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Abstract In 1976 Bioch introduced the concept of n-isoclinism of groups. Using the definition of absolute centre
and autocommutator subgroup of a group introduced by Hegarty, the notion of autoisoclinism has been studied
in the recent years. In this article we first derive some results from definition of Hegarty. Then we introduce the
concept of n-autoisoclinism, and obtain some basic results similar to n-isoclinism.
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1 Introduction

In 1940 P. Hall [4] introduced the concept of isoclinism of groups which is weaker than isomorphism, as follows;
let G and H be two groups, a pair («, ) is termed an isoclinism from G to H if « and S respectively are
isomorphisms: « : % — %H) and B : G’ —> H’ where « induces 8 in the following sense: if g; € G,
hi € a(giZ(G)) fori = 1,2, then B([g1, g2]) = [h1, h2]. Bioch in [1] and then Hekster in [6] studied the
concept of n-isoclinism. In 1995 Lescot [7] studied these concepts related to the commutativity degree.

In 1994, Hegarty [5] introduced two subgroups of a given group G as follows:

LG)={geG|lg.al=¢g "¢ =1, Ya € Aut(G) }

K(G) =[G, Aut(G)] = ([g,x]l | g € G,a € Aut(G) ),

where L(G) is called absolute centre and K (G) is the autocommutator subgroup of G. Here Aut(G) denotes the
automorphisms group of G. One notes that L(G) and K (G) are characteristic subgroups and if we replace « by
inner automorphism, then we get the centre, Z(G), and the commutator subgroup, G’, respectively. Definition
of Hegarty has been developed as follows: Ko(G) = G and forn > 1,

K,(G) = (g, a1, ....,an] : g € G,a; € Aut(G)),
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where [g, o1, ..., @, ] = [[g, @1, ..., dn—1], &, ] Which is called nth autocommutator subgroup of G. It is observed
that K,,(G) is a characteristic subgroup of G, n > 1, and that K| (G) is equal to K(G). Hence the following
descending series of G is obtained,

G = Ko(G) 2 K1(G) 2 K2(G) 2 ... 2 K,(G) 2 ...,

which is called the lower autocentral series of G. One can easily see that y,+1(G) < K,(G), n > 0, where
Yn+1(G) is the (n + 1)st term of the lower central series of G.

The upper autocentral series has been defined by a similar manner. The nth absolute centre of G has been
defined in the following way: L1(G) = L(G) and forn > 1,

Ly,(G) :={g € Gllg, a1, 00, ...,an] =1, Va; € Aut(G) }.
One obtains an ascending chain of characteristic subgroups of G as follows:
(1) = Lo(G) € L1(G) € L2(G) S ... € Ln(G) < ...

One can easily see that L, (G) < Z,(G), n > 0, where Z,,(G) is the nth centre of G. Also, K,(G) = yu+1(G)
and L, (G) = Z,,(G), when all the automorphisms «; (for 1 < i < n) are taken to be the inner automorphisms
of G. These are similar to the marginal series of a group, see [9]. In the next section, we generalize the concepts
of absolute centre, autocommutator subgroup, lower autocentral series and upper autocentral series of a group.
Then we derive some of their basic properties.

Moghaddam et al. [8], introduced the concept of autoisoclinism as follows. Two groups G and H are said to
be autoisoclinic if there exist isomorphisms « : % — L(LH, y : Aut(G) — Aut(H) and g : K(G) — K(H)
so that § is induced by «, which are compatible. In fact tflis is an equivalent relation among all groups. In
[10] the authors considered some probabilistic aspects related to this concept. Then Dutta and Nath [2,3], have
generalized the invariance property of g-autocommutativity degree (probability) of finite groups. We also used
the effect of automorphism of groups on some probabilistic aspects and nilpotency. Then we obtained some
generalizations are given in [11-13] as well as the effect of automorphism of groups on some properties of group
setting which has attracted a lot of interests. These are our main motivation to do n-autoisoclinism. Finally, we
introduce the concept of n-autoisoclinism and give a necessary and sufficient condition for two groups to be
n-autoisoclinic, Definition 2.8 and Lemma 2.9.

