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Abstract In this paper, on the one hand, we prove a new theorem of sub-supersolution method for a generalized
Kirchhoff equations with non-homogeneous material; on the other hand, based on the method of lower and upper
solution, we consider the existence and uniqueness of the positive solution of some singular Kirchhoff equations.
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1 Introduction

In this paper, we consider the following nonlocal elliptic problem
⎧
⎨

⎩

−
(

a(x) + b(x)

∫

�

|∇u|2dx

)

�u = K (x)u−p in �

u = 0, on ∂�,

(1.1)

where a, b ∈ Cγ (�), γ ∈ (0, 1) and a(x) > 0, b(x) > 0 and p > 0.
This problem (1.1) is related to the steady-state problem associated to the time dependent problem

⎧
⎪⎪⎨

⎪⎪⎩

utt −
(

a(x) + b(x)

∫

�

|∇u|2dy

)

�u = f, in � × (0, T ),

u = 0, on ∂� × (0, T ),

u(x, 0) = u0(x), ut (x, 0) = u1(x) in �,

(1.2)
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The uniqueness of some singular Kirchhoff... 769

which models small vertical vibrations of an elastic string with fixed ends when the density of the material is not
constant; see [4], [10], [11] and [12]. In [4] the authors considered the following problem

⎧
⎨

⎩

−
(

a(x) + b(x)

∫

�

|∇u(y)|2dy

)

�u = λuq , in �,

u = 0, on ∂�,

where 0 < q � 1, λ ∈ R and analyzed the existence and uniqueness of a positive solution via bifurcation theory.
When b(x) ≡ 0 and a(x) ≡ 1, problem (1.1) is changed into

{−�u = K (x)u−p in �

u = 0, on ∂�,
(1.3)

and some papers consider the existence and uniqueness of the positive solution of problem (1.3). For example, in
[3], Crandall et al. showed that problem (1.3) has solutions if � is C3; in [14], Taliaferro presented necessary and
sufficient conditions for the existence of positive solutions when N = 1; in [7], Gomes obtained the existence
of a C1 positive solution and considered the uniqueness of problem (1.3) when there exists a 0 ≤ τ < 1 such
that K dτ−p ∈ L∞(�), where d(x) = d(x, ∂�); in [9], under the assumption K (x) > 0 and certain smoothness
assumptions, Lazer and McKenna showed that problem (1.3) has a solution which is smooth on � and continuous
on ∂�. In the above papers, the method of sub-supersolutions is a very important tool.

Therefore, it is interesting to study the existence of positive solutions of problem (1.1). It is easy to see

that problem (1.1) is different from problem (1.3) because of

(

a(x) + b(x)

∫

�

|∇u(y)|2dy

)

. In [5], [6] and

[15], some counterexamples and theorems are listed to explain why it is invalid to apply the method of sub-
supersolutions under the ordinary definitions for problem (1.1) when a(x) and b(x) are constants and as a result
some new definitions are listed and some theorems are proved. Our aim in this paper is to obtain the existence
and uniqueness of positive solution of problem (1.1).

The paper is organized as follows. In section 2, in order to discuss problem (1.1), we construct a new problem
(defined later in section 2) and prove a theorem of sub-supersolutions. In section 3, we discuss the existence
of positive solutions for problem (1.1) by applying the theorem in section 2 and discuss the uniqueness of the
positive solution.

2 Sub-supersolution method

Now we consider a general problem
⎧
⎨

⎩

−
(

a(x) + b(x)

∫

�

|∇u(x)|2dx

)

�u(x) = F(x, u(x)), x in �,

u = 0, x on ∂�,

(2.1)

where � ⊆ RN is a smooth bounded domain and F : � × [0,+∞) → [0,+∞) is continuous.
Let C1(�) = {u : � → R|u(x) is continuously differentiable on �} with norm ‖u‖ = max{maxx∈� |u(x)|,

maxx∈� |∇u(x)|}. It is easy to see that C1(�) is a Banach space.

Definition 2.1 The pair functions α and β with α, β ∈ C1(�) ∩ C2(�) are nonnegative subsolution and
supersolution of problem (2.1) if 0 ≤ α(x) ≤ β(x) for x ∈ �, and

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

−�α(x) ≤ 1

a(x) + b(x)L
F(x, α(x)), x in �,

α|∂� = 0,

−�β(x) ≥ 1

a(x)
F(x, β(x)), x in �,

β|∂� = 0,

(2.2)

where

L :=
∫

�

K (y)

a(y)
sup

u∈[α(y),β(y)]
F(y, u)β(y)dy. (2.3)
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770 B. Yan et al.

