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Abstract Let G be a finite non-abelian group and I';, (G) be its non-commuting graph. In this paper, we compute
spectrum and energy of I',,.(G) for certain classes of finite groups. As a consequence of our results we construct
infinite families of integral complete r-partite graphs. We compare energy and Laplacian energy (denoted by
E(T,.(G)) and LE(I',,c(G)) respectively) of I',,.(G) and conclude that E(I',.(G)) < LE(I';,.(G)) for those
groups except for some non-abelian groups of order pg. This shows that the conjecture posed in [Gutman, 1.,
Abreu, N. M. M., Vinagre, C. T.M., Bonifacioa, A. S and Radenkovic, S. Relation between energy and Laplacian
energy, MATCH Commun. Math. Comput. Chem., 59: 343-354, (2008)] does not hold for non-commuting graphs
of those finite groups, which also produces new families of counter examples to the above mentioned conjecture.
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1 Introduction

Let G be a finite non-abelian group and I',,. (G) be its non-commuting graph. Then I';,(G) is a simple undirected
graph whose vertex set is G \ Z(G) (where Z(G) is the center of G), and two vertices a, b are adjacent if and
only if ab # ba. The study of I',.(G) was originated from the works of Erdés and Neumann [33]. Interactions
between the graph theoretical properties of I',,.(G) and the group theoretical properties of G can be found in
[1,3,9,31]. Properties of non-commuting graphs of some finite simple groups and dihedral groups can be found
in [35,37].

It is interesting to note that I',,.(G1) may be isomorphic to I',.(G>) for two non-isomorphic finite non-
abelian groups G and G». This fact was first observed by Moghaddamfar et al. [31] by considering G| = Dg
and G = Qg. In general, if G| and G, are two non-isomorphic non-abelian groups of order p* (where p is a
prime number) then also I',,(G1) is isomorphic to I',,.(G7) (as shown by Abdollahi et al. [1]). More examples
of such pairs of groups along with groups G| and G, such that I',,.(G1) = I',,.(G2) implies G; = G, can be
found in [1, Section 5]. In [31], it was conjectured that if G| and G, are non-abelian finite groups such that
e (G1) = Tpe(Go) then |G| = |G2|. Moghaddamfar et al. [31] verified this conjecture for the dihedral groups
Dy, with m odd, the alternating groups A, for n > 4, the symmetric groups S, for n > 3, all sporadic simple
groups, the simple groups of Lie type with non-connected prime graph along with some other families of groups.

W. N. T. Fasfous - R. K. Nath (<)
Department of Mathematical Sciences, Tezpur University, Napaam, Sonitpur, Assam 784028, India
E-mail: rajatkantinath@yahoo.com

W. N. T. Fasfous
E-mail: w.n.fasfous@gmail.com

@ Springer



792 W. N. T. Fasfous, R. K. Nath

This conjecture was also posed by Abdollahi et al. [1] independently and verified for S,, A,, D2, any finite
non-solvable AC-group along with some other finite non-abelian groups. Though this conjecture was refuted
by Moghaddamfar [30] in the year 2006, people continued the search for different classes of finite non-abelian
groups satisfying this conjecture. In 2014, Abdollahi and Shahverdi [3] proved that |G| = |G»| if G| and G,
are finite non-abelian nilpotent groups with irregular isomorphic non-commuting graphs. In [10], Darafsheh et
al. verified this conjecture for finite non-abelian group G having an element g € G \ Z(G) such that degree of
g inT,.(G) is p" (where p is a prime number and » is a positive integer), pg (p, ¢ are prime numbers), pgr
(where p, g, r are prime numbers such that p < ¢ <r,g {r — 1 and p { r — 1), p"g (where p, ¢ are prime
numbers such that p < g and n is a positive integer) along with some other groups. Darafsheh [9], also proved
this conjecture for all non-abelian simple finite groups.

In [1, Conjecture 1.3], it was conjectured by Abdollahi et al. that if G is a group and G, is a finite non-abelian
simple group such that I',.(G1) = I';,c(G2) then G| = G,. This conjecture is known as AAM Conjecture which
was recorded as a problem in the Kourovka Notebook [27, Problem 16.1(a)]. In 2008, Han, Chen and Guo [26]
verified AAM Conjecture for all sporadic simple groups. In 2012, Abdollahi and Shahverdi [2] verified this
conjecture for the alternating groups. Finally, in 2013, Solomon and Woldar [35] completed the proof of AAM
Conjecture by verifying it for the simple groups of Lie type.

In 2006, Abdollahi et al. [1, Conjecture 3.25] also conjectured that if G is a finite non-abelian nilpotent
group and G is a group such that I',,.(G1) = T',,.(G2) then G, is nilpotent (after showing that the same is true if
|G 1| = |G2]). This conjecture is recorded in the Kourovka Notebook [27] as Problem 16.1(b) and it is still open.
Recently, Grazian and Monetta [21] have proved (among other results) that if G is a finite non-abelian nilpotent
AC-group and G is a group such that I',,.(G1) = I',.(G2) and |Z(G1)| = |Z(G2)| then G is nilpotent.

In recent years spectral properties of I',.(G) become an interesting topic of research. The complement of
['¢(G), known as commuting graph of G, is also studied widely in past years. Various spectra and energies of
commuting graphs of several classes of finite non-abelian groups were computed and analyzed in [12,15-18].
It is worth mentioning that there is a nice relation between the Laplacian spectrum of a graph and the Laplacian
spectrum of its complement (see [32, Theorem 3.6]). Exhibiting this relation, in [13] and [14], Laplacian spectrum
and Laplacian energy of I',,.(G) were computed for several classes of finite non-abelian groups. Unfortunately,
there is no similar relation between the spectrum of a graph and the spectrum of its complement. This motivates
us to compute spectrum and energy of I',,.(G) though the spectrum and energy of commuting graphs of several
classes of finite non-abelian groups are known. A few results on various spectra and energies of non-commuting
graphs of finite non-abelian groups can also be found in [4,19,20,29].

The spectrum of a graph G denoted by Spec(G) is the set {)»If‘ , )\152, e, Alf,”}, where A, A2, ..., A, are the

eigenvalues of the adjacency matrix of G (denoted by A(G)) with multiplicities k1, k2, ..., k,, respectively.
Similarly, the Laplacian spectrum of G is the set Lspec(G) = {,ul]', ;lez, R ;Liﬁl”}, where w1, 2, ..., im, with
multiplicities /1, I, ..., I, respectively, are the eigenvalues of the Laplacian matrix of G given by L(G) =

D(G) — A(G). Here D(G) stands for the degree matrix of G. The energy and Laplacian energy of a graph G are
given by
~ 20e(9)

EG= ), MadLE@= ), D)

A€Spec(G) neLspec(G)

respectively, where v(G) and e(G) denotes the set of vertices and edges of G. The notion of energy of a graph was
introduced by Gutman [23] in the year 1978. In theoretical chemistry, r-electron energy of a conjugated carbon
molecule can be computed using the definition of E(G) stated above. After a long time in the year 2006, Gutman
and Zhou [25] wanted to conceive a graph-energy-like quantity instead of E(G), using Laplacian eigenvalues,
which preserve the main features of £(G) and they introduced the above mentioned notion of Laplacian energy. As
noted in [24, Section 4], applications of these energies can be found in crystallography, theory of macromolecules,
analysis and comparison of protein sequences, network analysis, satellite communication, image analysis and
processing etc. (see [24] and the references therein for details).
In [22], it was conjectured that

E(G) < LE(9). (1.1)

However, (1.1) was disproved in [28,36]. One of the objectives of this paper is to check whether (1.1) holds for
non-commuting graphs of finite non-abelian groups. If E(I',.(G)) < LE(I'».(G)) then the lower bounds of
energy will be lower bounds of Laplacian energy and the upper bounds of Laplacian energy will be upper bounds
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of energy. Similarly, we shall get lower bounds of energy and upper bounds of Laplacian energy through the lower
bounds of Laplacian energy and upper bounds of energy if LE(I',:(G)) < E(I's:(G)). The study of various
spectra and energies of the non-commuting graph is expected to provide some answer to the group structure.
In this paper we are not able to derive such results. However, we have obtained certain necessary conditions on
'y (G) such that the inequality E(I',,.(G)) < LE(I',,.(G)) holds. It may be interesting to characterize all finite
non-abelian groups satisfying E(I",,.(G)) < LE(T',.(G)).

