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Abstract In this paper, we shall consider some finiteness of ind-sheaves with ring actions. As the main result of
this paper, there exists an equivalence of categories between the abelian category of coherent ind-βXA-modules
and the one of coherent A-modules, where A is a sheaf of kX -algebras and k is a field.
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1 Introduction

In [1], M. Kashiwara and P. Schapira introduced the notion of ind-sheaves to treat “sheaves” of functions with
tempered growth conditions. Ind-sheaves are defined as ind-objects of the category of sheaves of vector spaces
with compact support as below.

Throughout this paper, k is a field and all topological spaces are locally compact, Hausdorff and with a
countable basis of open sets. We denote by Mod(kX ) the category of sheaves of k-vector spaces on a topological
space X , and denote by Modc(kX ) the full subcategory of Mod(kX ) consisting of sheaves with compact support.

Definition 1.1 ([1, Def. 4.1.2]) An ind-sheaf of k-vector spaces on X is an ind-object of Modc(kX ), that is,
inductive limit

“lim−→
i∈I

”Fi := lim−→
i∈I

HomModc(kX )( · , Fi )

of a small filtrant inductive system {Fi }i∈I in Modc(kX ).

We call an ind-sheaf of k-vector spaces an ind-sheaf, for simplicity. Let us denote by IkX the category of
ind-sheaves of k-vector spaces on X . Note that it is abelian (see [2, Thm. 8.6.5 (1)] for the details). Note also that
there exists a natural exact embedding ιX : Mod(kX ) → IkX of abelian categories. It has an exact left adjoint
αX : IkX → Mod(kX ), that has in turn an exact fully faithful left adjoint functor βX : Mod(kX ) → IkX (see [1,
§3.3] for the details):

Mod(kX )

ιX

βX

IkXαX .
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738 Y. Ito

For a continuous map f : X → Y , we have the tensor product functor ⊗: IkX × IkX → IkX , the internal hom
functor Ihom : (IkX )

op×IkX → IkX , the external hom functor Hom := αXIhom : (IkX )
op×IkX → Mod(kX ),

the inverse image functor f −1 : IkY → IkX and the direct image functor f∗ : IkX → IkY . For Z ⊂ X and the
inclusion map iZ : Z → X , we denote i−1

Z (·) by (·)|Z , for simplicity. Note that these functors have same properties
of the case of classical sheaves. See [1, §§4.2, 4.3] for the details.

The authors also defined the notion of stalk for ind-sheaves which is called ind-stalk, and prove the following
results.

Definition 1.2 ([1, §4.3]) Let X be a topological space. For a locally closed subset Z ⊂ X and an ind-sheaf
F ∈ IkX , we set

Z F := F ⊗ βX kZ .

Moreover, we define the ind-stalk of an ind-sheaf F ∈ IkX at x ∈ X as {x}F . For simplicity, we denote {x}F by
x F .

Remark that there exists an isomorphism Z F � iZ !!i−1
Z F , here iZ : Z → X is the inclusion map of an open

subset Z and iZ !! : IkZ → IkX is the left adjoint functor of i−1
Z : IkX → IkZ . See [1, Notation 2.3.5, Def. 3.3.15,

Prop. 4.2.14 (i)] for the details.

Proposition 1.3 ([1, Prop. 4.3.21]) Let ϕ : F → G be a morphism of ind-sheaves. Assume that for any x ∈ X,
the induced morphism xϕ : x F →x G is the zero morphism. Then ϕ is the zero morphism.

We use the following corollary in the last step of the proof of Main Theorem (Theorem 2.13).

Corollary 1.4 Let ϕ : F → G be a morphism of ind-sheaves. Assume that for any x ∈ X, there exists an open
neighborhood U of x such that the induced morphism Uϕ : U F → U G is the zero morphism. Then ϕ is the zero
morphism.

Proof By the assumption, for any x ∈ X , there exists an open neighborhood U of x such that the induced
morphism Uϕ : U F → U G is the zero morphism. Then the induced morphism x (Uϕ) : x (U F) → x (U G) is the
zero morphism. Since there exist isomorphisms

x (U F) = U F ⊗ βX k{x} = (F ⊗ βX kU )⊗ βX k{x} � F ⊗ βX (kU ⊗ k{x}) � F ⊗ βX (k{x}) � x F

and also x (U G) � x G, the induced morphism x (Uϕ) is equal to the induced morphism xϕ : x F → x G. Hence
ϕ is the zero morphism by Proposition 1.3. �	

Moreover, the authors defined the notion of ind-modules as below.

Definition 1.5 ([1, §§5.4, 5.5]) Let X be a topological space.

(1) An ind-kX -algebra is the date of an ind-sheaf A and morphisms of ind-sheaves

μA : A ⊗ A → A, εA : ιX kX → A

such that the following diagrams are commutative:

A
∼

idA

ιX kX ⊗ A

εA⊗A

A A ⊗ A,
μA

A
∼

idA

A ⊗ ιX kX

A⊗εA

A A ⊗ A,
μA

A ⊗ A ⊗ A
μA⊗A

A⊗μA

A ⊗ A

μA

A ⊗ A
μA

A.

(2) Let A be an ind-kX -algebra. An ind-A-module (or A-module, for simplicity) is the date of an ind-sheaf M
and a morphism μM : A ⊗ M → M such that the following diagrams are commutative:

M
∼

idM

ιX kX ⊗ M

εA⊗M

M A ⊗ M,
μM

A ⊗ A ⊗ M
μA⊗M

A⊗μM

A ⊗ M

μM

A ⊗ M
μM

M.
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Finiteness properties of Ind-Sheaves with Ring Actions 739

(3) A morphism of ind-A-modules from M to N is a morphismϕ : M → N of ind-sheaves such that the following
diagram is commutative:

A ⊗ M
A⊗ϕ

μM

A ⊗ N

μN

M
ϕ

N .

