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Abstract Suppose A is a bounded linear operator defined on a complex Hilbert space. Among other numerical
radius inequalities, it is proved (by using the Aluthge transform ˜A of A) that

w2(A) ≤ 1

2

(∥

∥A˜AA∗∥
∥

∥

∥˜A
∥

∥

)1/2 + 1

4

∥

∥

∥A∗ A + AA∗
∥

∥

∥,

where w(A) is the numerical radius of A. This numerical radius bound improves the well known existing bound

w(A) ≤ 1

2

(

‖A‖ +
∥

∥

∥A2
∥

∥

∥

1/2
)

.

Additionally, we explore the spectral radius bounds of the sum, product and commutator of bounded linear
operators. Furthermore, by using the spectral radius bound for the sum of two operators, we provide an estimation
for the roots of a complex polynomial.

Keywords Numerical radius · Spectral radius · Zeros of a polynomial · Inequality
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1 Introduction

The purpose of the article is to develop upper bounds for the numerical radius and the spectral radius of bounded
linear operators, which refine the existing ones. The investigation of numerical radius and spectral radius inequal-
ities is a significant area of research in operator theory. The numerical radius norm plays an important role to
investigate various geometric and analytic properties of bounded linear operators. The numerical radius has var-
ious applications in numerous fields of sciences. In recent times, various notions of orthogonality (for example,
Birkhoff-James orthogonality, Roberts orthogonality) and parallelism in operator spaces have been studied with
respect to the numerical radius norm, see [7,12,21] and the references therein. The numerical radius has also
found its application in quantum information theory (in particular, additive uncertainty relations [23], multi-
observable quantum uncertainty relations [16], quantum error correction [2]). Because of the importance of the
numerical radius inequalities of Hilbert space operators, many researchers has been studied numerical radius
inequalities in the setting of semi-Hilbertian space operators, see [6,8,11,22]. In recent times, several ideas of
the numerical radius inequalities have been used in studying Berezin symbol and Berezin number inequalities of
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reproducing kernel Hilbert space operators, see [3,4], which is an another important area of research. To proceed
further, first we introduce the relevant notations and terminologies.
Let B(H) denote the C∗-algebra of all bounded linear operators on a complex Hilbert space H with inner
product 〈·, ·〉 and the corresponding norm ‖ · ‖. Let A ∈ B(H). The numerical range W (A) is defined as
W (A) = {〈Ax, x〉 : x ∈ H, ‖x‖ = 1}. Let ‖A‖, w(A) and r(A) denote the usual operator norm, the numerical
radius and the spectral radius of A, respectively. The numerical radius w(A) is defined as

w(A) = sup{|λ| : λ ∈ W (A)}.

It is well known that the numerical radius w(·) : B(H) → R defines a norm on B(H) and for every A ∈ B(H),

1

2
‖A‖ ≤ w(A) ≤ ‖A‖ (1.1)

holds. For more details on the numerical range, numerical radius and related inequalities, we refer to the books
[5,15]. Because of the importance of the numerical radius bounds of bounded linear operators, over the years,
many researchers have been tried to improve both lower and upper bounds for the numerical radius in (1.1), see
[1,9,19,20,24] and the references therein.

For θ ∈ R, let Hθ (A) = 1
2

(

eiθ A + e−iθ A∗), where A∗ is the adjoint of A. It is well known that

w(A) = sup
θ∈R

‖Hθ (A)‖ , (1.2)

see [24]. The spectral radius r(A) = lim
n→∞ ‖An‖1/n = sup {|λ| : λ ∈ σ(A)} , where σ(A) is the spectrum of A.

Since, σ(A) is contained in the closure of the numerical range (i.e., σ(A) ⊆ W (A)),

r(A) ≤ w(A).

In particular, if A ∈ B(H) is normal, then r(A) = w(A) = ‖A‖. For A ∈ B(H), let |A| = (A∗ A)1/2.

