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Abstract This paper is concerned with a weak viscoelastic p(x)−Laplacian plate equation with variable-
exponent nonlinearities. By using the faedo-Galerkin method and the well-known contraction mapping theorem,
we prove the local existence of solutions. Moreover, the blow up of solutions has been proved with negative
initial energy as well as positive when the variable exponents and weak viscoelastic terms satisfy appropriate
conditions.
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1 Introduction

In this paper, we consider the following initial boundary value problem involving the fourth-order weak vis-
coelastic p(x)−Laplacian equation with variable-exponent nonlinearities

utt +Δ2u − div
(
|∇u|p(x)−2∇u

)
− α(t)

∫ t

0
g(t − s)Δ2u(s)ds + A(t)|ut |m(x)−2ut

= |u|q(x)−2u, (x, t) ∈ Ω × (0,∞), (1)

u(x, t) = ∂u

∂ν
(x, t) = 0, (x, t) ∈ ∂Ω × (0,∞), (2)

u(x, 0) = u0(x), ut (x, 0) = u1(x), x ∈ Ω, (3)

whereΩ is a bounded domain in Rn with a smooth boundary ∂Ω and A ∈ C(Rn) is a bounded matrix satisfying

c0|v|2 ≤ (A(t)v, v) ≤ c1|v|2, ∀t ∈ R+, v ∈ Rn, (4)
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where (., .) is the inner product ∈ Rn and c0, c1 > 0. Moreover, we assume that the following additional
conditions on variable exponents, α(.) and kernel of the memory:
(A1) The exponents p(.) and q(.) are given measurable functions on Ω such that:

2 ≤ p1 ≤ p(x) ≤ p2 <
2n

n − 2
, n ≥ 3

2 ≤ m1 ≤ m(x) ≤ m2 <
2n

n − 2
, n ≥ 3

2 ≤ q1 ≤ q(x) ≤ q2 <
2n

n − 2
, n ≥ 3

with

p1 := ess inf
x∈Ω

p(x), p2 := ess sup
x∈Ω

p(x),

m1 := ess inf
x∈Ω

m(x), m2 := ess sup
x∈Ω

m(x),

q1 := ess inf
x∈Ω

q(x), q2 := ess sup
x∈Ω

q(x).

For the relaxation function g and α, we assume
(A2) g and α : R+ → R+ are non-increasing differentiable functions satisfying

g(0) > 0,
∫ +∞

0
g(s)ds < +∞, α(t) > 0,

1 − α(t)
∫ t

0
g(s)ds ≥ l > 0, lim

t→+∞
−α′

(t)

α(t)
= 0.

It is well-known that the theory of weak viscoelastic nematodynamics can describe the molecular elasticity
effects in mono-domain flows as well as the viscoelastic effects in slow flows of liquid crystalline polymers as
well as the viscoelastic effects in slow flows of suspensions of uniaxially symmetric particles in polymer fluids.
Weakly nonlinear character of this theory is based on the assumption of smallness of elastic (transient) strains
and elastic relative rotations. (see [10])
Before going any further, it is worth that pointing out some results in the weak viscoelastic equations with
constant exponents. Messaoudi [14] studied the following weak viscoelastic equation

utt −Δu + α(t)
∫ t

0
g(t − s)Δu(s)ds = 0, (5)

in a bounded domain of Rn and obtained a general decay result which depends on the behavior of both α and g.
Next, Liu and Sun [13] investigated the equation (5) with a homogeneous Dirichlet condition on a portion of the
boundary and acoustic boundary conditions on the rest of the boundary, that is

utt (x, t)−Δu(x, t)+ α(t)
∫ t

0
g(t − s)Δu(x, s)ds = 0, (x, t) ∈ Ω × (0, T ),

u(x, t) = 0, (x, t) ∈ Γ1 × (0, T ),

∂u

∂ν
(x, t)− α(t)

∫ t

0
g(t − s)

∂u

∂ν
(x, s)ds = yt (x, t), (x, t) ∈ Γ0 × (0, T ),

ut (x, t)+ p(x)yt (x, t)+ q(x)y(x, t) = 0, (x, t) ∈ Γ0 × (0, T ),

u(x, 0) = u0(x), ut (x, 0) = u1(x), x ∈ Ω.
They established a general decay rate result, depending on the same assumptions as [14] on both α and g. The
authors proved that in the presence of α(t) there is no need to the assumption condition

∫∞
0 g(s)ds < 1

2 .
Liu [11] considered the following weak viscoelastic equation with a linear damping and a time-varying delay
term in the internal feedback

utt (x, t)−Δu(x, t)+ α(t)
∫ t

0
g(t − s)Δu(x, s)ds + a0ut (x, t)+ a1ut (x, t − τ(t)) = 0,
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Existence and blow-up results for a weak-viscoelastic plate equation involving... 815

where α and g are positive non-increasing functions defined on R+, a0 and a1 are real numbers with a0 >

0, τ (t) > 0 represents the time-varying delay. Under suitable assumptions on initial data (not necessarily positive
coefficient a1 of the delay term), she proved a general decay rate estimate for the energy, which depends on the
behavior of both α and g. In this regards, we refer the readers to [12,26–28])
In another study, Park [17] studied the following weak viscoelastic plate equation with p-Laplacian

u′′ +Δ2u − div(|∇u|p−2∇u)+ σ(t)
∫ t

0
g(t − s)Δu(s)ds −Δu′ = 0,

By introducing suitable energy and Lyapunov functionals, the author established a general decay estimate for
the energy, which depends on the behavior of both σ and g.

