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Abstract In this paper, we examine
p−1∑

k=m
qk
[ k

m

]
q Hk (x; q) (mod [p]q) and Mp−1 (x; q) (mod [p]q), where

for real number x, Hn (x; q) =
n∑

k=1

xk

[k]q
and Mn (x; q) =

n∑

k=1
k xk

[k]q
. For example, for an odd prime number p

and m ∈ {0, 1, ..., p − 2} ,

[m + 1]q

p−1∑

k=m

qk
[

k

m

]

q
Hk (x; q)

≡ (−1)m q−(m
2)
(
1 − (x; q)p

)− qm

(xq; q)m
xm+1 [p]x (mod [p]q).

Keywords Congruence · q−analog number · Harmonic number
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1 Introduction

The harmonic numbers are given by

H0 = 0 and Hn =
n∑

k=1

1

k
for n ∈ Z

+.
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On q-congruences related... 779

Wolstenholme [17] discovered that for any prime number p ≥ 5,

Hp−1 ≡ 0 (mod p2).

Lehmer [8] showed that for an odd prime number p,

H(p−1)/2 ≡ −2qp(2) + pq2
p(2) (mod p2),

where Fermat’s quotient is qp(2) = (2p−1 − 1)/p.

Two q−analogues of harmonic numbers Hn are given by

Hn(q) =
n∑

k=1

1

[k]q
and H̃n(q) =

n∑

k=1

qk

[k]q
,

where for non-negative integer k, [k]q = (1 − qk)/(1 − q) = 1 + q + q2 + ... + qk−1. It is easy to see that
lim
q→1

[k]q = k.

Many authors investigated q−harmonic numbers in various aspects [3,6,7,15]. In [15], one of which is the
generalized q−harmonic numbers with non-negative number n, complex numbers m and x . Wang and Qu
defined by

�(m)
n [x] =

n∑

k=1

qk

(
1 − xqk

)m .

For x = m = 1, they reduced to the q−harmonic numbers (1 − q) �(1)
n [1] = H̃n(q).

The q−Pochhammer symbol is given by

(x; q)0 = 1 and (x; q)n =
n−1∏

k=0

(
1 − xqk

)
.

For any n, m ∈ N, define the q−binomial coefficients by
[

n

m

]

q
= (q; q)n

(q; q)m(q; q)n−m
,

if n ≥ m, and if n < m, then
[n

m

]
q = 0. It is clearly that limq→1

[n
m

]
q = (n

m

)
, where

(n
m

)
is the usual binomial

coefficient. The q−binomial coefficients satisfy the recurrence relations
[

n

m

]

q
= qm

[
n − 1

m

]

q
+
[

n − 1

m − 1

]

q
, (1)

and
[

n

m

]

q
=
[

n − 1

m

]

q
+ qn−m

[
n − 1

m − 1

]

q
. (2)

Rothe’s formula (see [1]) is given by

n∑

k=0

(−1)k q
(k

2

)[
n

k

]

q
xk = (x; q)n . (3)

In [12], Shi et al. showed that any prime number p ≥ 5,

H̃p−1(q) ≡ p − 1

2
(q − 1) + p2 − 1

24
(1 − q)2 [p]q (mod [p]2

q). (4)
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780 S. Koparal et al.

In [5], Granville gave that any prime number p ≥ 5,

p−1∑

k=1

xk

k
≡ 1 − x p + (x − 1)p

p
(mod p).

In [13], Sun obtained that in Zp [x] , for an odd prime number p,

p−1∑

k=1

xk

k2 ≡ 1

p

⎛

⎝1 − x p + (x − 1)p

p
−

p−1∑

k=1

(1 − x)k − 1

k

⎞

⎠

+p
p−1∑

k=2

xk

k2 Hk−1 (mod p2).

In [4], Graham et al. gave that for n, m ∈ N,

n∑

k=1

(
k

m

)

Hk =
(

n + 1

m + 1

)

Hn+1 − 1

m + 1
.

