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Abstract This paper considers the inverse problem of determining the time-dependent coefficient in the fractional
wave equation with Hilfer derivative. In this case, the direct problem is initial-boundary value problem for this
equation with Cauchy type initial and nonlocal boundary conditions. As overdetermination condition nonlocal
integral condition with respect to direct problem solution is given. By the Fourier method, this problem is reduced
to equivalent integral equations. Then, using the Mittag-Leffler function and the generalized singular Gronwall
inequality, we get apriori estimate for solution via unknown coefficient which we will need to study of the inverse
problem. The inverse problem is reduced to the equivalent integral of equation of Volterra type. The principle
of contracted mapping is used to solve this equation. Local existence and global uniqueness results are proved.
The stability estimate is also obtained.

Keywords Fractional derivative - Riemann—Liouville fractional integral - Inverse problem - Integral equation -

Fourier series - Banach fixed point theorem

1 Introduction

We consider the following fractional wave equation in the domain 2 = {(x,#) :0 <x < 1,0 <t < T}
(D5 ) ) = s+ gOux, 0 = £, 0, (M)

with the initial conditions of Cauchy type

Iy TP U]y = e,
el —a)(1—
(1557 u) ()| Ly = 0200, x € [0.1] @)
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and the boundary conditions
u@,0) =u(l, 1), uc(l,1)=0, 0<r=<T. 3

a’/B

0.+t oftheorderl <o <2

Here the generalized Riemann-Liouville (Hilfer) fractional differential operator D
and type 0 < B < 1 is defined as follows [1, pp. 112-118], [2, pp. 62-65]:

2
a,B _(Be—) 97 [ (1-p2-a)
Doy (1) = <Io+,z 92 <10+,z “)) G0,

t
1 u(x, 1)

L)) -0l
0

I, u(x, 1) = dr, y€(0,1)

is the Riemann—Liouville fractional integral of the function u(x, t) with respect to ¢ [3], [4, pp. 69-72], T'(:) is
the Euler’s Gamma function. The functions f (x, ), ¢1(x), ¢2(x), are known functions.

In[1, pp. 112-118], [5, pp. 28-37], by R. Hilfer was introduced a generalized form of the Riemann-Liouville
fractional derivative of order « and a type § € [0, 1], which coincides with the Riemann-Liouville fractional
derivative at § = 0 and with Gerasimov-Caputo fractional derivative at § = 1, and the case 8 € (0, 1) interpolates
these both fractional derivatives.

For the given functions f(x,t), ¢;(x), i = 1,2, g(¢) and numbers « € (1,2), B € [0, 1], the problem of
determining the solution to the initial boundary value problem (1)—(3) we call as the direct problem.

In inverse problem it is required to determine the function ¢g(¢), ¢ € [0, T'] in equation (1), if the solution to
the problem (1)—(3) satisfies the following overdetermination condition:

1
fw(x)u(x, HNdx =h(), 0<t<T, (€))
0

where w(x) and h(t) are given functions.
Assume that throughout this article, given functions ¢1, ¢2, f, w and h satisfy the following assumptions:
(A1) g1, @2} € C3[0, 11, {o{”, 05V} € Lal0, 11, ¢5(0) = ¢;(1) = 0,0";(0) = ¢"; (1) = 0, = 1,2;
(A2) f(x,) € C[0,T) and fort € [0,T], f(-,1) € C3[0,1], f(-,0)® € L[0,1], £(0,1) = f(1,1) =
0, fix(0,7) = frx(1,1) =0; , ,
A3) w(x) € C?[0, 1] and w(©0) = w(1) = 0and w (0) =w (1) =0;
A4)(Dgﬁth> (t) € C[0, T1, |h(t)|= ho > 0, hg is a given number,

1
/ w1 0dx = IO Phy,,

0
: 0
_ Q-a)(1-8)
[ weoandx = 5 (1870 Pn) @nos.
0

Fractional Calculus is a new growing field of applied mathematics. Fractional derivative is the generalization
of the classical derivative of whole order of applied mathematics. Many problems of visco-elasticity, dynami-
cal processes in self-similar structures, biosciences, signal processing, system control theory, electrochemistry,
diffusion processes and etc are more accurately modeled with differential equations of fractional order [4-8].

The identification of the right hand side and the order of time fractional derivative equation in applied fractional
modeling plays an important role. In the papers [9—11], an inverse problem for determining these unknowns of
time fractional derivative in a subdiffusion equation with an arbitrary second order elliptic differential operator
is considered. It is proved that the additional information about the solution at a fixed time instant at a monitoring
location, as the observation data, identified uniquely the order of the fractional derivative.

