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p—1
Abstract In this paper, we examine qk[fq]qu (x;g) (mod [p]q) and Mp,_1 (x;g) (mod [p]q), where

k=m
n n
for real number x, H, (x;q) = > [1)2_] and M, (x;q) = . k%. For example, for an odd prime number p
k=1 q k=1 4

andm € {0, 1, ..., p — 2},

r—1 k
[m+ 11, ) q"[m] Hy (x: q)
k=m q

=)"¢ D (1-(xq),) - (xq"_—q)xm“ [pl, (mod [pl,).

Keywords Congruence - ¢ —analog number - Harmonic number

Mathematics Subject Classification 11A07 - 11B65

1 Introduction

The harmonic numbers are given by

n
1
Hy=0 dH=§ — forneZ™.
0 an kflk orn
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On g-congruences related... 779

Wolstenholme [17] discovered that for any prime number p > 5,
Hy,—1 =0 (mod p?).
Lehmer [8] showed that for an odd prime number p,
Hop-12=-2q,2) + PQ§(2) (mod p?),

where Fermat’s quotient is g, (2) = @pr-l— 1)/p.
Two g —analogues of harmonic numbers H, are given by

n n k
1 ~ q
Hy(q) =) ——and Hy(g) =) ——,
[kl [k,
where for non-negative integer k, [k], = (1 — g/ —q) =14q+q*>+ ...+ ¢" " Itis easy to see that

li = k.
qlgl k], =k

Many authors investigated g —harmonic numbers in various aspects [3,6,7,15]. In [15], one of which is the
generalized ¢ —harmonic numbers with non-negative number n, complex numbers m and x. Wang and Qu
defined by

n k

gp 0m) [x] = q—
n ]; (1 _ qu)n'l

For x = m = 1, they reduced to the ¢ —harmonic numbers (1 — q) mf}) [1] = 17,1 @).
The g —Pochhammer symbol is given by

n—1

(x: ) = 1and (v 9)n = [ ] (1 - x4*).

k=0

For any n, m € N, define the ¢ —binomial coefficients by

|:ni| _ (q; @n
ml, @ DOn(@ Dn-m’

ifn > m, and if n < m, then [:,’l]q = 0. It is clearly that lim,_, [:,’l]q = (). where (") is the usual binomial
coefficient. The g —binomial coefficients satisfy the recurrence relations

n n—1 n—1

=, o
m|, m |, m—lq
I R A g
m|, m |, m—lq

Rothe’s formula (see [1]) is given by

and

n k
3 (14l [Z] = (x: ), 3)
k=0 q
In [12], Shi et al. showed that any prime number p > 5,
~ —1 21
Hyrl) = o=@ = D+ F5 =1 =9 [p),  (mod [p]}). @)
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780 S. Koparal et al.

In [5], Granville gave that any prime number p > 5,

Pk 1 xP (= 1)P

k=1 k p

(mod p).

In [13], Sun obtained that in Z, [x], for an odd prime number p,

xk 1 f1—xrr -2 A —x)k 1
ok p k=1 k
p—1 ok
+p Y iz Hiet (mod p?)
k=2

In [4], Graham et al. gave that for n, m € N,

"k n+1 1
Z Hy = Hyiy — ——.
= \m m—+ 1 m—+1

In [9], Mestrovic et al. obtained that any prime number p > 5Sandm € {0, 1, ..., p — 2},
p—1 2
k (=™ 14 2 3
( )Hk = (1 — pHy1 + 2 (o = Hua2) ) (mod p).
k=m
—1
In[16], Wang et al. showed congruences with the form Z k™ H]' (mod p>) forn e Nandm € {0, 1, ..., p — 2}.
k=1
For any prime number p > 3 andm € {1, 2, ..., p — 2},
p—1 m
1
Zk”’Hk =B, — 2 " + ByHy—x  (mod p?),
m+ 1 k=0
where By, B, B, ... are Bernoulli numbers given by
m
m—+1
By = 1and By =0form e Z".
o=1land ) ( X ) « = 0 for m
In [14], Tauraso gave that for positive integer number o and m € {1, 2, ..., p — 1},
ap — 1 _ (k1
[ . } = (-D"q~ ) (1—alpl, H (9)) (mod [p12).
q
Thus, it is clear seen that
aoap — 1 _ k+1 ~
[ ’ } = 0F g (2) (1 = apl, Fe@))  (mod [p12). 5)
q
In [2], Elkhiri et al. showed that
—1 k
(x:q)r —1 % i [n—17 (=x)
Z kWY P — 1 Zq( ) . 6)
[k, pr ko1, K]