Theorem 2.2 Assume α and β are the nonnegative subsolution and supersolution of problem (2.1) and F :
�×[0,+∞) → [0,+∞) is continuous. Then problem (2.1) has at least one solution u such that, for all x ∈ �,

α(x) ≤ u(x) ≤ β(x).

Proof Let

F(x, u) =
⎧
⎨

⎩

F(x, α(x)), if u < α(x);
F(x, u), if α(x) ≤ u ≤ β(x);
F(x, β(x)), if u > β(x).

We will study the modified problem
{

−�u = F(x,u)

a(x)+b(x) min{∫� |∇u(x)|2dx,L} , x ∈ �,

u|∂� = 0.
(2.4)

Step 1. We claim that every solution u of problem (2.4) satisfies α(x) ≤ u(x) ≤ β(x), x ∈ �.
We prove that α(x) ≤ u(x) on �. Clearly, a(x) ≤ a(x)+ b(x) min{∫

�
|∇u(x)|2dx, L} ≤ a(x)+ b(x)L . By

contradiction, assume that maxx∈�(α(x)−u(x)) = M > 0. Note that α(x)−u(x) �≡ M on � (α(x)−u(x) = 0,
x ∈ ∂�). If x0 ∈ � is such that α(x0) − u(x0) = M , choose A0 = {x ∈ �|α(x) − u(x) > 0} a connected
domain with x0 ∈ A0. It follows from (2.2) that

−�(α(x) − u(x))

≤ 1

a(x) + b(x)L
F(x, α(x)) − 1

a(x) + b(x) min{∫
�

|∇u(x)|2dx, L} F(x, u(x))

≤ 1

a(x) + b(x)L
(F(x, α(x)) − F(x, α(x)))

≤ 0, x ∈ A0

and

α(x) − u(x) = 0, x ∈ ∂ A0.

By the maximum principle, one has α(x) − u(x) ≤ 0 for x ∈ A0. This contradicts α(x0) − u(x0) > 0.
A similar argument shows that u(x) ≤ β(x) for all x ∈ �. Consequently,

α(x) ≤ u(x) ≤ β(x), x ∈ �.

Step 2. We claim that every solution of problem (2.4) is a solution of problem (2.1).
Every solution of problem (2.4) satisfies α(x) ≤ u(x) ≤ β(x), x ∈ �. From the definition of F , we have

F(x, u(x)) = F(x, u(x)), ∀x ∈ �. (2.5)

Multiplying u in the first equation of problem (2.4) and integrating over �, we have

−
∫

�

�u(x)u(x)dx =
∫

�

1

a(x) + b(x) min{∫
�

|∇u(x)|2, L} F(x, u(x))u(x)dx .

The Divergence Theorem implies (note the definition of L in (2.3)) that
∫

�

|∇u(x)|2dx ≤
∫

�

K (x)

a(x)
sup

u∈[α(x),β(x)]
F(x, u)β(x)dx = L ,

which guarantees that

a(x) + b(x) min

{∫

�

|∇u(x)|2dx, L

}

= a(x) + b(x)

∫

�

|∇u(x)|2dx . (2.6)

Now (2.4), (2.5) and (2.6) guarantee that u is a solution of problem (2.1).
Step 3. We claim that problem (2.4) has at least one solution in C1(�).
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The uniqueness of some singular Kirchhoff... 771

From the construction of F , we have, for every u ∈ C1(�),
∣
∣
∣
∣
∣

F(x, u(x))

a(x) + b(x) min{∫
�

|∇u(x)|2dx, L}

∣
∣
∣
∣
∣
≤ 1

a(x)
sup

t∈[α(x),β(x)]
F(x, t),∀x ∈ �.

Let p > N ≥ 1 and define operators

N : C1(�) → L p(�) : u �→ F(x, u(x))

a(x) + b(x) min{∫
�

|∇u(x)|2dx, L}
and A : C1(�) → C1(�) by

Au = (−�)−1(Nu).

Note A is completely continuous and there exists a K0 > 0 big enough such that for all v ∈ A(C1(�)), we have

‖v‖ ≤ K0.