Let us denote by IA the category of ind-A-modules. Note that this is abelian, see [1, §5.4] for the details.
Note also that we have bifunctors:

⊗A : I(Aop)× IA → IkX , Ihom A : (IA)op × IA → IkX , Hom A := αXIhom A : (IA)op × IA → Mod(αX A).

Moreover, for a continuous map f : X → Y and ind-kY -algebra B, we have the inverse image functor and the
direct image functor:

f −1 : IB → I( f −1 B), f∗ : I( f −1 B) → IB.

Note that these functors have same properties of the case of sheaves with ring actions. See [1, §§4.2, 4.3] for the
details. Here, we just recall the following properties.

Proposition 1.6 ([1, Ex. 5.4.7 for (1), (2), p92. for (3), Props. 3.3.11 (i), 5.4.11]) Let X be a topological space,
A an ind-kX -algebra and A a sheaf of kX -algebras on X.

(1) Ind-sheaves ιXA and βXA are ind-kX -algebras.
(2) The functors ιX and βX induce fully faithful functors ιX : Mod(A) → I(ιXA) and βX : Mod(A) → I(βXA),

and the functor αX induces functor αX : I(ιXA) → Mod(A) and αX : I(βXA) → Mod(A).
(3) For any M ∈ IA, we have an isomorphism A ⊗A M � M and Ihom A(A,M) � M.
(4) For any M,N ∈ Mod(A), we have an isomorphism βX (M ⊗A N ) � βXM ⊗βX A βXN .
(5) For any M, N ∈ IA, we have isomorphisms αX (M ⊗βX A N ) � αX M ⊗A αX N.
(6) Let f : X → Y be a continuous map and B an ind-kY -algebras. Then for any M, N ∈ IB, we have an

isomorphism f −1(M ⊗B N ) � f −1 M ⊗ f −1 B f −1 N.
(7) For M, N ∈ IA and an open subset U of X, then we have

Hom A(M, N ) = HomI(A|U )(M |U , N |U ).
For simplicity, let ind-βXA-module be called ind-A-module. Note that ind-A-modules are not necessarily

ind-objects of Modc(A).
The fully faithful functor βX : Mod(A) → I(βXA) is not necessarily an equivalence of categories. In this

paper, we define the notion of coherent ind-modules in Definition 2.2 and prove the following results. Although
it may be known to experts, it is not in the literature to our knowledge.

Main Theorem (Theorem 2.13) Let A be a sheaf of kX -algebras. There exists an equivalence of categories:

Modcoh(A)
βX

∼ Icoh(βXA)
αX

.

At the end of introduction, let us recall the definition of coherent modules.

Definition 1.7 Let X be a topological space and A a sheaf of kX -algebras.

(1) An A-module M is called locally finitely generated over A if for any x ∈ X there exist a positive integer n,
an open neighborhood U of x and an exact sequence (A|U )⊕n → M|U → 0.

(2) An A-module M is called locally finitely presented over A if for any x ∈ X there exist two positive integers
m, n, an open neighborhood U of x and an exact sequence (A|U )⊕m → (A|U )⊕n → M|U → 0.

(3) An A-module M is called pseudo-coherent over A if for any open subset U of X , any locally finitely
generated A|U -submodule N of M|U is locally finitely presented over A|U .

(4) An A-module M is called coherent over A if it is locally finitely generated over A and pseudo-coherent over
A.
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740 Y. Ito

2 Main Results

The main theorem of this paper is Theorem 2.13. Recall that throughout of this paper, k is a field and all topological
spaces are locally compact, Hausdorff and with a countable basis of open sets. Remark that the category IkX of
ind-sheaves admits finite coproducts which are commute with functors ιX , αX , βX . Let us denote by ⊕ the finite
coproduct in IkX .

Definition 2.1 Let A be an ind-kX -algebra and M an ind-A-module. We say that N is an ind-A-submodule of
M if it is a subobject of M in the category IA of ind-A-modules.

Similar to the case of sheaves with ring action, we shall define some finiteness properties for ind-modules as
below1.

Definition 2.2 Let X be a topological space and A an ind-kX -algebra.

(1) We say that an ind-A-module M is locally finitely generated over A if for any x ∈ X there exist a positive
integer n, an open neighborhood U of x and an exact sequence (A|U )⊕n → M |U → 0 in I(A|U ), where
A|U (resp. M |U ) is the inverse image of A (resp. M) by the natural embedding iU : U ↪→ X .

(2) We say that an ind-A-module M is locally finitely presented over A if for any x ∈ X there exist two positive
integers m, n, an open neighborhood U of x and an exact sequence (A|U )⊕m → (A|U )⊕n → M |U → 0 in
I(A|U ).

(3) We say that an ind-A-module M is pseudo-coherent over A if for any open subset U of X , any locally finitely
generated ind-A|U -submodule N of M |U is locally finitely presented over A|U .

(4) We say that an ind-A-module M is coherent over A if it is locally finitely generated and pseudo-coherent
over A.

Let A be a sheaf of kX -algebras. Note that for any A-module M, any epimorphism ϕ : M � N of A-
modules and any morphism f : A → N of A-modules, there locally exists a morphism ˜f : A → M of
A-modules such that ϕ ◦ ˜f = f , namely, for any x ∈ X there exist an open neighborhood U of x and a
morphism f̃ |U : A|U → M|U such that ϕ|U ◦ f̃ |U = f |U . Any ind-kX -algebra has same property.