@ Springer
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In [10], Pan and Cao defined the ¢ —Fermat quotient by

G@": 9™ p-1/ @ q)p—1 — 1
[pl,

Qp(m,q) =

’

where m is any non-negative integer number such that p { m.
In [11], Pan established that for any prime number p > 5,

p=l i .
g’ (=q:9); )
—— +0;2,9)
o Ui !
Tp—5 —1
=—(p—-DQp2, )1 —q) - % (1-¢)* (mod [pl,).
and for any prime number p,
k
g =1—-k(l—q)Ipl, + <2> (1—=¢)*[pl; (mod [p]}). @)

In [14], Tauraso gave that for an odd prime number p, if a, b, d are integer numbers such thata, d > b, b > 0
and (a, p) = 1, then

r=l pk d d—1
g _ A= [ <r0+sp>
[ak]g = 7 <( 1) PE Cs J

k=1 p s=0

- d\ (sp
—g(—l)“ (S>(2d)> (mod [p],).

where ro = —b/a (mod p) such thatrg € {0, 1,2, ..., p — 1} and
s
o fro+tkp+d—-1 d
=Y (=1)y* :
s ;< ) ( g o

Also, in [6,7], the authors obtained some sums involving ¢ —analogue. For example, in [6], He obtained that for
any prime number p > 5,

p—1 k 2
—1 —1
> G [rly (Qf,(Z, Q)+ 0p2,q)1—q) + (pl—z)(l - 4)2)

(p—Dd—-9g)
2

In this paper, we consider ¢ —generalized harmonic numbers H, (x; ¢) and g—numbers M, (x; q) defined by
forn e Z*,

—20,(2,9) - (mod [p]7).

nok
Hy (x: g) = 0 and H, (x:q) = ) o—
P (k14
and
Mo (x;9g) =0and M, (x;q) = k—mo!,
q n q I; [k]q

where x is a real number. It is clearly seen that

n—1
nHy (x;q) — My (x:q) = Y Hi (x:q).
k=1
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We examine g—congruences by considering these numbers. For example, for an odd prime number p and
me{0,1,.. p—2},

p—1 k
[m+1], ) q"[m] Hy (x; q)
k=m q

qm

=" (1-(:q),) - oo

X" p),  (mod [p],).

2 On g —congruences

In this section, firstly, we will continue our work with the following Lemmas and Theorem 1 for the next use.

Lemma 1 /2] For all x € R and an odd prime number p, then

p—1 L 1
> (xa" ") He@ = —— (Iplegrm = (50),m1)  (mod [pl,). @®)
Pt [Py

a

Lemma 2 Let p be an odd prime number anda € {0, 1, ..., p — 1} . Forall x € Rwithx # q™¢,

p—1

ko~
k(x"™") Hi@ ©)
k=1
X (), 1 xqP ' [plygr1 — pxPgPP=h
=Tt (m;UZ [x]+ ) + e (mod [p],).
[plq 1—x (1 —xg7=") [ply
Proof For the proof of (9), applying derivation of (3) respect to x, we have
n wn n—1 qk
Y (=¥ q® [k] Kk x (g Y 7= =0, (10)
k=0 q k=0 4
By taking p — 1 replace of n in (10) and by (5), we get
p—1
[plg Y kxq"~")* Hi(q)
k=0
p—1

1
= X065 q)p-1 (inﬁ}iz [x]+ :> + Y kxg”Hk (mod [p1),
k=0

—nx" (l—x)+x(d—x")

n—1
and from the equality }_ kx* = 1—x)? ]
k=0

p—1

~ 1 1
> k(xq"HHi(g) = o (x(x; D p-1 <m§,‘>2 [x] + )
k=1 Plg

1—x

+xq!’—l(l — (xgP™P) — p(xgP~HP(1 — xqP™h)

(1 —xqgr1)2 ) (mod [p],).