In the works [12—15], the unique solvability of the nonlocal direct problems and inverse source problems for
the various fractional differential equations with Caputo and Riemann—Liouville integral-differential operators
were investigated.
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Inverse Coefficient Problem for Fractional Wave Equation 753

Inverse problems for classical integro-differential wave propagation equations have been extensively studied.
Nonlinear inverse coefficient problems with various types of overdetermination conditions are often found in the
literature (e.g., [16-21] and references therein). In the works [22-28], inverse problems of determining unknown
coefficients in Cauchy problem for fractional diffusion-wave equation were investigated. Local existence and
uniqueness in whole are proved and estimates of conditional stability are obtained.

In this paper, we investigate the local existence and global uniqueness of an inverse problem of determining
time-dependent coefficient in the generalized time fractional wave equation with initial, nonlocal boundary and
overdetermination integral conditions.

In the next section, we provide some necessary preliminaries are given.

2 Preliminaries

In this section, we present some useful definitions and results of fractional calculus.
Two parameter Mittag-Leffler function The two parameter M-L function E, g(z) is defined by the following
series:

00 k
Z
Ea,ﬂ(Z) = /; m,

where o, 8,z € C with R(a) > 0, fR(a)—denote the real part of the complex number «. The Mittag-Leffler
function has been studied by many authors who have proposed and studied various generalizations and applica-
tions.

Proposition 1. Let0 < o < 2and € R be arbitrary. We suppose that k is such that to /2 < k < min{rw, To}.
Then there exists a constant C = C(«, B, k) > 0 such that

E,p(2)| < )
|Eq,p(2)] .

For the proof, we refer to [4, pp. 40-45], for example.

K < larg(2)| < 7.

We consider the weighted spaces of continuous functions [4, pp. 4-5, 162-163]:
Cyla, bl :={g: (a,b] > R: (1t —a)’ g(t) € Cla,b], 0=y <1},

ceb(Q) = {g(z): Dyfe) e C, (0.1 1 <a<2, 0<p< 1},

P Q) {u(x,t): u(-.1) € C*(0,1); t€[0,T]and

Dgftu(x, ) € CyO0,T]; xe[0,1], l<a<2, 0<B< 1},
C)la, bl = C,la, b],

with the norms

n—1
Iflle, = It —a) fOlle, 1fler =Y 1 Plle +1F Ve, -

k=0

Lemma 1 [29, p. 188]. Suppose b > 0, o > 0 and a(t) nonnegative function locally integrable on 0 <t < T
(some T < +o00) and suppose u(t) is nonnegative and locally integrable on 0 <t < T with

t
ut) <a(r)+ b/(r — ) u(s)ds
0

then

t
u(t) <a(t)+bl'(a) /(t - s)“_lEa,a (bF(a)(t - s)“) a(s)ds.
0
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Lemma 2 [29, p. 189]. Suppose b > 0, a > 0, y > 0, a + vy > 1 and a(t) nonnegative function locally
integrable on 0 < t < T and suppose tY "\ u(t) is nonnegative and locally integrable on 0 < t < T with

t

u(t) <a(t) + b/(t — ) LY u(s)ds,

0
then
1
u() < () Eay (BT @) 1),

where

oo

r —1
Fay =Y cpt™@r=0 gy =1, Sl (me+y =D +y)
o ¢m  Dlml@+y —D+a+y)

1aty—l1 1 aty-—1
form > 0.Ast — +00 Eq (1) = O <t2 “=7 exp ("‘Jra#t « )) .
From the above, there exist some positive constants M;, i = 1, 2, 3, such that
M| = max

Eoy (512 (—,\2;“)
Jnax | Ea,14(5- G-

Ms; = max ‘Ea,a(—xﬁ(t—s)“)

O0<s<t<T

9

, M, = max ‘E _ (—Azto‘)
2 0reT a,a+F2—a)

3 Existence and uniqueness results for direct problem solution

First, note that for the non-selfadjoint operator X ! (x) + 22X (x) = 0 with X(0) = X (1), X /(1) =0
Xo(x) =2, Xo(x) =4cosmkx),
Xop—1(x) =4(1 —x)sin(Qrkx), k=0,1,2,... (®)]
and
Yox) = x, Yor(x) = xcosRmkx),
Yor_1(x) = sin(RQrkx), Ay =27k, k=1,2,3,..., (6)
which are Riesz bases in L,[0; 1]. For more details, the reader can consult [30-32].

By applying the Fourier method, the solution u(x, t) of the problem (1)—(3) can be expanded in a uniformly
convergent series in term of eigenfunctions of the form

u(x, £) = Xo0)uo(t) + Y Xou 1()uzn—1() + Y Xon(x)u2,(t). ()

n=l1 n=I
The coefficients uo(t), uz,(t), uz,—1(t) for n > 1 are to be found by making use of the orthogonality of
the eigenfunctions. Namely, we multiply (1) by the eigenfunctions of (6) and integrate over (0, 1). Recall that
1

the scalar product in L;[0, 1] is defined by (f, g) = f f(x)g(x)dx. Let us note the expansion coefficients of

0
f(x, ) and ¢(x) in the eigenfunctions of (6) for n > 1 respectively by

(f(x, 1), Yo(x)) = fo@),
(f(x,1), Yo, 1(x)) = fon1(1),
(f(x, 1), Y2,(x)) = fou (1),

(i (x), Yo(x)) = ¢0.i,
(pi(x), You—1(x)) = @op—1,i, i =1,2.
(i (x), Y2,(x)) = 020,i
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Inverse Coefficient Problem for Fractional Wave Equation 755

In view of (1) for (u(x, t), Yo(x)) = uo(t), we obtain the Cauchy type problem

(D50) 0 + g uoe) = foto.

