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Abstract In this paper, on the one hand, we prove a new theorem of sub-supersolution method for a generalized
Kirchhoff equations with non-homogeneous material; on the other hand, based on the method of lower and upper
solution, we consider the existence and uniqueness of the positive solution of some singular Kirchhoff equations.
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1 Introduction
In this paper, we consider the following nonlocal elliptic problem
- (a(x) + b(x)/ |Vu|2dx> Au=K@X)u"? inQ
Q
u =20, on 012,

where a, b € C7(Q),y € (0, 1) and a(x) > 0, b(x) > O and p > 0.
This problem (1.1) is related to the steady-state problem associated to the time dependent problem

Uy — <a(x) +b(x)/ |Vu|2dy> Au=f, inQx(0,7T),
Q

u=020, ond2 x (0,7),
u(x,0) =uop(x), us(x,0) =u(x) in ,

(1.1)

(1.2)
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The uniqueness of some singular Kirchhoff... 769

which models small vertical vibrations of an elastic string with fixed ends when the density of the material is not
constant; see [4], [10], [11] and [12]. In [4] the authors considered the following problem

— <a(x) +b(x)f |Vu(y)|2dy) Au =4, inQ,
Q
u=20, on 082,

where 0 < ¢ < 1, A € R and analyzed the existence and uniqueness of a positive solution via bifurcation theory.
When b(x) = 0 and a(x) = 1, problem (1.1) is changed into

{ —Au=Kx)u? inQ

u=0, on 9%2, (1.3)

and some papers consider the existence and uniqueness of the positive solution of problem (1.3). For example, in
[3], Crandall et al. showed that problem (1.3) has solutions if 2 is C 3. in[14], Taliaferro presented necessary and
sufficient conditions for the existence of positive solutions when N = 1; in [7], Gomes obtained the existence
of a C! positive solution and considered the uniqueness of problem (1.3) when there exists a0 < 7 < 1 such
that Kd*~P € L°°(R2), where d(x) = d(x, 92); in [9], under the assumption K (x) > 0 and certain smoothness
assumptions, Lazer and McKenna showed that problem (1.3) has a solution which is smooth on €2 and continuous
on 9€2. In the above papers, the method of sub-supersolutions is a very important tool.

Therefore, it is interesting to study the existence of positive solutions of problem (1.1). It is easy to see

that problem (1.1) is different from problem (1.3) because of <a(x) + b(x)/ |Vu(y)|2dy . In [5], [6] and
Q

[15], some counterexamples and theorems are listed to explain why it is invalid to apply the method of sub-
supersolutions under the ordinary definitions for problem (1.1) when a(x) and b(x) are constants and as a result
some new definitions are listed and some theorems are proved. Our aim in this paper is to obtain the existence
and uniqueness of positive solution of problem (1.1).

The paper is organized as follows. In section 2, in order to discuss problem (1.1), we construct a new problem
(defined later in section 2) and prove a theorem of sub-supersolutions. In section 3, we discuss the existence
of positive solutions for problem (1.1) by applying the theorem in section 2 and discuss the uniqueness of the
positive solution.

2 Sub-supersolution method

Now we consider a general problem

— (a(x) —{-b(x)f |Vu(x)|2dx> Au(x) = F(x,u(x)), xin £, Q.0
Q .
u=0, xonoL2,
where € € R" is a smooth bounded domain and F : Q x [0, +00) — [0, +00) is continuous.

Let C1(Q) = {u : @ — R|u(x) is continuously differentiable on 2} with norm |Ju|| = max{max g |u(x)|,
max, g |Vu(x)|}. It is easy to see that C!() is a Banach space.