For t ∈ [0, 1], the t-Aluthge transform (or generalized Aluthge transform) of A ∈ B(H) is defined as

˜At = |A|tU |A|1−t ,

where A = U |A| is the polar decomposition of A. For t = 1
2 ,

˜A 1
2

= |A|1/2U |A|1/2 = ˜A

is the Aluthge transform of A. It is well known that r(A) = r(˜A), w(˜A) ≤ w(A) and

‖˜A‖ ≤ ‖A2‖1/2 (≤ ‖A‖),

where the last inequality follows form the Heinz inequality (see in [17]), which is stated as follows. If A, B, X ∈
B(H) with A and B are positive operators, then

‖Ar X Br‖ ≤ ‖AX B‖r‖X‖1−r , (1.3)

for all r ∈ [0, 1].
In this paper, by using the properties of Aluthge transform of a bounded linear operator, we develop upper

bounds for the numerical radius of a single bounded linear operator, which improve the existing well known
bounds. We also obtain new spectral radius bounds for the sum, product and commutator of operators. Further-
more, by using the spectral radius bound for the sum of two operators, we obtain an estimation for the roots of
a complex monic polynomial.
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832 P. Bhunia

2 Numerical radius inequalities

We develop upper bounds for the numerical radius of bounded linear operators using t-Aluthge transform, which
improve the existing bounds

w(A) ≤ 1

2
‖A‖ + 1

2
‖A2‖1/2

and

w2(A) ≤ 1

2
‖A‖ ∥∥˜A∥∥ + 1

4

∥

∥A∗ A + AA∗∥
∥ ,

proved in [20, Theorem 1] and [1, Theorem 2], respectively. In the following theorem, we prove our first bound
for the numerical radius of a bounded linear operator A, by using the properties of Aluthge transform of A.

Theorem 2.1 If A ∈ B(H), then

w2(A) ≤ 1

2

∥

∥A˜AA∗∥
∥

1/2 ∥
∥˜A
∥

∥

1/2 + 1

4

∥

∥A∗ A + AA∗∥
∥ .

Proof Suppose A = U |A| is the polar decomposition of A and let t ∈ [0, 1]. For any θ ∈ R, we obtain

4 (Hθ (A))2 = 2H2θ (A2) + A∗ A + AA∗

= 2H2θ (U |A|U |A|) + A∗ A + AA∗

= 2H2θ (U |A|1−t |A|tU |A|1−t |A|t ) + A∗ A + AA∗

= 2H2θ (U |A|1−t
˜At |A|t ) + A∗ A + AA∗. (2.1)

Therefore,

4 ‖Hθ (A)‖2 =
∥

∥

∥2H2θ (U |A|1−t
˜At |A|t ) + A∗ A + AA∗

∥

∥

∥

≤ 2
∥

∥

∥H2θ (U |A|1−t
˜At |A|t )

∥

∥

∥+ ∥

∥A∗ A + AA∗∥
∥

≤ 2w
(

U |A|1−t
˜At |A|t

)

+ ∥

∥A∗ A + AA∗∥
∥ , (by(1.2))

holds for any θ ∈ R. So, form the equality (1.2), we infer that

4w2(A) = 4 sup
θ∈R

‖Hθ (A)‖2

≤ 2w
(

U |A|1−t
˜At |A|t

)

+ ∥

∥A∗ A + AA∗∥
∥

≤ 2
∥

∥

∥|A|1−t
˜At |A|t

∥

∥

∥+ ∥

∥A∗ A + AA∗∥
∥ . (2.2)

Considering t = 1/2 in (2.2) and from the Heinz inequality (1.3), we infer that

w2(A) ≤ 1

2

∥

∥

∥|A|1/2
˜A|A|1/2

∥

∥

∥+ 1

4

∥

∥A∗ A + AA∗∥
∥

≤ 1

2

∥

∥|A|˜A|A|∥∥1/2 ∥
∥˜A
∥

∥

1/2 + 1

4

∥

∥A∗ A + AA∗∥
∥

= 1

2

∥

∥A˜AA∗∥
∥

1/2 ∥
∥˜A
∥

∥

1/2 + 1

4

∥

∥A∗ A + AA∗∥
∥ .

