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Abstract Let K and T be compact Hausdorff spaces, C.(K) = {f € C(K) : f(k) > 0 for all k € K} be the
positive cone of C(K). In this paper, we prove that if K is a compact Hausdorff perfectly normal space, then
for every e-phase-isometry F : C(K) — Cy(T), there are nonempty closed subset S C T and an additive

isometry V : C4(K) — C4(S) defined as V(f) = lim,_ % for each f € C1(K) satisfying that

3
IECHLs = VIOI = e, forall f € Ci(K).

Moreover, if F is almost surjective, then there exists a unique homeomorphism y : T — K such that

3
[E(H@O) = flr@) = 5. teT, feC(K).
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1 Introduction

The seminal Mazur-Ulam theorem [13] states that every surjective standard isometry between real Banach
spaces is necessarily linear. Since then, there is an extensive literature on the study of properties of isometries
and perturbed isometries. A mapping F : X — Y is called an e-isometry for some ¢ > 0if | | F(x) — F(y)|| —
lx — y|l |< e forall x,y € X. Hyers and Ulam [8] first studied ¢-isometries and proposed the problem of an
e-isometry uniformly approximated by an isometry. They show that every standard surjective e-isometry between
two real Hilbert spaces can be uniformly approximated by a linear surjective isometry with the error less than
10¢. Later, this result was extended to all pairs of Banach spaces by Gevirtz [6], the best constant 2¢ was finally

Communicated by Prof. Rahul Roy.

This work was supported by National Natural Science Foundation of China (61563032, 61963025) and Gansu Provincial Science
and Technology Program (22YF7GA164, 22CX8GA131).

W. Wang - A. An (X))
College of Electrical and Information Engineering, Lanzhou University of Technology, Lanzhou 730050, People’s Republic of China
E-mail: anaiminlll@163.com

W. Wang
E-mail: wwt0706@ 126.com

@ Springer



On e-phase-isometries between the positive 729

obtained by Omladi¢ and Semrl [14]. This stability phenomenon of the ¢-isometry is called Hyers-Ulam stability.
Recently, the Hyers-Ulam stability of e-isometries on positive cones of some ordered Banach spaces are also
studied (see [17], [21]).

In the case of continuous function spaces, the seminal Banach-Stone theorem states that the existence of a
linear surjective isometry between C(K) and C(T') guarantees that K and 7 are homeomorphic. Vestfrid [21]
furthermore showed the following perfect result about the e-isometries between the positive cones of continuous
function spaces.

Theorem 1.1 (Vestfrid) Suppose that K and T are compact Hausdorff spaces and F : C+(K) — C+(T) is a
standard surjective e-isometry. Then there exist a unique homeomorphismy : T — K such that

[F(H@) = fly)l =2 1T, feCi(K).

The constant 2 is optimal.

In another direction, the study of phase-isometries between Banach spaces has also attracted mathematicians’
attention. The mappings F, G : X — Y are said to be phase-equivalent if there exists a phase function
o : X — {—1,1} such that F = o - G. Suppose that (H; (-, -)) and (Ha(-, -)) are two real or complex inner
product spaces, the classical Wigner’s unitary-antiunitary theorem states that a mapping F : H; — H» satisfies
[(F(x), F(y))] = |(x,y)| for all x,y € Hj, if and only if there exists a phase function o which takes values
in modulus one scalars such that ¢ - F is a linear isometry or a conjugate linear isometry. It has played a
fundamental role in quantum mechanics [2]. In the case of real inner product spaces, Maksa and Pales [12]
showed that F : H; — H, satisfies [(F(x), F(y))| = |(x, y)| if and only if F is a phase-isometry. Now it
follows from Wigner’s theorem, every phase-isometry between two real inner product spaces is phase equivalent
to a real linear isometry. It is natural to ask under what conditions the above result remains true for real normed
spaces (see [9,19]). Recently, Ilisevi¢, Omladi¢ and Turnsek [9] presented a Mazur-Ulam type theorem for
phase-isometry: Every surjective phase-isometry between two real Banach spaces is phase equivalent to a linear
surjective isometry. The surjectivity hypothesis is also essential in general, but can be dropped if the target space
is strictly convex [10]. The phase-isometries between the positive cones of continuous function spaces have also
been studied in [18]. For more background on this topic, we refer to [7,11,22] and references therein.

