,

ρψ,ω
(

p(h′′x)
) =

∞∑

j=1

ψ
(

p(h′′x( j))
)
ω( j)

=
k∑

j=1

ψ

(

p

(

h′′ a + (k + 1 − j)t

h

))

ω( j)+
N∑

j=k+1

ψ

(

p

(

h′′ d
h

))

ω( j)

≥
k∑

j=1

ψ (p (a + (k + 1 − j)t)) ω( j)+
N∑

j=k+1

ψ

(

p

(
h′′

h
d

))

ω( j)

≥ 1.

Therefore h = inf{k > 0 : ρψ,ω (p(kx)) ≥ 1} ∈ K (x), and

‖x‖◦
ϕ,ω = 1

h

(
1 + ρϕ,ω(hx)

)

= 1

h

⎛

⎝1 +
k∑

j=1

ϕ (a + (k + 1 − j)t) ω( j)+
N∑

j=k+1

ϕ(d)ω( j)

⎞

⎠

= 1.
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Since ϕ is affine function on [a, b], we have

h = 1 +
k∑

j=1

(α (a + (k + 1 − j)t)+ β)ω( j)+
N∑

j=k+1

ϕ(d)ω( j).

Which yields

h = 1 + β
∑k

j=1 ω( j)+∑N
j=k+1 ϕ(d)ω( j)

1 − α
∑k

j=1

(
a+(k+1− j)t

h

)
ω( j)

.

Now set

h1 := 1 + β
∑k

j=1 ω( j)+∑N
j=k+1 ϕ(d)ω( j)

1 − α
∑k

j=1

(
a+(k+1− j)t

h + δ
)
ω( j)

,

h2 := 1 + β
∑k

j=1 ω( j)+∑N
j=k+1 ϕ(d)ω( j)

1 − α
( a+kt

h − δ
k

)
ω(1)− α

∑k
j=2

(
a+(k+1− j)t

h

)
ω( j)

,

h3 := 1 + β
∑k

j=1 ω( j)+∑N
j=k+1 ϕ(d)ω( j)

1 − α
(

a+kt
h − δ

k

)
ω(1)− α

(
a+(k−1)t

h − δ
k−1

)
ω(2)− α

∑k
j=3

(
a+(k+1− j)t

h

)
ω( j)

,

· · · · · ·

hk+1 := 1 + β
∑k

j=1 ω( j)+∑N
j=k+1 ϕ(d)ω( j)

1 − α
( a+kt

h − δ
k

)
ω(1)− α

(
a+(k−1)t

h − δ
k−1

)
ω(2)− · · · − α

( a+t
h − δ

)
ω(k)

,

and define

x1 :=

⎛

⎜
⎜
⎜
⎝

a + kt

h
+ δ,

a + (k − 1)t

h
+ δ, · · · , a + t

h
+ δ,

Item N−k
︷ ︸︸ ︷
d

h1
, · · · , d

h1
, 0, · · ·

⎞

⎟
⎟
⎟
⎠
,

x2 :=

⎛

⎜
⎜
⎜
⎝

a + kt

h
− δ

k
,

a + (k − 1)t

h
, · · · , a + t

h
,

Item N−k
︷ ︸︸ ︷
d

h2
, · · · , d

h2
, 0, · · ·

⎞

⎟
⎟
⎟
⎠
,

x3 :=

⎛

⎜
⎜
⎜
⎝

a + kt

h
− δ

k
,

a + (k − 1)t

h
− δ

k − 1
, · · · , a + t

h
,

Item N−k
︷ ︸︸ ︷
d

h3
, · · · , d

h3
, 0, · · ·

⎞

⎟
⎟
⎟
⎠
,

· · · · · ·

xk+1 :=

⎛

⎜
⎜
⎜
⎝

a + kt

h
− δ

k
,

a + (k − 1)t

h
− δ

k − 1
, · · · , a + t

h
− δ,

Item N−k
︷ ︸︸ ︷

d

hk+1
, · · · , d

hk+1
, 0, · · ·

Item N−k
︷ ︸︸ ︷

d

hk+1
, · · · , d

hk+1
, 0, · · ·

⎞

⎟
⎟
⎟
⎠
.
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Clearly for any i = 1, 2, · · · , k +1 and any j = 1, 2, · · · , k, there hold hi xi ( j) → a+(k +1− j)t whenever
δ → 0. Whence there exists a δ > 0 satisfying hi xi ( j) ∈ [a, b], and that x1, x2, · · · , xk+1 are all nonincreasing
sequence.