In Section 2, we first compute E(I",,.(G)) for some finite non-abelian groups (viz. Vg, for odd n, SDsg, and
groups for which %G) = Zp x Zp) whose Spec(I';+(G)) are known. After that we consider non-commuting

graphs of the group of order pg, Hanaki groups, and groups for which % = D»,, and compute their spectrum
and energy. It is also illustrated that using our results one may compute Spec(I',.(G)) and E(I',,.(G)) for the
groups Ma,s, D2y, Q4 and Ug,. In Section 3, it is observed that there are infinite families of finite non-abelian
groups such that I',,.(G) is integral. A graph is called integral if Spec(G) contains only integers. Since it is difficult
to characterize integral graphs in general, people restrict the study of integral graph for some particular families of
graphs. In [34] Roitman constructed an infinite family of integral complete tripartite graphs and remarked about
the existence of infinite families of integral complete r-partite graph for » > 3. In [38], Wang, Li and Hoede,
obtained a necessary and sufficient condition for integral complete r-partite graph. As a consequence of our results
we also construct infinite families of integral complete r-partite graphs. In Section 4, we compare E(I',,.(G))
and LE (I',.(G)) for all the groups considered in Section 2 and it is observed that E(I';,.(G)) < LE(T',,.(G))
if |G| # pq for some primes p and g. This shows that (1.1) does not hold for non-commuting graphs of some
non-abelian groups of order pg, which produces new families of counter examples for (1.1).

We write xpr()) to denote the characteristic polynomial (in A) of a square matrix M of size n and so
xm(X) = det(Al, <, — M), where I, «, is the identity matrix of size n. Let J,,x, be the matrix with all entries
one. It is well-known that

Kien W) = 210 = ). (1.2)
We also have the following useful results.

Lemma 1.1 [8] Let N be the block matrix given by

N — |:0m><m Bmxni| .

Biixn Anxn
Then
KNG = K" det( Lnsn = MAnsin = By Buxn).
where BT is the transpose of By xp.

Let M =[m;;] and N = [n;;] be matrices of size a x p and g x b, respectively. The tensor product (or Kronecker
product) of M and N, denoted by M ® N, is the matrix of size ag x pb obtained from M by replacing each
entry m;; of M with the ¢ x b matrix m;;N.

Theorem 1.2 [7] Let X and Y be square matrices of size m and n, respectively. If L1, A2, ..., Ay are eigenvalues
of X and ju1, pa, ..., py are eigenvalues of Y, then the eigenvalues of X ® Y are given by A;jjuj for 1 <i <
m,1 <j<n.

2 Spectra and energies

We begin this section by computing energies of non-commuting graphs of finite groups such that spectra of their
non-commuting graphs are known (already computed in [20]).

Theorem 2.1 Let G be a finite group.
1. If Vg, = (a,b: a =p*=1,b"tab™! = bab = a_l) (where n is odd) then

E(Tue(Vey)) =22n — 1) 4+2y/2n — 1)(10n — 1).

@ Springer



794 W. N. T. Fasfous, R. K. Nath

2. IfSDg, = (a, b : a*™ = b*> =1, bab = a®"~ ) then

dn— 1) +4J/(n—1)Gn—-1), if n is odd
22n — 1) +2/2n — 1)(10n — 1), ifn is even.

E(Fnc(SDSn)) = {

3. IfZLG) = Zp x ZLp, where p is any prime, then
ETne(G) =2p(p — DIZ(G)|.
In particular, if G is non-abelian and |G| = p> then E(T'pe(G) = 2p*(p — 1).
Proof (1) By [20, Theorem 3.11] we have

Spec(Tue(Ven)) = {(—2)2"‘,06"3, ((2n 1) +/2n = DH(10n — 1))1} . 2.1

Therefore, E(Tpe(Vgn)) =2QCn— 1)+ 2n—1)+/Q2n—1)(A0n —1)— 2n—1)+/(2n — 1)(10n — 1) and
hence the result follows.
(2) By [20, Theorem 3.12] we have

Spec(I'y:(SDgy)) = {(—4)”_1, 073, (2(n -Dx2y/6n—-1)n— 1))1} 2.2)

if n is odd and

Spec(Tye(SDgy)) = {(—2)2”—1, 0% =3, ((Zn — 1 ++/@n—1)(10n — 1))1} (2.3)

if niseven. Therefore, E(I',.(SDg,)) = 4(n—1)+2(n—1)+2/(5n — 1)(n — H)—2(n—1)+2/Gn — H(n — 1)
or2@2n— 1D+ 2n—1)+J/Q2n—1)(A0n —1) — 2n — 1) + /(2n — 1)(10n — 1) according as n is odd or
even. Hence the result follows.

(3) By [20, Theorem 3.4] we have

Spec(ne(G)) = {(=(p = DIZ(G))7, 07V E=DIZGOID (p — 1)Z(G)))']. 24)

Therefore, E(I',,.(G)) = p(p — 1)|Z(G)| + p(p — 1)|Z(G)| and hence the result follows. O

Consider the Frobenious group F, ;, = {(a,b : a”? = b7 =1, b~'ab = a*) of order pq, where p and q are
primes with ¢ | (p — 1) and u is an integer such that u € Zj, having order ¢. It is worth mentioning that the
spectrum of non-commuting graph of F), , was computed in [20, Theorem 3.13]. However, there is a typo in
[20, Theorem 3.13]. The correct expression for spectrum of non-commuting graph of F, ; is given by

1
+/a2 14
Spec(Tne(Fp.q)) = opq—l’—%(—<q—1)>ﬂ—1,<w> ,

where @« = (p — 1)(q¢ — 1). Therefore,

E(TCne(Fpg)) = a+/a? +4pa. (2.5)

Now we consider certain finite groups such that the spectra of their non-commuting graphs are not computed
so far. The following lemma is very useful in this regard.

Lemma 2.2 Consider the matrix J,,x, and the block matrix

B _ Ome Jan
et = Jusem (9 = Dascn

Then Spec(Juxn) = {0"~", n'} and
1
- _ 1t —1)2+4
Spec(Bm-+n) x (m+n)) = {Om L(=n" 1 ((n ) (;l )*+ mn) }

@ Springer



Inequalities involving energy and Laplacian energy of non-commuting graphs of finite groups 795

Proof The first part is well-known (also follows from (1.2)). For the second part, by Lemma 1.1, we have

X Bnn)x (m-n) (A) = A""" det (Azlnxn —A(J = Duxn — Juxm X men)

= A" det (()Lz + V) Lixn — (A + m)-]nxn)

A2+
=A"""(A 4+ m)" det
( ) (A+m

1n><n - Jn><n>

A2 4 A
Adm)

= )\‘m_n (A' + m)nXJ)lX)l (

Therefore, by (1.2), we have
XBunsmyximan W) = 2"+ 1T = (n = DA — mn).

