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Abstract The criteria for Orlicz-Lorentz sequence spaces endowed with Luxemburg norm as well as Orlicz
norm being k-rotund were provided in this article, which generalized the similar results in Orlicz space.
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1 Introduction

As the basic geometric property in Banach space, k-rotundity was introduced by Singer [1], which is closely
related to k-smoothness and reflexivity, and has been widely applied in best approximation [2,3].

A Banach space X is called a k-rotund (k > 1) space [4] provided that ||x;|| = 1G =1,2,--- ,k+ 1) and
lx1 +x2 + -+ + xx+1ll = k + 1 implies that {x;};<x+1 are linearly dependent. Obviously, k-rotundity is the
generalization of rotundity. The criteria of k-rotundity in Orlicz spaces were obtained by Shi and Wu etc [5,6].

We call a function ¢ : R — R [ J{0} an Orlicz function [4] if ¢ is convex, even, ¢ (0) = 0, ¢(u) > 0 for all

u >0, lim,_ @ =0and lim,_ ‘pg‘) = 00. Its complementary function v is defined by

¥ (v) = supfluv] — )}
u>0

for all v € R. If ¢ is an Orlicz function, then its complementary function ¥ is also an Orlicz function. Recall
that an Orlicz function ¢ satisfies the condition A,(0) (¢ € A,(0) for short) if there exists a constant K > 2 and
a constant 1o > 0 such that ¢ (2u) < K¢(u) whenever u € [0, ug]. If (a1 x1 + a2x2) < a1 (x1) + a2¢(x3) for
any x1, x2 € [a, b] and any a1, ar € (0, 1) with &1 + a2 = 1, then ¢ is said to be strictly convex [4] at [a,b].

Let [y be the space of all sequences x : N — (—o00, 00). Give any x € [y, the distribution function and
nonincreasing rearrangement [7] of x are defined as follows

dx(0) = pfj € Nt |x(j) > 6},
x*(j) =inf{0 > 0:d(0) < j},

where © denotes the counting measure on N. A weight sequence @ = (w(j)) is nonincreasing sequence of
positive real numbers such that Z?o:] w(j) = oo.
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k-rotundity of Orlicz-Lorentz sequence spaces 687

For a real number sequence x = (x(1), x(2), - - -), its modulus is defined as

Po.0®) =Y ox*(Nw()).

j=1
It is well known that the linear space
row =1{x = (x(1),x@2), ) : py,w(hx) < +oo for some h > 0}

equipped with the Luxemburg norm

. x
lxllg,0 = inf {h >0: ppe (Z) < 1}

or the Orlicz norm

115, = sup {Zx*(i)y*(i)w(i)  Op(y) < 1}
i=1

o

forms a Banach space [8,9]. Which is called Orlicz-Lorentz sequence space, and denoted by 1, and A,
respectively. Cui, Foralewski and Konczak have shown that in Orlicz-Lorentz sequence space the Orlicz norm
and the Amemiya norm

o1
€01, = inf = (14 py.0 (kx)

are equal [10].
From [8] we can see that for x € Ay ), pp,»(x) = 1 implies [ x||y,» = 1, and the converse is true whenever
¢ € A2(0). For x € A7 ,\{0}, we have [¥)

1
1050 = (1 + pg.o(kx)) if and only if k € K (x) = [K*, K]

where k* = inf{h > 0 : py »(p(hlx|)) = 1}, k** = sup{h > 0 : py (p(h|x])) < 1}. For more properties
about Orlicz-Lorentz space, we refer to [8—11].

2 Lemmas

Using the same way as [8], we can see that for x € Ay 4, there holds

Yo (@) = sup Y ex(NB(),

j=1 j=1

where @ ~ @ means that ® and w have the same distribution function.
Similarly as the proof of Theorem 2.4 and Lemma 3.2 in [8], one can get the following two lammas.

Lemma 1 If ¢ ¢ A2(0), then Ay, contains an isometric copy I*°.

Lemma 2 Ifx,y € Ay o with [x(jo)| < |y(jo)l and |x(j)| < ly(j)| forall j € N, then x*(s) < y*(s) for some
s €N.