Choose K 0 > max{‖α‖, ‖β‖, K0} big enough such that

A(BC1(0, K 0)) ⊆ BC1(0, K 0),

and by a classical result in degree theory (see [8])

deg(I − A, BC1(0, K ), θ) = 1,

which implies that there exists a u ∈ BC1(0, K 0) such that

u = Au,

i.e. problem (2.4) has at least one solution u.
Now Step 1 and Step 2 guarantees u is a solution to problem (2.1).
The proof is completed. ��

Remark 2.3 Some ideas here were motivated from the papers [1], [2], [15] and [16].

The following Lemma is listed for convenience.

Lemma 2.4 (see [13]) Let F : �× (0,∞) → R be a continuous function such that the mapping (0,∞) � s �→
F(x, s)

s
is strictly decreasing at each x ∈ �. Assume that there exists v,w ∈ C2(�) ∩ C(�) such that

(a) �ω + F(x, w) ≤ 0 ≤ �ν + F(x, v) in �;
(b) w, v > 0 in � and v ≤ w on ∂�;
(c) �w ∈ L1(�) or �v ∈ L1(�).

Then ν(x) ≤ ω(x) in �.

3 The positive solutions of problem (1.1)

In this section, we prove the existence and uniqueness of positive solutions of problem (1.1).
Let d(x) = min{d(x, ∂�)|x ∈ �} and 
1 be the eigenfunction with 0 ≤ 
1(x) ≤ 1 for x ∈ � corresponding

to the principle eigenvalue λ1 of
{−�u = λu, x ∈ �,

u|∂� = 0.
(3.1)

Note that λ1 > 0, 
1(x) > 0 for x ∈ � and

|∇
1(x)| > 0, ∀x ∈ ∂�. (3.2)

Now we assume the following condition:
(H1) K ∈ C(�, R) with K (x) > 0 for all x ∈ � and

K (x)d−p(x) ∈ L2(�). (3.3)
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772 B. Yan et al.

Theorem 3.1 If (H1) holds and 0 < p < 3, problem (1.1) has a unique positive solution u ∈ C2+α(�) ∩ C(�)

with u(x) > 0 for all x ∈ �.

Proof The proof is divided into four steps.
Step 1. We show for each n ∈ N , the following problem

⎧
⎪⎪⎨

⎪⎪⎩

−
(

a(x) + b(x)

∫

�

|∇u(x)|2dx

)

�u(x) = K (x)

(

u(x) + 1

n

)−p

, x in �,

u > 0, x in �,

u = 0, x on ∂�

(3.4)

has at least one nonnegative solution.
We construct the pairs of sub-supersolutions for problem (3.4). The construction of supersolutions to problem

(3.4) when 3 > p > 1 is different from that when 0 < p ≤ 1.

(1) Assume first that 3 > p > 1. In this case, let t = 2/(1 + p) and let �(x) = l
1(x)t where l > 0 is a
constant. From (3.1), we deduce that

��(x) + q(x, l)�−p(x) = 0, x ∈ �, (3.5)

where q(x, l) = l1+p[t (1 − t)|∇
1(x)|2 + tλ1
1(x)2]. Since 0 < t < 1, from (3.1) and (3.2), we choose a
positive constant l such that

1

minx∈� a(x)
K (x) < q(x, l), ∀x ∈ �. (3.6)

Let u(x) = l
1(x)t . From (3.5) and (3.6) we have

�u(x) + 1
minx∈� a(x)

K (x)u(x)−p

=
[

1

minx∈� a(x)
K (x) − q(x, l)

]

u−p(x) < 0, x ∈ �.
(3.7)

(2) Assume that 0 < p ≤ 1. Let s be chosen to satisfy the two inequalities

0 < s < 1, s(1 + p) < 2. (3.8)

Let u(x) = k
1(x)s , where k is a large positive constant to be chosen below. For x ∈ �, we have

�u(x) + 1
minx∈� a(x)

K (x)u(x)−p

= −
1(x)s−2
[

|∇
1(x)|2ks(1 − s) − 1

minx∈� a(x)
K (x)k−p
1(x)2−(1+p)s

]

−kλ1s
s
1(x).

From (3.1),(3.2) and (3.8), we can choose k > 0 large enough such that

�u(x) + 1
minx∈� a(x)

K (x)u(x)−p

= −
1(x)s−2
[
|∇
1(x)|2ks(1 − s)

− 1

minx∈� a(x)
K (x)k−p
1(x)2−(1+p)s] − kλ1s
s

1(x)

< 0, x ∈ �.