On the other hand, the problems with variable exponents arise in many branches in sciences such as flows of
electro-rheological fluids, nonlinear viscoelasticity and image processing [7,8,19]. Antontsev and Ferreira [3]
studied the class of non-linear viscoelastic equation with lower order perturbation of −→p (x, t)-Laplacian type
and a memory term of the form

utt +Δ2u −Δ−→p (x,t)u +
∫ t

0
g(t − s)Δu(s)ds − εΔut + f (u) = 0. (6)

and proved the local and global existence and uniqueness of weak solutions. These results obtained assuming
a strong damping εΔut (ε > 0) acting in the domain and provided the memory term decays exponentially and
f (u) is a nonlinear perturbation. Next, Antontsev and Ferreira, in [2] considered equation (6) and under suitable
conditions on g, f and the variable exponent of the −→p (x, t)-Laplace operator, they proved that the solutions
blow up in finite time with negative initial energy. (See also [9])
Shahrouzi [23] studied the following variable-exponent viscoelastic problem

utt −Δu − div(|∇u|m(x)∇u)+
∫ t

0
g(t − τ)Δu(τ )dτ + h(x, t, u,∇u)

+ βut = |u|p(x)u, x ∈ Ω, t > 0{
u(x, t) = 0, x ∈ Γ0, t > 0

∂u
∂n (x, t) = ∫ t

0 g(t − τ) ∂u
∂n (τ )dτ − |∇u|m(x) ∂u

∂n + αu, x ∈ Γ1, t > 0

u(x, 0) = u0(x), ut (x, 0) = u1(x), x ∈ Ω
where Ω is a bounded domain in RN (N ≥ 1) with a smooth boundary Γ0 ∪ Γ1 = ∂Ω and α, β ≥ 0 are
constants. Under appropriate conditions on initial data, kernel of the memory and variable exponents, he proved
a general decay result associated to solution energy and also showed that regarding arbitrary positive initial
energy, solutions blow-up in a finite time.
In [22], Shahrouzi proved the global nonexistence of solutions for the following Lamé system of viscoelastic
equation with variable-exponent nonlinearities and strong damping

utt −Δe,m(x)u −Δutt +
∫ t

0
g(t − τ)Δu(τ )dτ + h(x, t, u,∇u)− βΔut = φp(x)(u).

Under some suitable conditions on the coefficients, memory term and initial data, he proved a global nonex-
istence result for the weak solution with positive initial energy. The relevant equations with variable-exponent
nonlinearities have also been studied in [5,15,20,21,24,25,29,30].

Motivated by the aforementioned works, our paper studies the local existence of solutions for the problem
(1)-(3). Moreover, we investigate the effect of variable exponents and weak viscoelastic terms (α, g) to blow
up of solutions. Precisely, by using the Faedo-Galerkin method and the Banach fixed theorem we establish the
existence of local weak solutions. Next, we prove that, when the initial data and variable exponents are in a
suitable range and moreover, the real-valued functions α(.) and g(.) satisfy some additional conditions, then the
solutions blow up in a finite time with positive initial energy as well as negative. To achieve our goal, we use the
combination of the perturbation energy method, concavity method and differential-integral inequality technique.

The rest of paper is organized as follows. In Section 2, we recall some definitions and Lemmas about the
variable-exponent Lebesgue space, L p(.)(Ω), the Sobolev space, W 1,p(.)(Ω). Local existence of solutions have
been proved in the third section. Section 4 includes two parts. First, we prove the blow up of solutions for negative
initial energy under the additional assumptions (A1), (A2) and (B1). Next, the blow-up result has been proved
with positive initial energy and suitable conditions (A1), (A2) and (B2), in fourth Section.
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2 Preliminaries

In order to study problem (1)-(3), we need some theories about Lebesgue and Sobolev spaces with variable-
exponents (for detailed, see [6,8]).

Let p : Ω → [1,∞] be a measurable function, whereΩ is a domain of Rn . we define the variable exponent
Lebesgue space by

L p(x)(Ω) =
{

u| u is measurable in Ω and
∫

Ω

|λu(x)|p(x)dx < ∞ for some λ > 0
}
.

We equip the Lebesgue space with a variable exponent, L p(.)(Ω), with the following Luxembourg-type norm

‖u‖p(x) := inf
{
λ > 0

∣∣∣
∫

Ω

|u(x)

λ
|p(x)dx ≤ 1

}
.

Lemma 1 [6,8] Let Ω be a bounded domain in Rn. The space (L p(.)(Ω), ‖.‖p(.)) is a Banach space, and its
conjugate space is Lq(.)(Ω), where 1

q(x) + 1
p(x) = 1. For any f ∈ L p(.)(Ω) and g ∈ Lq(.)(Ω), the generalized

Hölder inequality holds

∣∣
∫

Ω

f gdx
∣∣ ≤ ( 1

p1
+ 1

q1

)‖ f ‖p(.)‖g‖q(.) ≤ 2‖ f ‖p(.)‖g‖q(.).

The relation between the modular
∫
Ω

| f |p(x)dx and the norm follows from

min(‖ f ‖p1
p(.), ‖ f ‖p2

p(.)) ≤
∫

Ω

| f |p(x)dx ≤ max(‖ f ‖p1
p(.), ‖ f ‖p2

p(.)).

The variable-exponent Sobolev space W 1,p(.)(Ω) is defined by

W 1,p(.)(Ω) = {u ∈ L p(.)(Ω) : ∇u exists and |∇u| ∈ L p(.)(Ω)}.
This space is a Banach space with respect to the norm

‖u‖W 1,p(.)(Ω) = ‖u‖p(.) + ‖∇u‖p(.).

Furthermore, let W 1,p(.)
0 (Ω) be the closure of C∞

0 (Ω) in W 1,p(.)(Ω) with respect to the norm ‖u‖1,p(.). For

u ∈ W 1,p(.)
0 (Ω), we can define an equivalent norm

‖u‖1,p(.) = ‖∇u‖p(.).