Hence, the result follows. ad

Theorem 2.3 If G is isomorphic to the Hanaki group

1 00
An,v) =3U(@a,by=|a 1 0|:a,becGF2");,
bv 1

~

a)

where n > 2 and v is the Frobenius automorphism of G F (2""), then

22n _2n+l

Spec(uc (G)) = {07271 (2?2, 2" 2" — 2))'

and
E(Tye(A(n, v))) = 2" 2" —2).

Proof By [18, Lemma 5(a)] it follows that I',,.(G) is the complement of (2" — 1)K»» and so it is a complete
(2" — 1)-partite graph. Therefore,

O1x1 Jix@r-2)
A F . G = J n n
(Te(G)) |:J(2"—2)><1 (J —D—2x@"—2) ® J2rxz
= Bon_1)x@2n—1) ® Jonxon.
Using Lemma 2.2 we have

Spec(Jax2) = {071, (2"} and
" —3)+ /2" —3)2 42" — 2))1

Spec (Bar—nyx@r-1) = § (=D* 73, < 5
= {2 e -}
Therefore, by Theorem 1.2, we have

Spec(Iue(G)) = {0227+ (2?2, 22" —2))'}.

Hence, E(Tye(G)) = (2 — 2)2" +21(2" —2) = 2n+1(2n — 2), O
S
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796 W. N. T. Fasfous, R. K. Nath

Theorem 2.4 If G is isomorphic to the Hanaki group
100
A(n,p)=3V(a,b,c)=|al0|:a,b,ce GF(p") ¢,
bcel

where p is a prime, then

n n n 1
Spec(I'ne(G)) = {of L ™ = (P - ) }
and

E(Tne(G)) = 2p*"(p" — D).

Proof By [18, Lemma 5(b)] it follows that I, (G) is the complement of (p” 4+ 1)K
(p" + 1)-partite graph. Therefore,

p2—pr and soitis a complete

le] J1><p"
AT (6) = |:J[,n><1 (J = D) prxpn & J(p2n—pryx(pn—pr)

= B(p"+l)><(p"+1) ® J(pZn_prl)X(pZn_pn).

Using Lemma 2.2 we have

2n_ n_
SpeC (J(pz”—p")x(pz”—p”)) = {O]) P 1, ((pzn - Pn))l} and

1
. S NI = vy
Spec (B(p”+l)><(p”+l)) = (_1)[7 1, ((P ) (5 ) P )
={von'].

Therefore, by Theorem 1.2, we have

n n n 1
Spec(I'ne(G)) = {of L ™ = ) (PP - ) } :

Hence, E(I'c(G)) = p"(p>" — p") + p"(p™ — p") = 2p>"(p" — D). O

Theorem 2.5 Let G be a finite group with center Z(G). If % >~ Doy, where Doy = (a, b : a™ = b? =
1,bab~" = a="y, then

o - _ — — 1
Spec(T(G)) — {02"’" - 1’<n(m 1):|:n«/(2m DGm 1)) }

and

E(Ty(G)) =n <(m — )+ m = 1)5m — 1)) ,

where n = |Z(G)|.
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Proof Let % = (xZ(G), yZ(G) : x*Z(G) = y"Z(G) = Z(G),xyx"'Z(G) = y~'Z(G)). It can be
seen that the independent sets of I',,.(G) are given by Vy = yZ(G) U --- U ym”Z(G), Vi = xyZ(G),
Vo = xy?Z(G), ..., Vi = xy™Z(G). By [18, Lemma 3(a)], it follows that I',.(G) is the complement of
Kun-1)1z(G) UmK,z() and so it is a complete (m + 1)-partite graph. Hence,

A (G))
_O(mn—n)x(mn—n) J(mn—n)xn J(mn—n)xn J(mn—n)xn J(mn—n)xn J(mn—n)xn
Jnx(mnfn) Onxn Jnxn Jnxn Jnxn Jnxn
p— Jnx(mn—n) -]n><n 0n><n -ln><n Jn><n Jn><n
L Jnx(mnfn) Jnxn Jnxn Jnxn Juxn Onxn

_ [Om—1yxm—1)  Jm—1yxm ® 7
L me(m—l) (J - I)mxm e

= Bom-1)x@m—1) @ Juxn,

where n = |Z(G)|. By Lemma 2.2 we have

Spec(JizG)1x1z@)) = 1011 (12(G))'} and

- m- Jin=DGm -1
SPGC(B<2m—1>x<zm—1))={0 2(=D 1,<(m—1)i o ;(’" )> .

Therefore, by using Theorem 1.2, we have

. - . — — 1
Spec((G)) — {02"'" - 1’<n(m 1)j:n«/(2m DGm 1)> }

Hence,

nm—1)4+ny(m—1)5m —1)
2
N —n(m — 1) +ny/(m — )2 + 4m(m — 1)

2
:n((m—1)+\/m>.

E(G)) = (m — Dn +

We have the following corollary to Theorem 2.5.
Corollary 2.6 Consider the group My = {(a, b :a" = b =1,bab™ ! = a‘l).
1. Ifr is odd then

o - _ S AY - B 1
SpeC(Fnc(Mer)) — {02sr S—r l’ (_s)r l’ (s(r l)is ;r 1)(5r 1)) }

and

E(e(Mar)) =5 (0 = D+ /G = DEr = D).
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798 W. N. T. Fasfous, R. K. Nath

2. Ifr is even then

Spec(lye(M2;s))

e (GG (5 )

and
E(ue(Mas) =5 ((r =2+ =26r —2)).

Proof The result follows from Theorem 2.5 by putting m = r,n = s if r isodd and m = 5, n = 2s if r is even.
O

Putting » = m and s = 1 in Corollary 2.6 we get

Corollary 2.7 1. If m is odd then

_ _ — Jm=DGm —1) 1
Spec(TCpe(Dop)) = {Om 2~y 1’<(m 1=+ (n21 1 (5m 1)> }

and
Eue(Don)) = ((n = 1)+ /m = DGm = 1)

2. If m is even then

Spec(Tue(Dap)) = {0773, (=2) 7, ((% - 1) + \/(% - 1) <57m _ 1))

and
E(Tye(Dom)) = ((m — )+ m—2)5m — 2)) .

It is worth mentioning that the energies of non-commuting graphs of dihedral groups (D3,,) were also obtained
in [29] by direct calculation.
Putting n = 2 in Theorem 2.5 we get the following corollary.

Corollary 2.8 If Q4 = (a, b : b*" =1,a> = b™, aba™' = b~"), where m > 2, then

Spec(T'nc(Qan)) = {03’"—3, 2" (n = D & om = D 5m = 1))1}
and
ETe(Qan) =2 (0n = D +n = DGm = D),

Putting m = 3 in Theorem 2.5 we also get the following corollary.

Corollary 2.9 IfUs, = (a,b:a* =1,b°> = 1,a " 'ba = b™") then
Spec(Tnc(Uen)) = {077, (=%, 1+ n/D', (0 = n/D'}.

and E(Tye(Ugn)) = 2n(1 + /7).

We conclude this section by noting that the spectrum and energy of non-commuting graph of Ug, are also
obtained in [20, Theorem 3.8] by direct calculation.
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3 Perfect squares and integral non-commuting graphs

By Theorem 2.3 and Theorem 2.4 it follows that T',,.(A(n, v)) and ', (A(n, p)) are integral. Also, if % =

Zp x Zp, where p is any prime, then by [20, Theorem 3.4] we have I';,.(G) is integral. The following three
observations on perfect squares are useful in finding more finite non-abelian groups such that their non-commuting
graphs are integral.

Observation 3.1 The positive integers n; such then (n; — 1)(5n; — 1) is a perfect square are given by
niyy =322n;41 —n; — 192
where
1) ni=1,np=65 (i) ny =2,n, =442  (iii) n; = 10, np = 3026.