®)
2 1— 2 1—
I(g+ tD()( /3) (t) |t:O — <,00,1 , (I(g_’_ ta)( ﬂ) ) ([) |t:0 = ¢0,2~

For us,_1(t) = (u(x,t), Yo,—1(x)); n > 1, in view of (1) we have

(D6 21) () + 32201 + g2 1 () = fon1 (),

2—a)(1—
157 " P s 0],y = 2011, ©)
2—a)(1—
(15+ o ﬂ)uzn—1> )|,g = P2n-12-

Also, the Cauchy type problem satisfied by u2, () = (u2,(x, 1), Y2,(x)),n > 1, are

(DL w20 ) ) + 3220 (1) + 200201 (1) + G20 (0) = fou(0),

2 1—
1(§+,°‘)< P,y = e2m1. (10)

2
(I(§+ tC()(l B n) (t)|t=0 = (pzn’z,
We solve problems (8)—(10).

Based [33, pp. 61-114], we have that the initial problem (8) is equivalent in the space C;f’ﬂ [0, T'] to the
Volterra integral equation of the second kind

(B-D2-a) HB-D2—a)
)= 5~ De—a?' T +ﬁ(2—a))(p02
t e / (1 — 0 fo(r)dt — W f (t — D g(Dup(v)dr. (11)

First we prove the following assertions for uq(¢):
Lemma 3. We have the estimates

y 7 TB=DC=)| 504 1Y HB=DC=0) g 5|
" ) .
ol (F(1+(/3—1)(2—05)) Fla+BQ2—a)

Il follc, 10,7t B(ee, 1 — ) 1
+ : Eay | (Iglico.mt”)= Tt );

T(a+1)
| (D5 u0) 0] = 1L ollc, 0

tJ/+(ﬁ*1)(2*01)|(p0 1 t1+)/+(ﬂ*1)(2*0!)|¢0 5
+|IQIIC[0,T]< ’ ’
rd+@-H2-ow) Fla+B2—a)
I follc,0.712% B(er, 1 —

Y) i
E tY)oety=T1¢ .t 0,7T],
Ta+D ) o,y <(||(I||C[0,T] ) ) e[0,T]

where 1 >y > (1 — )2 — ).

Proof. The solution of (11) is bounded in C;f’ﬂ [0, T'] in view of (A1), (A2). Multiplying the equation (11) by
t7, we get

, B g || B g |
t ,
M ST IT G -De-w) T Te+pe-a)

t

t“B(a, 1 — tY
Ioleyort Bt 12 v) | Nalew. / (t— 0" uo(ldr, 1€[0.T],  (12)
ol (x) IN'(a)
0

@ Springer



756 D. Durdiev, H. Turdiev

where B(a, 1 — y) is Euler’s beta function.
Next, according to Lemma 2, we get

7 ol ( tV+(/3—1)(2—ﬂl)|¢0’1| t1+7+(ﬂ—1)(2—06)|¢0,2|
rA+@-H2-aw) M+ B2 —aw)
I follc, 0.717% B(ar, 1 —
C(a+1)

We get the second part of the lemma 3, from the equation in problem (8) and the first estimate of lemma 3:

) 1
4 )Ea,y ((IlCIIIC[o,T]ty)"”‘1 t> =:Wo(1), tel0,T].

o |(DEL o) ) < 1 follcy 0
Y +H(B-DQ2-a) lpo.1] t1+y+(ﬁ—1)(2—a)|¢0 5]
+||‘I||C[0,T]< : .
FA+E-DC2-w)  Te+p2-a)

I follc, 0.7t B(er, 1 — y) L
’ E tV)etr=T¢ ).
+ NCEST wy | (lgllcro.rt?)