Let the variable exponent p(.) satisfy the log-Hölder continuity condition

|p(x)− p(y)| ≤ A

log 1
|x−y|

, f or all x, y ∈ Ω wi th |x − y| < δ,

where A > 0 and 0 < δ < 1.

Lemma 2 [6,8](The Poincaré inequality) Assume that Ω be a bounded domain of Rn and p(.) satisfies log-
Hölder condition, then

‖u‖p(x) ≤ cp‖∇u‖p(x), f or all u ∈ W 1,p(.)
0 (Ω), (7)

where cp = c(p1, p2, |Ω|) > 0.
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Lemma 3 [6,8] Let p(.) ∈ C(Ω̄) and q : Ω → [1,∞) be a measurable function that satisfy

ess inf
x∈Ω̄

(p∗(x)− q(x)) > 0.

Then the Sobolev embedding W 1,p(x)
0 (Ω) ↪→ Lq(x)(Ω) is continuous and compact.

Where

p∗(x) =
{ np1

n−p1
, i f p1 < n,

∞, i f p1 ≥ n.

If in addition p(.) satisfies log-Hölder condition, then

p∗(x) =
{ np(x)

n−p(x) , i f p(x) < n,
∞, i f p(x) ≥ n.

Also, throughout this paper, we use the continuous and compact embedding W 1,p(.)(Ω) ↪→ Lm(.)(Ω), that is,
there exists a constant c∗ > 0 such that

‖u‖m(.) ≤ c∗‖u‖W 1,p(.) , ∀u ∈ W 1,p(.)(Ω). (8)

We recall the Young’s inequality

XY ≤ θXq(x) + C(θ, q(x))Y q ′(x), X,Y ≥ 0, θ > 0,
1

q(x)
+ 1

q ′(x)
= 1, (9)

where C(θ, q(x)) = 1
q ′(x) (θq(x))−

q′(x)
q(x) . In special case when θ = 1

q(x) , we have from (7)

XY ≤ Xq(x)

q(x)
+ Y q ′(x)

q ′(x)
. (10)

3 Existence result

In this section, we show the local existence of weak solutions for the problem (1)-(3). For this goal, we consider
the following initial-boundary value problem and by using the Faedo-Galerkin method establish the existence of
local weak solutions

⎧
⎪⎪⎨
⎪⎪⎩

utt +Δ2u − div
(|∇u|p(x)−2∇u

)− α(t)
∫ t

0 g(t − s)Δ2u(s)ds
+A(t)|ut |m(x)−2ut = h̃(x, t), (x, t) ∈ Ω × (0,∞),

u(x, t) = ∂u
∂ν
(x, t) = 0, (x, t) ∈ ∂Ω × (0,∞),

u(x, 0) = u0(x), ut (x, 0) = u1(x), x ∈ Ω.
(11)

Theorem 1 Let (u0, u1) ∈ H2
0 (Ω) × L2(Ω) be given. Assume that (A2) hold and h ∈ L2(Ω); the exponents

p(.) and m(.) satisfy (A1). Then the problem (11) has a local weak solution for some T > 0, such that

u ∈ L∞ (
(0, T ); H2

0 (Ω)
)

∩ L∞ (
(0, T ); W 1,p(.)

0 (Ω)
)
,

ut ∈ L∞ (
(0, T ); L2(Ω)

)
∩ Lm(.) (Ω × (0, T )) .
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Proof Let {ω j }∞j=1 be an orthonormal basis of separable space H2
0 (Ω) with

Δ2ω j = λ jω j in Ω, ω j = 0 on ∂Ω.

Moreover, define the finite-dimensional subspace Vk = Span{ω1, ω2, · · · , ωk}.
We search the approximate solution

uk(x, t) =
k∑

j=1

hk
j (t)ω j (x), (12)

satisfying
∫

Ω

uk
tt (x, t)ω j (x)dx +

∫

Ω

Δuk(x, t)Δω j (x)dx

+
∫

Ω

|∇uk(x, t)|p(x)−2∇uk(x, t)∇ω j (x)dx

− α(t)
∫

Ω

∫ t

0
g(t − s)Δuk(x, s)Δω j (x)dsdx

+ A(t)
∫

Ω

|uk
t (x, t)|m(x)−2uk

t (x, t)ω j (x)dx

=
∫

Ω

h̃(x, t)ω j (x)dx,

(13)

uk(x, 0) = uk
0(x), uk

t (x, 0) = uk
1(x); ∀i = 1, 2, ·, k (14)

where

uk
0(x) =

k∑
j=1

(u0(x), ω j (x))ω j (x) → u0(x) in H2
0 (Ω),

uk
1(x) =

k∑
j=1

(u1(x), ω j (x))ω j (x) → u1(x) in L2(Ω).

System (13)-(14) has a solution uk(x, t) defined in [0, tk), 0 < tk < T for an arbitrary T > 0. Next, we show
that tk = T ; ∀k ≥ 1.
For this purpose, multiplying both sides of (13) by h′k

j (t) and summing up the product result in j , we conclude
that

∫

Ω

uk
tt (x, t)

k∑
j=1

h′k
j (t)ω j (x)dx +

∫

Ω

Δuk(x, t)
k∑

j=1

h′k
j (t)Δω j (x)dx

+
∫

Ω

|∇uk(x, t)|p(x)−2∇uk(x, t)
k∑

j=1

h′k
j (t)∇ω j (x)dx

− α(t)
∫

Ω

k∑
j=1

h′k
j (t)Δω j (x)

∫ t

0
g(t − s)Δuk(x, s)dsdx

+ A(t)
∫

Ω

|uk
t (x, t)|m(x)−2uk

t (x, t)
k∑

j=1

h′k
j (t)ω j (x)dx

=
∫

Ω

h̃(x, t)
k∑

j=1

h′k
j (t)ω j (x)dx .