Similarly as the proof of h ∈ K (x), we can get hi ∈ K (xi ), and ‖xi‖◦
ϕ,ω = 1 for i = 1, 2, · · · , k + 1. Here

we only take x3 as an example to verify,

‖x3‖◦
ϕ,ω = 1

h3

(
1 + ρϕ,ω(h3x3)

)

= 1

h3

(

1 + ϕ

(

h3

(
a + kt

h
− δ

k

))

ω(1)

+ ϕ

(

h3

(
a + (k − 1)t

h
− δ

k − 1

))

ω(2)

+
k∑

j=3

ϕ

(

h3
a + (k + 1 − j)t

h

)

ω( j)+
N∑

j=k+1

ϕ(d)ω( j)

⎞

⎠

= 1

h3

(

1 +
(

αh3

(
a + kt

h
− δ

k

)

+ β

)

ω(1)

+
(

αh3

(
a + (k − 1)t

h
− δ

k − 1

)

+ β

)

ω(2)

+
k∑

j=3

(

αh3

(
a + (k + 1 − j)t

h

)

+ β

)

ω( j)+
N∑

j=k+1

ϕ(d)ω( j)

⎞

⎠

= 1

h3

⎛

⎝1 + β

k∑

j=1

ω( j)+
N∑

j=k+1

ϕ(d)ω( j)

⎞

⎠+ α

(
a + kt

h
− δ

k

)

ω(1)

+ α

(
a + (k − 1)t

h
− δ

k − 1

)

ω(2)+ α

k∑

j=3

(
a + (k + 1 − j)t

h

)

ω( j)

=1.

Notice
∑k+1

i=1
1
hi

= (k + 1) 1
h and set X = 1 + β

∑k
j=1 ω( j) +∑N

j=k+1 ϕ(d)ω( j). Taking the first k + 1
term of x1, x2, · · · , xk+1 to calculate the determinant, we have

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a+kt
h + δ

a+(k−1)t
h + δ

a+(k−2)t
h + δ . . . a+3t

h + δ a+2t
h + δ a+t

h + δ d
h1

a+kt
h − δ

k
a+(k−1)t

h
a+(k−2)t

h . . . a+3t
h

a+2t
h

a+t
h

d
h2

a+kt
h − δ

k
a+(k−1)t

h − δ
k−1

a+(k−2)t
h . . . a+3t

h
a+2t

h
a+t

h
d
h3

a+kt
h − δ

k
a+(k−1)t

h − δ
k−1

a+(k−2)t
h − δ

k−2 . . .
a+3t

h
a+2t

h
a+t

h
d
h4

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a+kt
h − δ

k
a+(k−1)t

h − δ
k−1

a+(k−2)t
h − δ

k−2 . . .
a+3t

h − δ
3

a+2t
h

a+t
h

d
hk−1

a+kt
h − δ

k
a+(k−1)t

h − δ
k−1

a+(k−2)t
h − δ

k−2 . . .
a+3t

h − δ
3

a+2t
h − δ

2
a+t

h
d
hk

a+kt
h − δ

k
a+(k−1)t

h − δ
k−1

a+(k−2)t
h − δ

k−2 . . .
a+3t

h − δ
3

a+2t
h − δ

2
a+t

h − δ d
hk+1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
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= (k + 1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a+kt
h

a+(k−1)t
h

a+(k−2)t
h . . . a+3t

h
a+2t

h
a+t

h
d
h

− δ
k 0 0 . . . 0 0 0 d

h2
− d

h

− δ
k − δ

k−1 0 . . . 0 0 0 d
h3

− d
h

− δ
k − δ

k−1 − δ
k−2 . . . 0 0 0 d

h4
− d

h

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

− δ
k − δ

k−1 − δ
k−2 . . . − δ

3 0 0 d
hk−1

− d
h

− δ
k − δ

k−1 − δ
k−2 . . . − δ

3 − δ
2 0 d

hk
− d

h

− δ
k − δ

k−1 − δ
k−2 . . . − δ

3 − δ
2 −δ d

hk+1
− d

h

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= (k + 1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

t
h

t
h

t
h . . . t

h
t
h

a+t
h

d
h

− δ
k 0 0 . . . 0 0 0 d

h2
− d

h

δ
k−1 − δ

k − δ
k−1 0 . . . 0 0 0 d

h3
− d

h

δ
k−1 − δ

k
δ

k−2 − δ
k−1 − δ

k−2 . . . 0 0 0 d
h4

− d
h

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

δ
k−1 − δ

k
δ

k−2 − δ
k−1

δ
k−3 − δ

k−2 . . . − δ
3 0 0 d

hk−1
− d

h

δ
k−1 − δ

k
δ

k−2 − δ
k−1

δ
k−3 − δ

k−2 . . .
δ
2 − δ

3 − δ
2 0 d

hk
− d

h

δ
k−1 − δ

k
δ

k−2 − δ
k−1

δ
k−3 − δ

k−2 . . .
δ
2 − δ

3 δ − δ
2 −δ d

hk+1
− d

h

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= (k + 1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