The following two lemmas play important role in this paper.

Lemma 3 [6] If ¢ is a strictly convex function at [a, b] and a straight line segment at [b, c], then for any
x(1),x2), -+ ,x(n) €la,c] ifexists x(j) € (a,b),j € 1,2,--- ,n, then

1 n ' 1 n .
¢ ;;xm <;]§<p<x<m.
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Lemma 4 Suppose that x1, x3, - -+ , Xy € Ay o Satisfy

1 < 1 <
- pr,w(x,-) = Py.w (; 2)@) ,
i—

i=1

then

1. Sy, =8¢ =---=38, = H,where S, ={j e N:x(j) #0};

2. forany j € H, there holds x,(j)x,(j) > O forany p,q =1,2,--- ,n, and so S1 Lyn oy = =H;

3. there exists a mapping o : N — N satisfying x;(j) = (x] o 0)(j) for any i e {1,2,---,n} whenever

uH < oo, as well as a mapping o : H — N satisfying x;(j) = (x o 0)(j) for anyi e {l,2,---,n}
whenever W H = oo.

(

Proof If jo € Sx,\Sx,,
we have

= 0 and the condition for the equality to hold in Jensen’s inequality,

n n
¢ (% > x (jo)) < % > o(xi (o).
i=1 i=1

Consequently % Z?:l Po,0(Xi) < Pg,w (% ZLl x,-) by Lemma 2. A contradiction shows Sy, = Sy, =+ =Sy,

Similarly as the proof above we can get (2). Next we will show the result (3).

Using the same method as [7], we can get that for x € A, there exists a mapping o : N — N satisfying
x(j) = (x* o 0)(j) whenever uSy < oo, as well as a mapping o : Sy — N satisfying x(j) = (x* 0 0)(j)
whenever uS, = oo. Therefore, if ©tH < 0o, we have

l n l n *
6:N— N, (;Zx,) (j)z(;Zx,') oo (j),
i=1 i=1
and

0 :N—>N, x(j)=x]00i())

(5 S5 )

( Zx,m) ®(G())) M

fori =1,2,---,n. Hence by

IA

i™Me T Pllﬂg I Mg

:I»—*

Z ¢ (xi () (5 () )

IA

%Z ZW (N ()

i=1 j=1

1 n
==Y Ppwlxi) 3)
n -
i=1
one can see that all equalities hold. Thus by equation (2), x1(j), x2(j), - - - , x,(j) are in the same structural
affine interval for j = 1,2,---,and oy =09 = --- = 0,, = ¢ by (3).

If wH = oo, we have

. 1 < , 1<\ L
6:H— N, <;;xi)(])=<’—l;xi) 0o (j),
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and
o :H—>N, x(j)=x]00i())
o0 o
fori =1,2,---,n. Then we can get the similar result by change Z into Z in (1),(2) and (3). O
j=l1 j=l1
jeH

3 k-rotundity in Orlicz-Lorentz sequence spaces equipped with the Luxemburg norm

Theorem 1 The Orlicz-Lorentz sequence space Ay , is k-rotund if and only if

(1) ¢ € A2(0), and

(2) @ is strictly convex on |:O, ! (Zk+1 w(])):|

Proof (Necessity) (i) If ¢ ¢ A>(0), then according to Lemma ?? X, ., contains an isometric copy /*°. Which
contradicts with the k-rotundity of Ay .
(ii) If ¢ is not strictly convex on [0, (p_l (W)]’ then there exists [a, b] C <0, (p_l (m))
. . b—
such that ¢ () = ou + B on [a, b]. For simplicity, we set t = ) +2, then

k+1 k+1 k+1
Yoola+k+2— o)=Y el —1)e() <)Y ed o) <1.
j=1 j=1 j=1

Thus combining the continuity of ¢ with Z;}ik 1o @(j) = 00, there exist ug € (0, a) and N € N such that