(15)
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By using the definition of approximate solutions, we have

uk(x, t) =
k∑

j=1

hk
j (t)ω j (x), uk

t (x, t) =
k∑

j=1

h′k
j (t)ω j (x),

∇uk
t (x, t) =

k∑
j=1

h′k
j (t)∇ω j (x), Δuk

t (x, t) =
k∑

j=1

h′k
j (t)Δω j (x).

Therefore, we obtain from (15)

∫

Ω

uk
tt (x, t)uk

t (x, t)dx +
∫

Ω

Δuk(x, t)uk
t (x, t)dx

+
∫

Ω

|∇uk(x, t)|p(x)−2∇uk(x, t)∇uk
t (x, t)dx

− α(t)
∫

Ω

Δuk
t (x, t)

∫ t

0
g(t − s)Δuk(x, s)dsdx

+ A(t)
∫

Ω

|uk
t (x, t)|m(x)dx =

∫

Ω

h̃(x, t)uk
t (x, t)dx .

(16)

It is easy to verify

1

2

d

dt

( ∫

Ω

|uk
t (x, t)|2dx + (1 − α(t)

∫ t

0
g(s)ds)

∫

Ω

|Δuk(x, t)|2dx

+ 2
∫

Ω

|∇uk
t (x, t)|p(x)

p(x)
dx + α(t)(g ∗Δuk)(t)

)

+ A(t)
∫

Ω

|uk
t (x, t)|m(x)dx = 1

2
α′(t)(g ∗Δuk)(t)

+ 1

2
α(t)(g′ ∗Δuk)(t)− 1

2
α′(t)

∫ t

0
g(s)ds

∫

Ω

|Δuk(x, t)|2dx

− 1

2
α(t)g(t)

∫

Ω

|Δuk(x, t)|2dx +
∫

Ω

h̃(x, t)uk
t (x, t)dx,

(17)

where

(g ∗ u)(t) =
∫ t

0
g(t − s)‖u(t)− u(s)‖2

2ds.

Now, by using the conditions on α and g, i.e. (A2), we get

1

2

d

dt

( ∫

Ω

|uk
t (x, t)|2dx + (1 − α(t)

∫ t

0
g(s)ds)

∫

Ω

|Δuk(x, t)|2dx

+ 2
∫

Ω

|∇uk
t (x, t)|p(x)

p(x)
dx + α(t)(g ∗Δuk)(t)

)

+ A(t)
∫

Ω

|uk
t (x, t)|m(x)dx

≤ −1

2
α′(t)

∫ t

0
g(s)ds

∫

Ω

|Δuk(x, t)|2dx +
∫

Ω

h̃(x, t)uk
t (x, t)dx .

(18)
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Thanks to the condition (A2), since limt→+∞ −α′
(t)

α(t) = 0, then by choosing 0 ≤ t ≤ T , we easily get

1

2
α′(t)

∫ t

0
g(s)ds

∫

Ω

|Δuk(x, t)|2dx

=1

2

α′(t)
α(t)

.α(t)
∫ t

0
g(s)ds

∫

Ω

|Δuk(x, t)|2dx

≥1

2

α′(t)
α(t)

(1 − l)
∫

Ω

|Δuk(x, t)|2dx

≥0.

(19)

Now, by combining (18) with (19) and integrating over (0, t), we obtain

1

2

∫

Ω

|uk
t (x, t)|2dx + 1

2
(1 − α(t)

∫ t

0
g(s)ds)

∫

Ω

|Δuk(x, t)|2dx

+
∫

Ω

|∇uk
t (x, t)|p(x)

p(x)
dx + 1

2
α(t)(g ∗Δuk)(t)

+
∫ t

0
A(s)

∫

Ω

|uk
t (x, s)|m(x)dxds

≤ 1

2

∫

Ω

|uk
1(x)|2dx + 1

2

∫

Ω

|Δuk
0(x)|2dx

+
∫

Ω

1

p(x)
|∇uk

0(x)|p(x)dx +
∫ t

0

∫

Ω

h̃(x, s)uk
t (x, s)dxds.

(20)

Again by using (4) and (A2), there exists a constant C1 such that

1

2

∫

Ω

|uk
t (x, t)|2dx + l

2

∫

Ω

|Δuk(x, t)|2dx

+
∫

Ω

|∇uk
t (x, t)|p(x)

p(x)
dx + 1

2
α(t)(g ∗Δuk)(t)

+ c0

∫ t

0

∫

Ω

|uk
t (x, s)|m(x)dxds

≤ C1 +
∫ t

0

∫

Ω

h̃(x, s)uk
t (x, s)dxds.

(21)

It is easy to see that by using the Young’s inequality
∫ t

0

∫

Ω

h̃(x, s)uk
t (x, s)dxds

≤
∫ t

0

∫

Ω

|h̃(x, s)|2dxds + 1

4

∫ t

0

∫

Ω

|uk
t (x, s)|2dxds

≤
∫ T

0

∫

Ω

|h̃(x, s)|2dxds + 1

4
sup

t∈(0,tk)

∫

Ω

|uk
t (x, s)|2dx .

(22)

By utilizing inequality (22) into (21), we deduce for any 0 ≤ t < tk

sup
t∈(0,tk )

∫

Ω

|uk
t (x, t)|2dx + sup

t∈(0,tk )
l
∫

Ω

|Δuk(x, t)|2dx

sup
t∈(0,tk )

1

p2

∫

Ω

|∇uk
t (x, t)|p(x)dx

+ c0

∫ tk

0

∫

Ω

|uk
t (x, s)|m(x)dxds ≤ C1,

(23)
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where the condition (A1) has been used.
Then the solution can be extended to [0, T ) and we deduce

(uk) is a bounded sequence in L∞ (
(0, T ); H2

0 (Ω)
)

∩ L∞ (
(0, T ); W 1,p(.)