Definition 2.1 The pair functions o and g with o, 8 € C/(Q) N C 2(Q) are nonnegative subsolution and
supersolution of problem (2.1) if 0 < w(x) < B(x) for x € 2, and

1 i
—Aa(x) < mF(x, a(x)), xin L,
oloe =0, | 2.2)
—AB(x) > —F(x, B(x)), xinQ,
a(x)
Blag =0,
where
K
L= D wp PO w0y, 2.3)

Q@ a(y) uela(y).p(3)]

@ Springer



770 B. Yan et al.

Theorem 2.2 Assume o and B are the nonnegative subsolution and supersolution of problem (2.1) and F :
Q x [0, 4+00) — [0, 400) is continuous. Then problem (2.1) has at least one solution u such that, for all x € <,

a(x) < ux) = Bx).
Proof Let

F(x,a(x)), ifu < a(x);
F(x,u) =14 F(x,u), ifa(x) <u < p(x);
F(x, B(x)), ifu > B(x).

We will study the modified problem

{ —Au Fx.u) ,x € Q,

= a0)+b() min{ [, [Vu()2dx, L)
ulpe = 0.

2.4)

Step 1. We claim that every solution u of problem (2.4) satisfies a(x) < u(x) < B(x), x € Q.

We prove that o(x) < u(x) on Q. Clearly, a(x) < a(x)+b(x) min{fQ IVu(x)Ide, L} <a(x)+b(x)L.By
contradiction, assume that max, .g(a(x) —u(x)) = M > 0. Note thata(x) —u(x) # M on Q (a(x)—u(x) =0,
x € 02). If xg € Q is such that a(xg) — u(xg) = M, choose Ag = {x € Q|a(x) — u(x) > 0} a connected
domain with xg € Ag. It follows from (2.2) that

—Aa(x) —u(x))

! _
= a@ b Y T L T bt min{, Va@Pdr, Ly - )
1
= 20 F oo F et = Fx, a(0)
<0, x €A

and
a(x) —u(x) =0, x € 90Ap.

By the maximum principle, one has a(x) — u(x) < 0 for x € Ag. This contradicts «(xp) — u(xp) > 0.
A similar argument shows that u(x) < B(x) for all x € Q. Consequently,

a(x) <ulx) <), x€Q.

Step 2. We claim that every solution of problem (2.4) is a solution of problem (2.1). o
Every solution of problem (2.4) satisfies a(x) < u(x) < B(x), x € Q. From the definition of F, we have

F(x,u(x)) = F(x,u(x)), Vx € Q. (2.5)

Multiplying u in the first equation of problem (2.4) and integrating over €2, we have

1
— /;z Au(x)u(x)dx = /gz prESE min{fQ VuOR L) F(x,u(x)u(x)dx.

The Divergence Theorem implies (note the definition of L in (2.3)) that

/|Vu(x)|2dx§/ KO wp Pl wpodr = L.,
Q Q a(X) uefw(),B()]

which guarantees that

a(x)+b(x)min{/ |Vu(x)|2dx,L} :a(x)—}—b(x)/ |Vu(x)|?dx. (2.6)
Q Q

Now (2.4), (2.5) and (2.6) guarantee that u is a solution of problem (2.1).
Step 3. We claim that problem (2.4) has at least one solution in C! ().
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From the construction of F, we have, for everyu € C (@),

F.(_X,M()C)) > < sup F(x,t),Vx € Q.
a(x) +b(x) min{ fo [Vu(x)Pdx, L} | = a(x) refaw).po)

Let p > N > 1 and define operators

F(x, u(x))

.l P(Q) -
N:C ()~ LP(Q):ur a(x) + b(x) min{ [, [Vu(x)|?dx, L}

and A : C1(Q) — C'(Q) by
Au = (=A)"'(Nuw).
Note A is completely continuous and there exists a Ko > 0 big enough such that for all v € A(C'(R)), we have
vl = Ko.
Choose K¢ > max{||«||, || 8], Ko} big enough such that
A(Bc1(0, Ko)) € Bei(0, Ko),
and by a classical result in degree theory (see [8])
deg(I — A, Bc1(0,K),0) =1,
which implies that there exists au € B-1(0, K o) such that
u = Au,

i.e. problem (2.4) has at least one solution u.
Now Step 1 and Step 2 guarantees u is a solution to problem (2.1).
The proof is completed. O

Remark 2.3 Some ideas here were motivated from the papers [1], [2], [15] and [16].
The following Lemma is listed for convenience.