In [9], Meštrović et al. obtained that any prime number p ≥ 5 and m ∈ {0, 1, ..., p − 2} ,

p−1∑

k=m

(
k

m

)

Hk ≡ (−1)m

m + 1

(

1 − pHm+1 + p2

2

(
H2

m+1 − Hm+1,2

))

(mod p3).

In [16], Wang et al. showed congruences with the form
p−1∑

k=1
km Hn

k (mod p2) for n ∈ N and m ∈ {0, 1, ..., p − 2} .

For any prime number p > 3 and m ∈ {1, 2, ..., p − 2} ,

p−1∑

k=1

km Hk ≡ Bm − p

m + 1

m∑

k=0

(
m + 1

k

)

Bk Hm−k (mod p2),

where B0, B1, B2, ... are Bernoulli numbers given by

B0 = 1 and
m∑

k=0

(
m + 1

k

)

Bk = 0 for m ∈ Z
+.

In [14], Tauraso gave that for positive integer number α and m ∈ {1, 2, ..., p − 1} ,

[
αp − 1

k

]

q
≡ (−1)k q−(k+1

2 )
(
1 − α [p]q Hk (q)

)
(mod [p]2

q).

Thus, it is clear seen that
[
αp − 1

k

]

q
≡ (−1)k qαpk−

(k+1
2

) (
1 − [αp]q H̃k(q)

)
(mod [p]2

q). (5)

In [2], Elkhiri et al. showed that

n−1∑

k=1

qk (x; q)k − 1

[k]q
=

n−1∑

k=1

q(k+1
2 )
[

n − 1

k

]

q

(−x)k

[k]q
. (6)
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On q-congruences related... 781

In [10], Pan and Cao defined the q−Fermat quotient by

Q p (m, q) = (qm; qm)p−1 / (q; q)p−1 − 1

[p]q
,

where m is any non-negative integer number such that p � m.

In [11], Pan established that for any prime number p ≥ 5,

p−1∑

j=1

q j (−q; q) j

[ j]2
q

+ Q2
p(2, q)

≡ −(p − 1)Q p(2, q)(1 − q) − (7p − 5)(p − 1)

24
(1 − q)2 (mod [p]q),

and for any prime number p,

qkp ≡ 1 − k (1 − q) [p]q +
(

k

2

)

(1 − q)2 [p]2
q (mod [p]3

q). (7)

In [14], Tauraso gave that for an odd prime number p, if a, b, d are integer numbers such that a, d > b, b ≥ 0
and (a, p) = 1, then

p−1∑

k=1

qbk

[ak]d
q

≡ (1 − q)d

pd

(

(−1)d p
d−1∑

s=0

cs

(
r0 + sp

d

)

−
d∑

s=0

(−1)s
(

d

s

)(
sp

2d

))

(mod [p]q),

where r0 = −b/a (mod p) such that r0 ∈ {0, 1, 2, ..., p − 1} and

cs =
s∑

k=0

(−1)s−k
(

r0 + kp + d − 1

d − 1

)(
d

s − k

)

.

Also, in [6,7], the authors obtained some sums involving q−analogue. For example, in [6], He obtained that for
any prime number p ≥ 5,

p−1∑

k=1

(−1)k

[k]q
≡ [p]q

(

Q2
p(2, q) + Q p(2, q)(1 − q) +

(
p2 − 1

)

12
(1 − q)2

)

−2Q p(2, q) − (p − 1) (1 − q)

2
(mod [p]2

q).

In this paper, we consider q−generalized harmonic numbers Hn (x; q) and q−numbers Mn (x; q) defined by
for n ∈ Z

+,

H0 (x; q) = 0 and Hn (x; q) =
n∑

k=1

xk

[k]q

and

M0 (x; q) = 0 and Mn (x; q) =
n∑

k=1

k
xk

[k]q
,

where x is a real number. It is clearly seen that

nHn (x; q) − Mn (x; q) =
n−1∑

k=1

Hk (x; q) .
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782 S. Koparal et al.