Lemma 2.3 Let A be an ind-kX -algebra, M, N ind-A-modules, and ϕ : M � N an epimorphism of ind-A-
modules.

(1) Let f : A → N be a morphism of ind-A-modules. For any x ∈ X, there exist an open neighborhood U of x
and a morphism f̃ |U : A|U → M |U of ind-A|U -modules such that ϕ|U ◦ f̃ |U = f |U :

M |U ϕ|U
N |U

A|U .
f̃ |U f |U

(2) Let n be a positive integer and f : (A|U )⊕n → N |U a morphism of ind-A-modules. For any x ∈ X, there
exist an open neighborhood U of x and a morphism f̃ |U : (A|U )⊕n → M |U of ind-A|U -modules such that
ϕ|U ◦ f̃ |U = f |U .

Proof (1) For any open subset V of X , since

HomI(A|V )(A|V ,M |V ) = �(V ;Hom A(A,M)) = �(V ;αXIhom A(A,M))

and there exists an isomorphism

�(V ;αXIhom A(A,M)) � �(V, αX M)

we have an isomorphism

	V
M : HomI(A|V )(A|V ,M |V ) � �(V, (αX M)|V ),

1 Definition 2.2 is extracted from [2, Exe. 8.23]
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Finiteness properties of Ind-Sheaves with Ring Actions 741

such that the following diagram is a commutative:

HomI(A|V )(A|V ,M |V )
	V

M∼

HomI(A|V )(A|V , ϕ|V )

�(V, (αX M)|V )
�(V, (αXϕ)|V )

HomI(A|V )(A|V , N |V )
	V

N∼
�(V, (αX N )|V ).

((∗)V )

Let x ∈ X . Since the functor αX is exact, the morphism αXϕ : αX M → αX N is an epimorphism and hence
the map (αXϕ)x : (αX M)x → (αX N )x is surjective. Let us denote by n f,x ∈ (αX N )x the element corresponding
to lim−→

x∈V

f |V ∈ lim−→
x∈V

HomI(A|V )(A|V , N |V ) by the isomorphism

lim−→
x∈V

HomI(A|V )(A|V , N |V ) � (αX N )x .

Since (αXϕ)x : (αX M)x → (αX N )x is surjective, there exist m f,x ∈ (αX M)x such that (αXϕ)x (m f,x ) = n f,x ,
and hence there exist an open neighborhood U of x and m f ∈ �(U, (αX M)|U ) whose stalk at x is equal to m f,x

such that (αXϕ)|U (m f ) = n f . Let us set f̃ |U ∈ HomI(A|U )(A|U ,M |U ) the element corresponding to m f by the
isomorphism

HomI(A|U )(A|U ,M |U ) � �(U, (αX M)|U ).
Then we have ϕ|U ◦ f̃ |U = f |U by using the commutative diagram (∗)U .

(2) Since the proof for general n is similar, we shall prove the case of n = 2. Let V be an open subset
of X , ϕ : M � N an epimorphism of ind-A|V -modules and f : A|V → N a morphism of ind-A|V -modules.
Let x ∈ V . We denote by i1, i2 : A → A ⊕ A the natural embeddings, and set f ◦ i1 = f1, f ◦ i2 = f2.
Since A satisfies the above condition, there exist an open neighborhood U ⊂ V of x and two morphisms
f̃1|U : A|U → M |U , f̃2|U : A|U → M |U such that ϕ|U ◦ f̃1|U = f1|U , ϕ|U ◦ f̃2|U = f2|U :

M |U ϕ|U
N |U

(A|U )⊕2

f |U˜f

A|U

i1|U

f1|Uf̃1|U

A|U

i2|U

f2|U˜f2

Hence, we have a morphism ˜f : (A|U )⊕2 → M |U such that ˜f ◦ i1|U = f̃1|U , ˜f ◦ i2|U = f̃2|U . Since there
exist isomorphisms

(ϕ|U ◦ ˜f ) ◦ i1|U � ϕ|U ◦ (˜f ◦ i1|U ) � ϕ|U ◦ f̃1|U � f1|U ,
(ϕ|U ◦ ˜f ) ◦ i2|U � ϕ|U ◦ (˜f ◦ i2|U ) � ϕ|U ◦ f̃2|U � f2|U

we have ϕ|U ◦ ˜f = f |U by the universal property of the coproduct. Therefore, we have a morphism
˜f : (A|U )⊕2 → M |U of ind-A|U -modules and a commutative diagram:

M |U ϕ|U
N |U

(A|U )⊕2.

˜f
f |U

123



742 Y. Ito

This implies that A⊕2 satisfy the above condition. �	
Let us denote by Icoh A the full subcategory of IA consisting of ind-A-modules which is coherent over A.

Although it seems that the category Icoh A is abelian by [2, Prop. 6.1.19] and [3, Thm. 5.16 of §3.5], we shall
prove it in this paper. For this purpose, let us prove some finiteness properties for ind-modules as below.

Lemma 2.4 Let us consider an exact sequence in IA :

0 −→ M ′ μ−→ M
ν−→ M ′′ −→ 0.

(1) If M is locally finitely generated over A, then M ′′ is also locally finitely generated over A.
(2) M ′ and M ′′ are locally finitely generated over A, then M is also locally finitely generated over A.

Proof (1) Let x ∈ X . Since M is locally finitely generated over A, there exist an open neighborhood U of x , a
positive integer n and an epimorphismϕ : (A|U )⊕n � M |U . Hence we have an epimorphism ν|U ◦ϕ : (A|U )⊕n �
M |U � M ′′|U of ind-A|U -modules from (A|U )⊕n to M ′′|U : This implies that M ′′ is locally finitely generated
over A.