0 (Ω)
)

(uk
t ) is a bounded sequence in L∞ (

(0, T ); L2(Ω)
)

∩ Lm(.) (Ω × (0, T )) .

Hence, there exists a subsequence (uμ) of (uk) such that

uμ
∗
⇀ u in L∞ (

(0, T ); H2
0 (Ω)

)
∩ L∞ (

(0, T ); W 1,p(.)
0 (Ω)

)

uμt
∗
⇀ ut in L∞ (

(0, T ); L2(Ω)
)

uμt ⇀ ut in Lm(.) (Ω × (0, T )) .

Since (uk
t ) is bounded in Lm(.) (Ω × (0, T )), then by using the same method as in [16,18], |uμt |m(x)−2uk

t is

bounded in L
m(.)

m(.)−1 (Ω × (0, T )). Therefore;

|uμt |m(x)−2uk
t ⇀ |ut |m(x)−2ut in L

m(.)
m(.)−1 (Ω × (0, T )) .

Thus, the existence of the weak solutions of (11) have been proved. ��
Next, we should prove the existence result for the problem (1)-(3). For this goal, we have the following theorem:

Theorem 2 (Local existence) Let (u0, u1) ∈ H2
0 (Ω)× L2(Ω) be given. Assume that (A1) and (A2) hold. Then

the problem (1)-(3) has a local weak solution for some T > 0, such that

u ∈ L∞ (
(0, T ); H2

0 (Ω)
)

∩ L∞ (
(0, T ); W 1,p(.)

0 (Ω)
)
,

ut ∈ L∞ (
(0, T ); L2(Ω)

)
∩ Lm(.) (Ω × (0, T )) .

Proof From Theorem 1, for each v ∈ L∞ (
(0, T ); H2

0 (Ω)
) ∩ L∞

(
(0, T ); W 1,p(.)

0 (Ω)
)

, there exists

u ∈ L∞ (
(0, T ); H2

0 (Ω)
)

∩ L∞ (
(0, T ); W 1,p(.)

0 (Ω)
)
,

ut ∈ L∞ (
(0, T ); L2(Ω)

)
∩ Lm(.) (Ω × (0, T )) ,

satisfying the following nonlinear problem
⎧⎪⎪⎨
⎪⎪⎩

utt +Δ2u − div
(|∇u|p(x)−2∇u

)− α(t)
∫ t

0 g(t − s)Δ2u(s)ds
+A(t)|ut |m(x)−2ut = α(v), (x, t) ∈ Ω × (0,∞),

u(x, t) = ∂u
∂ν
(x, t) = 0, (x, t) ∈ ∂Ω × (0,∞),

u(x, 0) = u0(x), ut (x, 0) = u1(x), x ∈ Ω.
(24)

where α(v) = |v|q(x)−2v is differentiable when q(.) satisfying (A1).
To complete the proof of theorem, we define a map H : XT → XT by H(v) = u, where XT is a Banach space
defined as

XT = {w ∈ L∞ (
(0, T ); H2

0 (Ω)
)

∩ L∞ (
(0, T ); W 1,p(.)

0 (Ω)
)
, wt ∈ L∞ (

(0, T ); L2(Ω)
)
},

equipped with the norm

‖w‖2
XT

:= max
0≤t≤T

{
∫

Ω

|wt (x, t)|2dx + l
∫

Ω

|Δw(x, t)|2dx +
∫

Ω

1

p(x)
|∇w(x, t)|p(x)dx}.
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822 M. Shahrouzi, F. Tahamtani

By using the same argument in [16,18], we could prove that there exists M sufficiently large such that ‖u‖2
XT

≤
M2.
Next, define again H : B(M, T ) → B(M, T ) where

B(M, T ) = {w ∈ L∞ (
(0, T ); H2

0 (Ω)
)

∩ L∞ (
(0, T ); W 1,p(.)

0 (Ω)
)
,

wt ∈ L∞ (
(0, T ); L2(Ω)

)
such that ‖u‖XT ≤ M}.

By using the same idea as in [16,18], we could show that H is a contraction map and the Banach fixed theorem
implies the existence of a unique u ∈ B(M, T ) satisfying H(u) = u. Therefore, u is a local solution of (1)-(3).
��

4 Blow-up results

In this section we are going to prove the that there exists a finite time T ∗ such that for the local solutions of
(1)-(3) with negative as well as positive initial energy, we have lim

t→T ∗ u(t) = +∞.

At first, we introduce the energy functional E(t) for the problem (1)-(3) as follows:

E(t) =1

2
‖ut‖2 + 1

2

(
1 − α(t)

∫ t

0
g(s)ds

)
‖Δu‖2 +

∫

Ω

1

p(x)
|∇u|p(x)dx

+ 1

2
α(t)(g ∗Δu)(t)−

∫

Ω

1

q(x)
|u|q(x)dx, (25)

Lemma 4 Let u be a local solution of (1)-(3). Then the energy functional along the solution satisfies

E ′(t) ≤ −A(t)
∫

Ω

|ut |m(x)dx ≤ 0. (26)

Proof By multiplying equation (1) by ut and integrating over Ω , using integration by parts we get

E ′(t) =1

2
α′(t)(g ∗Δu)(t)+ 1

2
α(t)(g′ ∗Δu)(t)− 1

2
α(t)g(t)‖Δu‖2

− 1

2
α′(t)

∫ t

0
g(s)ds‖Δu‖2 − A(t)

∫

Ω

|ut |m(x)dx,

and by using hypotheses (A2), since limt→+∞ α
′
(t)

α(t) = 0 then by choosing T ≥ t > 0, we get for any regular
solution

E ′(t) ≤ − 1

2
α′(t)

∫ t

0
g(t)dt‖Δu‖2 − A(t)

∫

Ω

|ut |m(x)dx

= − 1

2

α′(t)
α(t)

α(t)
∫ t

0
g(t)dt‖Δu‖2 − A(t)

∫

Ω

|ut |m(x)dx

≤ − 1

2

α′(t)
α(t)

(1 − l)‖Δu‖2 − A(t)
∫

Ω

|ut |m(x)dx

≤ − A(t)
∫

Ω

|ut |m(x)dx,

��
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4.1 Blow up result with negative initial energy

In order to prove this result for certain solutions with negative initial energy, it is assumed that:
(B1)

max{2, 1 +
√

4 − 3l

l
} ≤ p2 ≤ q1.