We examine q−congruences by considering these numbers. For example, for an odd prime number p and
m ∈ {0, 1, ..., p − 2} ,

[m + 1]q

p−1∑

k=m

qk
[

k

m

]

q
Hk (x; q)

≡ (−1)m q−(m
2)
(
1 − (x; q)p

)− qm

(xq; q)m
xm+1 [p]x (mod [p]q).

2 On q−congruences

In this section, firstly, we will continue our work with the following Lemmas and Theorem 1 for the next use.

Lemma 1 [2] For all x ∈ R and an odd prime number p, then

p−1∑

k=1

(
xq p−1

)k
H̃k (q) ≡ 1

[p]q

(
[p]xq p−1 − (x; q)p−1

)
(mod [p]q). (8)

Lemma 2 Let p be an odd prime number and a ∈ {0, 1, ..., p − 1} . For all x ∈ R with x �= q−a,

p−1∑

k=1

k
(

xq p−1
)k

H̃k (q) (9)

≡ x (x; q)p−1

[p]q

(

�(1)
p−2 [x] + 1

1 − x

)

+ xq p−1[p]xq p−1 − px pq p(p−1)

(
1 − xq p−1

) [p]q
(mod [p]q).

Proof For the proof of (9), applying derivation of (3) respect to x, we have

n∑

k=0

(−1)k q(k
2)
[

n

k

]

q
kxk + x(x; q)n

n−1∑

k=0

qk

1 − xqk
= 0. (10)

By taking p − 1 replace of n in (10) and by (5), we get

[p]q

p−1∑

k=0

k(xq p−1)k H̃k(q)

≡ x(x; q)p−1

(

�(1)
p−2 [x] + 1

1 − x

)

+
p−1∑

k=0

k(xq p−1)k (mod [p]2
q),

and from the equality
n−1∑

k=0
kxk = −nxn(1−x)+x(1−xn)

(1−x)2 ,

p−1∑

k=1

k(xq p−1)k H̃k(q) ≡ 1

[p]q

(

x(x; q)p−1

(

�(1)
p−2 [x] + 1

1 − x

)

+ xq p−1(1 − (xq p−1)p) − p(xq p−1)p(1 − xq p−1)

(1 − xq p−1)2

)

(mod [p]q).

Thus, the desired result is given. �	
Theorem 1 [2] For all x ∈ R and an odd prime number p, then

Hp−1 (x; q) ≡ 1 − x p − (x; q)p

[p]q
+ x p (p − 1) (1 − q)

2
(mod [p]q). (11)
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On q-congruences related... 783

Corollary 2 For all x ∈ R, an odd prime number p and 0 ≤ k ≤ p − 1, then

Hp−1−k (x; q)

≡ 1 − x p − (x; q)p

[p]q
+ x p (p − 1) (1 − q)

2
+ x p Hk

(
x−1q; q

)
(mod [p]q).

Proof Observe that

Hp−1−k (x; q) = Hp−1 (x; q) −
k∑

j=1

x p− j

[p − j]q
,

and from (11) and the congruence 1
[p−k]q

≡ − qk

[k]q
(mod [p]q), the desired congruence holds. �	

Lemma 3 Let n > 1 and x ∈ R − {1}. For m ∈ {0, 1, ..., n − 2} , we have

n∑

k=m

[
k

m

]

q
xk = −

m∑

k=1

xn+k
(
xqm; q−1

)
k

[
n + 1

m + 1 − k

]

q
+ xm
(
xqm; q−1

)
m

[n + 1]x . (12)

Proof From (1), we have

L (m, n) =
n∑

k=m

[
k

m

]

q
xk, L (0, n) =

n∑

k=0

xk = [n + 1]x .

Then

L (m − 1, n) + qm L (m, n) =
n∑

k=m−1

[
k

m − 1

]

q
xk + qm

n∑

k=m

[
k

m

]

q
xk

=
n∑

k=m−1

([
k

m − 1

]

q
+ qm

[
k

m

]

q

)

xk

=
n∑

k=m−1

[
k + 1

m

]

q
xk =

n+1∑

k=m

[
k

m

]

q
xk−1

=
[

n + 1

m

]

q
xn + 1

x
L (m, n) .