(2) Let x ∈ X . Since M ′ and M ′′ are locally finitely generated over A, there exist an open neighborhood V of
x , two positive integers m, n and two epimorphisms ϕ : (A|V )⊕m → M ′|V , ψ : (A|V )⊕n → M ′′|V . Moreover
by Lemma 2.3 (2), there exist an open neighborhood U ⊂ V of x and a morphism ˜ψ : (A|U )⊕ → M |U of
in-A|U -modules such that ν|U ◦ ˜ψ = ψ |U . Let us denote by p : A⊕m+n → A⊕n the natural epimorphism and
by i : A⊕m → A⊕m+n, j : A⊕n → A⊕m+n the natural monomorphism. Moreover, by the universal property of
coproduct, there exists a morphism λ : (A|U )⊕m+n → M |U of ind-A|U -modules such that λ◦ j |U = ˜ψ, λ◦i |U =
μ|U ◦ ϕ|U :

(A|U )⊕m i |U

ϕ|U

(A|U )⊕(m+n)
p|U

λ

(A|U )⊕n

j |U

˜ψ

ψ |U

M ′|U
μ|U M |U

ν|U M ′′|U .

By using the universal property of cokernels, we have a morphism ψ ′ : (A|U )⊕n → M ′′|U such that ψ ′ ◦ p|U =
ν|U ◦ λ. Since p|U is an epimorphism and there exist isomorphisms

ψ |U ◦ p|U � ν|U ◦ ˜ψ ◦ p|U � β|U ◦ λ ◦ j |U ◦ p|U � ψ ′|U ◦ p|U ◦ j |U ◦ p|U � ψ ′ ◦ p|U ,
we obtain ψ |U = ψ ′. Therefore, we have a commutative diagram whose horizontal arrows are exact:

0 (A|U )⊕m i |U

ϕ|U

(A|U )⊕(m+n) p|U

λ

(A|U )⊕n

ψ |U

0

0 M ′|U
μ|U M |U

ν|U M ′′|U 0.

By using the snake lemma, we have an isomorphism Coker λ � 0 and hence λ is an epimorphism. This implies
that M is locally finitely generated over A. �	

Although, it is not used in this paper, the notion of locally finitely presented can be paraphrased as below.

Sublemma 2.5 Let M be an ind-A-module. The following two conditions are equivalent:

(i) M is locally finitely presented over A.
(ii) M is locally finitely generated over A and for any x ∈ X there exists an open neighborhood U of x such that

for any positive integer l and any epimorphism χ : (A|U )⊕l � M |U of ind-A|U -modules the kernel Ker χ
of χ is locally finitely generated over A|U .

123



Finiteness properties of Ind-Sheaves with Ring Actions 743

Proof First, we prove that (i) ⇒ (ii). Let us assume that M is locally finitely presented over A. It is clear that
M is locally finitely generated over A. Let x ∈ X . Since M is locally finitely presented over A, there exist two
positive integers m, n, an open neighborhood U of x and an exact sequence

(A|U )⊕m ϕ−→ (A|U )⊕n ψ−−→ M |U −→ 0

in I(A|U ) by the definition.
Let l be a positive integer and χ : (A|U )⊕l � M |U an epimorphism of ind-A|U -modules. By Lemma 2.3

(2), for any z ∈ U there exist an open neighborhood V ⊂ U of z and a morphism ψ̃ |V : (A|V )⊕n → (A|V )⊕l of
ind-A|V -modules such that ψ |V = χ |V ◦ ψ̃ |V , and hence we have a commutative diagram:

0 Kerψ |V
μ

(A|V )⊕n

ψ |V

ψ |V

ψ̃ |V

M |V 0

0 Ker χ |V (A|V )⊕l
χ |V M |V 0.

Here, the morphism μ : Kerψ |V → Ker χ |V of ind-A|V -modules is obtained by using the universal property
of kernels. By using the snake lemma, we have an exact sequence

Kerμ → Ker ψ̃ |V → Ker(idM|V ) → Cokerμ → Coker ψ̃ |V → Coker(idM|V )

in I(A|V ) and hence we have an isomorphism Cokerμ
∼−→ Coker ψ̃ |V because Ker(idM|V ) and Coker(idM|V )

are 0. So that there exists an epimorphism (A|V )⊕l � Cokerμ and hence Cokerμ is locally finitely generated
over A|V . Since there exist epimorphisms

(A|V )⊕m � Im ϕ|V ∼−→ Kerψ |V � Imμ,

Imμ is locally finitely generated over A|V . Since there exists an exact sequence in I(A|V )
0 → Imμ → Ker χ |V → Cokerμ → 0

Ker χ |V is locally finitely generated over A|V by Lemma 2.4 (2). This implies that Ker χ is locally finitely
generated over A|U .

We shall prove that (ii) ⇒ (i). Let us assume that M is locally finitely generated over A. Let x ∈ X . Then
there exist open neighborhood U of x , a positive integer n and an epimorphism ϕ : (A|U )⊕n � M |U of ind-
A|U -modules by the definition. By the assumption, Ker ϕ is locally finitely generated over A|U , namely, there
exist an open neighborhood V ⊂ U of x , a positive integer m and an epimorphism (A|V )⊕m � Ker ϕ|V . Then
we have a commutative diagram:

(A|V )⊕m (A|V )⊕n ϕ|V
M |V 0

Ker ϕ|V
and hence we obtain an exact sequence in I(A|V )

(A|V )⊕m → (A|V )⊕n → M |V → 0.

This implies that M is locally finitely presented over A. �	
Sublemma 2.6 Let M be an ind-A-module.