The first few numbers in each of the cases are listed below:
Case (i): 1, 65, 20737, 6677057, 2149991425, 692290561601, 222915410843905, 71778070001175617, . ...
Case (ii): 2,442, 142130, 45765226, 14736260450, 4745030099482, 1527884955772562, 4919742107286-
65290, ....
Case (iii): 10, 3026, 974170, 313679522, 101003831722, 32522920134770, 10472279279564026, . ...

The three lists given by Observation 3.1 may be combined as given in the next observation.

Observation 3.2 The positive integers n; such then (n; — 1)(5n; — 1) is a perfect square are given by

niy+e6 = 322)114_3 —n; — 192,
wheren; =1, np =2, n3 =10, ng4 =65, ns =442 and ng = 3026.

The first 28 positive integers n such that (n — 1)(5n — 1) is a perfect square are given below:

n vn—1 V5n—1 5 (if n is even)

1 0 2

2 1 3 1

10 3 7

65 8 18

442 21 47 221

3026 55 123 1513

20737 144 322

142130 377 843 71065

974170 987 2207 487085

6677057 2584 5778

45765226 6765 15127 22882613

313679522 17711 39603 156839761
2149991425 46368 103682

14736260450 121393 271443 7368130225
101003831722 317811 710647 50501915861
692290561601 832040 1860498

4745030099482 2178309 4870847 2372515049741
32522920134770 5702887 12752043 16261460067385
222915410843905 14930352 33385282

1527884955772562 39088169 87403803 763942477886281
10472279279564026 102334155 228826127 5236139639782013
71778070001175617 267914296 599074578

491974210728665290 701408733 1568397607 245987105364332645
3372041405099481410 1836311903 4106118243 1686020702549740705
23112315624967704577 4807526976 10749957122

158414167969674450626 12586269025 28143753123 79207083984837225313
1085786860162753449802 32951280099 73681302247 542893430081376724901
7442093853169599697985 86267571272 192900153618

It is interesting to observe that the numbers appeared in the second and third columns of the above table are
the every other Fibonacci number and Lucas number respectively.
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800 W. N. T. Fasfous, R. K. Nath

Observation 3.3 Ifnisaneven positive integer such that (n— 1) (5n—1) is a perfect square then (2m—1)(10m—1)
is also a perfect square for m = 7.

By Observation 3.1 and Observation 3.3 it follows that there are infinitely many positive integers n such that
(2n — 1)(10n — 1) is a perfect square. Some of these numbers are given in the above table. The results obtained
in Section 2 and the above observations, noting that «/(n — 1)(5n — 1) is even if (n — 1)(5n — 1) is an even
perfect square, give many families of finite non-abelian groups whose non-commuting graphs are integral.

Theorem 3.4 Let n; be positive integers such that ny = 1, np, =2, n3 = 10, ng4 = 65, ns = 442,
ne = 3026 and

nive = 322n;43 —n; — 192 fori > 1.

Then

1. T',c(SDsgy;) is integral if n; is odd.

2. Tnc(SDsm,) is integral if m; = - and n; is even.

3. Tne(G) is integral lf%g) = Doy, and |Z(G)| is even or n; is odd.
4. Tye(Map,s) is integral if n; is odd.

5. FnC(MZmis) is integral ifmi = 2;11-.

6. Tye(Doy,) is integral if n; is odd.

7. Tue(Dop,) is integral if m; = 2n;.

8. Tne(Quan,) is integral.

Recall that a complete r-partite graph, denoted by K, »,....n,, 1S a graph whose vertex set is the union of r
disjoint subsets Vi, Va, ..., V, of it such that |V;| = n; fori = 1,2, ..., r and any two vertices of K, n,,...n,
are adjacent if and only if they belong to different V;’s. As mentioned in the Introduction it is interesting to
construct infinite families of integral complete r-partite graphs. Note that the non-commuting graphs of the
groups considered in this paper are all complete r-partite for some r. More precisely, we have

K41 (an-a if G = SDg, and n is odd
Komy2,1.(4n-2) if G = SDg, and n is even
K zG)0.(m=n1z@Gyy if % = Dy, and | Z(G)| is even or
n; is odd
['e(G) = § Krs 1. (s6—1)) if G = M»,, and r is odd 3.1
K%.(ZS),I.QS(%—I)) ifG = Mer and r is even
Kui11.-1) if G = Dy, and n is odd
K%.Z,l.(Z(%—l)) lf G = D2n and n is even
Kno1.em-1y) if G = Qu,
where Kainyaomn = Kn], ., N1N, ..., N
———— ———
ay-times ap-times

In view of Theorem 3.4 and (3.1) we have the following result that gives many integral complete r-partite
graphs.

Theorem 3.5 Let n; be positive integers such that ny = 1, np, =2, n3 = 10, n4 = 65, ns = 442,
ne = 3026 and

niye = 322n;43 —n; — 192 fori > 1.
Then

1. Ky, 4,1.(4n;—4) is integral if n; is odd.

2. Kom;).2,1.(4m;—2) is integral if m; = ”7’ and n; is even.

3. Ky, 12(G)1,1.((ni=1)1Z(G))) 1S integral zf% = Doy, and | Z(G)| is even or n; is odd.
4. Kn; 5,1.(s(n;—1)) IS integral if n; is odd.
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5. K"%.(Zs),l.(lv(%—l)) is integral if m; = 2n;.
6. Ky 1,1.(n;—1) is integral if n; is odd.

7. K%Az,l.(z(%q))‘ is. integral if m; = 2n;.

8. Ky, 2,1.2(n;—1y) is integral.

4 Comparing energy and Laplacian energy

In 2018, Dutta and Nath [14] have computed the Laplacian energy of non-commuting graphs of several classes
of finite non-abelian groups. In this section, we compare energy and Laplacian energy of non-commuting graphs
of certain classes of finite non-abelian groups. We begin this section with the following computations of the
Laplacian energies of non-commuting graphs of the groups Vs, (for odd n) and S Dyg,,.

Theorem 4.1 If G = Vg, (where n is odd) then Lspec(I'nc(G)) = {0, (8n — 4)**, (4n)* 3, (8n — 2)*"} and
2_
LE(Ic(G)) = 38 =8ntd),
Proof We have Z(G) = (b?). Therefore, | Z(G)| = 2 and |v(I',+(G))| = 8n — 2. The distinct centralizers of
Vg, are given by
Xo=G
X1 =Z(G)UaZ(G)ud*Z(G)u---ua®'2(G)
X> = Z(G) UbZ(G)
X3 = Z(G) UabZ(G)

Xont1 = Z(G)La® 'bZ(G).

It is easy to see that Vg, is an AC-group with |X{| = 4n and |X2| = ---|X2,+1| = 4. Therefore, using [13,
Theorem 2.4], we get

Lspec(I'ye(G)) = {0, 8n — 4)*", (4n)*" =3, (8n — 2)"}.