k+1 N
Y plat k+2- o)+ Y. pww() = 1. @)
j=1 j=k+2
Let &g € (0, t) and define
k+1
Xy = Z(a+(k+2—])t ej + Z upe;,
j=1 j=k+2
k+1 N
. wk+3—1)
Xi = Z (a4 (k42— jit)ej + —————eoerr2-i — Eoeky3—i + Z uoe;
— ok +2—1) 5
Jj=1 Jj=k+2
fori € {2,3,---,k+ 1}, wheree; = (0,0,---,0,1(jth),0,---).
The nonincreasing of (w(j)) and g9 € (0, ¢) follows thata + it + %so, a+ (i —1t—egp € la,b]for
i=1,2,---,k+ 1. Obviously, the sequence x1, x2, - - - , Xx4] are nonincreasing.
SetE; ={1,2,--- ,k+1]\{k+2—i,k+3—i}.By
k+1 N
Powt) =Y e(a+k+2=Drlo()+ Y pwoe() =1
j=1 j=k+2

and

Prwti) = Y o(a+ k+2 =)o)
JEE;
wk+3—i)

w@+2_0agw@+2—n

+<p(a+it+
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N
to(a+—Di—e)ok+3-D+ Y pupo()
j=k+2
=Y o(a+ k+2- pr)o)
JEE;
otk +3—1)
iNwk +2—1i _ k+2—1i
+pla+it)wk + l)+aa)(k+2—i)80w( + i)
N
+ ga(a + (i - l)t)a)(k +3—i)—asgek+3-D+ Y el
j=k+2
k+1 N
=Y (et t+2-prloGi+ Y pe() =1
j=1 j=k42
fori =2,---,k+1, wehave ||x;||g,o = 1 foranyi =1,2,--- ,k + L.
Set
a+ (k+ Dt a—+ kt a—+2t a+t
a+ (k+ Dt at+kt .a+20+ 20 g a+1 -z
a+ (k+ Dt a+ kt a+2t—egp a+t
A S
a+ (k+ Dt a+kt+%eo... a+2t a+t
a+(k+Dt+2Be0 a+kt—e ... a+2t a+t
and
a+k+Dta+kt...a+2ta+t
(k+1)
0 0o ... wa -1
0 0o ... —1 0
A =
3)
0 % . 0 0
@) _
oD 1 0 0
It is easy to see that A = 0 if and only if A’ = 0.
Now we will show A" # 0. Denote the column vectors in A’ by yi, y2, -+, yr and yg11. If A = 0, there is a
set of numbers 1, B2, - - - , Br and By that are not all O such that 81y, + Boya + - - - + Bk Yk + Bi+1Vk+1 = 0,
that is,
(a+Gk+DDB1+ @+ kt)Br+ -+ (@+20)Bc + (@a+1)frr1 =0
wk+1)
_ =0
o) Bk — Br+1
...... )
a)(3)ﬂ By =0
Q) 2 3=
w(2)
2B — B =0
w(l)ﬁl B2
By w(j) > 0and (5), we can see that 81, B2, - - - , Bx and By have the same sign. It contradicts with (a + (k +
DB+ (a+kt)Br+ -+ (a+26)Br + (a + 1) Bryr1 = 0. Which means that A” # 0, and so A # 0. Whence
X1, X2, - -+, Xk4+1 are linear independence. And because of the nonincreasing of (w(j)) and 0 < g9 < ¢, we have

xi(j) € la,b]foranyi, j=1,2,--- , k+ 1.
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k-rotundity of Orlicz-Lorentz sequence spaces 691

Since ¢ is affine function in [a, b], we have
1 k+1 k+1
Po.w (m; ) Z¢ (k+ 1 Z (;))wm
k+1 k+1 1 k+1
= Z¢ ( T Zx,(n) w(j) + Z ¢ ( T Zm(ﬁ) o (j)
1

j=k+2
k+1 1 k+1 N
=D T e + D e ()
j=l1 + i=1 j=k+2
1 k+1 N N
sl D3N IZRICORSDBRICOTION B EIDBRICOTIE)
L J=k+2 j=k+2

k+1

kHZpW(xl)—l

Which yields ” = +1 k+11 X = 1. A contradiction with the k-rotundity of Ay .
@,0
(Sufficiency) If 1, , is not k-rotundity, then there exist x1, x2, - - - , xg 1 € S(Ay, o) satisfying klﬁ Zfﬂl X €
S(Ag,w) and that x1, X7, - - - xx41 are linearly independent.
Since ¢ € A3(0), We can see Py, (1) = Pp.o(X2) =+ = Pp.o(Kit1) = Pp.o(pey st xi) = 1. Then
Po.o(Et 4ot X0) = 1 2"*‘ Pp.o(xi), and so by Lemma 4, x1(j), x2(j). -+, Xk41 () 1oy Yoict Xi ()
have same sign for j € {1, 2, - - -}, and the sequences x1, x2, - - - , Xx+1 have the same size ordering.