��
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Remark 2.2 (i) The bound in Theorem 2.1 is stronger than the bound

w(A) ≤ 1

2
‖A‖ + 1

2

∥

∥

∥A2
∥

∥

∥

1/2
, (2.3)

proved by Kittaneh [20]. In fact,

w2(A) ≤ 1

2

∥

∥A˜AA∗∥
∥

1/2 ∥
∥˜A
∥

∥

1/2 + 1

4

∥

∥A∗ A + AA∗∥
∥

≤ 1

2
‖A‖ ∥∥˜A∥∥ + 1

4

∥

∥A∗ A + AA∗∥
∥

≤ 1

2
‖A‖

∥

∥

∥A2
∥

∥

∥

1/2 + 1

4

∥

∥A∗ A + AA∗∥
∥

≤ 1

2
‖A‖

∥

∥

∥A2
∥

∥

∥

1/2 + 1

4

(∥

∥

∥A2
∥

∥

∥+ ‖A‖2
)

(by [9, Remark3.9])

=
(

1

2
‖A‖ + 1

2
‖A2‖1/2

)2

.

(ii) Also, clearly the bound in Theorem 2.1 is stronger than the bound

w2(A) ≤ 1

2
‖A‖ ∥∥˜A∥∥ + 1

4

∥

∥A∗ A + AA∗∥
∥ , (2.4)

which proved in [1, Theorem 2].
(iii) The numerical radius satisfies the lower bound

1

4

∥

∥A∗ A + AA∗∥
∥ ≤ w2(A),

proved in [19]. Therefore, following Theorem 2.1, we get a sufficient condition for the numerical radius equality

1

4

∥

∥A∗ A + AA∗∥
∥ = w2(A).

In particular, we have w2(A) = 1
4 ‖A∗ A + AA∗‖ if A˜AA∗ = 0. This condition is not necessary, to see this,

consider A =
[

0 2
0 0

]

⊕ [

1
]

is an operator on C
3.

Next, we obtain the following numerical radius bound by using the Aluthge transform.

Theorem 2.3 If A ∈ B(H), then

w2(A) ≤ 1

4
w
(

˜At
2
)

+ 1

8

∥

∥

∥|A|2t + ˜At
∗|A|2(1−t)

˜At

∥

∥

∥+ 1

4

∥

∥A∗ A + AA∗∥
∥ ,

for every t ∈ [0, 1].
Proof It follows from (2.1) that

4 (Hθ (A))2 = 2H2θ (U |A|1−t
˜At |A|t ) + A∗ A + AA∗

= e2iθU |A|1−t
˜At |A|t + e−2iθ |A|t ˜At

∗|A|1−tU∗ + A∗ A + AA∗

= AB + C D + A∗ A + AA∗,

where A = e2iθU |A|1−t
˜At , B = |A|t , C = e−2iθ |A|t and D = ˜At

∗|A|1−tU∗. Now,

4‖Hθ (A)‖2 = ‖AB + C D + A∗ A + AA∗‖
≤ ‖AB + C D‖ + ‖A∗ A + AA∗‖
= r(AB + C D) + ‖A∗ A + AA∗‖ (since AB + C D is self-adjoint)

≤ 1

2

(

w(B A) + w(DC) +
√

(

w(B A) − w(DC)
)2 + α2

)

+‖A∗ A + AA∗‖, (by (3.1))
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834 P. Bhunia

where α = ∥

∥|BC | + |A∗D∗|∥∥1/2 ∥
∥|D A| + |C∗B∗|∥∥1/2

. Since B A = e2iθ
˜At

2
, DC = e−2iθ

(

˜At
∗)2

, BC =
e−2iθ |A|2t and D A = e2iθ

˜At
∗|A|2(1−t)

˜At , so

4‖Hθ (A)‖2 ≤ w
(

˜At
2
)

+ 1

2

∥

∥

∥|A|2t + ˜At
∗|A|2(1−t)

˜At

∥

∥

∥+ ‖A∗ A + AA∗‖.

Taking supremum over θ ∈ R, we get

4w2(A) ≤ w
(

˜At
2
)

+ 1

2

∥

∥

∥|A|2t + ˜At
∗|A|2(1−t)

˜At

∥

∥

∥+ ‖A∗ A + AA∗‖.

This completes the proof. ��
By considering t = 1/2 in Theorem 2.3, we obtain the following numerical radius bound.