(3.9)

Choose m = max{l, k} and define

u∗(x) =
{

m
t
1(x), x ∈ � if 3 > p > 1;

m
s
1(x), x ∈ � if 0 < p ≤ 1.

From (3.7) and (3.9), we have

�u∗(x) + 1

minx∈� a(x)
K (x)u∗(x)−p < 0, ∀x ∈ �, (3.10)
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The uniqueness of some singular Kirchhoff... 773

which guarantees that for each n ∈ N

�u∗(x) + 1

minx∈� a(x)
K (x)

(

u∗(x) + 1

n

)−p

< �u∗(x) + 1

minx∈� a(x)
K (x)u∗(x)−p

< 0, ∀x ∈ �.

(3.11)

Let u∗(x) = 0, x ∈ � and let

Ln =
∫

�

K (x)

a(x)
u∗(x)

[

u∗(x) + 1

n

]−p

dx . (3.12)

Clearly,
⎧
⎨

⎩

�u∗(x) + K (x)

a(x) + b(x)Ln

(

u∗(x) + 1

n

)−p

> 0, x ∈ �,

u∗|∂� = 0.

(3.13)

It follows from (3.11) and (3.13) that u∗ and u∗ satisfy Definition 2.1.
Now Theorem 2.2 guarantees that for n ∈ N, there exist {un} with u∗(x) ≤ un(x) ≤ u∗(x) for all x ∈ �

such that
⎧
⎨

⎩

−
(

a(x) + b(x)

∫

�

|∇un(x)|2dx

)

�un(x) + K (x)

(

un(x) + 1

n

)−p

= 0, x ∈ �,

un|∂� = 0.

(3.14)

Step 2. We show that {un} is bounded in W 1,2
0 (�).

Since un ≤ u∗, we choose an L > 0 such that

0 ≤ un(x) + 1

n
≤ L , ∀x ∈ � (3.15)

and since a(x) > 0 and b(x) > 0 for all x ∈ �, we choose δ1 and δ2 such that

1

δ1(1 + ‖un‖2)
≤ 1

a(x) + b(x)‖un‖2 ≤ 1

δ2(1 + ‖un‖2)
, ∀x ∈ �, (3.16)

where ‖un‖ =
(∫

�

|∇u|2dx

) 1
2

. It follows from (3.15) that

un(x) =
∫

�

G(x, y)K (y)
1

a(y) + b(y)‖un‖2

(

un(y) + 1

n

)−p

dy

≥ 1

δ1(1 + ‖un‖2)

∫

�

G(x, y)K (y)dyL−p.

(3.17)

From the definition of 
1, Theorem 2.2 in [16] implies that there exists a θ1 > 0 and θ2 > 0 such that

θ1d(x) ≤
∫

�

G(x, z)K (z)dz ≤ θ2d(x), x ∈ �, (3.18)

which together with (3.17) implies that

un(x) ≥ L−p 1

δ1(1 + ‖un‖2)
θ1d(x). (3.19)

Multiplying by un the first equation in (3.14), integrating over � and using the Divergence theorem, we have
∫

�

|∇un(x)|2 =
∫

�

1

a(x) + b(x)‖un‖2 K (x)

(

un(x) + 1

n

)−p

un(x)dx

≤
∫

�

K (x)u1−p
n (x)dx

1

δ2(1 + ‖un‖2)
.

(3.20)
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774 B. Yan et al.

If p ∈ (0, 1], it follows from (3.15) that

δ2(1 + ‖un‖2)‖un‖2 ≤
∫

�

K (x)L1−pdx, (3.21)

i.e. {‖un‖} is bounded.
If 3 > p > 1, it follows from (3.19) that

δ2(1 + ‖un‖2)‖un‖2 ≤
∫

�

K (x)L−p(1−p)θ
−p+1
1 d−p+1(x)

(
1

δ1(1 + ‖un‖2)

)−p+1

dx,

i.e.

δ
1−p
1 (1 + ‖un‖2)−pδ2(1 + ‖un‖2)2‖un‖2 ≤

∫

�

K (x)L−p(1−p)θ
−p+1
1 d−p+1(x)dx .

