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Abstract A result due to Tôya, Montel and Kuniyeda concerning the location of the zeros of a polynomial states
that if P(z) = anzn + an−1zn−1 + an−2zn−2 + · · · + a0 is a polynomial of degree n then all its zeros lie in the

disk |z| ≤ (
1 + Aq

p
)1/q

where p > 1, q > 1 with 1/p + 1/q = 1 and Ap =
(∑n−1

j=0

∣∣∣
a j
an

∣∣∣
p)1/p

. In this paper,

we refine this result and among other things obtain ring shaped regions containing all the zeros of a polynomial
with complex coefficients.
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1 Introduction and statement of results

Locating zeros of polynomials has important applications in many areas of applied mathematics including control
theory, signal processing, communication theory, coding theory and cryptography. So there is always a need for
obtaining better and better estimates for the region containing all the zeros of a polynomial.

The problem of finding the regions containg all the zeros of a polynomial has a long history that dates back
to the work of A. L. Cauchy [2] who gave several zero-bounds in terms of the coefficients of a polynomial. An
account of classical results on this topic can be found in a comprehensive book by Marden [4] (see also [6]). The
one among these zero-bounds is due to Tôya, Montel and Kuniyeda (see [3,5,7], [4, p. 124]) which states that if
P(z) = anzn + an−1zn−1 + an−2zn−2 + · · · + a0 is a polynomial of degree n, then all zeros of P(z) lie in the
disk |z| ≤ (

1 + Aq
p
)1/q

, where p > 1, q > 1 with 1/p + 1/q = 1 and

Ap =
⎛

⎝
n−1∑

j=0

∣∣
∣∣
a j

an

∣∣
∣∣

p
⎞

⎠

1/p

. (1)
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In this paper, we first obtain a disc containing all the zeros P(z) whose radius is smaller than
(
1 + Aq

p
)1/q

. More
precisely, we prove the following:

Theorem 1.1 If P(z) = ∑n
j=0 a j z j is a polynomial of degree n and p > 1, q > 1 with p−1 + q−1 = 1. Then

all the zeros of P(z) lie in the closed disk |z| ≤ (
1 + α0 Aq

p
)1/q

where Ap is given by (1) and α0 is the unique
root of the equation x = 1 − 1(

1+Aq
p x

)n in the interval (0, 1).

Instead of proving Theorem 1.1, we prove the following more general result for a class of lacunary type polyno-
mials which includes Theorem 1.1 as a special case.

Theorem 1.2 If P(z) = anzn + ar zr + ar−1zr−1 + · · · + a0, 0 ≤ r ≤ n − 1, is a polynomial of degree n, then
all the zeros of P(z) lie in the closed disk

|z| ≤ (
1 + λ0 Aq

p,r
)1/q

where Ap,r is given by

Ap,r =
⎛

⎝
r∑

j=0

∣∣
∣∣
a j

an

∣∣
∣∣

p
⎞

⎠

1/p

, (2)

p > 1, q > 1 with p−1 + q−1 = 1 and λ0 is the unique root of the equation

(1 + Aq
p,r x)n−r−1x = 1 − 1

(
1 + Aq

p,r x
)r+1

in the interval (0, 1).

For r = n − 1, Theorem 1.2 reduces to the Theorem 1.1.
The next result gives a lower estimate for the moduli of the zeros of a polynomial.

Theorem 1.3 If P(z) = anzn + ar zr + ar−1zr−1 + · · · + a0, 0 ≤ r ≤ n − 1, is a polynomial of degree n, then
all the zeros of P(z) lie in the closed disk

|z| ≥ |a0|
2|an|(1 + Ap,r )n−1[1 + (1 + r1/q)Ap,r ]

where Ap,r is given by (2), p > 1, q > 1 with p−1 + q−1 = 1.

Combining Theorem1.2 and Theorem 1.3, we get the following result which gives a ring shaped region containing
all the zeros of a polynomial.

Corollary 1.4 If P(z) = anzn + ar zr + ar−1zr−1 + · · · + a0, 0 ≤ r ≤ n − 1, is a polynomial of degree n, then
all the zeros of P(z) lie in the ring shaped region

|a0|
2|an|(1 + Ap,r )n−1[1 + (r1/q + 1)Ap,r ] ≤ |z| ≤ (

1 + λ0 Aq
p,r

)1/q

where Ap,r is given by (2), p > 1, q > 1 with p−1 + q−1 = 1 and λ0 is the unique root of the equation

(1 + Aq
p,r x)n−r−1x = 1 − 1

(
1 + Aq

p,r x
)r+1

in the interval (0, 1).