Corollary 2.4 If A ∈ B(H), then

w2(A) ≤ 1

4
w
(

˜A2
)

+ 1

8

∥

∥|A| + ˜A∗|A|˜A∥∥+ 1

4

∥

∥A∗ A + AA∗∥
∥ ,

Again, considering t = 1 in Theorem 2.3, we obtain the following corollary. For this, first we note that A =
U |A| is the polar decomposition of A ∈ B(H) and ker A = ker U . Here |A|0 = U∗U and so ˜A0 = U∗U 2|A|,
˜A1 = |A|UU∗U = |A|U.

Corollary 2.5 If A ∈ B(H), then

w2(A) ≤ 1

4
w
(

˜A1
2
)

+ 1

8

∥

∥

∥|A|2 + ∣

∣˜A1
∣

∣

2
∥

∥

∥+ 1

4

∥

∥A∗ A + AA∗∥
∥ .

Remark 2.6 (i) The inequality in Corollary 2.5 refines the second inequality in (1.1).
(ii) When ker A and ker A∗ have equal dimensions, then by using weakly unitary invariant property for the

numerical radius, it is easy to verify that w
(

˜A1
2
)

= w
(

A2
)

. Also, w
(

˜A1
2
)

≤ w2
(

˜A1
) ≤ 1

2

∥

∥

∥|A|2 + ∣

∣˜A1
∣

∣

2
∥

∥

∥ .

Therefore, if A ∈ B(H) with ker A and ker A∗ have equal dimensions, then

w2(A) ≤ 1

4
w
(

A2
)

+ 1

8

∥

∥

∥|A|2 + ∣

∣˜A1
∣

∣

2
∥

∥

∥+ 1

4

∥

∥A∗ A + AA∗∥
∥

≤ 1

4

∥

∥

∥|A|2 + ∣

∣˜A1
∣

∣

2
∥

∥

∥+ 1

4

∥

∥A∗ A + AA∗∥
∥ .

It is known that if A is an n × n matrix, then ker A and ker A∗ have equal dimensions.

(iii) Consider a matrix A =
⎛

⎝

0 2 0
0 0 0
0 0 1

⎞

⎠ . Then it is easy to verify that A has a polar decomposition A = U |A|,

where |A| =
⎛

⎝

0 0 0
0 2 0
0 0 1

⎞

⎠ and U =
⎛

⎝

0 1 0
0 0 0
0 0 1

⎞

⎠ . Hence ˜At = |A|tU |A|1−t =
⎛

⎝

0 0 0
0 0 0
0 0 1

⎞

⎠ , for all t ∈ [0, 1].

Therefore, form Theorem 2.3, we get

w2(A) ≤ 1

4
w
(

˜At
2
)

+ 1

8

∥

∥

∥|A|2t + ˜At
∗|A|2(1−t)

˜At

∥

∥

∥+ 1

4

∥

∥A∗ A + AA∗∥
∥

= 1

4
× 1 + 1

8
× max(2, 22t ) + 1

4
× 4,

for every t ∈ [0, 1]. Hence, Theorem 2.3 gives w(A) ≤
√

3
2 . Also, Theorem 2.1 gives w(A) ≤

√

3
2 . However,

the existing bound (2.3) gives w(A) ≤ 3
2 and the bound (2.4) gives w(A) ≤ √

2.
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3 Spectral radius inequalities

We develop new spectral radius bounds for the sum, product and commutator of bounded linear operators, and
we use some ideas in [18]. For this purpose, we need the following lemma, which is useful in our study.

Lemma 3.1 [10, Theorem 2.12] If A, B, C, D ∈ B(H), then

r(AB + C D) ≤ w

([

w(B A) α

0 w(DC)

])

= 1

2

(

w(B A) + w(DC) +
√

(

w(B A) − w(DC)
)2 + α2

)

, (3.1)

where α = ∥

∥|BC | + |A∗ D∗|∥∥1/2 ∥
∥|D A| + |C∗ B∗|∥∥1/2

.

Considering B = C = I in Lemma 3.1, we get the following upper bound for the spectral radius of the sum
of two operators.

Proposition 3.2 If A, D ∈ B(H), then

r(A + D) ≤ 1

2

(

w(A) + w(D) +
√

(

w(A) − w(D)
)2 + β

)

,

where β =
∥

∥

∥I + |D A|
∥

∥

∥

∥

∥

∥I + |A∗D∗|
∥

∥

∥.