Now we are in a position to state and prove our blow-up result as follows:

Theorem 3 Let the conditions of Theorem 2 and (B1), are satisfied. Assume that E(0) < 0. Then the solutions
of the problem (1)-(3) blows up in finite time T ∗, and

T ∗ ≤ 1 − σ

ησ L
σ

1−σ (0)
,

where 0 < σ < 1 and L(t) is given in (29).

Proof Define H(t) = −E(t) and thus by using (25) we arrive at

H ′(t) = −d E(t)

dt
≥ A(t)

∫

Ω

|ut |m(x)dx, (27)

then negative initial energy and (27) gives H(t) ≥ H(0) > 0. Also, by definition H(t), it is easy to see that

H(t) ≤
∫

Ω

1

q(x)
|u|q(x)dx ≤ 1

q1

∫

Ω

|u|q(x)dx . (28)

Define for 0 < σ < 1

L(t) = H1−σ (t)+ ε

∫

Ω

uut dx, (29)

where ε sufficiently small to be chosen later.
By taking a derivative of (29) and using (1), we get

L ′(t) =(1 − σ)H ′(t)H−σ (t)+ ε‖ut‖2 + ε

∫

Ω

uutt dx

=(1 − σ)H ′(t)H−σ (t)+ ε‖ut‖2 − ε

(
1 − α(t)

∫ t

0
g(s)ds

)
‖Δu‖2

− ε

∫

Ω

|∇u|p(x)dx + εα(t)
∫ t

0
g(t − s)

∫

Ω

Δu(Δu(s)−Δu)dxds
︸ ︷︷ ︸

I1

− εA(t)
∫

Ω

u|ut |m(x)−2ut dx
︸ ︷︷ ︸

I2

+ε
∫

Ω

|u|q(x)dx . (30)

By using (A2), cauchy-Schwarz and Young inequalities, we could estimate I1 as

I1 ≤εδ0‖Δu‖2 + ε

4δ0

∫

Ω

(∫ t

0
α(t)g(t − s) (Δu(s)−Δu) ds

)2

dx

=εδ0‖Δu‖2 + ε

4δ0

∫

Ω

(∫ t

0

√
α(t)g(t − s)

√
α(t)g(t − s) (Δu(s)−Δu) ds

)2

dx

≤εδ0‖Δu‖2 + ε

4δ0

∫

Ω

(∫ t

0
α(t)g(t − s)ds

)(∫ t

0
α(t)g(t − s)ds (Δu(s)−Δu)2 ds

)
dx

≤εδ0‖Δu‖2 + ε(1 − l)

4δ0
α(t)(g ∗Δu)(t). (31)
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Again by virtue of the Young’s inequality, (4) and (27), we have

I2 ≤εA(t)

(
δ1

∫

Ω

|u|m(x)dx +
∫

Ω

C(δ1,m(x))|ut |mdx

)

≤εδ1c1Cm‖Δu‖2 + εA(t)Cδ1(m)
∫

Ω

|ut |mdx

≤εδ1c1Cm‖Δu‖2 + εCδ1(m)K H−σ H ′(t), (32)

where Cm is a positive constant depend on the best constant of embedding H2
0 (Ω) ↪→ Lm(.)(Ω) and K is a

sufficient large constant that will be enunciated later. Moreover, Cδ1(m) = max
x∈Ω

C(δ1,m(x)) and C(δ1,m(x))

satisfies (9).
Combination of (31) and (32) into (30), we deduce

L ′(t) ≥ (1 − σ − εCδ1(m)K
)

H ′(t)H−σ (t)− ε

∫

Ω

|∇u|p(x)dx

− ε

(
1 − α(t)

∫ t

0
g(s)ds + δ1c1Cm + δ0

)
‖Δu‖2

− ε(1 − l)

4δ0
α(t)(g ∗Δu)(t)+ ε

∫

Ω

|u|q(x)dx .

Taking into account the definition of the H(t), conditions (A1) and (A2), it follows that

L ′(t) ≥εp2 H(t)+ (
1 − σ − εCδ1(m)K

)
H ′(t)H−σ (t)

+ ε
[
(

p2

2
− 1)(1 − α(t)

∫ t

0
g(s)ds)− δ0 − δ1c1Cm

]‖Δu‖2

+ ε

(
p2

2
− 1 − l

4δ0

)
α(t)(g ∗Δu)(t)+ ε

(
1 − p2

q1

)∫

Ω

|u|q(x)dx

≥εp2 H(t)+ (
1 − σ − εCδ1(m)K

)
H ′(t)H−σ (t)

+ ε
[ l(p2 − 2)

2
− δ0 − δ1c1Cm

]‖Δu‖2

+ ε

(
p2

2
− 1 − l

4δ0

)
α(t)(g ∗Δu)(t)

+ ε

(
1 − p2

q1

)∫

Ω

|u|q(x)dx

At this point, suppose that ε sufficiently small and K large enough such that 1 − σ − εCδ(m)K > 0 and (32)
holds. Also, if we choose δ0 := l(P2−2)