Thus, the desired result is given. O

Theorem 1 [2] For all x € R and an odd prime number p, then

il L L G V)

Hp_1(x;9) = i, >

(mod [pl,). (11)
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On g-congruences related... 783

Corollary 2 For all x € R, an odd prime number p and 0 <k < p — 1, then
Hp 1k (x: q)
1 —xP = (x; - -
9p +x,,(p )1 —q)
[pl,

+ xPHy (x_lq;q) (mod [p],).

Proof Observe that

k .
Hp 1k (xiq)=Hp (xiq) =Y ———,
[P —Jly
j=
and from (11) and the congruence [p+k] = —% (mod [p] q), the desired congruence holds. |
q q

Lemma3 Letn > landx e R — {1}. Form € {0, 1, ....,n — 2}, we have
n m
k Xtk n+1 x™M
S == o L L] e e a2
= lmly o agmg) Im+ 1=kl (xq™iq7),

Proof From (1), we have

L(m.n)=>Y_ [:J kL0 =) =+l
q k=0

Then

Hence, if necessary arrangements are made and this process is repeated, we have

n+1 1
L(m,n) = x—|:n +

m—_1| m

B " T4 1 x+2 n+1
Coxg" =1L m [, (xgm =1 (xgm P —1)[m—1],

S Lim—1.n)
——FL(m—1,n
p xg™m —1

n X3 |:n + 11|

(xg™ — 1) (xg™=! — 1) (xg™=2 — 1) lm — 2],
3

- L(m — 3,
G —1)(xc]’" ) g2y A
“ Xt n+1 i| x™

- +————LO,n).

,; (xq™:q~ [m+1 kl,  (xq¢™iq7),,

Thus, the proof is complete.
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784 S. Koparal et al.

Theorem 3 Letn > 1, and x € R — {1}. Form € {0, 1, ...,n — 2}, we have

n—1 . k . n
Zq [ ] Hi (x;q9) =¢q [ ] Hy (x; q) (13)
= m|, m 4+ 1 q

B X " XM - _i xn+k71 |: n :|
[m+1]qq (xqm;q_l)m * (xqm;q—l)k m—k+1], '

k=1

Proof Consider that

n—1

k n
> [m+l]qu (x’q)+|:m+l:|an (x; 9)

k=m+1
n k n—1 |:k+1

= Hy (x;q) =
k:%zﬂ [m + 1L lgn
n—1 xk+1

- Z |:m+1:| (H"(X;QH [k+1]q>

S k rml & U Tk +1
_;n<|:m+li|q+q |:m:|)Hk(x Q)+Z[k+l]q|:m+l:|q

H, ;
m—i—lL k1 (x5 )

n—1
) m 2]
= Hy (x;9)+q q Hy (x; q)
k;Xn;rl[m"Hq k2=r:n Mg
n—1
s 2 L,

9 k=

Using elementary operations, we get

n—1 n—1
[k T L xq™ k k
D4 [mLHm,q)—q [mHLHn (iq) = o= ;ﬂ[mLx.

k=m
From (12), the desired result is obtained. O
Corollary 4 Forn > 2 and x € R — {1}, we have

n—2

Y @ Hi(xiq)

k=1
2
—4q n—1
21, I —xq ([n]x —x [n]q>>

+q" [ — 1]y Hyoy (x59) —x [n— 1], -

([n]q [n— 11y Hn (x5 q) —

Proof Observe that

n—2
Zq [Klg He (x:q) =Y q* ™" [k + 11y Hipr (x; )
k=1 k=0
niZ el k1
= [k + 1] (Hk (x;9)+ )
i ‘ [k + 1],
n—2 n—2
=a ) d" (Kl + ") He @) + ) (e
k=1 k=0
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n—2 n—2 n—2
=q) q"[Klg Hi (i) +q ) g Hi (x:9) +xq ) (xg)"
k=1 k=1 k=0
n—1 n—2
=q ) q“ [kl He(xiq) —q"[n— 1], Hooy (x:q) +q Y g™ Hy (x:1q)
k=1 k=1
+Xq [n - 1]xq .