From the last two inequalities we immediately obtain the estimates of lemma 3 for any ¢ € [0, T']. O

In view of [33, pp. 61-114], we have that the initial problem (9) is equivalent in the space C}‘f’ﬁ [0, T'] to the
Volterra integral equation of the second kind

uza—1(t) = tPVEOE, s 1o (—Kzfa) ©2n-1,1

+ t1+(ﬂ—l)(2—a) EO(,O(+/3(270() (_)\2IQ> P2n—1,2

+ f (t — 1) Eqo(—22(t — 0)%) fon—1(v)d7

/(l D) Eg (=t = 0)*)q()uz,—1(v)d. 13)

We prove the following assertions for u, 1 (t):

Lemma 4. For fixed n € N we have the estimates

" uzp—1| < (tH(ﬂ_])(z_”)Mll(pzn1,1|+l1+y+(ﬂ_1)(2_a)M2|¢2n1,2|

Il fan—tllc,r0.772% B(et, 1 — y)M3 L
- E tV aty=T ¢ :
+ NCEST wy | (lglicro.r”)

24 ‘(ngf,uzn—1> (l)‘ < Il fan—1llcy 10,17

+ ()\,21 + ||q||C[0’T]> <t7+(ﬁ—1)(2—a)M1|¢2n1’1|+t1+y+(ﬂ—1)(2—(x)M2|(pzn1’2|

I fan—1llc,10.71¢% B(at, 1 — y) M3 L
’ E tVYety=Ty¢ ,
+ NCEST wy | (lglicro.rt?)

where 1 >y > (1 — )2 — ).
Proof. Multiplying the equation (13) by ¢¥, we have

1Y lugn—1] < 7 FEDC=O g, g g |4 FEEDCO A 10y, o

“Nug,_y(v)ldr.  (14)

I fan—1llc,0.712% B, 1 — y) M3 |q|c o.rt” /‘ ¢ —
M(a+1) I'(a)
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Inverse Coefficient Problem for Fractional Wave Equation 757

Further, via lemma 2, we get

tY ugn—1| < <t’/+(ﬁ_l)(2_a)M1|<Pzn—1,1|

o —
+t1+y+(ﬁ_1)(2_a)M2|(p2n_l 2|+ ||f2n—l ”CV[O,T]t B(Ol, 1 V)M?))

C(a+1)

1
XEq .y, ((IIqIIC[o,T]ty)‘”V1 t> =Wy, 1(8), te[0,T]

Taking into account the first equation in (9) and the first estimate of lemma 4, we have the second part of the
lemma 4:

t” ‘(Dgf,uzn—l) (l)‘ < Il fan-1llc, 10,71

+ (A’% + ||61IIC[0,T]> <t)’+(ﬁ—1)(2—oz)M1 l@omt 1|+t 7 HEDCO 1)

I fan—1llc,10.712% B(er, 1 — y) M3 L
: E tV)etr=T¢]) .
+ T+ 1) ) @y ((HCIIIC[O,T] ) )

From the last two inequalities we obtain the estimates of lemma 4 for any ¢ € [0, T']. |

Analogously, we have following integral equation from problem (10):

U () = t PV IE 110w (—lzt“> @1

+ tl+(ﬂ—1)(2—o¢) Ea,ot+;3(2—a) <_)\2ta> ©on,2

t
+ / (t — 0 Ego(—22(t — 1)%) fon(v)dT
0

t

— 2% / (t = ) Eg o (=22t — 1) uzn—1(z)dr
0

t
— / (t = )% Eqo(—22(t — )*)q(D)uzy ()dr. (15)
0

Under (A1), (A2), uy,(t) is bounded in C}Of’ﬂ[O, T] as follows

1Y lunp| < 17 TETDCD 0 0o |42 TV TETDCD A 100, 5

| fanlle, o716 B, 1 — ) Ms ||u2n—1||c;f~ﬁ[0,T]t°‘B(0l, 1—vy)
T+ 1) ! Fe+1)
t
tV
+ ligllcio.ryt” / (t — 0 uzn(v)ld7. (10
')
0
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758 D. Durdiev, H. Turdiev

According to the generalized Gronoull integral inequality, we get the following estimate

Y |ugn| < (fy+(ﬁ_l)(2_a)Ml|§02n,l|

I fanllc,10.71% Be, 1 — ) M3

luzn—1ll qas o 712" B, 1 —y)
2%, v 1971 )

Moe+1)
XEq,y <(||11||0[0,T]IV)‘”1V1 t) =: WUy, (1), tel0,T].
Next, by the second estimate in lemma 4, we have
tr ‘(Dofz’“n) (’)‘ < I f2nllc, 10,71 + 2Anlu2n—1lc, 10,7

+ ()\;21 + ||6]||C[0,T]> (IV+(ﬁ_l)(2_a)Ml|‘P2n,l|

I fanllcy0,712% Blet, 1 — y)M3

+y+(}3_ )(Z_a)

luzn—1ll pas o pq2% B, 1 —y)
+2%n y B )

[(a+1)
1
X Eq.y <(||61|IC[0,T]ty)°‘+V" t>, tel0,T].