8 , δ1 := l(p2−2)
8c1Cm

then by using the additional condition (B1), we obtain

L ′(t) ≥εΛ
(

H(t)+ ‖ut‖2 + ‖Δu‖2 +
∫

Ω

|∇u|p(x)dx + α(t)(g ∗Δu)(t)

+
∫

Ω

|u|q(x)dx
)
, (33)

where Λ > 0 is the minimum of the coefficients of H(t), ‖ut‖2,
∫
Ω

|∇u|p(x)dx ,
‖Δu‖2, α(t)(g ∗Δu)(t),

∫
Ω

|u|q(x)dx . Therefore we deduce that L(t) ≥ L(0) > 0, for all t ≥ 0.
On the other hand, by using the Hölder and Young inequalities, we have

|
∫

Ω

uut dx | 1
1−σ ≤ C(‖u‖ 1

1−σ ‖ut‖ 1
1−σ ) ≤ C

(
‖Δu‖2 + ‖ut‖2 + H(t)

)
. (34)

Thus, using the inequality
(

m∑
i=1

ai

)λ
≤ 2

m−1
λ−1

m∑
i=1

aλi ,
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for ai ≥ 0, λ ≥ 1 and (34), we have for sufficiently small ε and some η > 0

L
1

1−σ (t) =
[

H1−σ (t)+ ε

∫

Ω

uut dx
] 1

1−σ

≤ 2
1−σ
σ

(
H(t)+ ε

1
1−σ |

∫

Ω

uut dx | 1
1−σ
)

≤ C
(
‖Δu‖2 + ‖ut‖2 + H(t)

)

≤ η−1L ′(t),

therefore

L ′(t) ≥ ηL
1

1−σ (t). (35)

Integrating (35) from 0 to t , we deduce

L
σ

1−σ (t) ≥ 1

L− σ
1−σ (0)− ησ t

1−σ
.

This shows that solutions blow up in finite time T ∗ = 1−σ
ησ L

σ
1−σ (0)

, and proof of Theorem 3 has been completed.

��

4.2 Blow up result with positive initial energy

In this section we are going to prove the blow up of solutions for the problem (1)-(3) with positive initial energy.
To prove this result, we assumed that:
(B2)

max{2 + c∗2
, Cδ3(m)} ≤ p2 < q1, l ≥ max{ 4

p2(p2 − 2)+ 4
,

c∗2 p2
2

(p2 − 2)q2
1

},

where c∗ satisfies (8) and δ3 will be enunciate later.
Our main result in this section reads in the following theorem:

Theorem 4 Suppose that the assumptions of Theorem 2 and (B2) hold. Moreover, E(0) > 0 is a given initial
energy level. If we choose initial data u0, u1 satisfying

∫

Ω

u0(x)u1(x)dx > q1 E(0), (36)

then the solution of (1)-(3) blows up in finite time, i.e., there exists T ∗ < +∞ such that

lim
t→T ∗ E(t) = +∞.

Proof Assume that u is a local solution of the problem (1)-(3) and define

φ(t) =
∫

Ω

uut dx . (37)

Differentiating φ(t), we obtain

φ′(t) =‖ut‖2 −
(

1 − α(t)
∫ t

0
g(s)ds

)
‖Δu‖2 −

∫

Ω

|∇u|p(x)dx +
∫

Ω

|u|q(x)dx

+ α(t)
∫ t

0
g(t − s)

∫

Ω

Δu (Δu(s)−Δu) dxds − A(t)
∫

Ω

u|ut |m(x)−2ut dx . (38)
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Now, by recalling the definition of E(t) and using the condition (A1), we have

φ′(t)+ p2 E(t) ≥
(

1 − p2

q1

)∫

Ω

|u|q(x)dx + p2 + 2

2
‖ut‖2

+ p2 − 2

2

(
1 − α(t)

∫ t

0
g(s)ds

)
‖Δu‖2

+ p2

2
α(t)(g ∗Δu)(t)− A(t)

∫

Ω

u|ut |m(x)−2ut dx

+ α(t)
∫ t

0
g(t − s)

∫

Ω

Δu (Δu(s)−Δu) dxds. (39)

Thanks to the Cauchy-Shwarz and Young inequalities and (A2), we easily obtain

α(t)
∫ t

0
g(t − s)

∫

Ω

Δu (Δu(s)−Δu) dxds ≤ δ2‖Δu‖2 + 1 − l

4δ2
α(t)(g ∗Δu)(t). (40)

Recalling (26), (4) and similar to (32), we get

A(t)
∫

Ω

u|ut |m(x)−2ut dx ≤A(t)

(
δ3

∫

Ω

|u|m(x)dx +
∫

Ω

C(δ3,m(x))|ut |m(x)dx

)

≤δ3c1

∫

Ω

|u|m(x)dx + Cδ3(m)A(t)
∫

Ω

|ut |m(x)dx

≤δ3c1Cm‖Δu‖2 − Cδ3(m)E
′(t), (41)

where Cm is a positive constant depend on the best constant of embedding H2
0 (Ω) ↪→ Lm(.)(Ω) and Cδ3(m) =

max
x∈Ω

C(δ3,m(x)) and C(δ3,m(x)) satisfies (9).

Combining (40) and (41) with (39), we deduce

φ′(t)+ p2 E(t) ≥
(

1 − p2

q1

)∫

Ω

|u|q(x)dx + p2 + 2

2
‖ut‖2

+
[ p2 − 2

2

(
1 − α(t)

∫ t

0
g(s)ds

)
− δ2 − δ3c1Cm

]
‖Δu‖2

+
(

p2

2
− 1 − l

4δ2

)
α(t)(g ∗Δu)(t)+ Cδ3(m)E

′(t)

≥
(

1 − p2

q1

)∫

Ω

|u|q(x)dx + p2 + 2

2
‖ut‖2

+
(

l(p2 − 2)

2
− δ2 − δ3c1Cm

)
‖Δu‖2

+
(

p2

2
− 1 − l

4δ2

)
α(t)(g ∗Δu)(t)+ Cδ3(m)E

′(t).