If we are not interesting in finding the roots of the equation

(1 + Aq
p,r x)n−r−1x = 1 − 1

(
1 + Aq

p,r x
)r+1

in the interval (0, 1), we can deduce from Theorem 1.4, the following interesting result, which still refines the
result due to Tôya et al.
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Theorem 1.5 If P(z) = anzn + ar zr + ar−1zr−1 + · · · + a0, 0 ≤ r ≤ n − 1, is a polynomial of degree n, then
all the zeros of P(z) lie in the ring shaped region

|a0|
2|an|(1 + Ap,r )n−1(1 + (1 + r1/q)Ap,r )

≤ |z| ≤
[

1 +
{

1 − 1

(1 + Aq
p,r )

r+1

}

Aq
p,r

]1/q

where Ap,r is given by (2) and p > 1, q > 1 with p−1 + q−1 = 1.

2 Lemma

The following lemma is due to Aziz and Zargar [1] and is used to prove Theorem 1.2.

Lemma 2.1 Let f (x) = x −
{

1
(1+Ax)n−r−1 − 1

(1+Ax)n

}
, where n is a positive integer, 0 ≤ r ≤ n −1 and A > 0.

If (r + 1)A > 1, then f (x) has a unique root in the interval (0, 1).

3 Proof of Theorems

Proof of Theorem 1.2 By hypothesis, P(z) = anzn + ar zr + · · ·+ a0 is a polynomial of degree n, therefore, we
have

|P(z)| = |anzn + ar zr + · · · + a1z + a0|

≥ |an||zn|
⎛

⎝1 −
r∑

j=0

∣∣∣
∣
a j

an

∣∣∣
∣

1

|z|n− j

⎞

⎠ .

This gives with the help of Hölder’s inequality for p > 1, q > 1 with 1/p + 1/q = 1,

|P(z)| ≥ |an||zn|

⎧
⎪⎨

⎪⎩
1 −

⎛

⎝
r∑

j=0

∣∣∣∣
a j

an

∣∣∣∣

p
⎞

⎠

1/p ⎛

⎝
r∑

j=0

1

|z|(n− j)q

⎞

⎠

1/q
⎫
⎪⎬

⎪⎭

= |an||zn|

⎧
⎪⎨

⎪⎩
1 − Ap,r

⎛

⎝
r∑

j=0

1

|z|(n− j)q

⎞

⎠

1/q
⎫
⎪⎬

⎪⎭
. (3)

First, we assume that (1 + r)Aq
p,r ≤ 1, then for |z| = R > 1, we have from (3),

|P(z)| ≥ |an|Rn

⎧
⎪⎨

⎪⎩
1 − Ap,r

⎛

⎝
r∑

j=0

1

R(n− j)q

⎞

⎠

1/q
⎫
⎪⎬

⎪⎭

= |an|

⎧
⎪⎨

⎪⎩
Rn − Ap,r

⎛

⎝
r∑

j=0

R jq

⎞

⎠

1/q
⎫
⎪⎬

⎪⎭

> |an|
{

Rn − (1 + r)1/q Ap,r Rr
}

≥ |an|(Rn − Rr ) > 0.

Next we suppose that (1 + r)Aq
p,r > 1, then again from (3), we have

|P(z)| ≥ |an||zn|
⎡

⎣1 − Ap,r
1

|z|n
(

|z|(r+1)q − 1

|z|q − 1

)1/q
⎤

⎦

= |an|
⎡

⎣|z|n − Ap,r

(
|z|(r+1)q − 1

|z|q − 1

)1/q
⎤

⎦ .
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Hence for every λ > 0, we have on |z| = {
1 + (Ap,r )

qλ
}1/q

,

|P(z)| ≥ |an|
⎡

⎣(
1 + (Ap,r )

qλ
)n/q − Ap,r

({
1 + (Ap,r )

qλ
}r+1 − 1

(Ap,r )qλ

)1/q
⎤

⎦ > 0

if

(
1 + (Ap,r )

qλ
)n/q − Ap,r

[{
1 + (Ap,r )

qλ
}r+1 − 1

]1/q

Ap,rλ1/q
> 0,

or if,

(
1 + (Ap,r )

qλ
)n/q

>

[{
1 + (Ap,r )

qλ
}r+1 − 1

]1/q

λ1/q

that is, if

(
1 + (Ap,r )

qλ
)n

>

{
1 + (Ap,r )

qλ
}r+1 − 1

λ
,

if

λ >
1

(
1 + Aq

p,rλ
)n−r−1 − 1

(
1 + Aq

p,rλ
)n . (4)