Formally, from (7) by term-by-term differentiation we compose the series
(Do+, )(x 0 _2( OHMO) (t)+42( e u )(t)cos(knx)
+401 —x)Z( 5 a1 ) OsinGun), a7

Upy(Xx, 1) = —4ZAﬁu2n(t)c0s()»,,x)

n=1
=8 hnttzg—1()cos(nx) — 4(1 = x) Y Auzu 1 (£)sin(hyx). (18)
n=l1 n=1

Let us prove the uniform convergence of series (7), (17) and (18) in the domain Q. These series for any
(x, t) € Q are majorized respectively, by

QWo(T) +4) Wy 1(T) +4 Y Wy (T),

n=1 n=1

2 (Il follcyr0.71 + llglicro.r1%o(T))

+4

WK

(||f2n—l e, 0,71 + (X,% + IICIIIC[O,T]> ‘Uzn—l(T)>

3
I
—_

+

Mg

(120l 0.1+ 22 W20 (T) + (32 + g lcto,r1) W2u (1))

3
I
.

[e¢)
(32 4+ 20 ) Waue 1 (T) 43 3200, (D),

n=1

e+

3
I
—_
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Inverse Coefficient Problem for Fractional Wave Equation 759

where Q :={(x,71):0<x <1, 0<r<T}.
We hold the following auxiliary lemma.

Lemma S. If the conditions (Al), (A2) are fulfilled then, there are equalities
I @ . 1
oni=sgom =12 fo= s 0, (19)
n n

where
1 1

o = f oY dx, i =1,2, [P = / FO Yy (x)dx,
0 0

with the following estimates:

| @[ ) — | @2 )

Yl <l o, Y el < 15”00,

n=1 n=1

o 2

S [49] = 1 a0 (20)

n=1

If the functions ¢(x), ¥ (x) and f(x, r) satisfy the conditions of lemma 5, then due to representations (19)
and (20) series (7), (17) and (18) converge uniformly in the rectangle €2, therefore, function u(x, t) satisfies
relations (1)—(3).

Using the above results, we obtain the following assertion.

Theorem 1. Letq(t) € C[0, T], (A1), (A2) are satisfied, then there exists a unique solution of the direct problem
(-3 u(x. 1) € Cy*F ().

Let us use the topological product Banach spaces K = [C;f’ﬁ [0, T]]3 endowed with its norme to prove the
existence and uniquness of the solution under this form (u¢(¢), uz,—1(t), u2,(t)) € K. Define the operator A on
K by A(uo(t), uon—1(t), u2,(t)) = (Pouo(t), Pon—1u2n—1(t), Ponu2,(t)) where the operators Py, Pa—1, Pay
are defined on C,‘f’ﬁ[O, T by the right side of (11),(13) and (15) respectively. In view of (12), (14) and (16)
A: K — K.

Prove that A is a contraction on K. So, for each ((ug(t), up,—1(t), u,(t)); (o (t), uzn—1(t), u2,(t))) € K
we have

Ao, uan—1, uzn) — Ao, tion—1, U2n) |k
< max { 1Pouo — Potioll cas g yr 1 Pan—142n—1 = Prn—ttion—1ll cecs g o | Pantion — Pznuznllcg,ﬁ[oﬂ}-

First, we get easily

lgllcro,mt”

P — Poli ap <
I Pouo () — Potto(t)l cap = F@)

t
/ (t — ) up(r) — Tip(v)|dt
0

- lglcro,71T% B, 1 — )
- (@)

||I/£0 — uo ||C$vﬁ[0)'r] .

Next, we get the following

lglicro,rT* B, 1 —y)
()

|| Poug — POEOHC}@"‘}[O,T] = lluo — EO”C)D,"ﬁ[O,T]'

For P»,,_1, we have for each r € [0, T]

1P2n—1u2n—1 = Pon—12n—1ll corb g 7y

- lglicro,rTY Ba, 1 — y)
- ()

201 = U2n—1ll gty 7
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760 D. Durdiev, H. Turdiev

where n > 1.
Similarly, for each ¢ € [0, T']

2xnt*B(a, 1 — )

1P2ntt2n (6) = Paniion (D)l cayg 7y = @t luan—1 — t2n—1llc,0.7]
|‘Z|C lglcro.rit” / _1 ~
t— U2, (1) — Uy (7)ldt
T (@) ( lu2n (T) 20 (7))
- 2,t*B(a, 1 —y) ~
=< RS llw2n—1 = ton—1ll cees g
lgllcro,n T Ble, 1 —y) ~
F(a) ”u2n u2n||cg’/3[0’T]a

which gives forn > 1

p Py _ 2apt*B(a, 1 —y) ~
1 Pantezn = Pontion |l ety ) = Fa+ D llw2n—1 = ton—1ll ceusg

ligllcro,mT? B, 1 —y) ~
F((X) ”uzn Uzn ”Czﬂ[O,T]'

As a result

I A(uo, uzn—1, u2,) — Ao, Uan—1, U20) ll x

< max | (14llco.nT*Be. 1 —y) o — ol
=< @ 0 = tollcaspg 7y

lglicro,mT” B(a, 1 —y)
[(a)
ligllcro,mT? Bla, 1 —y) ~
F(C{) ||I/t2n u2n||c)0/<-ﬂ[0’r]

2Ap T*B(a, 1 — y) -
+ @t 0. luzn—1 = t2n—1tll et g 7y O
lglicio.rT*B(a, 1 —y) 22, T*B(a, 1 —y)
< max
I'(a) M+ 1)
X || (uo, u2n—1, u2,) — (o, Unp—1, U2p)||

lu2n—1 = W2n—1ll catipg 7y

cﬁ"g 0,71

It

X lglicio.rT*Bla, 1 —y) = 24, T*B(a, 1 —y) !
() Ma+1)

then, A is a contraction on K and has a unique fixed point which is the coefficients (ug, u2,—1, u2,) of the
solution (7). Then, there exists a unique solution of (1)—(3) for arbitrary ¢ (¢) bounded in C ;f’ﬁ [0, T].