2 Main results

We now proceed with generalization of some preliminary results on autocommutator subgroups. Let (G, H)
be a pair of groups, where H is a characteristic subgroup of G. If & is an element of H and « an arbitrary
automorphism of G, then [k, o] = h~1h* is said to be the autocommutator of 4 and «. So we may define the
following subgroups,

K(H,G) :=[H,Aut(G)] = ([h,a]l | h € H ,a € Aut(G) ),

L(H,G):={heH]|[ha]l=1, Ya € Aut(G) },

which are called relative autocommutator subgroup and relative absolute centre of the pair (G, H), respectively.
Clearly, these are characteristic subgroups of G. In particular if H = G, then L(G, G) = L(G) and K (G, G) =
K (G) are the absolute centre and autocommutator subgroup of G, respectively. In the following we define special
subgroups of H. Put H = Ko(H, G) and for n > 1, we define

K,(H,G):=K(K,_1(H,G),G) =[K,_1(H, G), Aut(G)].
So we have,
H=KyH,G)DK{(H,G) 2 KyH,G)>.. 2K,(H,G)D ...,

which is called the relative lower autocentral series of the pair (G, H).
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Now we need the following technical lemma which its proof is straightforward (more details are in the proof
of [13, Lemma 2.6]).

Lemma 2.1 [f H and N are characteristic subgroups of a group G, then K(HN, G) = K(H, G)K(N, G).

Theorem 2.2 Let H and N be characteristic subgroups of a given group G, suchthat G = HN. Then K,(G) =
K,(H,G)K, (N, G), foralln > 0.

Proof Using induction on i and assume the result holds for i. Then by Lemma 2.1

Ki+1(G) = [K;(G), Aut(G)]
=[K;(H, G)K;(N, G), Aut(G)]
= K(K;(H,G)K;(N, G), G)
= K(Ki(H, G), G)K(Ki(N, G), G)
= K(K;(H,G)K;(N, G), G)
= Kit+1(H, G)Ki+1(N, G).

O

Theorem 2.3 Let H be a characteristic subgroup of a group G, such that G = HL,(G), for n > 0. Then
K, (G) = Kn(H, G).

Proof Using the fact that [g, «1, ..., ] = lifand only if g € L,,(G), o; € Aut(G) fori =1, 2, ..., n, together
with Theorem 2.2, we have

Kn(G) = Kn(HLn(G)) = Kn(Ha G)Kn(Ln(G)» G)= Kn(Hs G),
as required. O

Corollary 2.4 Let N be a characteristic subgroup of a group G such that N N K,,(G) = 1, for n > 1. Then
NNK,—i(G) C Li(G), foralli € {0, ..., n}.

Proof Clearly, the case i = 0 is trivially true. So we assume that the statement is true for 1, 2, ...,7 — 1. Then

[NNK,—i(G), Aut(G)] C [N, Aut(G)] N [K,—i (G), Aut(G)]
CNN Kn+17i (G)
C Li1(G),

which follows that N N K,,—; (G) € L;(G). Clearly for i = n, we have N € L,(G). Thus the result follows by
induction on i. O

Corollary 2.5 Let G be a group in which every maximal subgroup is characteristic. Then for all n > 0,
K,(G)NL,(G) € ®(G), where ®(G) is Frattini subgroup of G.

Proof Let M be a maximal subgroup of G. Then either L,,(G) € M or G = ML,(G). If L,(G) € M, then
there is nothing for prove. If G = M L, (G), then it follows from Theorem 2.3 that K,,(G) = K,(M, G). Thus
K,(G)NL,(G)=K,(M,G)NL,(G) C M. This proves the result. a

One observes that the results of n-isoclinism which have been obtained by Bioch [1] and Hekster [6], reveal
importance of generalization of isoclinism. Also the interests of autoisoclinism property, motivate us to consider
its generalization to n-autoisoclinism. First we generalize the concept of n-homoclinism and derive some basic
properties similar to those of Bioch and Hexter.