Hence, if necessary arrangements are made and this process is repeated, we have

L (m, n) = xn+1

xqm − 1

[
n + 1

m

]

q
− x

xqm − 1
L(m − 1, n)

= xn+1

xqm − 1

[
n + 1

m

]

q
− xn+2

(xqm − 1)
(
xqm−1 − 1

)

[
n + 1

m − 1

]

q

+ xn+3

(xqm − 1)
(
xqm−1 − 1

) (
xqm−2 − 1

)

[
n + 1

m − 2

]

q

− x3

(xqm − 1)
(
xqm−1 − 1

) (
xqm−2 − 1

) L(m − 3, n)

...

= −
m∑

k=1

xn+k
(
xqm; q−1

)
k

[
n + 1

m + 1 − k

]

q
+ xm
(
xqm; q−1

)
m

L(0, n).

Thus, the proof is complete. �	
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784 S. Koparal et al.

Theorem 3 Let n ≥ 1, and x ∈ R − {1}. For m ∈ {0, 1, ..., n − 2} , we have

n−1∑

k=m

qk
[

k

m

]

q
Hk (x; q) = qm

[
n

m + 1

]

q
Hn (x; q) (13)

− x

[m + 1]q
qm

(
xm

(
xqm; q−1

)
m

[n]x −
m∑

k=1

xn+k−1
(
xqm; q−1

)
k

[
n

m − k + 1

]

q

)

.

Proof Consider that

n−1∑

k=m+1

[
k

m + 1

]

q
Hk (x; q) +

[
n

m + 1

]

q
Hn (x; q)

=
n∑

k=m+1

[
k

m + 1

]

q
Hk (x; q) =

n−1∑

k=m

[
k + 1

m + 1

]

q
Hk+1 (x; q)

=
n−1∑

k=m

[
k + 1

m + 1

]

q

(

Hk (x; q) + xk+1

[k + 1]q

)

=
n−1∑

k=m

([
k

m + 1

]

q
+ qk−m

[
k

m

]

q

)

Hk (x; q) +
n−1∑

k=m

xk+1

[k + 1]q

[
k + 1

m + 1

]

q

=
n−1∑

k=m+1

[
k

m + 1

]

q
Hk (x; q) + q−m

n−1∑

k=m

qk
[

k

m

]

q
Hk (x; q)

+ x

[m + 1]q

n−1∑

k=m

[
k

m

]

q
xk .

Using elementary operations, we get

n−1∑

k=m

qk
[

k

m

]

q
Hk (x; q) = qm

[
n

m + 1

]

q
Hn (x; q) − xqm

[m + 1]q

n−1∑

k=m

[
k

m

]

q
xk .

From (12), the desired result is obtained. �	
Corollary 4 For n > 2 and x ∈ R − {1}, we have

n−2∑

k=1

q2k Hk (x; q)

= 1 − q

[2]q

(

[n]q [n − 1]q Hn (x; q) − x2

1 − xq

(
[n]x − xn−1 [n]q

))

+qn−1 [n − 1]q Hn−1 (x; q) − x [n − 1]xq .

Proof Observe that

n−1∑

k=1

qk [k]q Hk (x; q) =
n−2∑

k=0

qk+1 [k + 1]q Hk+1 (x; q)

=
n−2∑

k=0

qk+1 [k + 1]q

(

Hk (x; q) + xk+1

[k + 1]q

)

= q
n−2∑

k=1

qk
(

[k]q + qk
)

Hk (x; q) +
n−2∑

k=0

(xq)k+1
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On q-congruences related... 785

= q
n−2∑

k=1

qk [k]q Hk (x; q) + q
n−2∑

k=1

q2k Hk (x; q) + xq
n−2∑

k=0

(xq)k

= q
n−1∑

k=1

qk [k]q Hk (x; q) − qn [n − 1]q Hn−1 (x; q) + q
n−2∑

k=1

q2k Hk (x; q)

+xq [n − 1]xq .

Applying elementary operations, we write

n−2∑

k=1

q2k Hk (x; q)

= 1 − q

q

n−1∑

k=1

qk [k]q Hk (x; q) + qn−1 [n − 1]q Hn−1 (x; q) − x [n − 1]xq .