As a natural and interesting generalization of phase-isometry to the perturbed case, the concept of e-phase-
isometry has been given and studied by some mathematicians (see [3,4], [20]). Turnsek [20] first studied the
e-phase isometries between two real Hilbert spaces and showed an interesting result: If ¥ : Hy — Hj is a
standard surjective e-phase isometry, then there exist a phase function o : H; — {—1, 1} and a linear surjective
isometry U : Hy — H such that || F(x) —o(x)U(x)]|| < 24/2¢ for all x € Hj. Dai and his collaborators [3,4]
studied the weak stability of e-phase-isometries between Banach spaces.

In this paper, we aim to investigate the e-phase-isometries between the positive cones of continuous function
spaces. There are many ways how to define e-phase-isometries and in this paper we propose the following
definition.

Let X, Y denote real Banach spaces. A mapping F : X — Y is called an e-phase-isometry for some & > 0
provided

[TIF@) + FOOI £ IF@) = FO)I = lx+yl £ lx—yll || <e
for all x, y € X. Namely,
[IFG) + FOI+I1FG) = FOID = Ulx +yl+llx = yD| <e
and
[TIF@) + FO)I = IF@) = FD)IL =T llx+yl = llx =yl | | <e
for all x, y € X. When ¢ = 0, then the mapping F is called a phase-isometry, i.e.,
{IIF @) + FDIL 1FQ) = FO)MY = {llx + yll. lx = yl}, forallx,ye X.

F is called standard if F(0) = 0.
Let K be a compact Hausdorff perfectly normal space and 7 be an arbitrary compact Hausdorff space, we
mainly prove that for every e-phase-isometry F : C4(K) — C4(T), there are nonempty closed subset S C T

=\
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and an additive isometry V : C4(K) — C4+(S) defined as V(f) = lim,— % foreach f € C+(K) such

that |[F(f)|s — V() < %8. When F is almost surjective, there exists a unique homeomorphism y : T — K
such that

3
[F(H@O = flr@)l =5 teT, feC(K).

All symbols and notations in this paper are standard. We use X to denote a real Banach space , B(X) (resp.
S(X)) stands for the closed unit ball (resp. the unit sphere) of X. For a compact Hausdorff space K, C(K)
represents the Banach space of all continuous real-valued functions on K endowed with the supremum norm,
and CL(K) ={f € C(K) : f(k) > 0 for all k € K} is the positive cone of C(K). For any k € K, let §; be the
bounded linear functional on C(K) defined as (5¢, f) = f(k) forall f € C(K).

2 Main results
Let K be a compact Hausdorff perfectly normal space and T be a compact Hausdorff space. In this paper, our

main purpose is to study the properties of e-phase-isometries between C(K) and C (7). To begin with, we
recall some preliminaries.

Recall that the norm || - || of a Banach space X is said to be Gateaux differentiable at a point x € X provided
there exists a continuous linear functional x* € X™* such that (x*, u) = lim, . o(||x +rul| —|x|)/r forallu € X.
In this case, the functional x* is called the Gateaux derivative of | - || at x, and we denote by x* = d||x|| [15].

A normal topological space K is called perfectly normal if each closed set of K is a Gs-set. Obviously, every
metric space is a perfectly normal space. The following result about compact Hausdorff perfectly normal space
is classical and useful (see [18]).

Lemma 2.1 [18, Lemma 2.1] Suppose that K is a compact Hausdorff perfectly normal space, then for every
k € K, there exists g € C+(K) with | gl = 1 such that the norm || - || of C(K) is Gateaux differentiable at g
with & = d| g|l.

The following Lemma 2.2 is the main lemma of this paper, and it plays an important role in the sequel.

Lemma 2.2 Let K be a compact Hausdorff perfectly normal space, T be a compact Hausdorff space. Suppose
that F : C4(K) — C(T) is a standard e-phase-isometry, then for any k € K there exists an elementt € T
such that

3
{8k, f) = (8, F()] = 56, forall f € Cy(K). 2.1)

Proof Suppose that F : C1(K) — C,(T) is a standard e-phase-isometry, i.e.,

LHIEH) +F@IEIF) = F@IT=11f+el£If—gll]<e 2.2)

for all f,g € C4(K). Note that f, g € C.(K) and F(f), F(g) € C.(T), wehave || f — g|l < |If + gl and
I|F(f) — F(g)ll < |F(f)+ F(g)]. It follows from (2.2) that

[FH) + FOI+IF) = F@@ID = Uf+egl+11f =gl <e, (2.3)

and

IFECH) +F@OQI = I1F) = F@@D = Af+gl—=If—gbl <e. (2.4)

forall f, g € C+(K).
Combining (2.3) and (2.4), we obtain that

HIFH) +F@OI=1f+gll=e, (2.5)

and

HIFW) = F@OI=1f =gl =,
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forall f,g € C4(K).Let f = g, dueto (2.5), we have

1 1
HIEOT =1 = ZANFES) + FOI=IF + D = e 2.7)

Note that K is a compact Hausdorff perfectly normal space, by Lemma 2.1, for every k € K, there exists
g € S(C4+(K)) such that the norm || - || of C(K) is Gateaux differentiable at g with §x = d||g||, i.e.