Lemma 2.4 (see [13]) Let F : Q x (0, 00) — R be a continuous function such that the mapping (0, 00) 3 s >
F(x,s)
s
(@) Ao+ F(x,w) <0< Av+ F(x,v)in 2
®) w,v>0inQandv < won I,

(c) Aw € LY (Q) or Av e LY(Q).
Then v(x) < w(x) in Q.

is strictly decreasing at each x € 2. Assume that there exists v, w € C2(2) N C(RQ) such that

3 The positive solutions of problem (1.1)

In this section, we prove the existence and uniqueness of positive solutions of problem (1.1).
Letd(x) = min{d(x, 0Q2)|x € Q}and & be the eigenfunction with0 < ®(x) < 1 forx € Q corresponding
to the principle eigenvalue 1 of

{ulaAQu:_O)tu, x €, 3.1
Note that A1 > 0, ®;(x) > 0 for x € Q and
[VO1(x)| >0, Vx € 0Q. (3.2)
Now we assume the following condition:
(Hy) K € C(£2, R) with K(x) > O forall x € 2 and
K(x)d~P(x) € L*(Q). (3.3)
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772 B. Yan et al.

Theorem 3.1 If (H;) holds and 0 < p < 3, problem (1.1) has a unique positive solution u € C*T*(Q2) N C(Q)
with u(x) > 0 for all x € Q.

Proof The proof is divided into four steps.
Step 1. We show for each n € N, the following problem

-p
- <a(x) +b(x)/ |Vu(x)|2dx> Au(x) = K(x) (u(x) + %) , xin £,
Q

u>0, xinQ,
u=0, xondQ

(3.4)

has at least one nonnegative solution.
We construct the pairs of sub-supersolutions for problem (3.4). The construction of supersolutions to problem
(3.4) when 3 > p > 1 is different from that when 0 < p < 1.

(1) Assume first that 3 > p > 1. In this case, let t = 2/(1 + p) and let W(x) = [®{(x)" wherel > O is a
constant. From (3.1), we deduce that

AV (X)) +gx, D P(x) =0, x € Q, (3.5)
where ¢ (x, 1) = I"TP[r(1 — VP (x)]2 + ta1P1(x)?]. Since 0 < 7 < 1, from (3.1) and (3.2), we choose a
positive constant / such that

1

——K(x) <qx,1), Vx € Q. 3.6)
min, g a(x)

Let u(x) = [®(x)". From (3.5) and (3.6) we have

Au(x) + ——— K (x)u(x)~P

min, g a(x)

K(x) —q(x, l)] uPx)<0, x eQ. 3.7

- [minxega(x)
(2) Assume that 0 < p < 1. Let s be chosen to satisfy the two inequalities
O<s<l1,s0+p) <2. (3.8)

Let u(x) = k@ (x)*%, where k is a large positive constant to be chosen below. For x € 2, we have

Au(x) + ——— K (x)u(x)"P

minxeﬁa(x)
1
=@ (x)? [|V<D1(x>|2ks<1 —5) — .—K(x)k—%](x)z—“””]
min, g a(x
—kX1s P} (x).

From (3.1),(3.2) and (3.8), we can choose k > 0 large enough such that

Au(x) + —— K (x)u(x)"P

min, 5 a(x)

= —010) [ IVO1(0)Pks (1 = 5)

(3.9)

— K@k P D1 (0)> ] — k15D (x)
min, g a(x)
<0, x e Q.

Choose m = max{/, k} and define

m®i(x), x € Qif3 > p > 1;

* = —
ur) = {mcl>§(x), xeQif0<p=<1.

From (3.7) and (3.9), we have

1
Au*(x) + ———— Kx)u*(x)"? <0, Vx € Q,
min g a(x)
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which guarantees that for eachn € N

i 1 i} 1\
A (x) + ———— K (x) (u () + ;)

min, g a(x)

<Auf(x)+ ————K@)u*(x)7?
in, g a(x)

@3.11)

<0, Vx € Q.