Finally, by taking m = 1 in Theorem 3, the proof is complete. �	
Theorem 5 Let p be any odd prime number and x ∈ R − {1}. For m ∈ {0, 1, ..., p − 2} , we have

[m + 1]q

p−1∑

k=m

qk
[

k

m

]

q
Hk (x; q)

≡ (−1)m q−(m
2)
(
1 − (x; q)p

)− qm

(xq; q)m
xm+1 [p]x (mod [p]q). (14)

Proof By taking n = p in Theorem 3, we have

[m + 1]q

p−1∑

k=m

qk
[

k

m

]

q
Hk (x; q) = qm [p]q

[
p − 1

m

]

q

(

Hp−1 (x; q) + x p

[p]q

)

−xqm

(
xm

(
xqm; q−1

)
m

[p]x − [p]q

m∑

k=1

x p+k−1
(
xqm; q−1

)
k [m − k + 1]q

[
p − 1

m − k

]

q

)

.

From (5) and (11), we get

[m + 1]q

p−1∑

k=m

qk
[

k

m

]

q
Hk (x; q)

= qm [p]q

[
p − 1

m

]

q
Hp−1 (x; q) + qm x p

[
p − 1

m

]

q
− xm+1qm
(
xqm; q−1

)
m

[p]x

+ [p]q

m∑

k=1

(−1)m−k x p+k
(
xqm; q−1

)
k [m − k + 1]q

qm−(m−k+1
2 )

≡ (−1)m q−(m
2) [p]q

(
1 − x p − (x; q)p

[p]q
+ x p (p − 1) (1 − q)

2

)

+ (−1)m q−(m
2)x p − qm [p]x

xm+1
(
xqm; q−1

)
m

≡ (−1)m q−(m
2)
(
1 − (x; q)p

)− qm

(xq; q)m
xm+1 [p]x (mod [p]q).

Thus, the proof is complete. �	
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786 S. Koparal et al.

Corollary 6 For any odd prime number p and x ∈ R − {1}, we have

[2]q

p−1∑

k=1

qk [k]q Hk (x; q) ≡ (x; q)p − 1 − qx2

1 − xq
[p]x (mod [p]q), (15)

and

p−1∑

k=1

qk [k]2
q Hk (x; q)

≡ [2]q

[3]q

(

1 − (x; q)p − q3x3

(xq; q)2
[p]x

)

− 1

[2]q

(

1 − (x; q)p + qx2

1 − xq
[p]x

)

(mod [p]q). (16)

Proof By taking m = 1 in (14), the proof of (15) is obtained. Now, we will give the proof of (16). From (14),
we have

q−1 (1 − (x; q)p
)− q2x3

(xq; q)2
[p]x

≡ [3]q

[2]q

p−1∑

k=2

qk [k]q [k − 1]q Hk (x; q)

= [3]q

[2]q

p−1∑

k=1

qk [k]q

(
[k]q − 1

q

)

Hk (x; q)

= [3]q

q [2]q

⎛

⎝
p−1∑

k=1

qk [k]2
q Hk (x; q) −

p−1∑

k=1

qk [k]q Hk (x; q)

⎞

⎠ (mod [p]q).

(15) yields that

[2]q

[3]q

(

1 − (x; q)p − q3x3

(xq; q)2
[p]x

)

≡
p−1∑

k=1

qk [k]2
q Hk (x; q) − 1

[2]q

(

(x; q)p − 1 − qx2

1 − xq
[p]x

)

(mod [p]q).

So, we have the proof. �	
Theorem 7 Let p be an odd prime number and a ∈ {0, 1, ..., p − 1} . For x �= q−a,

Mp−1 (x; q)

≡ 1

[p]q

(

x (x; q)p �(1)
p−2 [x] + x

1 − x
(x; q)p − px p + xq p−1 (x; q)p−1

)

+x p (1 − q)

(
p

2

)

(mod [p]q).