Jim (irg + £l —rligh) = rl_i>I{)1+(||g +rfl = 1lglh/r = (6. f). ¥V f € C(K).

For any n € N, choose 1, € T such that

1 1
n+ 6 = (8, Fng)) = [Fng)l = n — 3e. 2.8)
For each f € C,(X), we have
_ Ly
Ve = s V00 g — 1= = 1P @) — PPl =6 =
> (0, F(ng) — F(f))—e—n
3
> — (b, F()) — 76 (2.9)
and
Ll
I+ V=8N _ g 4 fl == 1F () + F(FYI — & —n

n

> (8, F(ng) + F(f)) —e —n

3
= {8, F()) = 5e. (2.10)

Note that 7" is compact, let ¢ be any cluster point of {t,}. According to (2.9) and (2.10), we have

3
8k, f) = (6, FOON = S 2.11)

The proof is complete. O

It follows from (2.6) that every standard e-phase-isometry between C4(K) and C4(T) is an standard &-
isometry. The next example which follows from [18] shows that the converse is not true .

Example 2.3 Let K = {a,b}, T = {c,d, e} be two discrete topological spaces. Thus, C(K) = (Ego)+ and
C+(T) = (£3,)+. Define F : (£2))1+ — (£3.)+ by F(x) = (x|, x1, x2) for x = (x1, x2) € (¢2,)+. Then F is
a standard O-isometry, but it is not a standard e-phase-isometry for any ¢ > 0.

Theorem 2.4 Let K and T be as in Lemma 2.2. If F : C4(K) — C4(T) is a standard e-phase-isometry,
then there exists a nonempty closed subset S C T and an additive isometry V : CL(K) — C4(S) defined as

V(f) =1lim,_. %for each f € CL(K) such that

3
IFE()Ns = VOI = 75 (2.12)
Proof Put
S ={teT:3k € K such that

3
{8k, £) = (8, F(N)| = 5e forall f € Cy(K)). (2.13)
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Due to Lemma 2.2, S # (. We assert that S C T is closed. For any net {f;},ca C S with f;,, — 1, there exists a
net {ky}rea C K so that

3
8k, ) = (8, FOON = Fe, forall f € Ci(K). (2.14)

Note that K is compact, let k € K be a cluster point of {kj },ca, then

|8k, f) — (8, F(N) = %8, forall f e C(K). (2.15)

This means that 1 € S. Therefore, S C T is closed.
Given ¢ € S, it follows from (2.13) that there exists k € K such that for every f, g € C(K),

[0, F(f +8)) — (8, F(f) + F(8))]
= 16, F(f +8)) — (0, [ + 2
+ {8, F(f)) = (8, f)
+ {81, F(8)) — (8, &)1

€. (2.16)

=<

|\

Therefore,

IE(f +&)ls — (F(Hls + F(@Is)l
=sup (&, F(f +8)) — (&, F(f) + F(g))|

teS

9
< e (2.17)

This implies that the mapping F(-)|s : C1(K) — C4(S) is approximatively additive, and the sequence

{%}z‘;l is a cauchy sequence in C4(S). Since S is closed, C(S) is a Banach space. Note that C4(S)
is a closed convex set of C(S), we define V : C+(K) — C+(S) by

FQ2" s
2]1

V(f) = lim for all f € C,(K). (2.18)

Then V is well-defined, and we will show that it is an additive isometry.
For f, g € C1(K), by (2.17), we obtain that

IV(f+8 =V =Vl

— lim FQ'f+2%)ls  FQ"f)ls  F@2"g)ls
T oo on on n
9
< lim =25 —o. (2.19)

~ n—o0 2n+l

Therefore, V is additive. Next, we show V is an isometry. On one hand, due to (2.6),

FQ'f)ls — FQ"
IV =Vl = tim | f>|s2n @')ls|

FQ"f)y— FQ@2"
< lim | (2"f)—F(2"g) |
n— 00 n

7 f -
o 20 gl e

T n—oo n

On the other hand, for f, g € C+(K), there exists k € K such that || f — g|| = |(6k, f — g)|. By Lemma 2.2 and
(2.13), there exists ¢ € S such that

=If -zl (2.20)

3
[(8k, h) — (8, F(h))| < 3¢ for all h € Cy(K).
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Thus,