Let us(x) = 0, x € Q and let

K(x) 1777
L, = / u*(x) [u*(x) + —i| dx. (3.12)
Q a(x) n

Clearly,

A K@) N0 rea
M*(x)-i-m(M*(x)‘i‘;) >V, x e’ 3.13)

u*|ye = 0.

It follows from (3.11) and (3.13) that u™* and u, satisfy Definition 2.1. o
Now Theorem 2.2 guarantees that for n € N, there exist {u,} with u.(x) < u,(x) < u*(x) for all x € Q2
such that

-p
—|alkx) + b(x)/ |Vu,,(x)|2dx Auy(x) + K(x) [ u,(x) + 1 =0, x e,
o n (3.14)
uplae = 0.

Step 2. We show that {u,,} is bounded in Wol’z(Q).
Since u,, < u™, we choose an L > 0 such that

1 —
O<u,(x)+-<L, VxeQ (3.15)
n

and since a(x) > 0 and b(x) > 0 for all x € Q, we choose 8; and &, such that
1 1 1
Si(L+llunll®) = a(x) + b)) lunll So(1 + [lunll*)
1

2
where ||u,| = </ |Vu|2dx> . It follows from (3.15) that
Q

X € Q, (3.16)

1 1\
n = G(x, y)K n + - d
tn (%) /g (xl R ORI (“ o) n) Y (3.17)

> G(x, VWK (y)dyL™?".
511+ unl?) Jo R

From the definition of @1, Theorem 2.2 in [16] implies that there exists a §; > 0 and 6, > 0 such that
01d(x) < / G(x,2)K(2)dz < 6rd(x), x € Q, (3.18)
Q
which together with (3.17) implies that

Up(x) > L~ (x). (3.19)

sarie e
S1(1 A+ flun %)

Multiplying by u,, the first equation in (3.14), integrating over €2 and using the Divergence theorem, we have

_ ! (1)
/QIWN)' _/Qa(x)—i-b(x)HunHZK(X)l ) e (3.20)

< / K(oul ™ (0)dx
Q

S(1+ llunll®
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774 B. Yan et al.

If p € (0, 1], it follows from (3.15) that
521 + lun D lun? < / K (L' Pdx, (321)
Q

i.e. {||u,||} is bounded.
If 3 > p > 1, it follows from (3.19) that

1 —p+1

_ _ — 1, 1

8a(1+ llun 1) llu IIZS/ K (x)L=PA=Pg P g=p+lxy <—> dx,
! ! Q ! S1(L+ lugll?)

ie.
1— _ —p(=pyp—p+1 ,—
8 P+ N IP) P82 (1 + llun 1) unll* < / KL= P=Po " a=rH (xydx.
Q
The condition p < 3 and Kd P € L*(Q) guarantees that that {||u, ||} is bounded also.

Step 3 We show that problem (1.1) has at least one positive solution in C2T%(Q) N C(R).
From the proof of step 2, suppose that there exists a &g > 0 such

lupll <0p, n=1,2,---. (3.22)
From (3.15) and (3.22) we have

KOy gop-r
a(y) +b(y)ag

which together with (3.18) implies that there is a §] > 0 such that

un(x)Zf G(x,y)
Q

up(x) > 01d(x), n=1,2,---. (3.23)

Let Q = {x € Q|vg(x) > %}, k € N. From (3.14) and (3.23), we have
1 _
|Auy(x)] < —K(x)(@01d(x)"P, x € 4,
a(x)

which implies that
{u,(x)} is equicontinous and uniformly bounded on Qr, keN.
and

{Vu, (x)} is equicontinous and uniformly bounded on Q, k € N.