Proof Consider that

x p−1 (p − 1) q(p−1)2
H̃p−1 (q)

=
p−1∑

k=1

k
(

xq p−1
)k

H̃k (q) −
p−2∑

k=1

k
(

xq p−1
)k

H̃k (q)
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=
p−2∑

k=0

k
(

xq p−1
)k+1

(

H̃k (q) + qk+1

[k + 1]q

)

+
p−2∑

k=0

(
xq p−1

)k+1
(

H̃k (q) + qk+1

[k + 1]q

)

−
p−2∑

k=0

k
(

xq p−1
)k

H̃k (q)

=
(

xq p−1 − 1
) p−2∑

k=0

k
(

xq p−1
)k

H̃k (q) +
p−2∑

k=0

(k + 1)
(xq p)k+1

[k + 1]q

+xq p−1
p−2∑

k=0

(
xq p−1

)k
H̃k (q)

=
(

xq p−1 − 1
) p−2∑

k=0

k
(

xq p−1
)k

H̃k (q) +
p−1∑

k=1

k
(xq p)k

[k]q

+xq p−1
p−2∑

k=0

(
xq p−1

)k
H̃k (q) .

(7) yields that

Mp−1 (x; q) ≡ x p−1q(p−1)2
(p − 1) H̃p−1 (q) − xq p−1

p−2∑

k=1

(
xq p−1

)k
H̃k (q)

−
(

xq p−1 − 1
) p−2∑

k=1

k
(

xq p−1
)k

H̃k (q) (mod [p]q).

With the help of the congruences (8) and (9), we write

Mp−1 (x; q)

≡
(

xq p(p−1) + (p − 1) xq(p−1)2+p−1
)

x p−1 H̃p−1 (q)

+1 − xq p−1

[p]q

⎛

⎝x (x; q)p−1

p−2∑

k=0

qk

1 − xqk
+ xq p−1[p]xq p−1 − px pq p(p−1)

1 − xq p−1

⎞

⎠

− xq p−1

[p]q

([p]xq p−1 − (x; q)p−1
)

= x p−1 H̃p−1 (q)
(

q (p − 1) + xq p(p−1) + (p − 1)
(

xq p−1 − 1
)

q(p−1)2
)

+ 1

[p]q

(

x (x; q)p

(

�(1)
p−2 [x] + 1

1 − x

)

− px pq p(p−1)

)

+ 1

[p]q
xq p−1 (x; q)p−1 (mod [p]q).

By (4) and (7), we get

Mp−1 (x; q) ≡ px p H̃p−1 (q) + px p (p − 1) (1 − q)

+ 1

[p]q

(

x (x; q)p

(

�(1)
p−2 [x] + 1

1 − x

)

− px p + xq p−1 (x; q)p−1

)

≡ 1

[p]q

(

x (x; q)p �(1)
p−2 [x] + (x; q)p

x

1 − x
− px p + xq p−1 (x; q)p−1

)

+x p (1 − q)

(
p

2

)

(mod [p]q).
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Thus, the desired result is obtained. �	
Corollary 8 Let p be an odd prime number. For n ∈ N\ {1} ,

p−1∑

k=1

k
qnk

[k]q

≡ (1 − q)

((
p

2

)

+ pn

)

+ (qn; q)p

(1 − q) [p]q

(
Hn+p−2 (q) − Hn−1 (q)

)

+ 1

[p]q

(
(qn; q)p−1 − p − p(qn; q)p

)
(mod [p]q).

Proof Using the sum
p−2∑

k=0

1
[n+k]q

= Hn+p−2(q) − Hn−1(q), the proof is given. �	

Corollary 9 Let p be an odd prime number and a ∈ {0, 1, ..., p − 1} . For x �= q−a,

∑

1≤i≤k≤p−1

i
qk xi

[i]q
≡ x p (1 − q)

(
p

2

)

[p]q + (x; q)p−1

+ x

1 − x

(
px p − [p]x

)+ (x; q)p

(

x�(1)
p−2 [x] − 2x − 1

x − 1

)

(mod [p]2
q).