Without loss of generality, we may assume

1 k+1 * 1 k+1
(i) =i

i=1

In view of py »(x1) = 1, one can see

1
k’::u{jeN:lxl(jﬂz(p_l (W)} <k+1.

Without loss of generality, we may assume {j eN:|xi(j)] = ¢! (Zk“ )} ={1,2,---,k'}.

Observing the following equations

Po.0(x1) = p(x1(De (1) + (12w 2) + - - + px1 (M) () +--- =1
Pe.w(x2) = p(x2(D) (1) + 922w (2) + - - + (2w (n) +--- =1

Pp.0(Xkt1) = @1 (D)o (1) + 9 1(2)@(2) + - - - + @1 (M) (n) + - - -
=1

1 k+1 1 k+1 1 k+1 ’
P (m Zm) = <k+1 Zx,u)) o) +¢ (m l;mz)) ®(2)

) 1 k+1
+'~'+¢(m§xi(n))a)(n)+--~=1
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by @ (ﬁ AR (])) < 21 Y o)) for j € N, we have

1 k+1 k+1
“’(m? 1(1)> k+1Z<p(xlu>>

Therefore for any given j € N, x{(j), x2(J), .., Xx+1(j) are in the same structural affine interval.
For j > k' 41, in view of the strict ity of 0,07 | =— d|xi(j Sl [ s—
or j > k"4 1, 1in view of the strict convexity of ¢ on © <Z’}+]1w(j) and [x1 ()] < ¢ Zl;illw(j)
we obtain x1(j) = x2(j) = - - - = xx+1(j) by Lemma 3. Next we will divide the proof into several cases.
Casel k' =k + 1.

In this case, by p, »(x1) = 1 we have |x1(j)| = ¢~ ! (ﬁ) forj=1,2,---,k+1. Using Lemma 3
j=194

and that x1(j), x2(j), - - - , xx+1(J) are in the same structural affine interval, we can get x1(j) = x2(j) =--- =
Xip+1(j) for j = 1,2, .-,k + 1. Therefore x1, x2, - - - , x4+ are linear dependent by x1(j) = x2(j) = --- =
xk41(j) for j > k' + 1.

Case Il k' <k.

Since x1(j) = x2(j) = - -+ = x311(j) for j > k' + 1, we have
k' k' kK
Y e(Mo() =Y e@(Ne() == ¢l (i)o()
j=1 j=1 j=1

K k+1
21 xi () .
. 6
X_j ( P~ ) () (6)
Now consider the following equation system

LMo (1) + be))o) + -+ + 191 (1)) (1) =0
he(x1(2)w2) + Le(x22)w2) + - - + 19 4+12)w(2) =0

/ . 7
Lhe(xi (K)o k) + Lok k) + - + hy19 1 (K)o (k') =0 D
Lhe(xi(K'+ D)ok + 1) + Lok’ + D)ok’ +1)
+ - A 1o K+ D)ok +1) =0
The remaining proof is similar to [6]. For convenience we will give the full process here.
CaseII-1k" < kor p(x;(k+ 1)) =0.
In this case, the number of unknowns /1, [2, - - - , [x41 is greater than or equal to the number of equations,
thus there must exists a set of non-zero solutions oy, o, - - - , &4 for (7).
Case II-2 k' = k and ¢(x|(k + 1)) # 0.
In this case, it is clearly that (7) is equivalent to
Lo (D) + be(x2(1) + -+ + 19 (xx+1(1)) =0
Le(x1(2)) + he(x2(2)) + -+ + lt19(xk+1(2)) =0
...... . (8)