Applying elementary operations, we write

n—2

> @ Hi (xiq)

k=1

n—1
LSk Hi (i q) +q" = 1y Hyoy (i q) = x[n = 1y
k=1

Finally, by taking m = 1 in Theorem 3, the proof is complete. O

Theorem 5 Let p be any odd prime number and x € R — {1}. Form € {0, 1, ..., p — 2}, we have

p—1 k
[m+ 11, q"[m] Hi (x; q)
k=m

q
=-D"g D (1-0:q),) - (xq",—q)x’"“ [pl, (mod [p],). (14)
Proof By taking n = p in Theorem 3, we have
p—1
k m p—1 xP
[m + l]qu;n k|:mi|qu (x:q) =q" [pl, [ " ]q ( p—1 (x5 q) + T ]q>
" X" m p+k—1 p—1
v <(x51m;q—l) g xq i q 1 [m—k—i—l]q |:m—k:|q>.

From (5) and (11), we get

p—1 k
[+ 11,y q’“[m] Hy (x; q)
k=m q

p -1 p -1 xm+1qm
cr [P ] e ] -,
a1l , p—1(x3q) +q"x m |, Gama ), P
- ptk m—k+1
+ 1 m—k X m—(""3"")
[p]q];( ) G ), =k 1,
o I —xP —(x;9) (p—1DA—gq)
=(—D" () P + x?
(=D g2 [p]q( i, x >
m m+1
+ (D" gDl — g ),
(xq":q7"),,
m _(m . qm m
=(-1)"g~® (1= i) = pl,  (mod [pl,).
Thus, the proof is complete. O
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Corollary 6 For any odd prime number p and x € R — {1}, we have

p—1 2
21, 3 * [kl He (r:9) = (x:q), — 1 — lq_qu [pl, (mod [pl,),
k=1
and
p—1
> g Ik Hy (x: )
k=1
[2] q3x3 )
[314( ~ D G,

L<1 : g’ ) (mod
T, —(x,q)p+1_xq[p]x mod [p],).

5)

(16)

Proof By taking m = 1 in (14), the proof of (15) is obtained. Now, we will give the proof of (16). From (14),

we have
2,3

q
(xq; q),

g ' (1-(x1q),) - [pl,

_ Bla s Z [k], [k — 11, Hy (x: q)
TRl &

e <[k]q - 1)
[k Hy (x;
[2]q Z ]q q k(x5 q)

3 p! p-1
= —[[; S GM K2 He i) — > qF K, He (iq) | (mod [pl,).
115 iz k=1

(15) yields that

[2]q < q3x3 )
Bl \' T g,

gx*
= Zq K12 Hy (x; q) — —— (( D=1~ [p]x) (mod [p],).

P (214 1

So, we have the proof.

Theorem 7 Let p be an odd prime number and a € {0, 1, ..., p — 1}. For x # q™¢,
Mp_1(x:q)

_ 1 oy gD X s =1
= x(xiq)p N, [x] + (x3q)p, — px" +xq"" " (x:9) 1
p]q 1—x

+x7 (1 - g) (;’) (mod [p],).

Proof Consider that
_ 12
W p =gV Hy1 (9)

p—1 & p—2 k
= Zk(xqp_l> ﬁk (q)—Zk(xqp_l) ﬁk (@)
k=1 k=1
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k (xqp_l)k Hi (9)

p—2 k+1
k (qu*‘) A (q) + Z k1) &

k=0 k=0 [k 1]‘1

(7) yields that

p—2
B 2 ~ B Nk ~
Myt (i) =52 'q @™ (p = 1) Byt (@) =377 Y (x0”7') He (@)
k=1

—(vq""=1) S (xa"") At mod 1p1,.
k=1

With the help of the congruences (8) and (9), we write

Mp_1(x;q)
2 ~
— (xqp(p—n +(p—1)xg®D +p—1) PV, (q)

- p—2 » |

% X (X5 q) poi Z q* N xqP7 [plygr—1 — pxPgPP=D
qu’*]
I,

=xP"'H, | (q) (q (p—1)+xg” PV £ (p—1) (xqpq B 1) q(p—nz)

1 R (D 1 Py P(P—1D)
+[p]q (x(x Dp (9 [x]+1 x) pxq

1 —xgp~!