The condition p < 3 and K d−p ∈ L2(�) guarantees that that {‖un‖} is bounded also.
Step 3 We show that problem (1.1) has at least one positive solution in C2+α(�) ∩ C(�).
From the proof of step 2, suppose that there exists a α0 > 0 such

‖un‖ ≤ α0, n = 1, 2, · · · . (3.22)

From (3.15) and (3.22) we have

un(x) ≥
∫

�

G(x, y)
K (y)

a(y) + b(y)α0
dyL−p, n = 1, 2, · · · ,

which together with (3.18) implies that there is a θ ′
1 > 0 such that

un(x) ≥ θ ′
1d(x), n = 1, 2, · · · . (3.23)

Let �k = {x ∈ �|v0(x) > 1
k }, k ∈ N. From (3.14) and (3.23), we have

|�un(x)| ≤ 1

a(x)
K (x)(θ ′

1d(x))−p, x ∈ �k,

which implies that

{un(x)} is equicontinous and uniformly bounded on �k, k ∈ N.

and

{∇un(x)} is equicontinous and uniformly bounded on �k, k ∈ N.

Therefore, {un(x)} has a uniformly convergent subsequence {u(k)
n (x)} on every �k and {∇u(k)

n (x)} converges
uniformly on �k also. From the diagonal method, we can choose a subsequence {u(k)

n,k(x)} of {un(x)} which

converges to a u0 on every �k uniformly and {∇u(k)
n,k(x)} converges uniformly on �k also. Without loss of

generality, assume that u0 ∈ C(�) such that

lim
n→+∞ un(x) = u0(x), uniformly on �k, k ∈ N (3.24)

and from the boundedness of {‖un‖}, assume that
∫

�

|∇un|2dx → c0. (3.25)

From (3.24) and (3.25) we have

lim
n→+∞ |�un(x)| = K (x)

a(x) + b(x)
∫

�
|∇un(x)|2dx

u−p
n (x)

→ K (x)

a(x) + b(x)c0
u−p

0 (x), as n → +∞, uniformly on �k, k ∈ N.
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The uniqueness of some singular Kirchhoff... 775

Hence,

−�u0(x) = K (x)

a(x) + b(x)c0
u−p

0 (x), x ∈ �. (3.26)

Clearly,

θ ′
1d(x) ≤ u0(x) ≤ u∗(x), ∀x ∈ �,

which implies

u0(x) = 0, x ∈ ∂�. (3.27)

Moreover, from the boundedness of {‖un‖}, we can assume that u0 ∈ W 1,2
0 (�) and un ⇀ u0, as n → +∞.

Since K d−p ∈ L2(�), one has that

|
∫

�

∇un(x)∇(un(x) − u0(x))dx |
= |

∫

�

K (x)

a(x) + b(x)
∫

�
|∇un(x)|2dx

u−p
n (x)(un(x) − u0(x))dx |

≤ (θ ′
1)

−p 1

minx∈� a(x)

∫

�

K (x)d(x)−p|un(x) − u0(x)|dx

→ 0, as n → +∞.

(3.28)

Since
∫

�

∇u0(x)∇(un(x) − u0(x)) → 0, as n → +∞

from (3.28), we have
∫

�

∇(un(x) − u0(x))∇(un(x) − u0(x)) → 0, as n → +∞.

Hence,

lim
n→+∞

∫

�

|∇un(x)|2dx =
∫

�

|∇u0(x)|2dx = c0,

and so

lim
n→+∞

(

a(x) +
∫

�

|∇un(x)|2dx

)

=
(

a(x) + b(x)

∫

�

|∇u0(x)|2dx

)

. (3.29)

It follows from (3.26), (3.27) and (3.29) that
{

�u0(x) + 1
a(x)+b(x)

∫

� |∇u0(x)|2dx
K (x)u0(x)−p = 0, x ∈ �,

u0|∂� = 0.

A standard argument shows that u0 ∈ C2+α(�).
Step 4. We show that problem (1.1) has a unique positive solution in C2+α(�) ∩ C(�) .
Assume that u1 and u2 are two positive solutions. Repeating the proof of {un}, there exist θ1 > 0 and θ2 > 0

such that

θ1d(x) ≤ u1(x) ≤ θ2d(x), θ1d(x) ≤ u1(x) ≤ θ2d(x), ∀x ∈ �,

which implies that

|�u1(x)| ≤ K (x)

a(x)
(θ1d(x))−p, |�u2(x)| ≤ K (x)

a(x)
(θ1d(x))−p, x ∈ �. (3.30)

There are two cases to consider:
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(1)
∫

�

|∇u1(x)|2dx =
∫

�

|∇u2(x)|2dx .