It was shown in the proof of [20, Theorem 3.11] that I',.(G) = K{.(4n—2),(2n).2- Therefore, 2|e(I",c(G))| =
48n% — 24n. We have

20e(Cue (G| | _ 24n2—12 20e@ue(GNI | _ 8n2—12n+4 20e(Cue(G))] | _ 8n2—8
‘0 ~ e | = e ‘(8” — ) = e | = wet e [M T e | = ot and
2_
8= 2) = Al <7452, Therefore
24n? —12n 2n(8n® —12n+4)  (4n — 3)(8n> — 8n)
LE(T,(G)) =
(Fne(G)) m_1 4n —1 + 4n —1
2n(8n? — 4n +2)
4n — 1

and the result follows on simplification. O

Theorem 4.2 If G = SDs,, then

1. Lspec(Tye(G)) = {0, (8n — 8), (4n)*"=5, (8n — 4)"} and LE(T,o(G)) = 4210147 ey s o,

2. Lspec(Tne(G)) = {0, (8n — 42, (4n)*1=3, (8n — 2)*"} and LE(T',c(G)) = 28153 if i even,
Proof We have

2y 8n —2, ifniseven

8n —4, ifnisodd,

(a™"), ifniseven

2(6) = {(a”), if n is odd

and so [v(I'yc(G))] = :

2, ifniseven

since |v(Tpe(G))] nand [Z(G)| {4, if n is odd.
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(1) We see that
Xo=G
X1 =Z(G)UaZ(G)ud*Z(G)u---ua""'Z(G)
X> = Z(G) UbZ(G)
X3 = Z(G)UabZ(G)

Xpt1 = Z(G)ua" 'bZ(G)
give all the centralizers of G and they are abelian fori = 1, 2, ..., n + 1. Therefore, using [13, Theorem 2.4],
we get

Lspec(I'ye(G)) = {0, 8n — 8)>", (4n)* =3, (8n — 4)"},

since | X1| =4n and | X3| = -+ = | X241 = 8.
It was shown in the proof of [20, Theorem 3.12] that I',.(G) = K (4n—4),n.4. Therefore, 2|e(I';:(G))| =
48n° — 48n. We have

‘0_ | = ‘(Sn — 8) — Aelluc O] _dn’ loneds gy Zellucl@N| _ 4280 g
v(The n—1 ° v(The i s V(s o,
2|e(Tye(G))] _41274n+4
‘(81’1 B 4) T @G| T : 4n—1 Therefore’

1202 —12n 3n(4n®> —12n+8)  (4n — 5)(4n> — 8n)
2n — 1 2n —1 + 2n — 1
n(4n? —4n + 4)
2n — 1
and hence the result follows on simplification.
(2) We see that

LE(Fnc(G)) =

Xo=G

X1 =Z(G)UaZ(G)ud’Z(G)u---ua®'2(G)
X> = Z(G) UbZ(G)

X3 = Z(G) uabZ(G)

Xont1 = Z(G)ua™ 'bZ(G)

give all the centralizers of G and they are abelian fori = 1,2, ..., 2n + 1. Therefore, using [13, Theorem 2.4],
we get

Lspec(Ine(G)) = {0, (8n — 4)*", (4n)* 3, (8n — 2)*},

since | X1| =4n and | Xo| = --- = | Xou41| = 4.
It was shown in the proof of [20, Theorem 3.12] that I',.(G) = K1.4n—2),(2n).2- Therefore, 2|e(I',(G))| =
48n% — 24n. We have

‘0 — 2||€((IF)1¢((G6))))“‘ — 2422711211 ‘(8” _ 4) _ 2“6(([{‘;1@((((;;))))” — 8n2;12111+4 4n _ lee((ll_‘m((GG>)))“ — 8227?1 and
Vv ne n— ’ vl e n— ’ v(1e n—1 °
2|eTue(GN | _8n>—4n+2
(80— 2) — HeRue @ | 800052 Therefore,

24n%2 —12n 2n(8n% — 12n + 4) N (4n — 3)(8n% — 8n)

LEM@ne(G) = = 4n—1 4n—1
2n(8n? — 4n +2)
4n —1
and the result follows on simplification. O
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Theorem 4.3 If G = Vg, (for odd n) or SDg,, then E(I';,.(G)) < LE(I,:(G)).
Proof Suppose that G = Vg,,, where n is odd. If n = 1 then, by Theorem 2.1(1) and Theorem 4.1, we have

E(Fnc(VSn)) =8= LE(Fnc(VSH))'

If n > 3 then we have 4n — 10 > 2 and so (4n —52_5= 4n(4n —10)4+20 > 0. Also (4n —5)(18n—1) > 0
and 12n — 1 > 0. Therefore,

4n®(4n — 5)% + (4n — 5)(18n — 1) — 201> + 12n — 1
=4n*(4n —5)% =5+ @n -5 (18 — 1)+ (12n — 1) > 0
and so
201> — 12n + 1 < 4n®(4n — 5)% 4 (4n — 5)(18n — 1).
Since 16n% and (18n — 1) are positive integers, we have
16n%(20n> — 12n + 1) < 16n>(@n>(4n — 5)> + (4n — 5)(18n — 1)) + (181 — 1)2.

Therefore,

16n2(20n> — 12n+ 1) — (8n — )(20n> — 12n + 1)
< 16n%@n*(4n — 5)> + 4n — 5)(18n — 1)) + (181 — 1)?

and so

(4n — D>Q0n%> — 12n+ 1) < (8n*(4n — 5) + (18n — 1)))?
(8n2(4n — 5) + (18n — 1)))?

(4n — 1)2
8n’(4n — 5) + (18n — 1))

dn — 1
20 Tt < 64n3 — 64n2 + 24n — 16n% + 12n — 2
4n—1)
8n(8n® —8n+3) — (4n — 1)(4n —2)

- (4n—1) '

=20n2 —12n+1 <

=V20n2 —12n+1 <

Thus

8n(8n% — 8n +3
22002 — 120+ 1+2@n — 1y < @ =8n+3) (4.1)

4n —1)

Hence, by Theorem 2.1(1) and Theorem 4.1, we have
E@pe(Vgn)) < LE(Tpe(Vgn)).
Suppose that G = SDg,,. If n is even then by (4.1), Theorem 2.1(2) and Theorem 4.2(2) we have
E(Tnc(SDgy)) < LE(I'c(SDgp)).
If n is odd then we have 64n° — 352n° + 732n* — 708n> + 287n*> — 18n — 1 > 0. Therefore,

20n* — 44n3 + 330> — 10n + 1
< 64n% — 352n° + 752n* — 75203 + 320n% — 28n
= 4n*(16n* — 80n> + 168n> — 144n + 49) + 4n(20n> — 44n> +31n — 7 — 8n™*)
= 4n%((4n> — 10n 4+ 7)* 4+ 4n(3n — 1)) + 4n((10n — 7)(2n*> — 3n + 1) — 8n*)
=4n?@n® —10n + 7% +16n°Gn — 1) — 32n° +4n(10n — 7)2n% — 3n + 1)
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= 4n®(4n* — 10n 4+ 7)> — 160> (2n* = 3n + 1) + 4n(10n — 7)(2n*> — 3n + 1)

=4n*>@n®> = 10n +7)> — 4n(4n* — 10n + 7)2n*> = 3n + 1)

=4n*@4n®> = 10n +7)> — 4n(4n* = 10n + 7)2n — H(n — 1).
Since 20n* — 44n° + 3302 — 10n + 1 = (5n — D)(n — 1)(2n — 1)%, we have

(5n — D(n — 1)2n — 1)? < 4n*(4n®> —10n +7)> — 4n(4n* — 10n + 7)(2n — D)(n — 1).
Adding (2n — 1)2(n — 1)? in the right side of the above inequality we get
Gn—1Dn—1)2n—1? < 2n@n*> —10n+7) — 2n — D)(n — 1))>.
Therefore,
VGn—Dn—1DQ2n—1) <2n@n> = 10n+7) — 2n — D(n — 1)

which gives

2 _
=D+ /G D= 1) < 2 =10+ 7)

2n—1)
Hence, the result follows from Theorem 2.1(2) and Theorem 4.2(1). |

Theorem 4.4 If QD := {(a,b : a®~' = b? = 1,bab~! = a® =), where n > 4, then E(Tpc(Q D)) <
LE(Fnc(QDZ"))~

Proof For all n > 4 we have (22"73 — 2" 4 3)2 — 234 _ 1 5 0,222 4 223 _ 5224 5 ( and
6.2"=2 —2n=1 5 (. Therefore,