Proof The proof is similar to the proof of Corollary 8. �	
For example, when x = qn in Corollary 9, for an odd prime number p, n ∈ N\ {1} and (n, p) = 1,

∑

1≤i≤k≤p−1

i
qni+k

[i]q
≡ p

qn

(1 − q) [n]q
+ (

qn; q
)

p−1

+
((

p

2

)

(1 − q) − n

[n]q
qn
(

p + 1

(1 − q) [n]q

))

[p]q

− (qn; q
)

p

(

p − 1

1 − q

(
Hn+p−2 (q) − Hn−1 (q)

)
)

(mod [p]2
q).

Theorem 10 Let p > 3 be any prime number. We have

p−1∑

k=1

qk(p+1) xk

[k]2
q

≡ [p]q

p−1∑

k=1

qk(p+1) xk

[k]2
q

H̃k−1 (q)

− q p

[p]q

⎛

⎝
p−1∑

k=1

qk (x; q)k

[k]q
− H̃p−1 (q)

⎞

⎠

− q2p

[p]2
q

(

(x; q)p − 1 − q
(p

2

)

(−x)p
)

(mod [p]2
q).

Proof From (2) and (5), we have

q−p
p−1∑

k=1

qk(p+1) xk

[k]2
q

(
1 − [p]q H̃k−1 (q)

)

≡
p−1∑

k=1

(−1)k−1 q
(k+1

2

)
xk

[k]2
q

[
p − 1

k − 1

]

q

= 1

[p]q

p−1∑

k=1

(−1)k−1 q
(k+1

2

)
xk

[k]q

[
p

k

]

q
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= − 1

[p]q

p−1∑

k=1

(−1)k

[k]q
q
(k+1

2

) {[
p − 1

k

]

q
+ q p−k

[
p − 1

k − 1

]

q

}

xk

= − 1

[p]q

p−1∑

k=1

q
(k+1

2

)
(−x)k

[k]q

[
p − 1

k

]

q

− q p

[p]2
q

p−1∑

k=1

(−1)k q
(k

2

)[
p

k

]

q
xk (mod [p]2

q).

By (3) and (6), we get

q−p
p−1∑

k=1

qk(p+1) xk

[k]2
q

(
1 − [p]q H̃k−1 (q)

) ≡ − 1

[p]q

p−1∑

k=1

qk (x; q)k

[k]q

− 1

[p]q

(
q p

[p]q

(

(x; q)p − 1 − q
(p

2

)

(−x)p
)

− H̃p−1(q)

)

(mod [p]2
q).

Thus the proof is complete. �	
Finally, by taking x = 1 and q−1 in Theorem 10, respectively, the following Corollaries are given:

Corollary 11 Let p > 3 be any prime number. We have

p−1∑

k=2

H̃k−1 (q)

[k]2
q

≡ (1 − q)

p−1∑

k=1

Hk,2 (q) − p (1 − q) Hp−1,2 (q) + 1

[p]q
Hp−1,2 (q)

+ (1 − q)

[p]q

(
H̃p−1 (q) + (1 − q) q(p

2)−p
)

+ 1

[p]2
q

(
(1 − q)

(
1 − 2q(p

2)−p
)

− H̃p−1 (q)
)

+ 1

[p]3
q

(
q(p

2)−p − 1
)

(mod [p]q),

where Hn,2(q) =
n∑

j=1

1
[ j]2

q
.

Corollary 12 Let p > 3 be any prime number. We have

p−1∑

k=2

qk

[k]2
q

H̃k−1 (q) ≡ (1 − q)

p−1∑

k=1

H̃k,2 (q) − p (1 − q) H̃p−1,2 (q) + 1

[p]q
H̃p−1,2 (q)

+ (1 − q)

[p]q

(
H̃p−1 (q) + (1 − q)

(
q(p

2) − 1
))

+ 1

[p]2
q

(
2 (1 − q)

(
1 − q(p

2)
)

− H̃p−1 (q)
)

+ 1

[p]3
q

(
q(p

2) − 1
)

(mod [p]q),

where H̃n,2(q) =
n∑

j=1

q j

[ j]2
q
.
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