Let c = ∫

�
|∇u1(x)|2dx . Now u1 and u2 are two solutions of the problem

⎧
⎨

⎩

�w + 1

a(x) + b(x)c
K (x)w−p = 0, x ∈ �,

w|∂� = 0.
(3.31)

From [9], problem (3.31) has a unique positive solution. Thus, u1(x) = u2(x).

(2)
∫

�

|∇u1(x)|2dx �=
∫

�

|∇u2(x)|2dx . Without loss of generality, suppose

∫

�

|∇u1(x)|2dx <

∫

�

|∇u2(x)|2dx . (3.32)

Let c1 =
∫

�

|∇u1(x)|2dx and c2 =
∫

�

|∇u1(x)|2dx . Then

⎧
⎨

⎩

�u1(x) + 1

a(x) + b(x)c1
K (x)u−p

1 (x) = 0, x ∈ �,

u1|∂� = 0

and

⎧
⎨

⎩

�u2(x) + 1

a(x) + b(x)c2
K (x)u−p

2 (x) = 0 < �u2(x) + 1

a(x) + b(x)c1
K (x)u−p

2 (x), x ∈ �,

u2|∂� = 0,

i.e.

⎧
⎨

⎩

�u1(x) + 1

a(x) + b(x)c1
K (x)u−p

1 (x) < �u2(x) + 1

a(x) + b(x)c1
K (x)u−p

2 (x), x ∈ �,

u1|∂� = 0 = u2|∂�.

Lemma 2.4 together with (3.30) and (3.32) implies that u1(x) ≥ u2(x) for all x ∈ � and

0 <

∫

�

(|∇u2(x)|2 − |∇u1(x)|2)dx

=
∫

�

∇(u2(x) − u1(x))∇(u2(x) + u1(x))dx

= −
∫

�

(u2(x) − u1(x))�(u2(x) + u1(x))dx

=
∫

�

(u2(x) − u1(x))(
K (x)

a(x) + b(x)c1
u−p

1 (x) + K (x)

a(x) + b(x)c2
u−p

2 (x))dx

≤ 0.

This is a contradiction. The proof is completed. ��
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homogeneous material, Journal of Mathematical Analysis and Applications, 416(2), 2014: 597-608.

5. G.M.Figueiredo, A. S. Fernandez, Some remarks on the comparison principle in Kirchhoff equations, Revista Matematica
Iberoamericana, 34(2), 2018, 609-620.

6. J. García-Melián, L. Iturriaga, Some counterexamples related to the stationary Kirchhoff equation, Journal: Proc. Amer. Math.
Soc., 144, 2016, 3405-3411.

7. S. M. Gomes, On a singular nonlinear elliptic problems, Siam J. Math. Anal., 17(6), 1986, 1359-1369.
8. A. Granas, J. Dugundji, Fixed Point Theory, Springer, New York, 2003.
9. A. C. Lazer, P. J. McKenna, On a singular nonlinear elliptic boundary-value problems, Proceeding of American Mathematical

Society, 111(3), 1991, 721-730.
10. J. Límaco, H.R. Clark, L.A. Medeiros, Vibrations of elastic string with nonhomogeneous material, J. Math. Anal. Appl., 344,

2008: 806-820.
11. J.L. Lions, On some question on boundary value problem of mathematical physics, in: G.M. de La Penha, L.A. Medeiros (Eds.),

Contemporary Developments of Continuum Mechanics and Partial Differential Equations, North-Holland, Amsterdam, 1978:
285-346.

12. M.A. Rincon, M.C.C. Vieira, T.N. Rabello, L.A. Medeiros, On perturbation of the Kirchhoff operator analysis and numerical
simulation, Commun. Math. Sci., 10, 2012: 751-766.

13. J. Shi, M. Yao, On a singular nonlinear semilinear elliptic problem, Proceedings of the Royal Society of Edinburgh.,128, 1998,
1389-1401.

14. S. D. Taliaferro, A nonlinear singular boundary value problem, Nonlinear Anal.,3, 1979, 897-904.
15. B.Yan, D.O’Regan, R.P. Agarwal, The existence of positive solutions for Kirchhoff-type problems via the sub-supersolution

method, Analele Stiintifice Ale Universitatii Ovidius Constanta-Seria Mateatica, 26(1), 2018, 5-41.
16. B. Yan, Q. Ren, Existence, uniqueness and multiplicity of positive solutions for some nonlocal singular elliptic problems,

Electron. J. Differ. Equ., 138, 2017: 1-21.

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2025-04-23T21:43:30+0530
	Preflight Ticket Signature