(1) We assume that M is locally finitely generated over A. Thus, for any x ∈ X there exist an open neighborhood U
of x, a positive integer n and an epimorphism ϕU : (A|U )⊕n � M |U . If the kernel Ker ϕU of the epimorphism
ϕU is locally finitely generated over A|U for each U, M is locally finitely presented over A.

123



744 Y. Ito

(2) We assume that M is locally finitely presented over A. Thus, for any x ∈ X there exist an open neighborhood
U of x, positive integers m, n and an exact sequence

(A|U )⊕m ψU−−→ (A|U )⊕n ϕU−−→ M |U → 0.

Then the kernel Ker ϕU of ϕU is locally finitely generated over A|U for each U.

Proof (1) Let us assume that the kernel Ker ϕU of the epimorphism ϕU is locally finitely generated over A|U
for each U . Then for any z ∈ U there exist an open neighborhood V ⊂ U of z, a positive integer m and an
epimorphism ψ : (A|V )⊕m → Ker ϕ|V , and hence we have a commutative diagram:

(A|V )⊕m

ψ

(A|V )⊕n ϕ|V
M |V 0

Ker ϕ|V .
Therefore, we have an exact sequence in I(A|V )

(A|V )⊕m → (A|V )⊕n → M |V → 0.

This implies that M |U is locally finitely presented over A|U and hence M is locally finitely presented over A.
(2) By the assumption, we have a commutative diagram:

(A|V )⊕m ψ
(A|U )⊕n ϕ

M |U 0

Imψ � Ker ϕ.

This implies that the kernel Ker ϕ of ϕ is locally finitely generated over A|U . �	
Lemma 2.7 Let us consider an exact sequence in IA :

0 −→ M ′ μ−→ M
ν−→ M ′′ −→ 0.

(1) If M is locally finitely presented over A and M ′ is locally finitely generated over A, then M ′′ is locally finitely
presented over A.

(2) If M is locally finitely generated over A and M ′′ is locally finitely presented over A, then M ′ is locally finitely
generated over A.

(3) If M ′ and M ′′ are locally finitely presented over A, then M is also locally finitely presented over A.

Proof (1) Let x ∈ X . Since M is locally finitely generated over A, there exist an open neighborhood U of x , two

positive integers m, n and an exact sequence (A|U )⊕m −→ (A|U )⊕n ϕ−→ M |U → 0. By using Sublemma 2.6 (2),
the kernel Ker ϕ of ϕ is locally finitely generated over A|U . Let us setψ := ν|U ◦ϕ : (A|U )⊕n � M |U � M ′′|U .
By using Sublemma 2.6 (1), it is enough to show that Kerψ is locally finitely generated over A|U . Since there
exists a commutative diagram whose horizontal arrows are exact:

0 M ′|U
μ|U

Ker ϕ

χ

(A|U )⊕n ϕ
M |U

ν|U

0

0 Kerψ (A|U )⊕n ψ
M ′′|U

Coker χ 0 0,
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where χ is given by using the universal property of kernels, we have an isomorphism M ′|U ∼−→ Coker χ by
using the snake lemma. Hence we have an exact sequence in I(A|U ):

0 → Ker ϕ → Kerψ → M ′|U → 0.

Since M ′|U and Ker ϕ are locally finitely generated over A|U , the kernel Kerψ of ψ is locally finitely generated
over A|U by Lemma 2.4 (2). Therefor, M ′′ is locally finitely preseted over A.

(2) Let x ∈ X . Since M is locally finitely generated over A, there exist an open neighborhood U of x , a positive
integer n and an epimorphism ϕ : (A|U )⊕n → M |U . Let us setψ := ν|U ◦ϕ : (A|U )⊕n � M |U � M ′′|U . Then
we have a commutative diagram whose horizontal arrows are exact:

Kerψ

0 (A|U )⊕n

ϕ

(A|U )⊕n

ψ

0

0 M ′|U μ|U
M |U ν|U

M ′′|U 0

M ′|U 0 0.

By using the snake lemma, we have an epimorphism Kerψ � M ′|U . Since M ′′ is locally finitely presented over
A, the kernel Kerψ of ψ is locally finitely generated over A|U by Sublemma 2.6 (2), and hence M ′|U is locally
finitely generated over A|U by Lemma 2.4 (1). This implies that M ′ is locally finitely generated over A.

(3) Let x ∈ X . Since M ′ and M ′′ are locally finitely generated over A, there exist an open neighborhood U
of x and two positive integers m, n and two epimorphisms ϕ : (A|U )⊕n � M ′, ψ : (A|U )⊕m � M ′′. By using
Sublemma 2.6 (2), Ker ϕ and Kerψ are locally finitely generated over A|U . Moreover, we have a commutative
diagram whose vertical arrows and second and third horizontal arrows are exact:

0 0 0

0 Ker ϕ Ker χ Kerψ 0

0 (A|U )⊕n

ϕ

(A|U )⊕(n+m)

χ

(A|U )⊕m

ψ

0

0 M ′|U μ|U
M |U ν|U

M ′′|U 0

0 0 0

by using the same argument in the proof of Lemma 2.4 (2). By using the nine lemma, we have an exact sequence
in I(A|U ):

0 → Ker ϕ → Ker χ → Kerψ → 0.

Since Ker ϕ and Kerψ are locally finitely generated over A|U , Ker χ is locally finitely generated over A|U by
Lemma 2.4 (2). Therefore, M |U is locally finitely presented over A|U by Sublemma 2.6 (1), and hence M is
locally finitely presented over A. �	
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The notion of pseudo-coherent can be paraphrased as below.

Lemma 2.8 Let M be an ind-A-module.