4 Investigation of the inverse problem (1)-(4)

Multiply (1) by w(x) and integrate in x from O to 1. As result we have

1

1
fw(x){ EL ) (o) = e+ g ux, r)}dx - /w(x)f(x,t)dx.
0 0
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Future after some easy convertings in wiev of A3), we get

1 1

(D5Lm) @+ a0~ [ w' coutendx = [weo e nax

0 0
which yields

1

1
00 = i | [wensenax = (Dif ) o

0
1

1
) w' (x) (XO(X)MO(I) +ZX2n 1()u2n—1(2) +ZX2n(X)M2n(l)> dx.
0

n=1 n=1

The functions u, () depend on ¢ (¢), i.e. u, (¢; q). After simple converting, we get the following integral equation
for determining g (7):

q () = qo(t)
1 > 00
+ o) <wouo(t; q) + Z Won_1u2n—1(t; q) + Z WonU2, (15 q)) , 1)
n=1 n=1
where
! 1
() = L /w(x)f(x t)dx — ( p&f h) () wo = / w' (x)Xo(x)dx
1 h(t) ’ 0+, ) 0 0 ,
0 0

1 1

Won—1 =/w”(x)in71(X)dx, Won =/w”(X)in(x)dx.
0 0

uo, Uzp—1, Uz, are determined by right sides of (11), (13), (15) respectively.
We introduce an operator F defining it by the right hand side of (21):

Flgl() = qo(1)
0 <wouo(l 9) +szn 142,115 9) +Zw2nuzn<r q)) (22)
n=1 n=1

Then, the equation (22) is written in more convenient form as

Flql(t) = q(@). (23)
Let

1

- _ | _(peP
ao = max lao)1= | o | [ weo fends - (05f0) 0

0 C[0.T]

Fix a number p > 0 and consider the ball

B(qo, p) :=1{q(®) : q(t) € C[0,T], lig — qoll < p}.

Theorem 2. Let (Al)—(A4) are satisfied. Then there exists a number T* € (0; T), such that there exists an
unique solution q(t) € C[0, T*] of the inverse problem (1)—(4).
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762 D. Durdiev, H. Turdiev

Proof. Let us first prove that for an enough small 7 > 0 the operator ' maps the ball B(qg, p) implies that
Flql(t) € B(qo, p)- Indeed, for any continuous function ¢(t), the function F[g](¢) calculated using formula
(22) will be continuous. Moreover, estimating the norm of the differences, we find that

Tr+B-DC-a g || THYHE-DQ=) |4 |
ra+@-n2-a) M+ B2 —w)

1FIq1(0) — go(0)]| < %(
0

I follc,10.mT*B(a, 1 —y) L
’ E TYYetr=T T
T+ 1) a,y (||Q||C[0,T] )
wo ad
— y+(B-D2-a)
+h0 Z(T Milgan—1,1
n=1
TP My gy o
I fan-1llc,10.11T*Blat, 1 — y) M3 L
’ E TV )ervy=1 T
T@+1) wy | (lglicro.nT?)
o
+ Z <Ty+(ﬁ_l)(2_a)M1 Qa1 |[+T Y TE=DC=0 a1 10y, 5|
ho n=1
Il fanllc, 0.7 T B(et, 1 — y) M3
F(@+1)
luzn—1lc, 10,1 T Bla, 1 — y) L
2\ r_ E TYarr=17 ).
R T+ 1) ay | (lglcro.nT”)

Here we have used the estimate for ug, u2,—1, 12, given in (11), (13), (15). In view of the above lemmas
last series is convergent series. Note that the function occurring on the right-hand side in this inequality is
monotone increasing with 7', and the fact that the function ¢ (¢) belongs to the ball B(qq, p) implies the inequality
lgll < llgoll + p. Therefore, we only strengthen the inequality if we replace ||¢|| in this inequality with the
expression ||go|| + p. Performing these replacements, we obtain the estimate

Ty +B-DC2=a)|g0 | TIHY+B=DC=0) g 5|
Frad+@E-H2-a) M@+ B2 —-a)