(22n73 _on gy 3)2 40212 4 92n=3 _on=l _o3n—4 _goln—4 L gon-2 _ | _
and so
52214 _6on=2 4 | < (22173 _on 4 3)2 422 4 g3 _gn—l _ p3n—4
Multiplying both sides by 22" ~2 we get
22=2(5 224 _ g on=2 4
< (@34 =l 3 gn=Iy2 g pdn—d(pn=3 _on=2 _on—l 4 )
— (@34 2=l 3 on=1y2 g p3n—don=2 _ yoon=1 _ |y,
Since (1 —2")(5.22"=% —6.2" 2 4+ 1) < 0and 2.2% 1 —3.2""H2"=2 — 1)(2"~ ! — 1) > 0 we have
2225024 62" 2 ) 4+ (1 -2 (5.2 — 62" 2 4 1)
< (@34 =l 3=y g dn—don=2 _ qyon=l _ )
+2.2 7 3 her 2 el -
_ (23n74 _on—l 3.2;171)2 _ 2(23;174 e 3'2;171)(2%2 _ 1)(2n71 -1
- (231174 _on—l 3.2;171)2 _ 2(23%4 _pn—l 3.2n71)(2n72 _ 1)(2n71 -1
L2 o2t )2
— (@34 2=l 3 on=l _ (gn=2 Lyl _p))2,
Therefore,
(anl _ 1)2(5.2;172 _ 1)(2%2 — 1< (23;174 2=l 4 gon—1 _ (anz _ 1)(2}171 _ l))2
noting that

222((5.22 4 — 62" 2 4 1))+ (1 — 20522 — 6.2 2 4 1)
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="' - D22 DR - 1.

Hence,
23n74 _ 221171 3.2n71 _ 2n72 -1 2n71 -1 2
(22— -1 < ( R N ))
2= =1
23n74 _ 22n71 4 3.2n71 B 2
= ( (211—1 -1 - (2n 2 - 1)) .
Thus
23n—4 _ 22n—1 + 3.2n—1
520221 —er2o
V( )( ) < T ( )
and so

2(23n74 _ 22n71 4 3‘2n7])
< .
@=1—-1

@1 —2) +2/(5.202 — (22 — 1)

Hence, the result follows from [19, Theorem 3.4] and [14, Proposition 3.2].

O

Now, we compare energy and Laplacian energy of the Frobenious group F), ,. In [14, Proposition 3.1],
LE Iy (Fp,q)) was computed incorrectly. The correct expression for LE (I';¢(F)p,4)) is given below

2p*a +2p(g —1)?
pg—1

LE(Fnc(Fp,q)) =

where o = (p — 1)(g — 1).

4.2)

Theorem 4.5 If p and q are two primes such that g | (p — 1) and g*> < q + p + 1 then E(Tpe(Fpg)) <

LE(Fnc(Fp,q))~

Proof Let p = gt + 1 for some integer r > 1. Then
Pa—4q —p+1l=pg—(p-1—q°
=q(p—t—q)=qg—De—-1)=0
and
pla-pa—p'+p 207 - pPa=p"P(q-D—plg> -1 —q+2)

_ 20, _ 2 _ 1
=p(q 1)<p plg+1) 1+q_1)

1
=p2(q_1)<p(,,_1)_pq_1+_)
qg—1

1
=pz(q—1)<pqz<r—1>—1+qT1 >0

noting that 7 = 1 if and only if p = 3 and ¢ = 2. Since ¢> < g + p + 1 we have

Pg—-2p—q<pg—q*—p+1<p’(pg—q*—p+1)

and so

—q<pq-p* ¢ -p+p*+2p—pg
= —pg < p'q—pq* —p*+pP+2p* - p’q
= —pg+1<piq—pq>—p*+pP+2p* - pPq.
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Adding p?q% — pq on both sides we get

(pg —D?* < (pg — p—q+ D> - p*q) +2p* — pq
=(p— (g — D’ — p*q) +2p* — pq = a(p® — p*q) +2p* - pq.
where o = (p — 1)(¢ — 1). Since a(p> — p2q) +2p% — pq > 0 and (¢> —2¢)(2p* — pq) +pa+ (g —1)*> > 0
we have
(pg — D?* <a(p® = p*q) +2p* — pqg + (¢* —29)2p* — pg) + pa + (g — 1)?
=a(p’ — p*q+p)+(@* =29+ D2p* — pg) + (g — 1)?
=a(p® — p(pg — D) + (g — D*Q2p* — pg + ).

Therefore,
a(pg — D? <a(p* — p(pg — 1)) +alg — D*Q2p* — (pg — 1))
= pla? +2p%a(g — 1)* — p(pq — Da* — a(pg — 1)(g — 1)?
< pPa? +2p%a(g — D>+ plg — D* = p(pg — Da® — a(pg — (g — 1),

since p(g — 1)* > 0. Now, multiplying both sides by g we get

1)2’

4p*a? +8pa(g — D? +4p>(g — D* — 4p(pq — Do — dpa(pg — 1)(q — 1)2

dpa <
(pq — 1)?
This gives
4dpo + o?
_4pte? +8pla(g — 1)’ +4p%(q — D — 4p’(pg — )e? — 4pa(pg — 1)(g — ? o
(pq —1)?
2
_ <2p2a +2pg —1D* a)
rq —1
Therefore,
2p%a +2p(g — 1)?
Vapa +a? < P +2p ) —
rg —1
Hence, the result follows from (2.5) and (4.2). ]

Remark 1 The proof of Theorem 4.5 also shows that E(Ic(F),4)) > LE([(Fpgq)) if g | (p — 1) and
g*> > g + p + 1. Thus, (1.1) does not hold for Cue(Fpg) if g> > q + p + 1. For example, if p = 43,9 = 7;
p=353,q=13,p=067,q =11; p =89, g = 11 etc. then the non-commuting graph of the group F/, ;, does not
satisfy (1.1). This gives a new family of counter examples for the conjecture given in (1.1), viz. K1, (p—1),p.(g—1)
where p and ¢ are two primes such that ¢ | (p — 1) and g% > g + p + 1.

Theorem 4.6 Let G be a finite group with center Z(G). If% =7, x Zp then E(Tyc(G)) < LE(Tyc(G)).
Proof If 7= G =Zp xZpthen LE(I',,0(G)) = 2p(p—1)|Z(G)|, by [14, Theorem 2.2]. Therefore, by Theorem
2.1(3), we have E(FnC(G)) < LE(Tne(G)). O

In [14], LE(T'4c(G)) was computed if = G) = Dy, However, the expression for LE (I',.(G)) given in [14,
Theorem 2.4] is not correct and so all its corollaries. The correct expression for LE (I',.(G)) is

2mn(m — 1)(m — 2) + 2mn(2m — 1)

LETc(G)) = P (4.3)
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where n = |Z(G)|. Further, the corrected versions of [14, Corollaries 2.5-2.7] are given by

2r(r—1)(r—2)s2+2rs(2r—1) i i
_ 1 , ifrisodd

LE(Tyc(Mays) = { rSZ(r—Z)(rr—Eli-ﬁ—ZrS(r—l) ’ if 7 is even, “4.4)
2m(m—l)(rr12;122ik2m(2m—l)’ if m is odd

LE(Tye(Dom) = m(m—2)(mﬂ;i)]+2m(m—l) i if m is even (45)

and
8mm — 1)(m —2) +4mQ2m — 1)
LE(Fnc(Q4m) = . (46)

2m — 1
Theorem 4.7 Let G be a finite group with center Z(G). If% = Doy then E(Lpe(G)) < LE(Tpe(G)).
Proof Since m > 2 we have 2m — 1)> < (2m — 1)(m?* — 1). Therefore,
@2m — 1> <mn*(m — 1)*(m — 2) + n@2m — 1)(m* — 1),
where n = |Z(G)|. Multiplying both sides by 4m(m — 2) we get
4m(m —2)2m — 1> < 4m*n*(m — 1)*(m — 2)> + 4mn(2m — 1)(m — 2)(m* — 1)
= 2m — 1)*(m — 1)(Sm — 1) — 2m — 1)*(m + 1)?
< 4m?n®(m — 1)*(m — 2)* + 4mnQ2m — 1)(m — 2)(m*> — 1)
= (2m — 1)*(m — 1)(5Sm — 1) < @mn(m — 1)(m —2) + 2m — D)(m + 1))
Therefore,
@m — 1)/(m — 1)(Sm — 1) < 2mn(m — 1)(m = 2) + 2m — 1) (m + 1)
=2mn(m — 1)(m —2) +2mQ2m — 1) — @m — 1)(m — 1).