(1) M is pseudo-coherent over A if and only if for any open subset U of X, any positive integer n and any
morphism ϕ : (A|U )⊕n → M |U of ind-A|U -modules, the kernel Ker ϕ of ϕ is locally finitely generated over
A|U .

(2) If M is coherent over A, M is locally finitely presented over A.
(3) We assume that M is pseudo-coherent over A. An ind-A-submodule N is coherent over A if and only if it is

locally finitely generated over A.

Proof (1) First we assume that M is pseudo-coherent over A. Let U be an open subset of X , n a positive integer
and ϕ : (A|U )⊕n → M |U a morphism of ind-A|U -modules. Then there exists an exact sequence in I(A|U )

0 → Ker ϕ → (A|U )⊕n → Im ϕ → 0.

Since M is pseudo-coherent over A and Im ϕ is an ind-A|U -submodule of M |U which is locally finitely generated
over A|U , Im ϕ is locally finitely presented over A|U . So that Ker ϕ is locally finitely generated over A|U by
Lemma 2.7 (2).

On the other hand, we assume that for any open subset V of X , any positive integer n and any morphism
ϕ : (A|V )⊕n → M |V of ind-A|V -modules, Ker ϕ is locally finitely generated over A|V . Let U be an open subset
of X and N an ind-A|U -submodule which is locally finitely generated over A|U . Then for any z ∈ U there exist
an open neighborhood V ⊂ U of z, a positive integer n and an epimorphism ψ : (A|V )⊕n → N |V . Since there
exist isomorphisms

Kerψ := Ker((A|V )⊕n → N |V ) � Ker((A|V )⊕n → N |V ↪→ M |V ) = Ker((A|V )⊕n → M |V )

and Ker((A|V )⊕n → M |V ) is locally finitely generated over A|V by using the assumption, Kerψ is locally
finitely generated over A|V . Therefore, N is locally finitely presented over A|U by Sublemma 2.6 (1) and hence
M is pseudo-coherent over A.

(2) We assume that M is coherent over A. Since M is locally finitely generated over A, for any x ∈ X
there exist an open neighborhood U of x , a positive integer n and an epimorphism ϕ : (A|U )⊕n � M |U of
ind-A|U -modules. Since M is pseudo-coherent over A, the kernel Ker ϕ of ϕ is locally finitely generated over
A|U by using (1). Hence, M is locally finitely presented over A by Sublemma 2.6 (1).

(3) We assume that M is pseudo-coherent over A. Let N be an ind-A-submodule of M . It is enough to prove
that if N is locally finitely generated over A it is pseudo-coherent over A.

Let U be an open subset of X , n a positive integer and ϕ : (A|U )⊕n → N |U a morphism of ind-A|U -modules.
Note that there exist isomorphisms

Ker ϕ := Ker((A|U )⊕n → N |U ) � Ker((A|U )⊕n → N |U ↪→ M |U ) � Ker((A|U )⊕n → M |U ).

By using (1) and the assumption that M is pseudo-coherent over A, Ker((A|U )⊕n → M |U ) is locally finitely
generated over A|U , and hence Ker ϕ is locally finitely generated over A|U . Therefore, N is pseudo-coherent
over A by using (1). �	

Note that the property of coherent is local property by Lemma 2.8 (1). Namely, if an ind-A-module M is
coherent over A, then A|U is also coherent over A|U for any open subset U of X . Moreover, one can show that
the category Icoh A is abelian by using the following proposition.

Proposition 2.9 Let us consider an exact sequence in IA:

0 → M ′ μ−→ M
ν−→ M ′′ → 0.

(1) If M is coherent over A and M ′′ is locally finitely presented, then M ′ is coherent over A.
(2) M ′ and M ′′ are coherent over A, then M is also coherent over A.
(3) If M is coherent over A and M ′ is locally finitely generated over A, then M ′′ is coherent over A.
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Proof (1) Since M is locally finitely generated over A and M ′′ is locally finitely presented over A, M ′ is locally
finitely generated over A by Lemma 2.7 (2). Let us prove that M ′ is pseudo-coherent over A.

Let U be an open subset of X , n a positive integer and morphism ϕ : (A|U )⊕n → M ′|U of ind-A|U -modules.
Then there exist isomorphisms

Ker ϕ := Ker((A|U )⊕n → M ′|U )
� Ker((A|U )⊕n → M ′|U ↪→ M |U )
� Ker((A|U )⊕n → M |U ).

Since M is pseudo-coherent over A, Ker((A|U )⊕n → M |U ) is locally finitely generated over A|U by Lemma 2.8
(1) and hence Ker ϕ is locally finitely generated over A|U . Therefore, M ′ is pseudo-coherent over A by Lemma
2.8 (1).

(2) Since M ′ and M ′′ are locally finitely generated over A, M is also locally finitely generated over A by
Lemma 2.4 (2). Let us prove that M is pseudo-coherent over A.

Let U be an open subset of X , n a positive integer and morphism ϕ : (A|U )⊕n → M |U of ind-A|U -modules.
Let us set ψ := ν|U ◦ ϕ : (A|U )⊕n � M |U � M ′′|U . Then we have a commutative diagram whose horizontal
arrows are exact:

Ker ϕ Kerψ

0 (A|U )⊕n

ϕ

(A|U )⊕n

ψ

0

0 M ′|U μ|U
M |U ν|U

M ′′|U 0

M ′|U 0 0.

By using the snake lemma, we have an exact sequence in I(A|U ):
0 → Ker ϕ → Kerψ → M ′|U → 0.