IFIq1() — qo(t)]| < %(
0

I follc, 0.7 T% B, 1 — y) 1
’ E TV aty=T T
T+ 1) a,y (”an[O,T] )
wo s
- y+(B-1)(2~a)
+h0 Z(T My |pon—1,1]
n=1
+T Y E=DC= M 10 0
Il fon—1llc, 10,1 T Bla, 1 — y)M3 1
’ E TYYety=1 T
NCEST wy | (lglicro.mT?)
wo as
+h— (TV+(’3_1)(2_°‘)M1 |@on.1 |+ T 1TV FE=DC=O pp 10y 5]
0
n=I
I fanllc, 0.1 T Bat, 1 — y) M3
C(a+1)
[u2n—1lc, 0, T B, 1 —y) 1
2\ re E TY)etr=1T ).
+2X, Fa D) ay | (Algoll +7)T7)

Let 7} be a positive root of the equation
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Therefore if by 77 we denote the positive root of the equation (for 7')

wo( T7+HEDC gy, | THHETDE D g

W \TA+(@B-D2—-a)  Tla+p2-a)
Il folle, 0.7 T%B(er, 1 — ) 1
? E TV Yetr=T T
T(a+1) ) a,y <((||610|| +r) ) )
wo >
+h—0 (TVH’S_I)(Z_“)Ml|<P2n—1,1|+T1+y+(’3_1)(2_“)M2|<P2n—1,2|
n=1
Il fan—1llc, 0.1 T* B(er, 1 —y)M3 1
i E TYYety=1T
+ T+ 1) ) a,y (((||610|| +7) )
wo ad
_|_h_0 (TV+(/3—1)(2—06)M1 |(P2n,1 |+T1+y+(ﬁ_l)(2_a)M2|(p2n,2|
n=1
Il f2nllc, 0.7 T% Blee, 1 — y) M3
Na+1)
luzn—1llcas g 7T Ble, 1 —y) -
2 ’ E TY)e 1T ) = p,
+2A T+ 1) ) o,y (((IICIOII +7) ) ) p

then || F[g](t) — qo(@)|l < p for T < Ty; i.e. Flql(r) € B(qo, p).

Now let us take any functions g(z), g (z) € B(qo, p) and estimate the distance between their images F[q](z)
and F[g](t) in the space C[0, T']. The function uy,(z) corresponding to q(t) satisfies the integral equations
(11),(13) and (15) with ¢, 1 = @n.1, ¢n2 = @n2 and f, = f,. Composing the difference F[q](t) — F[g](r)
with the help of equations (8)—(10) and then estimating its norm, we obtain

onICIIIC[o,T]T"[ TYHE-DE=@g 4|
hoT (@) ra+@-n2-a)
Ty D@D, follc 0,1 T*Ble, 1 —y)

IFlgl(t) — FIg1®)| <

Mo+ B2 —a)) M+ 1)
o0
+ Z <T”+(’5_1)(2_“)M1 lon_1.1|+T Y TE=DC= A1 100, 5]
n=1
| f2n—1llc, 0.1 T*Bee, 1 — y)M3
I+ 1)

o
+ (T”(ﬁ”(“)Ml |20 1 |+T TPV M gy, 5

n=1
I fanllc, 0.1 T* B, 1 — y) M3 o w1l oy 7 T Blers 1= y)
T(a+ 1) " T(a+1)
_ 1 -
X Eq .y ((IIC]||C[0,T]TV)"+V‘1 T) ]Ilq —{qllcro,17- (24)

The functions ¢(z) and g(z) belong to the ball B(gg, p), and hence for each of these functions one has
inequality |lg|| < |lqoll + p. Note that the function on the right-hand side in inequality (24) at the factor
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764 D. Durdiev, H. Turdiev

with ||g|| + p will only strengthen the inequality. This, we have

IFlg](®) — FIgI( <

onICIIIC[o,T]T”[ Ty TP~ g 4|
hol (e) ra+@-n2-a)
Ty =D g5l follc, 0,1 T*Bla, 1 —y)
Mo+ R —aw)) [MNo+1)

o
+2 (Ty+(ﬂ_1)(2_“)M1 2011 |+T 7 FEDC 05109, 4 5

n=1

I fan—1llc, 0.1 T% B(ee, 1 —y)Ms3
MNa+1)

o0
+> (T”(ﬂ‘)‘“)Ml @21 |+T T HEDE=O g, 5

n=1
Il fon ||cy[0,T]TaB(ot, 1 —y)Ms 5 ||u2n71||cg-ﬁ[o’T]TaB(Ol, 1—y)
Ca+1) " L@+ 1)

1 N
xEq .y (((”f]O” + )T )T T) } lg —qllcro.T1-

Therefore, if T3 is the positive root of the equation (for 7)

wollgllcro,m T [ TYHEDCE D gy | T HEEDEN g 5|

hol’ () ra+@-n2-ow) o+ B2 —a))
”fO”CV[O,T]TaB(aa 11— V) ad y+(B=1)(2—a)
P +;<T Milgon—1,1l

o f—
+T1+y+(ﬁ_l)(2_a)M2|(p2n_] 2|+ ||f2n—1||Cy[0,T]T B(Ot, 1 V)M?:)