Remark 3.3 (i) Let A, D ∈ B(H). Following Proposition 3.2, we get

r(A + D) ≤ 1

2

(

w(A) + w(D) +
√

(

w(A) − w(D)
)2 + (

1 + ‖D A‖)2
)

. (3.2)

In particular, if D A = 0, then

r(A + D) ≤ 1

2

(

w(A) + w(D) +
√

(

w(A) − w(D)
)2 + 1

)

. (3.3)

(ii) It should be noted that the spectral radius of the inequality in Proposition 3.2 cannot be replaced by the

numerical radius. To see this, consider A = D =
[

0 2
0 0

]

. Then w(A + D) = 2 and

1

2

(

w(A) + w(D) +
√

(

w(A) − w(D)
)2 + β

)

= 3

2
.

Next, we obtain the following spectral radius inequality.

Theorem 3.4 If A, C ∈ B(H), then

max

{

r(A + C), r(A − C), w

([

A A
C C

])}

≤ 1

2

(

w(A) + w(C) +
√

(

w(A) − w(C)
)2 + ∥

∥|C | + |A∗|∥∥∥∥|A| + |C∗|∥∥
)

.

Proof Considering B = D = I in Lemma 3.1, we get

r(A + C)

≤ 1

2

(

w(A) + w(C) +
√

(

w(A) − w(C)
)2 + ∥

∥|C | + |A∗|∥∥∥∥|A| + |C∗|∥∥
)

. (3.4)

Replacing C by −C , we also get

r(A − C)

≤ 1

2

(

w(A) + w(C) +
√

(

w(A) − w(C)
)2 + ∥

∥|C | + |A∗|∥∥∥∥|A| + |C∗|∥∥
)

. (3.5)
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836 P. Bhunia

Again, it follows from [10, Corollary 2.6] that

w

([

A A
C C

])

≤ 1

2

(

w(A) + w(C) +
√

(

w(A) − w(C)
)2 + ∥

∥|C | + |A∗|∥∥∥∥|A| + |C∗|∥∥
)

. (3.6)

Therefore, combining both the inequalities in (3.6), (3.4) and (3.5), we get the desired inequality. ��
Remark 3.5 Let A, C ∈ B(H). Following Theorem 3.4, we get

max

{

r(A + C), r(A − C), w

([

A A
C C

])}

≤ 1

2

(

w(A) + w(C) +
√

(

w(A) − w(C)
)2 + (‖A‖ + ‖C‖)2

)

. (3.7)

Recall that for two bounded linear operators A, B, the operators AB−B A and AB+B A are called commutator
and anticommutator, respectively. By considering C = B and D = ±A in Lemma 3.1, we obtain the following
upper bound for the spectral radius of the commutator and anticommutator operators.

Proposition 3.6 If A, B ∈ B(H), then

r(AB ± B A) ≤ 1

2

(

w(B A) + w(AB) +
√

(

w(AB) − w(B A)
)2 + γ

)

,

where γ = ∥

∥|B2| + |A∗2|∥∥ ∥∥|A2| + |B∗2|
∥

∥

∥. In particular, if AB = B A, then

r(AB) ≤ 1

2
w(AB) + 1

4

∥

∥|B2| + |A∗2|∥∥1/2∥
∥|A2| + |B∗2|

∥

∥

∥

1/2
.

Remark 3.7 In [18], Kittaneh proved that if A, B ∈ B(H), then

r(AB ± B A) ≤ 1

2

(

‖AB‖ + ‖B A‖ +
√

(‖AB‖ − ‖B A‖)2 + 4‖A2‖‖B2‖
)

. (3.8)

We would like to note that there exist operators A and B, for which the inequality in Proposition 3.6 gives

stronger bounds than the same in (3.8). To see this, consider A =
[

1 1
0 0

]

and B =
[

1 −1
0 0

]

. Then

1

2

(

w(B A) + w(AB) +
√

(

w(AB) − w(B A)
)2 + γ

)

≤ 1

2

(

w(B A) + w(AB) +
√

(

w(AB) − w(B A)
)2 + (∥

∥B2
∥

∥+ ∥

∥A2
∥

∥

)2
)

= 1 + 3
√

2

2
≈ 2.6213

and

1

2

(

‖AB‖ + ‖B A‖ +
√

(‖AB‖ − ‖B A‖)2 + 4‖A2‖‖B2‖
)

= 2
√

2 ≈ 2.8284.