Hence,

2m —1) (,/(m —DGm—1)+ (m — 1)) <2mn(m — 1)(m —2) +2mQ2m — 1)
and so the result follows from Theorem 2.5 and (4.3). ]
Corollary 4.8 If G = My,s, Doy, Qa or Ugy then E(T,,(G)) < LE(T',.(G)).

Proof If G = My,s, Doy, Qam or Ug, then % is isomorphic to a dihedral group. Hence, the result follows
from Theorem 4.7. |

Corollary 4.9 Consider the following groups of order 16: 7y x Dg, Zo x Qg, Mg = (x,y | x8 = y? =
Lyxy=x),ZsxZs=(x,y | x*=y* =1, yxy " =x1), DgxZsg=(x,y,c|x*=y2=c?=1,xy =
yx,xc = cx, yc = x2cy) and SG(16,3) = (x,y | x* = y* = 1, xy = y Ix7 1 xy™! = yx~. If G is any of
the above listed group then E(I'y.(G)) < LE(I';,c(G)).

Proof For all the groups listed above % is isomorphic to Z; x Z,. Hence, the result follows from Theorem
4.6. o

Corollary 4.10 Let p be any prime and let G be a finite non-abelian group. If G has one of the following
properties then E(I',.(G)) < LE(T',,-(G)).

1. |G| = p>.

2. | Cent(G)| = 4.

3. | Cent(G)| = 5.

4. |G| = p" and | Cent(G)| = (p + 2).

Here, Cent(G) = {Cg(x) : x € G}.
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Proof If G has one of the properties listed above then % is isomorphic to Z, x Z, or D3, for some prime
p (see [6]). Hence, the result follows from Theorem 4.6 and Theorem 4.7. O

Corollary 4.11 IfG has one of the following properties then E(I'.(G)) < LE(I',.(G)).
1. Pr(G) e{14 3 % 2 E}

2. Pr(G) =2 :p and p is the smallest prime dividing |G|.

Here, Pr(G) is the commuting probability of G.

Proof If G has one of the properties listed above then % is isomorphic to Zy x Z> or Dy, for some m. Hence,
the result follows from Theorem 4.6 and Theorem 4.7. O

Proposition 4.12 Let G be a finite non-abelian group such that T',.(G) is planar. Then E(T,.(G)) <
LE(T(G)).

Proof 1f T',-(G) is planar then, by [5, Theorem 3.1], % is isomorphic to D¢, Dg or Qg. Hence, the result
follows from Corollary 4.8. O

Proposition 4.13 Let G be a finite non-abelian group such that the complement of T',.(G) is planar. Then
E(T%c(G)) = LE(T'pc(G)).

Proof If the complement of I',,.(G) is planar then, by [5, Theorem 2.2] or [11, Theorem 5.7], we have G is
isomorphic to either Dy, forn = 3,4,5,6; Qu, form = 2,3; A, forn =4,5;S;(2) = (x,y : x3 = y4 =
1, y~'xy = x2), SL(2, 3), S4 or any group listed in Corollary 4.9.

If G is isomorphic to either Dy, forn = 3,4, 5, 6; Qa, for m = 2, 3; or any group listed in Corollary 4.9
then by Theorem 4.6, Corollary 4.8 and Corollary 4.9 we have

E((G)) = LE('(G)).

If G = A4 then, as shown in the proof of [15, Theorem 3.2], T',,.(G) is the complement of K3 LI 4K>. The
characteristic polynomial of A(T",-(G)) is given by x0(x 4+ 2)3(x% — 6x — 24) = 0. Therefore,

Spec(Ie(G)) = {0°, (—2)%, 3 £ v/33)1}

and so E (e (G)) = 6 + 2+/33. It is also observed that A4 is an AC-group with six distinct centralizers of non-
central elements, one having order 4 and the rest having order 3. Let X1, X», ..., X5 be the distinct centralizers
of non-central element of A4 such that | X| = |X2| = |X3| = | X4| = 3 and | X5| = 4. Then, by [13, Theorem
2.4], we have

Lspec(I'yc(G)) = {01, 82, 94, 114},
Since, |v(Fm(G))| = 11and|e(Fnc(G))| —48wehavez‘eL°((GG))))l| _ 96 Wehave|0—%| _ % g% _ 8§
19— %= and |11 — 9| = 22, Therefore,

96 8 3 25 224
LET,.(G) = —4+2x —4+4x —+4x .
(Tne(G)) 11+ 11+ X22+ 11 11

Hence, E(I',,.(G)) < LE(T',,c(G)).
If G = As then by [19, Theorem 2.2], noting that As = PSL(2, 4), we get

Spec(Tne(6)) = (0%, (=4, 2%, 3%, (en's (), () '),
where x1, x» and x3 are the roots of x> — 50x2 — 324x — 480 = 0. Therefore,
E(Tpe(G) =5 x4+9x2+4 %34 [xi]+ |x2| + |x3] =50 + [x1] + [x2] + |x3].
Since x| &~ —2.467, xp &~ —3.478 and x3 ~ 55.945 we have
E(T,:(G)) ~ 50 4 2.467 + 3.478 4+ 55.945 = 111.89.
Again, by [13, Proposition 4.3] and [14, Proposition 3.3], we get
Lspec(Ie(G)) = {0, (55)'%, (56)'°, (57)'°, (59)*}
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and LE(Tye(G)) = 8380 ~ 145.423. Therefore, E(I'ye(G)) < LE(T'c(G)).

If G = Sz(2) then Z(G) = {l}. Therefore, as shown in the proof of [15, Theorem 2.2], I',,.(G) is the
complement of K4U15K3. The characteristic polynomial of A(I",,(G)) is given byx13(x +3)*(x2—12x—60) = 0.
Therefore,

Spec(Ine(G)) = {03, (=3)*, (6 £ 4v6))

and s0 E(Te(G)) = 124 6 + 446 — 6 + 4/6 = 12 + 8./6.
The distinct centralizers of non-central elements of Sz(2) are given by

X1 =Cg(xy) = {1,xy,x4b2,x3y3}

X2 = C(x?y) = {1, x%y, x°y?, xy%)

X3 = Ca(x?y?) = {1, x%y%, xy?, xty)

X4 =Ce(y) ={1,y,y% )

Xs = Ca(x*y) = {1, Xy, x2y%, x*y3)

Xo = Co(x) = {1,x,x%, x3, x*}.
Therefore, | X1| = --- = |Xs5| = 4 and | Xg| = 5. By [13, Theorem 2.4], we have

Lspec(T',(G)) = {0', (15)%, (16)'2, (19)°}.