t
h

t
h

t
h . . . t

h
t
h

a+t
h

d
h

− δ
k 0 0 . . . 0 0 0 d

h2
− d

h

δ
k−1 − δ

k−1 0 . . . 0 0 0 d
h3

− d
h2

0 δ
k−2 − δ

k−2 . . . 0 0 0 d
h4

− d
h3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . − δ
3 0 0 d

hk−1
− d

hk−2

0 0 0 . . . δ
2 − δ

2 0 d
hk

− d
hk−1

0 0 0 . . . 0 δ −δ d
hk+1

− d
hk

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= (k + 1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

0 0 0 . . . 0 t
h

a+t
h

d
h

− δ
k 0 0 . . . 0 0 0 d

h2
− d

h

2δ
k−1 − δ

k−1 0 . . . 0 0 0 d
h3

− d
h2

− δ
k−2

2δ
k−2 − δ

k−2 . . . 0 0 0 d
h4

− d
h3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . − δ
3 0 0 d

hk−1
− d

hk−2

0 0 0 . . . δ − δ
2 0 d

hk
− d

hk−1

0 0 0 . . . −δ δ −δ d
hk+1

− d
hk

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
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= (−1)k(k + 1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

− δ
k 0 0 . . . 0 0 0 d

h2
− d

h

2δ
k−1 − δ

k−1 0 . . . 0 0 0 d
h3

− d
h2

− δ
k−2

2δ
k−2 − δ

k−2 . . . 0 0 0 d
h4

− d
h3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . − δ
3 0 0 d

hk−1
− d

hk−2

0 0 0 . . . δ − δ
2 0 d

hk
− d

hk−1

0 0 0 . . . −δ δ −δ d
hk+1

− d
hk

0 0 0 . . . 0 t
h

a+t
h

d
h

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= (−1)k(k + 1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
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− δ
k 0 0 . . . 0 0 0 dαδω(1)

k X
2δ

k−1 − δ
k−1 0 . . . 0 0 0 dαδω(2)

(k−1)X

− δ
k−2

2δ
k−2 − δ

k−2 . . . 0 0 0 dαδω(3)
(k−2)X

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . − δ
3 0 0 dαδω(k−2)

3X

0 0 0 . . . δ − δ
2 0 dαδω(k−1)

2X

0 0 0 . . . −δ δ −δ dαδω(k)
X

0 0 0 . . . 0 t
h

a+t
h

d
h

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
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∣
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∣
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∣
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X
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X
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X
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X
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X
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h
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h

d
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∣
∣
∣
∣
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∣
∣
∣
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∑2
j=1(3 − j)ω( j)

0 0 −1 . . . 0 0 0
∑3

j=1(4 − j)ω( j)

0 0 0 . . . 0 0 0
∑4

j=1(5 − j)ω( j)
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j=1(6 − j)ω( j)
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0 0 0 . . . 0 0 −1
∑k

j=1 ω( j)
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h
a+t

h
X
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∣
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∣
∣
∣
∣
∣
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∣
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= (−1)k(k + 1)
δk

∏k
i=1 i

dα

X
(−1)3k

⎛

⎝ X

hα
+ t

h

k−1∑

j=1

(k − j)ω( j)+ a + t

h

k∑

j=1

ω( j)

⎞

⎠

= (−1)k(k + 1)
δk

∏k
i=1 i

dα

X
(−1)3k

( 1

α
−

k∑

j=1

(
a + (k + 1 − j)t

h

)

ω( j)

+ t

h

k−1∑

j=1

(k − j)ω( j)+ a + t

h

k∑

j=1

ω( j)
)

= (−1)k(k + 1)
δk

∏k
i=1 i

dα

X
(−1)3k 1

α

= (k + 1)
δk

∏k
i=1 i

d

X

�= 0.

Consequently, x1, x2, · · · , xk+1 are linear independent.
Combining the definitions of x1, x2, · · · , xk+1 with

∑k+1
i=1

1
hi

= (k + 1) 1
h , we can see (k + 1)x = x1 +

x2 + · · · + xk+1. While ‖x‖◦
ϕ,ω = ‖x1‖◦

ϕ,ω = ‖x2‖◦
ϕ,ω = · · · = ‖xk+1‖◦

ϕ,ω, which is contradictory to λ◦
ϕ,ω being

k-rotund.
(Sufficiency) Using Lemma 4, we can get the sufficiency similarly as the proof of Theorem 2.11 in [4]. �
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