Again, replacing A, B, C, D by I, AB, B,±A, respectively in (3.1), we obtain the following spectral radius
bounds for the commutator and anticommutator operators.
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Proposition 3.8 If A, B ∈ B(H), then

r(AB ± B A) ≤ w(AB) + 1

2

∥

∥

∥|AB2| + |A∗|
∥

∥

∥

1/2 ∥
∥

∥|B∗2 A∗| + |A|
∥

∥

∥

1/2

≤ w(AB) + 1

2

(∥

∥

∥AB2
∥

∥

∥+ ‖A‖
)

(3.9)

and

r(AB ± B A) ≤ w(B A) + 1

2

∥

∥

∥|B A2| + |B∗|
∥

∥

∥

1/2 ∥
∥

∥|A∗2 B∗| + |B|
∥

∥

∥

1/2

≤ w(B A) + 1

2

(∥

∥

∥B A2
∥

∥

∥+ ‖B‖
)

. (3.10)

Remark 3.9 In [18], Kittaneh proved that if A, B ∈ B(H), then

r(AB ± B A) ≤ ‖AB‖ +
√

min
{‖A‖‖AB2‖, ‖B‖‖A2 B‖} (3.11)

and

r(AB ± B A) ≤ ‖B A‖ +
√

min
{‖A‖‖B2 A‖, ‖B‖‖B A2‖}. (3.12)

We would like to remark that there exist operators A and B, for which the inequalities (3.9) and (3.10) give

stronger bounds than the same in (3.11) and (3.12). To see this, consider A =
[

1 1
0 0

]

and B =
[

1 −1
0 0

]

. Then

w(AB) + 1

2

(∥

∥

∥AB2
∥

∥

∥+ ‖A‖
)

= w(B A) + 1

2

(∥

∥

∥B A2
∥

∥

∥+ ‖B‖
)

= 1 + 3
√

2

2
≈ 2.6213

and

‖AB‖ +
√

min
{‖A‖‖AB2‖, ‖B‖‖A2 B‖}

= ‖B A‖ +
√

min
{‖A‖‖B2 A‖, ‖B‖‖B A2‖}

= 2
√

2 ≈ 2.8284.

Next, we develop an upper bound for the spectral radius of the product of two operators.

Theorem 3.10 Let A, B ∈ B(H), then

r(AB) ≤ 1

4

(

w(AB) + w(B A) +
√

(

w(AB) − w(B A)
)2 + min

{

α2, β2
}

)

,

where

α = ∥

∥|AB A| + |B∗|∥∥1/2∥
∥|B| + |A∗B∗ A∗|∥∥1/2

,

β = ∥

∥|B AB| + |A∗|∥∥1/2∥
∥|A| + |B∗ A∗B∗|∥∥1/2

.

Proof We have,

2r(AB) ≤ r

([

2AB 0
B 0

])

= r

([

I A
0 I

] [

AB 0
B 0

])

= r

([

AB 0
B 0

] [

I A
0 I

])

= r

([

AB AB A
B B A

])

≤ w

([

AB AB A
B B A

])

≤ w

([

w(AB) α

0 w(B A)

])

(using [10, Corollary 2.4])

= 1

2

(

w(AB) + w(B A) +
√

(

w(AB) − w(B A)
)2 + α2

)

.
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Interchanging A and B, we also have

2r(AB) ≤ 1

2

(

w(B A) + w(AB) +
√

(

w(AB) − w(B A)
)2 + β2

)

.

Hence, the desired inequality follows by combining the above two inequalities. ��
Remark 3.11 In [18], Kittaneh proved that if A, B ∈ B(H), then

r(AB) ≤ 1

4

(

‖B A‖ + ‖AB‖

+
√

(‖AB‖ − ‖B A‖)2 + 4 min {‖A‖‖B AB‖, ‖B‖‖AB A‖}
)

. (3.13)

Considering the same example as Remark 3.9, we would like to remark that there exist operators A and B,
for which the spectral radius bound in Theorem 3.10 is better than the same in (3.13). However, the bounds in
Theorem 3.10 and (3.13) are not comparable, in general.