Suppose that 0 < λ < 1, then by definition of φ(t), we have

φ′(t)+ p2 E(t) ≥λφ(t)− λ

∫

Ω

uut dx
(

1 − p2

q1

)∫

Ω

|u|q(x)dx + p2 + 2

2
‖ut‖2

+
(

l(p2 − 2)

2
− δ2 − δ3c1Cm

)
‖Δu‖2

+
(

p2

2
− 1 − l

4δ2

)
α(t)(g ∗Δu)(t)+ Cδ3(m)E

′(t). (42)
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Thanks to the Young’s inequality, we easily obtain
∫

Ω

uut dx ≤δ4c∗2‖Δu‖2 + 1

4δ4
‖ut‖2, (43)

Utilizing (43) into (42) to get

φ′(t)+ p2 E(t) ≥λφ(t)+
(

p2 + 2

2
− λ

4δ4

)
‖ut‖2 +

(
1 − p2

q1

)∫

Ω

|u|q(x)dx

+
(

l(p2 − 2)

2
− δ2 − δ3c1Cm − δ4c∗2

λ

)
‖Δu‖2

+
(

p2

2
− 1 − l

4δ2

)
α(t)(g ∗Δu)(t)+ Cδ3(m)E

′(t).

Now we set λ := p2
q1

(by virtue of (B2) it is obvious that λ < 1) and moreover, we choose δ2 := l(p2−2)
8 , δ3 :=

l(p2−2)
8c1Cm

, δ4 := p2
4q1

, then we get

φ′(t)− Cδ3(m)E
′(t) ≥ p2

q1
φ(t)− p2 E(t)+ p2

2
‖ut‖2 +

(
1 − p2

q1

)∫

Ω

|u|q(x)dx

+
(

l(p2 − 2)

4
− c∗2 p2

2

4q2
1

)
‖Δu‖2

+
(

p2

2
− 2(1 − l)

l(p2 − 2)

)
α(t)(g ∗Δu)(t)

≥ p2

q1
(φ(t)− q1 E(t)) , (44)

where the condition (B2) has been used.

Since q1 ≥ Cδ3(m),
(
δ3 := l(p2−2)

8c1Cm

)
, thus we obtain from (44)

φ′(t)− q1 E ′(t) ≥ p2

q1
(φ(t)− q1 E(t)) . (45)

Let define

ψ(t) = φ(t)− q1 E(t),

where by the hypothesis of Theorem 4, we have ψ(0) > 0. Therefore, inequality (45) get to us

ψ ′(t) ≥ p2

q1
ψ(t). (46)

Therefore, by (46), we conclude that

ψ(t) ≥ e
p2 t
q1 ψ(0), ∀t ≥ 0,

and this shows that the functional ψ(t) exponentially growth to infinity when time goes to infinity.
It is easy to see that

e
p2 t
q1 ψ(0) ≤ ψ(t) = φ(t)− q1 E(t) ≤ φ(t) =

∫

Ω

uut dx .

Thanks to the estimation (43), thus there exists a constant C such that

e
p2 t
q1 ψ(0) ≤ φ(t) ≤ C

(
‖Δu‖2 + ‖ut‖2

)
. (47)
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Thus inequality (47) shows that ‖Δu‖2 or ‖ut‖2 must grow exponentially.
On the other hand, Monotonicity of energy yields

E(0) =E(t)− 1

2

∫ t

0
α′(s)(g ∗Δu)(s)ds − 1

2

∫ t

0
α(s)(g′ ∗Δu)(s)ds

+ 1

2

∫ t

0
α(s)g(s)‖Δu(s)‖2ds + 1

2

∫ t

0
α′(s)

∫ s

0
g(τ )dτ‖Δu(s)‖2ds

+
∫ t

0
A(s)

∫

Ω

|ut (s)|m(x)dxds, (48)

thus by (4), (A2) and assumption of Theorem 4 that E(0) > 0, we obtain from (48)

1

2

∫ t

0
α′(s)

∫ s

0
g(τ )dτ‖Δu(s)‖2ds + c0

∫ t

0

∫

Ω

|ut (s)|m(x)dxds ≤ E(0). (49)

Therefore, we deduce that ‖Δu‖2 must be bounded. Also, we easily get
∫ t

0

∫

Ω

|ut (s)|m(x)dxds ≤c−1
0 E(0)− 1

2c0

∫ t

0
α′(s)

∫ s

0
g(τ )dτ‖Δu(s)‖2ds

≤c−1
0 E(0)+ 1

2c0

∫ t

0
α(s)

−α′(s)
α(s)

∫ s

0
g(τ )dτ‖Δu(s)‖2ds

≤C E(0), (50)

where (A2), boundedness of ‖Δu‖2 and the fact that limt→+∞ −α′(t)
α(t) = 0 has been used.

Finally, by using (A1) and Lemma 3, we have a continuous and compact embedding W 1,m(.)(Ω) ↪→ L2(Ω),
that is, there exists a constant c∗ > 0 such that we have

∫ t

0

∫

Ω

|ut |2dxds ≤ c∗
∫ t

0

∫

Ω

|ut (s)|m(x)dxds

≤ c∗C E(0), (51)

which contradicts the previous result that ‖ut‖2 is exponentially growing. Therefore there exists a finite time T ∗
such that solutions of problem (1)-(3) blow up and proof of Theorem 4 is completed. ��
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