Lo (kD) + beGak) + - + 19Oy (k) =0
h+bh+-+hy =0

Calculating the determinant by taking the coefficient matrix of (8), by (6) we have

p(x1(1) @(x2(D) ... e41(1)

(x1(2)) ¢(x2(2)) ... ¢(x+1(2))

1K) e(x2(kh) ... @ (k1 (k")
1 1 1
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Y e (No() Yoy (o) ... Y5 et (o)

1 p(x1(2) p(x2(2)) . P (Xk+1(2))
= K |
1_[ w(j) @(x1 (k")) @(x2 (k")) e @ (xx41 (k"))
j=1 1 1 . 1
=0.
So there exists set of non-zero solutions «, a2, - - - , &k for (7) and (8).
Without loss of generality, for the solution oy, a2, - - - , a4+ obtained by Case II-1 and Case II-2, we set

l<s<k+1l,0;>0forl <i<s,ando; <Ofors+1<i<k+1.
Through (8), it can be obtained that

K k+1
Y gt = Y (—a)e(xi(j) ©)
i=1 i=s+1
for j=1,2,---,k',and
s k+1
dai= ) (—a)>0. (10)
i=1 i=s+1
Synthesizing (9), (10) and that x1(j), x2(j), - -- , xk+1(j) are in the same structural affine interval for j =

1,2, .-k, we have
Yio e () X (Canei()
i Zf;rslH (—a;)
(Zi:sl“ (—a)x; (j))
Z;{:s{{»] (_al)

From the monotonicity of ¢ and the same sign of x1(j), x2(j), - -+ , xk+1(j), one can get

p (Zle QX (j)>
Zf:] o

Y axi() | X (—exi()

, = (11)

Do Zf'{i;+1(_ai)
Combining (10) with (11) we have Y0_; @i (j) = Y4t!. | (—ai)x; (j), and so Y5t aixi(j) = 0 for j =
1,2,---, k. Therefore (10) and x| (j) = x2(j) = - - - = x¢+1(j) for j > k' + 1 imply Y**! a;x; = 0, which
shows x1, x2, - - - , xx41 are linear dependent, a contradiction. O

4 k-rotundity in Orlicz-Lorentz sequence spaces equipped with the Orlicz norm

Theorem 2 The Orlicz-Lorentz sequence space Ao, 18 k-rotund if and only if ¢ is strictly convex in

w

[o, Ty (m)} where m,(a) = inf{t > 0: ¥ (p(1)) > a}.

Proof (Necessity) If ¢ is not strictly convex in |:0, Ty <k+()):| , then exist [a, b] C (0, Ty (+>>
j=1@l

)

. .. b—
such that ¢(#) = au + B on [a, b]. For simplicity, we set t = ﬁ
Becauseofa < a+jt <b < my, <Z§=1w(1>) forj € {1, 2, , k}, there holds Y (p(a—+ jt)) < Zﬁ:lw(j)’

which in turn leads to ZI;-:I w(p(a +k+1- j)t))a)(j) < 1.
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In view on?ikH w(j) = oo,wecanfind N € Nandd; € (0, a) such that Zﬁ:l v (pla+ k+1— )
o)+ X v (pd)o ) = 1. Set

k N
di=inf{d'>0:) Y (pla+k+1=pme(D+ Y. ¥(p@)o(=1t, 12
j=1 j=k+1
k N
hi=14Y ¢@a+k+1-HooG+ Y edaol), (13)
J=1 Jj=k+1
and
Item N—k
00 ,—/_\
Zx(')e a+kt a+ (k—1)t a+t d dO
X = ;o= s RN s =, ,—, 0, s
~ e h n hh I
(jith)
wheree; = (0,0,---,0, 1 ,0,---). We can easily see that x is a nonincreasing sequence from the choices of

t and d. In the following we will show i € K (x) by (12). Actually, for any i’ € (0, k), there holds

Mg

v (p(h'x(j))) w(j)

w@@W)) e Y w( ( ))wm

Jj=k+1

Pyr,w (P(h/x))

~.
Il
—_

|
™M~

1

~.
Il

M»

h/
vpla+k+1-pHn)e()+ Z v < <Zd)) w(Jj)

j:l Jj=k+1
< 1.
Similarly, for any A" > h,
pvw (P(H'X)) va p(h"x(j)) @ ()
j=1
k .
k+1—
:Zw<p<h//w>> () + Z I/f( (h// ))w(;)
j=1 Jj=k+1
N h//
>y v (pat+k+1-pnoei+ Y, ¥ (p (71)) o(j)
Jj=1 j=k+1
> 1.