Therefore, {u, (x)} has a uniformly convergent subsequence {u},k) (x)} on every Q and {Vuf,k) (x)} converges
uniformly on §k also. From the diagonal method, we can choose a subsequence {u;k;{ (x)} of {u,(x)} which
converges to a u( on every 2 uniformly and {Vufl]f,)( (x)} converges uniformly on € also. Without loss of
generality, assume that ug € C(2) such that

lim wu,(x) = uo(x), uniformly on Q;, k € N (3.24)

n——+00

and from the boundedness of {||u, ||}, assume that

/ |Vu,,|2dx — 0. (3.25)
Q
From (3.24) and (3.25) we have
K _
lim | Au, (x)] = ) ()
n—+00 a(x) + b(x) fQ [Vu, (x)|?dx

K(x)

= TGt (), asn — oo, uniformly on Q. k € N,
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Hence,
—Aug(x) = %z@”u), x € Q. (3.26)
Clearly,
01d(x) < up(x) < u*(x), Vx € Q,
which implies
uo(x) =0, x € 9Q2. (3.27)

Moreover, from the boundedness of {||u, ||}, we can assume that i € Wé’Z(Q) and u, — ug,asn — 400.
Since Kd~P € L*(2), one has that

| /Q Vit (0)V (it (x) — t10())dlx]

oy / k) ()t () — 1o ()|
" g ato) + b(x) [o Vi, (x)[2dx " " 0 (3.28)
<y r—r [ K ()d () un (x) — o) dx
min, ga(x) Jo
— 0, asn — +o0.

Since
/QVuo(x)V(un(x) —up(x)) = 0, asn — 400
from (3.28), we have
/QV(”n(x) — uo(x))V (un(x) —ug(x)) - 0, asn — +o00.

Hence,

lim f|Vun(x)|2dx=/ [Vuo(x)|>dx = co,
Q Q

n—-+00

and so
lim <a(x)+/ |Vu,,(x)|2dx> = (a(x)—i—b(x)f |Vu0(x)|2dx>. (3.29)
n——+0o0 Q Q

It follows from (3.26), (3.27) and (3.29) that

KX)ug(x)™? =0, x € Q,

1
Aug(x) + a(x)+b(x) [ [Vuo(x)|2dx
uoloe = 0.

A standard argument shows that g € C e (). B

Step 4. We show that problem (1.1) has a unique positive solution in C>** () N C(S) .

Assume that u1 and u» are two positive solutions. Repeating the proof of {u,}, there exist 61 > O and 6, > 0
such that

01d(x) < u1(x) < 62d(x), 61d(x) <ui(x) < 6d(x), Vx € Q,
which implies that

2] = 29 61407, 1] < 2 Gam)r, x e (330)
a(x) a(x)

There are two cases to consider:
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776 B. Yan et al.

(1) f |Vuy (x)2dx = f |Vuz (x)|*dx.
Q Q

Letc = fQ |Vui(x)|?dx. Now u; and u, are two solutions of the problem

- - -r —
+ s b(x)cK(x)w =0, x € 2, 3.31)

wlye =0.
From [9], problem (3.31) has a unique positive solution. Thus, u1(x) = ua(x).

2) / |Vu1(x)|2dx + / |Vu2(x)|2dx. Without loss of generality, suppose
Q Q

/|Vu1(x)|2dx </ |V (x)|?dx. (3.32)
Q Q

Let ¢ =/ |V (x)|>dx and c2=/ |Vui(x)|>dx. Then
Q Q

1 “Poy
Aui(x) + mK(X)Ml x)=0, x e Q,
urlpg =0
and
1 P 1 —p
Aur(x) + —a(x) oy K(xX)u, " (x) =0 < Auz(x) + —a(x) s K@u, " (x), x €,
uzlaq =0,
ie.
1 —p 1 —p
Aui(x) + —a(x) Ay K@u, " (x) < Auz(x) + —a(x) e Kx)u, " (x), x €,

uilpe =0 = uzlsq.
Lemma 2.4 together with (3.30) and (3.32) implies that u1(x) > u>(x) for all x € Q and
0< f (IVua () > = |Vuuy (x)[*)dx

V(uz(x) —ur(x))V(ua(x) +uj(x))dx

/ (u2(x) —u1(x))Aua(x) +ui(x))dx

= [ a0 000G W + S
a(x) +ber ! a(x) +b(x)er 2
<0.
This is a contradiction. The proof is completed. O
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