We have |v(FnC(G))| =19 and le(Tre(G))| = 150 we have 2elnel@l — 300 ‘we haye |0 — 30| = 300

(TG 19
115 — 30| = 15,116 — 3¥| = 1 and |19 — 3| = . Therefore,
300 15 4 61 690
LETp(G)=—"—43x —+10x — +5x .
(Tne(G)) = 19 + 19 + 19 * 19 19

Hence, E (T (G)) < LE(Tpe(G)).
If G = SL(2, 3) then as shown in the proof of [15, Theorem 3.2], I';,.(G) is the complement of 3K, L14K4.
The characteristic polynomial of A(T,,c(G)) is given by x (x + 2)2(x + 4)*(x? — 16x — 48) = 0. Therefore,

Spec(Ine(G)) = {015, (=2)%, (—4)°, (8 £ 4V 1)1}

and s0 E(I"ne(G)) = 16 +8+/7. It is also observed that SL(2, 3) is an AC-group with seven distinct centralizers
of non-central elements, three having order 4 and the rest having order 6. Let X1, X», ..., X7 be the distinct
centralizers of non-central element of SL(2, 3) such that | X || = |X»2| = |X3| =4 and | X4| =--- = |X7| = 6.
Then, by [13, Theorem 2.4], we have

Lspec(I'ne(G)) = {01, (18)2, (20)°, (22)°}.

Since, Iv(Fm(G))| = 22 and |e(Fm(G))| 204 we have 2lne @Dl — 20y paye |0 — 204 = 20

[0 (Tne(G))] o
118 — 204| _ 11 120 — 204| = %and |22 — 204| = 3?.Therefore,
204 6 16 38 552
LET,,(G)=—+12x —+3x 6 x .
(Tne(G)) = 11 + 11+ 11+ ll 11

Hence, E(I',.(G)) < LE([T,,.(G)).
If G = S, then, using GAP [39], we find the characteristic polynomial of A(T",.(G)) as given below:

x00 +2)%(x? +2x — )% (x® — 16x% — 76x — 48) =0
and so
Spec(Tye(G)) = {00, (=2)°, (=1 + V5%, (=1 = V5%, (@), (@) (@3)'}.
where a1, a2, a3 are the roots of x3 — 16x2 — 76x — 48 = 0. Therefore,

EMTe(G) =6 x 242 x (=1 +v/5) +2 x (1 ++/5) + || + |aa| + |3
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=12+ 4V5 + |ai| + |aa| + |es].

Since o] &~ —0.758, a» ~ —3.175 and a3 &~ 19.933 we have E (e (G)) ~ 35.866 + 4+/5.
We have Lspec(I',,.(G)€) = (05, (4 —+/13)%, 13,24, 3%, 51 (44 /13)?}, where ', (G)© is the commuting
graph of G (see [16, Page 85]). Therefore, by [13, Theorem 2.2], we have

Lspec(Tne (G)) = {01, (19 — V13)2, (18), 20)°, 21)*, (22)3, (19 + V13)%, (23)*}.

We have [v(I(G))| = 23, [e(Tye(G))| = 228 and Helnel@IL — 456 ‘Therefore, [0 — 48| = 42,119 - V13—

(TGNl — 23°
456|_|___“ |_23+v 18— 456|—|_éz|—23’|20_456|—23 |21—@|—23’|22—ﬁ|—§g’
|19+\/ —456|_|— +V/13|=-3 +«/3and|23—456|_ 13 Hence,
456 27 50
LE(T,.(G)) = —+2x(— —+6x —4+4x —+3x
(ne(G)) 53 T2 ( +«/ )+ + + X o3 t3x o
73
2 X (—=— 13)+4 x —
+2x ( 23+«/ )+ x 53
456+42+24+108+150+292
23
Thus, E(I'y:(G)) < LE(T';,c(G)). This completes the proof. |

Proposition 4.14 Let G be a finite non-abelian group such that the complement of T, (G) is toroidal or pro-
jective. Then E(I',,c(G)) < LE(,,(G)).

Proof If the complement of T, (G) is toroidal or projective then by [15, Theorem 3.3] we have G is isomorphic
to either Dy, forn =7, 8; Q16, QD16, F7.3, D6 X Z3 or Ay X Z.

If G is isomorphic to either Dy, for n = 7,8; Q16, QDi6 or F73 then by Theorem 4.6, Corollary 4.8,
Theorem 4.4 and Theorem 4.5 we have

E(Tne(G)) = LE(Te(G)).

Suppose that G = D¢ x Z3. It is easy to see that Dg x Z3 is an AC-group with four centralizers of non-
central elements namely, X| = {1, b} x Z3, X2 = {1, ab} x Z3, X3 = {1, azb} x Z3 and X4 = {1, a, az} X 73.
Therefore, | X1| = |X2| = |X3] = 6 and | X4| = 9 and so, by [15, Lemma 2.1], I, (G) is the complement of
3K3 U Kg. Therefore,

0 J:
AT (G)) = [Jiii J _27;3><3:| ® J3x3 = Bsxs5 ® J3x3.

By Lemma 2.2 we have Spec(J3x3) = {0%, 3!} and Spec(Bsyxs) = {0', (—1)2, (1 £ +/7)'}. Therefore, by
Theorem 1.2, we have Spec(I'(G)) = {0'1, (=3)2, 3 £ 3v/7)"} and s0 E(I',¢(G)) = 6 + 6+/7.

By [13, Theorem 2.4], we have Lspec(I',.(G)) = {0',95, 120 15%). We have W(e(G))] = 15,
|e(Tye(G))| = 81 and so Tefteel Gl = 12 Therefore, [0 — 12| = 12,19 — 12| = 3, [12 - 12| = { and
[15 — 162| = %. Hence,

LET(C)) = 162 . 27 . 18 . 63 594
e T 15 15 15 15°

Thus, E(T',:(G)) < LE(T,,c(G)).

Suppose that G = A4 X Z. It can be seen that G = A4 X Zp is an AC-group with five centralizers
of non-central elements namely, X| = {1, y, yz} X Zo, Xy = {1, xy, yzx} X Zo, X3 = {1, yx,xy2} X Zo,
X4 = {1, xyx, yxy} X Z» and X5 = {1, x, yxy2, y2xy} x Z» since A4 = (x,y : x2 = y> = (xy)> = 1).
Therefore, |X1] = |X2] = |X3] = |X4] = 6 and |X5] = 8 and so, by [15, Lemma 2.1], I',-(G) is the
complement of 4K4 U K. Therefore, the characteristic polynomial of A(T,,.(G)) is given by

T 4+4>3@%—12x—96) =0
and so

Spec(Te(G)) = {07, (=4)3, (6 £ 2+/33)'}.
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Hence, E(Tpe(G)) = 124 6 4+ 24/33 — 6 + 24/33 = 12 + 44/33.
By [13, Theorem 2.4], we have Lspec(I",(G)) = {0', 16, 1812, 22%}. We have (e (G))| =
le(Tye(G))| = 192 and so 24 Lrel@D] — 192 Therefore, [0 — 12| = 122 16 — 12| = 16 18 — 192| = & and

(T e (G))] I1e 11
22 — 22| = 20, Hence,
LEM@Gy = 22 1 sx 10 1 814, 30 34
= — X — X — X — = —.
e 11 11 11 11 11
Thus, E(I',:(G)) < LE(T,,c(G)). This completes the proof. |

We conclude this paper with the following result.
Theorem 4.15 If G = A(n, v) or A(n, p) then E(I'y.(G)) = LE(T'y:(G)).
Proof If G = A(n, v) then by [14, Proposition 3.5] and Theorem 2.3, we have
LE(Tye(G)) = 21 =272 = 272"+ —4) = E(T'e(G)).
If G = A(n, p) then by [14, Proposition 3.6] and Theorem 2.4, we have
LE(Te(G) = 2(p™" — p*) = 2p™ (p" = 1) = E(Tue(G)).

Hence, the result follows. O
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