4 Estimation for roots of a polynomial

Consider a monic polynomial p(z) = zn + an−1zn−1 + . . . + a1z + a0, where n ≥ 2 and a0, a1, . . . , an−1 are
complex coefficients. The Frobenius companion matrix C(p) of p(z) is an n × n matrix, given by

C(p) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−an−1 −an−2 . . . −a1 −a0
1 0 . . . 0 0
0 1 . . . 0 0
...

...
...

...
...

0 0
... 1 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

Consider C(p) = A + D, where

A =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 . . . 0 0
1 0 . . . 0 0
0 1 . . . 0 0
...

...
...

...
...

0 0
... 1 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

and D =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−an−1 −an−2 . . . −a1 −a0
0 0 . . . 0 0
0 0 . . . 0 0
...

...
...

...
...

0 0
... 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

Now, w(A) = cos π
n+1 (see [15]) and w(D) = 1

2

(

|an−1| +
√

∑n−1
i=0 |ai |2

)

(see [14]). Also it is easy to verify

that

‖D A‖ =
√

√

√

√

n−2
∑

i=0

|ai |2.

Therefore, using Proposition 3.2, we get the following spectral radius bound for the Frobenius companion
matrix C(p):

r(C(p)) = r(A + D)

≤ 1

2

⎛

⎜

⎜

⎝

cos
π

n + 1
+ μ +

√

√

√

√

√

(

cos
π

n + 1
− μ

)2

+
⎛

⎝1 +
√

√

√

√

n−2
∑

i=0

|ai |2
⎞

⎠

2
⎞

⎟

⎟

⎠

,

where μ = w(D).

Since the eigenvalues of C(p) are exactly the roots of the polynomial p(z), if z is a root of p(z), |z| ≤ r(C(p)).
Using this argument we get the following theorem.
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Theorem 4.1 Suppose p(z) = zn + an−1zn−1 + . . . + a1z + a0 is a complex polynomial with degree n ≥ 2 and
let

μ = 1

2

⎛

⎝|an−1| +
√

√

√

√

n−1
∑

i=0

|ai |2
⎞

⎠ .

If λ is a root of p(z), then

|λ| ≤ 1

2

⎛

⎜

⎜

⎝

cos
π

n + 1
+ μ +

√

√

√

√

√

(

cos
π

n + 1
− μ

)2

+
⎛

⎝1 +
√

√

√

√

n−2
∑

i=0

|ai |2
⎞

⎠

2
⎞

⎟

⎟

⎠

.

Remark 4.2 Fujii and Kubo [14] proved (by using the numerical radius inequality of C(p)) that if λ is a root of
p(z), then

|λ| ≤ cos
π

n + 1
+ 1

2

⎛

⎝|an−1| +
√

√

√

√

n−1
∑

i=0

|ai |2
⎞

⎠ = cos
π

n + 1
+ μ. (4.1)

Consider the polynomial p(z) = z4 − 2z3 + 1. Then the estimation (4.1) gives |λ| ≤ 2.9271, whereas Theorem
4.1 gives |λ| ≤ 2.6587. However, in general, the estimation in Theorem 4.1 is not comparable with the estimation
in (4.1).

5 Conclusion

By using the Aluthge transform of a bounded linear operator A, we have developed an upper bound for the
numerical radius of A, which refine the well known existing bound w(A) ≤ 1

2 (‖A‖ + ‖A2‖1/2). This obtained
bound provides a sufficient condition for the numerical radius equality, in particular, if A˜AA∗ = 0, then w(A) =
√

1
4 ‖A∗ A + AA∗‖. We have provided upper bounds for the spectral radius of the sum and product of operators

and it is expected that these bounds will have wider applications in operator theory. As a direct application of
the spectral radius bound for the sum of two operators, we have provided an estimation formula for the zeros
of a complex monic polynomial and we believe that this formula helps to find better location for the roots of a
complex polynomial.
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