([plegr—1 — (x:9) p—1)

1 _
+Exqp " q) 1 (mod [pl,).

By (4) and (7), we get
My 1 (x;q) = pxPH,_1 (@) + pxP (p— 1) (1 — q)

1 1
o (x x:1q), (9 R0 [x] + :> — pxP +xq""! (x;q>,,1)

1
=L (x @ q), RO [x] + (x; q)p——pX”erq (x;q)p_1>
Plq

+x” (1 - g) (’2’) (mod [pl,).
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788 S. Koparal et al.

Thus, the desired result is obtained. m]

Corollary 8 Let p be an odd prime number. For n € N\ {1},

p-l nk

>k

= [kl

@"sq)p
= ( q)(() p) (1—q)[p]q( +p-2(q) — H—1(9))
+—— (" @) p-1 =P —pq";q)p) (mod [p],).
[P]q
-2
Proof Using the sum Z [n+k = Hyyp-2(q) — Hy—1(q), the proof is given. O

Corollary 9 Let p be an odd prime number and a € {0, 1, ..., p — 1}. For x # q~¢,

ki

.q4 X p
> T <2> [Plg + (53 @)

1<i<k<p—1

+

—1
(px? —[pl,) + (x: ), (xfn‘“z[ == ) (mod [p]2).

1 —x
Proof The proof is similar to the proof of Corollary 8. O

For example, when x = ¢" in Corollary 9, for an odd prime number p, n € N\ {1} and (n, p) = 1,

ni+k n

.q q n
E = +¢;
i, TP, e

1<i<k<p—1

+((p)(1—)—i"( PN S ))[]
2 O P A m, )

1
~(d"q), <p_E(Hn+p 2(q) — Hno 1(61))) (mod [pl]7).

Theorem 10 Let p > 3 be any prime number. We have

p—1

k
k(p+1) X _ kp+h X i
g:lq [k]2 p]qE q [k]2 k—1(q)

p—1
qu (X3 q)y (@)
‘7

K],
2p
—q—2 ((x; 0, —1-q(2) (—x)f’) (mod [pI2).
[ply

Proof From (2) and (5), we have

—p Z qk(p+1) [k]2 (1—1[pl, Hi @)
—Z< pi-tg (3 2 [,,_1}
(k15 Lk — 11,

Z(- et (3 28 H
[p]q = [kl Lk
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IR Dy -1 ‘ p—l] .
= + gl
[p]q,; i, ! [ k L I [k—l A7

Z_L%q(l‘;l)(—x)k[lﬂ—l]
pl, &= K, L * ],

p—1
_a” Z (_1)kq(§) [i] ¥ (mod [p]i).
By (3) and (6), we get

p—1
"’Zq"”’“) 1—[p]q i1 (@) = qu(x 2
q k=1 [k]q

1 q? ( (p) ) - ,
- 5 —1- 2) (=x)P ) - H,_ d .

(pl, <[P]q (i a) 7% (=x) p—1(q) (mod [p];)
Thus the proof is complete. i

Finally, by taking x = 1 and ¢! in Theorem 10, respectively, the following Corollaries are given:

Corollary 11 Let p > 3 be any prime number. We have

p—1 ~ p—1
Hy— 1
S D )Y @) - p (=) Hp2 @)+ ——Hpo12 (@)
a3 k=1 [Plq
(1—-9g) O
= i (A1 @+ =) g®7)
_ — — 24—
o L (a-a (1-2®7) ~ i, 1 @)
+—]( ¢®7 —1)  (mod [pl,),
where Hy, 2(q) = i L
=
Corollary 12 Let p > 3 be any prime number. We have
p—1 p—1 1
g, @ =0- Y Ha@-pU - Hy2@)+ ——H,12(9)
k=2 [k]q k=1 [Plg
(1—-qg) @)
Lt -0 (a0 1)

+ﬁ (2 (1—q) (1 - q(‘z’)) —Hyy (q))

+[_( a® -1 ) (mod [pl,),

n

~ J
where Hy 2(q) = Z [3]2
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