C(a+1)

o0
+2 (T YHEDCO M g [TV HEDCD 0

n=1

o
Il fanllc, 0,117 B(e, 1 — y) M3 o lw2n—1ll ot g py T Bler, 1 — V)>

Do+ 1) " Mo+ 1)
.
X Eq,y <((||510“ + :O)Ty)w—y_l T>:| =1
then for T € (0, T») the operator F contracts the distance between the elements ¢(¢), g (1) € B(qo, p). Conse-
quently, if we choose T* < min(77y, T>) then the operator F is a contraction in the ball B(qq, p). However, in
accordance with the Banach theorem [34, pp. 87-97], the operator F has unique fixed point in the ball B(qo, p)

i.e., there exists a unique solution of equation (23). Theorem 2 is proven. O

Let T be positive fixed number. Consider the set D, of the given functions (¢1, ¢z, h, f) for which all
conditions from (A1)—(A4) are fulfilled and

max(llgi a0, Ie2llcsons Wl 1/, @) < Ho.

We denote by G, the set of function ¢(¢) that for some 7" > 0 satisfy the following condition ||¢|lc[o,7] <
w1, pr > 0.
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Theorem 3. Let (p1, ¢2, h, f) € Dy, (@1, @2, ﬁ, f) € Dy, and q, q € G,. Then, for solution of the
inverse problem (1)—(4) the following stability estimate holds:

lg —qllco,r) < r|:||‘ﬂ1 — @1llcron

+ lle2 = Ballcion + Ih =l arg 7y + 1 = 7 ||Cy(g)} (25)

where the constant r depends only on o, n1, T, o, B, and I'(a), B(o, 1 —y).

Proof. To prove this theorem, using (21) we write down the equations for g(¢) and compose the difference
g = q(t) — ¢(¢r). Then after evaluating this expression and using estimates u,, (¢),i, (t), we obtain following
estimates

1

1 wp
i (/ w(x) f(x, )dx — (Doﬂh) (1)
0

< max
lg —qlicror < O<t<T

1 oo o0
+ / w”(x)(xo(x>uo(r) + 3 Xon 1 (uza-1 (1) + Y Xay (X)uzn(t)>dX>
0

n=1 n=1

1

1
1
- %</w(x)f(x Ndx — Do (l)+/w (x)(Xo(x)uo(l)

0

+ Y Xou 1 ()21 (1) + Z Xon (x)ii2n (f))dx) ‘

n=1 n=1

1
/[h(t) (fx,0) = Flx,0)+ fx, ) (h(t)—h(t))}
0

+5) (D5 n) 0 = (D5 ) ) + (P5L, )(r)(h(t)—hm)H

[A(t) (uo(r) — Tio (1)) + Tio(r) (h(t) — h(1))]

wo
-
+4 [h(t) (U2n—1(t) = Han—1(1)) + Ban—1 () (h(1) — 7(1))]

+ 4[R(t) (u2n (1) — B2 (1)) + U2 (1) (h() — B (D))] H

< 7’0(”901 — @+ ez =@l + 1 = T+ + [ (D5ER) - (D5LR)|
1

aall ZII) + 71 f(t -0 g(x) =@ lcro,ridr, 1 €10, T, (26)

where rp, ri depends only on g, w1, T, «, and I'(e), B(e, 1 — y). From (26) using lemma 1, we get the
estimate

lg —qlicio.r) < r0<||§01 = @illcion + o2 — @2llcion + 1 = flle, @)

+ Ik - Eucg,ﬁ[o,T])Ea,l (nT@i®), 1 € 10,71 27)

This inequality implies the estimate (25), if we set r = roEq 1 (11 (a)1%).
From theorem 3 follows also the next assertion on uniqueness in whole for solution to the inverse problem.
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Theorem 4. Let the functions @1, @2, h, f and @1, @2, j , thvve the same meaning as in Theorem 3 and
conditions (A1)~(A4). Moreover, if o1 = @1, 92 = @2, h = h, [ = f,fort € [0, T]thenq(t) =q(t)t € [0, T].

5 Conclusion

In this work, the solvability of a nonlinear inverse problem of the time-dependent source coefficient for a
time fractional wave equation with initial-nonlocal boundary and integral overdetermination conditions was
studied. Firsty we investigated solvability the initial-nonlocal boundary conditional problem (1)—(3). The problem
replaced by an equivalent of integral equation. Existence and uniqueness of direct problem solution were proven.
The nonlocal boundary conditions, the Hilfer fractional derivative and the control coefficient made our problem
more difficult. The conditions for the existence, uniqueness and continuous dependence upon the data of the
problem have been established by using the Fourier method with some bi-orthogonal system, an associated Hilfer
fractional derivative which contains an initial data and the Banach fixed point theorem for a product of Banach
spaces.
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