F(2"h) 3¢
on )| = 2n+1

This and (2.18) together show that (6¢, h) = (5;, V(h)) for all h € C4(K). Therefore,
If =gl =16k f == V)=V =IV()— VI (2.23)

(2.20) and (2.23) together show that V is an isometry.
Finally, for any ¢ € S, due to (2.13), there exists k € K such that

|8k, 1) — (81,

for all € C4(K). (2.22)

[0k, ) — (8, F(O)I = %8 for all f € C+(K). (2.24)
By the same argument as above, we can show that (8, ) = (8, V (f)). Therefore,
IF(Hs —VIHI = fggl(&, F(Pls = V)
=sup (&, F(ls) — (6, V(NI

teS
=sup (&, F(f)) — (5, f)I
teS
< ) (2.25)
_8. .
-2
The proof is complete. O

When ¢ = 0, we have the following result.

Corollary 2.5 [18, Theorem2.4] Let K and T be as in Lemma 2.2. If F : C4+(K) — C4+(T) is a phase-isometry,
then there exists a nonempty closed subset S C T such that F(-)|s : C+(K) — C4(S) (restriction of F(-) to S
) is an additive isometry.

According to Theorem 2.4, the existence of a standard e-phase-isometry F : C+(K) — C4(T) implies
the existence of a closed subset S C T and an additive V : C{(K) — C+(S). By [18, Corollary 2.5], V can
be extended to a linear isometry U from C(K) to C(S). When S is metrizable, due to a modification of the
simultaneous extension Theorem taken from Benyamini-Lindenstrauss’s book [1, Theorem1.21], there exists a
continuous linear operator E : C(S) — C(T) with |E|| = 1 and E(1) = 1 such that Eg is an extension of g
for every g € C(S). Note that E is actually a linear isometry from C(S) into C(T), EoU : C(K) — C(T) isa
linear isometry.

Corollary 2.6 Let T be a compact metrizable space, and K, F, V be as in Theorem 2.4. Then EoU : C(K) —
C(T) is a linear isometry such that

3
IECE(Pls) = EUUDI=IF(Hls = VNIl = 7&, forall f e Cy(K),

where U is the extension of V and E : C(S) — C(T) is the simultaneous extension operator.

Assume that K is a compact Hausdorff perfectly normal space, T is an arbitrary compact Hausdorff space. In
the following, we investigate the almost surjective e-phase-isometries between C 4 (K) and C (7). We will show
that the existence of a standard almost surjective e-phase-isometries between C (K ) and C(T) guarantees that
K and T are homeomorphic, which can be regarded as a generalization of the Banach-Stone theorem.

We first recall some notations (see [5,16,18]). Foramap F : C.(K) — C4(T), and for g € S(C4+(T)), we
denote

o(g. F(C+(K))) =liminfd(rg, F(C+(K)))/r,

and

T(F(C+(K)) = sup o(g, F(Cy(K))).
geS(C(T))
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734 W. Wang, A. An

Let (M1, dy) and (M>, d>2) be two metric spaces and § be a nonnegative real number. Recall that a map F :
M| — M, is called §-surjective, if for every y € M there is x € M with d>(y, F(x)) < §. A subset N in a
metric space (M, d) is called a sublinear growth net in metric d provided for any fixed wog € M,

d(w, N)
im ——— =
d(w,wo)—~>o0 d(w, wo)

Theorem 2.7 Supposethat F : C4(K) — C1(T)isastandard e-phase-isometry. Then the following statements
are equivalent:

(1) There exists a unique homeomorphismy : T — K such that

3
IF(HO - fly@l = e teT, feC(K),

(2) F is §-surjective for some § > 0,

(3) F(C+(K)) contains a sublinear growth net of C+(T),

(4) o(g, F(C4(K))) = liminfd(rg, F(C4(K)))/r =0forall g € S(C+(T)),
r—+00

(5) e(g, F(C+(K))) =liminf d(rg, F(C+(K)))/r < 1/2 for all g € S(C1(T)),

(6) T(F(C+(K))) <1/2,
(7) T(F(C+(K))) = 0.

Proof (1) = (2) Suppose that F : C4+(K) — C4(T) is a standard e-phase-isometry, and there exists a
homeomorphism y : T — K such that

3
[E(H@ = fly@) = z& teT, feC(K). (2.26)
Let U : C(K) — C(T) be the canonical linear surjective isometry induced by the homeomorphism y, i.e.,

UNHW =fly@), teT, feCK). 2.27)

By (2.27), we have U(C4+(K)) C C4(T). Note that t = y’l : K — T is also a homeomorphism. For
g€ Cy(T),let f(k) =g(z(k)) forall k € K. Then f € C+(K), by (2.27) again,

UH@) = fly@) =g(y®)) =g, teT.