Since M ′′ is pseudo-coherent over A, Kerψ is locally finitely generated over A|U by Lemma 2.8 (1). Moreover,
since M ′|U is coherent over A|U , Ker ϕ is locally finitely generated over A|U by Lemma 2.7 (2) and Lemma 2.8
(2). Therefore, M is pseudo-coherent over A by Lemma 2.8 (1), and hence M is coherent over A.

(3) By using Lemma 2.7 (1) and Lemma 2.8 (2), M ′′ is locally finitely presented over A. In particular, M ′′
is locally finitely generated over A. Let us prove that M ′′ is pseudo-coherent over A.

Let U be an open subset of X , n a positive integer and morphism ϕ : (A|U )⊕n → M ′′|U of ind-A|U -modules.
Since M ′ is locally finitely generated over A, there exist an open neighborhood V ⊂ U of x , a positive integer
m and an epimorphism ψ : (A|V )⊕m → M ′|V . Hence, by the same argument in the proof of Lemma 2.4 (2) we
have a commutative diagram whose horizontal arrows are exact:

0 (A|V )⊕m

ψ

(A|V )⊕(m+n)

∃χ

(A|V )⊕n

ϕ|V

0

0 M ′|V M |V M ′′|V 0

and hence we have an exact sequence in I(A|V ):
Ker χ → Ker ϕ → Cokerψ � 0
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by using the snake lemma. Since M |V is pseudo-coherent over A|V , the kernel Ker χ of χ is locally finitely
generated over A|V and hence the kernel Ker ϕ|V of ϕ is locally finitely generated over A|V by Lemma 2.4
(1). This implies that Ker ϕ is locally finitely generated over A|U . Therefore, M ′′ is pseudo-coherent over A by
Lemma 2.8 (1). �	
Corollary 2.10 The category Icoh A of coherent ind-A-modules is abelian.

Proof It is enough to prove that for any two coherent ind-A-modules M, N , the coproduct M ⊕ N of M and
N is also coherent over A and for any morphism ϕ : M → N of coherent ind-A-modules the kernel Ker ϕ and
cokernel Coker ϕ of ϕ are also coherent over A. The first one follows from Proposition 2.9 (2). The second one
follows from Proposition 2.9 (3). The third one follows from Proposition 2.9 (1) and Lemma 2.8 (2). �	
Proposition 2.11 Let M be an ind-A-module. We assume that A is a coherent over A. Then M is coherent over
A if and only if A is locally finitely presented over A.

Proof By Lemma 2.8 (2), it is enough to prove that if M is locally finitely presented over A then M is coherent
over A.

Let M is locally finitely presented over A. It is enough to show that M is pseudo-coherent over A. We shall
prove it by using Lemma 2.8 (1).

Let U be an open subset of X , n a positive integer and ϕ : (A|U )⊕n → M |U a morphism of ind-A|U -modules.
We shall prove that the kernel Ker ϕ of ϕ is locally finitely generated over A|U . Let x ∈ U . Since M is locally
finitely presented over A, there exist an open neighborhood V ⊂ U of x , a positive integer m and an epimorphism
ψ : (A|V )⊕m � M |V of ind-A|V -modules whose kernel is locally finitely generated over A|V by Sublemma 2.6
(2) and hence we have an exact sequence in I(A|V ):

0 → Kerψ −→ (A|V )⊕m ψ−−→ M |V → 0.

By Lemma 2.3 (2), there exists an open neighborhood W of x and a morphism ϕ̃|W : (A|W )⊕n → (A|W )⊕m

such that ψ |W ◦ ϕ̃|W = ϕ|W . Therefore we have a commutative diagram whose horizontal arrows are exact:

0 (A|W )⊕n

ϕ̃|W

(A|W )⊕n

ϕ|W

0

0 Kerψ |W (A|W )⊕m
ψ |W M |W 0,

and hence we have an exact sequence in I(A|W ):
0 → Ker ϕ̃|W −→ Ker ϕ|W ν−→ Kerψ |W μ−→ Coker ϕ̃|W .

by the snake lemma. Since A|W is coherent over A|W , Ker ϕ̃|W and Coker ϕ̃|W are also coherent over A|W by
Corollary 2.10 (see also Proposition 2.9). Since Kerψ |W is locally finitely generated over A|W and there exists
an epimorphism Kerψ |W � Imμ of ind-A|W -modules, Imμ is locally finitely generated over A|W by Lemma
2.4 (1). Hence Imμ is coherent over A|W by Lemma 2.8 (3). In particular, Imμ is locally finitely presented over
A|W by Lemma 2.8 (2). Since there exist an exact sequence in I(A|W ):

0 → Kerμ → Kerψ |W → Imμ → 0

and Kerψ |W is locally finitely generated over A|V , Kerμ is locally finitely generated over A|V by Lemma 2.7
(2). Since there exists an exact sequence in I(A|W )

0 → Ker ϕ̃|W → Ker ϕ|W → Kerμ → 0,

Ker ϕ|W is locally finitely generated over A|V by Lemma 2.4 (2). This implies that Ker ϕ is locally finitely
generated over A|U . �	
Proposition 2.12 Let A be a sheaf of kX -algebras, M an ind-βXA-modul and M an A-module.

(1) (i) If M is locally finitely generated over βXA, then αX M is locally finitely generated over A.
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(ii) If M is locally finitely presented over βXA, then αX M is locally finitely presented over A.
(iii) If M is pseudo-coherent over βXA, then αX M is pseudo-coherent over A.
(iv) If M is coherent over βXA, then αX M is coherent over A.

(2) (i) If M is locally finitely generated over A, then βXM is locally finitely generated over βXA.
(ii) If M is locally finitely presented over A, then βXM is locally finitely presented over βXA.