Therefore h = inf{k > 0: py o (p(kx)) > 1} € K(x), and

o 1
Ixllg.w =+ (1 + pyp.w(hx))

Flr—l

k N
(1 +) pla+k+1-pnoi+ Y, w(d)w(j))

j=1 Jj=k+1

@ Springer



k-rotundity of Orlicz-Lorentz sequence spaces 695

Since ¢ is affine function on [a, b], we have

k N

h=1+) (@@+k+1-pn+pHo(+ Y ¢dol).

Jj=1 j=k+1
Which yields
L B0+ X v@Do()
a2 () o)

Now set

4B o)+ X e @e )
ey (HEE ) e
L+ BY 5 0() + X0 o)
Lo (52— o) —a T, (S5 ) o)
L+ 85 0() + XN e@o())
-5 = o) —a (S5~ i) 0@ —a X (52 00

hz =

14 B Y5 0G) + XYy oo ()
e (= o) —o (F — 2 ) 0@) — - —a (G - 8) ol

hity =

and define
Item N—k
a+ kt a+ (k— 1t a—+t d d

= +3, I IR L N e
M h h

——
a+kt 8 a+((k—1)t a+t d d
x2:= ) s T 7_9"'5_107"' ’
h k h h

——
a+kt 5§ a4+ (k— 1) 8 a+t d d
X3 = - 7 - s T 5_7"'3_507”' 5
h k h k—1

Item N—k
——

a+kt 8 a+ k-1t 1) a+t d d
h kK’ h k=1 " h Thier g

0,---

X1 1=

Item N—k
d d

Ricy1
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Clearly foranyi = 1,2, ---
8 — 0. Whence there exists a § > 0 satisfying h;x; (
sequence.

,k+1landany j =1,2,---,

k,there hold h;x;(j) — a+ (k+1— j)t whenever
j) € la, b], and that x, x2, - - - , xg+1 are all nonincreasing

Similarly as the proof of 7 € K (x), we can get h; € K(x;), and ||xi||;’w =1fori=1,2,---,k+ 1. Here
we only take x3 as an example to verify,
R 1
||X3 ”(p,w ZE (1 + p(p,w(h3x3))
1 a+kt 8
=11 h - = 1
i (1 (0 (57 =) o0
a+ (k— 1)t 8
h — 2
o (m (T - ) e
k . N
a+k+1—j) . .
+Z¢<’l3T o)+ Y edo()
j=3 Jj=k+1
1 a+kt 8
i (1 (e (57 = 7) +8) 00
a+ (k— 1t 8
+(ah < ( ) k_1)+,3)a)(2)

k . N
Z ( (W) + ﬂ) o)+ Y oo
=3 j=k+1
k N
1 k 1)
= |1+ e+ Y e@ol) “‘(M;—, t—;)w(l)
3 j=1 j=k+1
a+ (k— 1)t 8 a+k+1— )t .

+a< ; —k_l)w(2)+ Z(—h )w(;)

=1.

Notice Zk i 1
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k

—(_)k g d_“_3k£5k_1_. At~
= (=1 (k+1)1_[k -~ (=D ha+h2(k Do) +—— > w()

i=1! j=1 j=1
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# 0.
Consequently, x1, x2, - - - , xx41 are linear independent.
Combining the definitions of x1, x2, - - - , Xx41 With Zf:ll % = (k + 1)%, we can see (kK + 1)x = x| +
X2+ -+ 4 Xgt1. While ||x||(‘;’w = ||x1 ||;,w = ||x2||(‘;’w =...= ||xk+1||(‘;’w, which is contradictory to X(‘;’w being

k-rotund.
(Sufficiency) Using Lemma 4, we can get the sufficiency similarly as the proof of Theorem 2.11in [4]. O
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