Thus U(C(K)) = C4(T). Let V. = Ulc, (k) : C+(K) — C4(T), then V is an additive surjective isometry.
According to (2.26),

3
IEC) = VNI = F& f e Cr(KD.
This implies that F is §(= 3¢)-surjective.

It is trivial that (2) = 3) = (4) = (7) = (6) = (5).
(5) = (1) By the hypothesis, for every g € S(C+(T)), we have

e(g. F(C+(K))) =liminfd(rg, F(C+(K)))/r < 1/2. (2.28)

Since F is a standard e-phase-isometry, due to Lemma 2.2, for every k € K, there exists an element t € T such
that

3
8k, f) = (8, F(N) = Fe, forall f € C1(K). (2.29)
We assert that ¢ is unique. Suppose, on the contrary, that there exist #; # t» € T both satisfy (2.29). Then

3
8k, f) = (B, F(S))] = 7e, forall f € C(K),

and

3
8k, f) = O, F(f))] = 7, forall f € Cy(K).
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Therefore
{8, F(f)) — (81,, F(f))] < 3e, forall f e Cy(K). (2.30)

By Urysohn’s lemma, there exists a continuous function g : T — [0, 1] with (§,,, g) = 1 and (6,,, g) = 0. It
is clear that g € S(C,.(T)). Due to (2.28), there exist a sequence (r,) C RT with r, — oo and a sequence
{fulnen C C+(K) such that
5 lrang — F(fu)ll
im ———

n rn

=B <1)2. 2.31)

By (2.30), we have

3e = ({8, F(fu)) — {81y, F(fu))
> (811> rn8) — (8rys &) — {81y F(fn) — 1n8) — (8r» F(fr) — rug)l
> (1 _2||r11g - F(fn)”) = 00

T'n

This lead to a contradiction. Define t : K — T by
(k) =t,

where k, ¢ satisfy (2.29). Then 7 is well defined.
We assert that 7 : K — T is a homeomorphism. Let k1, k» € K with 7(k;) = 7(k2). By (2.29),

[(8k;s f) — (8ky» f)] < 3e, forall f e Cr(K). (2.32)

This implies that k| = k; and 7 is injective.
Next, we show that T : K — T is continuous. Suppose that {k; }pca C K is a convergent net with k, — k.
By (2.29), there exists a net {t (k) )}reca C T satisfies that

3
18k, £) = (e, F(N = Z&, forall f & Cy(K). (2.33)

Since T is compact, for any cluster point ¢ of {t(k;)}rca, (2.33) implies that

(8, ) = (8, F(P) =< 38, for all f € Cy(K). (2.34)

Thus t = t(k) and 7(k;) —> t(k). This yields that 7 is continuous.
Since K is compact, T(K) C T is a compact set. We assert that t(K) = T. Suppose, on the contrary, that
there exists t € T\7(K). By Urysohn’s lemma, there exists a continuous function g : T — [0, 1] such that

(8, g) =l and (67, g) =0, forall 7 e 7(K). (2.35)

Note that g € S(C,(T)), by (2.28) again, there exist a sequence (r,) C RT with r, — oo and a sequence
{fu}nen C C+(K) such that

i 1n& = FUWI _
m--———=

n n

Pick k, € K with (8, f») = || f|l. Then

B < 1/2. (2.36)

3

382 (ks fr) — Beiny» F ()
= (Ok,» fn) — ety F(fn)) + Bz k) 70 &)
= 1 full = Be)s F(fr) —1ng)

1
Z IFUwll = 58 = 1F(fa) = ragll

1
= llrngll = 21 F (fu) = ragll — 3¢

F n) —In
P gl L
I'n 2
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736 W. Wang, A. An

This contradiction yields that T(K) = 7. By the similar argument as above, we can show that 7! is also
continuous and hence 7 : K — T is a homeomorphism. Let y = t=! : T — K, then y is the desired mapping.
By (2.29),

3
[FE(H@ = fly@) = z& teT, feC(K).

The proof is complete. O

The following simple example shows that the almost surjectivity hypothesis of F' : C;(K) — C4+(T) in
Theorem 2.7 is essential.

Example 2.8 Let K = {a}, T = {b, c} be two discrete topological spaces. Thus, C4(K) = R4 and C4(T) =
(€2)+. Define F : Ry — (£2))4 by

F(x) = (x,]sin(x)]).

Then F is a standard O-phase-isometry. But, K and T are not homeomorphic, and F is not an additive isometry.
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