(iii) If M is pseudo-coherent over A, then βXM is pseudo-coherent over βXA.
(iv) If M is coherent over A, then βXM is coherent over βXA.

Proof (1)(i) We assume that M is locally finitely generated over βXA. Let x ∈ X . Then there exist an open
neighborhood U of x , a positive integer n and epimorphism ϕ : ((βXA)|U )⊕n � M |U of ind-(βXA)|U -modules.
Since the functor αU is exact and there exist isomorphisms αU ((βXA)|U ) � A|U , αU (M |U ) � (αX M)|U , we
have an epimorphism α|U (ϕ) : (A|U )⊕n � (αX M)|U . Hence, αX M is locally finitely generated over A.

(1)(ii) We assume that M is locally finitely presented over βXA. Let x ∈ X . Then there exist an open
neighborhood U of x , positive integers m, n and an exact sequence

((βXA)|U )⊕m → ((βXA)|U )⊕n → M |U → 0

in I((βXA)|U ). Since the functor αU is exact and there exist isomorphisms αU ((βXA)|U ) � A|U , αU (M |U ) �
(αX M)|U , we have an exact sequence in Mod(A|U ):

(A|U )⊕m → (A|U )⊕n → (αX M)|U → 0.

This implies that αX M is locally finitely presented over A.
(1)(iii). We assume that M is pseud-coherent over βXA. Let U be an open subset of X , n a positive integer

and ϕ : (A|U )⊕n → (αX M)|U a morphism of A|U -modules. Since the functor αX is exact and there exists an
isomorphism αX ◦ βX � id, we have isomorphisms

Ker ϕ � Ker((αXβXA)|U )⊕n → (αX M)|U � αU Ker((βXA)|U )⊕n → M |U ).
By Lemma 2.8 (1), Ker((βXA)|U )⊕n → M |U ) is locally finitely generated over βXA and hence
αX Ker((βXA)|U )⊕n → M |U ) is locally finitely generated over A by using (1)(i). Therefore, Ker ϕ is locally
finitely generated over A|U . By Lemma 2.8 (1) of the case of the sheaves with ring actions which is well-known,
αX M is pseudo-coherent over A.

(1)(iv) follows from (1)(i) and (1)(iii).
(2)(i) We assume that M is locally finitely generated over A. Let x ∈ X . Then there exist an open neighbor-

hood U of x , a positive integer n and epimorphism ϕ : (A|U )⊕n � M|U of A|U -modules. Since the functor βU
is exact and there exist isomorphisms βU (A|U ) � (βXA)|U , βU (M|U ) � (βXM)|U we have an epimorphism
βU (ϕ) : ((βXA)|U )⊕n � (βXM)|U . This implies that βX M is locally finitely generated over βXA.

(2)(ii) We assume that M is locally finitely presented over A. Let x ∈ X . Then there exist an open neighbor-
hood U of x , positive integers m, n and an exact sequence (A|U )⊕m → (A|U )⊕n → M|U → 0 in Mod(A|U ).
Since the functor βU is exact and there exist isomorphisms βU (A|U ) � (βXA)|U , βU (M|U ) � (βXM)|U , we
have an exact sequence in I((βXA)|U ):

((βXA)|U )⊕m → ((βXA)|U )⊕n → (βXM)|U → 0.

This implies that βXM is locally finitely presented over βXA.
(2)(iii). We assume that M is pseudo-coherent over A. Let U be an open subset of X , n a positive integer

and 	 : ((βXA)|U )⊕n → (βXM)|U a morphism of (βXA)|U -modules. Since βX is fully faithful functor, there
exists a morphism ϕ : A|U → M|U of A|U -modules such that 	 = βU (ϕ). By Lemma 2.8 (1) of the case of
the sheaves with ring actions which is well-known, Ker ϕ is locally finitely generated over A|U . Therefore, since
there exists an isomorphism Ker	 � βU (Ker ϕ), Ker	 is locally finitely generated over (βXA)|U by (2)(i) and
hence βXM is pseudo-coherent over βXA by Lemma 2.8 (1).

(2)(iv) follows from (2)(i) and (2)(iii). �	
Theorem 2.13 Let A be a sheaf of kX -algebras. There exists an equivalence of categories:

Modcoh(A)
βX

∼ Icoh(βXA)
αX

.
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Proof It is enough to show that the natural morphism η : (βX ◦αX )(M) → M is an isomorphism for any coherent
ind-βXA-module M .

Let M be a coherent ind-βXA-module. By Lemma 2.8 (2), M is locally finitely presented over βXA. Then
for any x ∈ X there exist an open neighborhood U of x , two positive integers m, n and an exact sequence in
I((βXA)|U ):

((βXA )|U )⊕m −→ ((βXA )|U )⊕n −→ M |U −→ 0.

Let us recall that there exists an isomorphism αX ◦βX � idMod(kX ) of functors, see [1, Prop. 3.3.27 (iii), also p50]
for the details. Since there exists an isomorphism (βU ◦αU )(M |U ) � ((βX ◦αX )(M))|U , we have a commutative
diagram whose horizontal arrows are exact:

((βXA )|U )⊕m

�

((βXA )|U )⊕n

�

(βU ◦ αU )(M |U )
η|U

0 0

((βXA )|U )⊕m ((βXA )|U )⊕n M |U 0 0.

By the five lemma, η|U is an isomorphism and hence Ker(η|U ) � 0, Im(η|U ) � 0. This implies that for any
x ∈ X there exists an open neighborhood U of x such that

(Ker η)|U � 0, (Im η)|U � 0.

Here we used the fact that inverse image functors are exact. Hence by Corollary 1.4, we have Ker η � 0, Im η � 0.
Therefore, η is an isomorphism. �	
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