Thus, if λ0 is the unique root (Lemma 2.1) of the equation x = 1
(1+Aq

p,r x)n−r−1 − 1
(1+Aq

p,r x)n in the interval (0, 1),

then for every λ > λ0 satisfies (4) and hence |P(z)| > 0 on |z| = (
1 + (Ap,r )

qλ
)1/q

, which implies that P(z)

has all its zeros in |z| ≤ (
1 + λ0(Ap,r )

q
)1/q

. This proves Theorem 1.2. ��
Proof of Theorem 1.3 Let F(z) = (1 − z)P(z), then

F(z) = a0 +
r∑

j=1

(a j − a j−1)z
j + anzn − ar zr+1 − anzn+1

= a0 + G(z) (say)

If R = 1 + Ap,r , then by using Holder’s inequality for p > 1, q > 1 with p−1 + q−1 = 1, we get

max|z|=R
|G(z)| ≤ |an|Rn+1 + |an|Rn + |ar |Rr+1 +

r∑

j=1

|a j − a j−1|R j

≤ |an|Rn+1 + |an|Rn + |ar |Rr+1 +
⎧
⎨

⎩

r∑

j=1

|a j − a j−1|p

⎫
⎬

⎭

1/p ⎧
⎨

⎩

r∑

j=1

R jq

⎫
⎬

⎭

1/q

This gives with the help of Minkowski’s inquality,

max|z|=R
|G(z)| ≤ |an|Rn+1 + |an|Rn + |ar |Rr+1 +

⎡

⎢
⎣

⎧
⎨

⎩

r∑

j=1

|a j |p

⎫
⎬

⎭

1/p

+
⎧
⎨

⎩

r∑

j=1

|a j−1|p

⎫
⎬

⎭

1/p
⎤

⎥
⎦

⎧
⎨

⎩

r∑

j=1

R jq

⎫
⎬

⎭

1/q

≤ |an|
⎡

⎢
⎣Rn+1 + Rn + |ar |

|an| Rr+1 +

⎧
⎪⎨

⎪⎩

⎛

⎝
r∑

j=1

∣∣∣∣
a j

an

∣∣∣∣

p
⎞

⎠

1/p

+
⎛

⎝
r∑

j=1

∣∣∣∣
a j−1

an

∣∣∣∣

p
⎞

⎠

1/p
⎫
⎪⎬

⎪⎭

(
r Rnq)1/q

⎤

⎥
⎦

≤ |an|Rn
{

R + 1 + Ap,r + 2r1/q Ap,r

}

= 2|an|Rn
{

R + r1/q Ap,r

}

= 2|an|(1 + Ap,r )
n(1 + (1 + r1/q)Ap,r ). (5)
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Hence on |z| ≤ R,

|F(z)| = |a0 + G(z)|
≥ |a0 |−| G(z)|
≥ |a0| − |z|

1 + Ap,r
max|z|=R

|G(z)| (by Schwarz Lemma)

≥ |a0| − |z|
1 + Ap,r

2|an|(1 + Ap,r )
n(1 + (1 + r1/q)Ap,r ) (by (5))

> 0,

if

|z| <
|a0|

2|an|(1 + Ap,r )n−1(1 + (1 + r1/q)Ap,r )
.

Hence all the zeros of P(z) lie in

|z| ≥ |a0|
2|an|(1 + Ap,r )n−1(1 + (1 + r1/q)Ap,r )

.

Hence the result. ��
Proof of Theorem 1.5 Since λ0 is the unique root of the equation

x =
{

1

(1 + Aq
p,r x)n−r−1

− 1

(1 + Aq
p,r x)n

}

, 0 ≤ r ≤ n − 1,

in (0, 1), it follows that 0 < λ0 < 1 and

λ0 =
{

1

(1 + Aq
p,rλ0)n−r−1

− 1

(1 + Aq
p,rλ0)n

}

,

= 1

(1 + Aq
p,rλ0)n−r−1

{

1 − 1

(1 + Aq
p,rλ0)r+1

}

,

≤
{

1 − 1

(1 + Aq
p,rλ0)r+1

}

,

≤
{

1 − 1

(1 + Aq
p,r )

r+1

}

,

which implies

(1 + Aq
p,rλ0)

1/q ≤
[

1 +
{

1 − 1

(1 + Aq
p,r )

r+1

}

Aq
p,r

]1/q

.

Using this in Theorem 1.3, we conclude that all the zeros of P(z) lie

|a0|
2|an|(1 + Ap,r )n−1(1 + (1 + r1/q)Ap,r )

≤ |z| ≤
[

1 +
{

1 − 1

(1 + Aq
p,r )

r+1

}

Aq
p,r

]1/q

.

This proves Theorem 1.5. ��
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