In 1984, Hekster [6] introduced the concept of n-homoclinism as follows. Let G and H be two groups. A
pair («, B) is termed an n-homoclinism from G to H if « : %G) — % and B : ¥y4+1(G) —> yYu41(H)
are homomorphisms where « induces § such that the following diagram is commutative
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G G al’t-‘r] H H
X+ X X oo X
Z,(G) Z,(G) Z,(H) Z,(H)
Yn+1(G) Vnt+1(H),
where o !

=o X ... Xd0o.
~————

(n+1)-times
Definition 2.6 Let n > 0 and let G and H be arbitrary groups. An n-autohomoclinism from G to H is a pair

of homomorphisms («¢ x y”, B) with « : ,B:Ky,(G) — K,(H)and y : Aut(G) —

—
N " L.(G) | Lu(H)
Aut(H) such that the following diagram is commutative:

n

o Xy
7. x Aut(G) x --- x Aut(G) — L) x Aut(H) x --- x Aut(H)
K, (G) K, (H),
where (GLn(G)y @1, ooy 00) Y (WL (H), Y1, ey Yin), (&Ln(G), 91, s 1) >

(8. @1+ s @nls (WL (), Y1, ooy i) > Th, Y1 ey Yl and [g, @1, ooy @a] 2 TR 1, Y],

Observe that this notion generalizes the concept of homoclinism. In fact, if n = 0, then 0-autohomoclinisms are
exactly homomorphisms, and if n = 1, then 1-autohomoclinisms are exactly autohomomclinisms.
The following theorem generalizes [6, Proposition 3.2].

Theorem 2.7 Let (o x y", B) be an n-autohomoclinism from G to H. Then the following statements hold.

(1) If a x y" is surjective, then B is surjective.
(ii) If B and y are injective, then o X y" is injective.

Proof (i) Without loss of generality we assume that y = [k, 01, ...,0,] € K,(H), for some h € H, 0; €
Aut(H), i = 1,...,n. As a x y" is surjective, we may choose g € G, ¢; € Aut(G), i = 1, ...,n, with
(¢ x y"(gLy(G), @1, ...,0n) = (hL,(H), 01, ..., 0). Since [g, ¢1, ..., on] € K, (G), the definition of
n-autohomoclinism yields

IB([g7 ¢19 AR (pn]) = [h9 0-17 ceey Un] = y

(i) Let B and y be injective and (@ X y")(gL,(G), @1, ..., ¢n) = (L,(H), Ig, ..., Ig), in which «(gL,(G)) =
L,(H)and y(¢;) = Iy fori =1, ...,n. As y is injective, it follows that ¢; = I, for all 1 < i < n. Using
the above diagram

BUg, o1, ... o) =1, Iy, Iy, ..., Iyl =1,

where h € L,(H). By injectivity of B, we have [g, ¢1, ..., ¢,] = 1. Therefore, g € L,,(G) andso gL, (G) =
L,(G). That is « is injective. Clearly y is injective and hence the assertion holds.
i

Now we are able to give a definition which generalizes the concept of autoisoclinism and resembles the
concept of n-isoclinism by Hekster, [6, Definition 3.3], as follows.
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Definition 2.8 Let (¢ x y", f) be an n-autohomoclinism from G to H. Then the kernel of (¢ x y", B) is

Vv
defined by Ker(a x y", B) = Kerp and the image of (o« x ", B) is defined by Im(« x ", §) = (m, W),
n

G Vv
where V is the subgroup of H containing L,(H) given by a(L (G)) =7 ) and W is a subgroup of
Aut(H) x ... x Aut(H). We say that G and H are n-autoisoclinic,nif a, y and ,Bn are isomorphisms. In this case

n-times
we write G ~, it H and we say that the pair (o x y", B) is an n-autoisoclinism between G and H.

Clearly if G ~, aqut H and H ~,, 3yt K, then G ~, oyt K. Therefore, n-autoisoclinism is an equivalence relation
on the class of all groups. So it should be a classification of groups.
The following corollary which follows immediately from the above definition, is similar to [6, Corollary 3.4].

Corollary 2.9 Let (@ x y", B) be an n-autohomoclinism from G to H. Then (o x Y™, B) is an n-autoisoclinism
from G to H if and only if « is surjective and B, y are injective.
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