Indian J Pure Appl Math (2025) 56:830-840
https://doi.org/10.1007/s13226-023-00523-x

ORIGINAL RESEARCH

Numerical radius and spectral radius inequalities with an
estimation for roots of a polynomial

Pintu Bhunia®

Received: 22 July 2023 / Accepted: 20 November 2023 / Published online: 15 December 2023
© The Indian National Science Academy 2023

Abstract Suppose A is a bounded linear operator defined on a complex Hilbert space. Among other numerical
radius inequalities, it is proved (by using the Aluthge transform A of A) that

’

w4 < (|AKAT] |A] + 7|44+ aa

where w(A) is the numerical radius of A. This numerical radius bound improves the well known existing bound

1 H[1/2
w(a) < 5 (1an+ |42 7).

Additionally, we explore the spectral radius bounds of the sum, product and commutator of bounded linear
operators. Furthermore, by using the spectral radius bound for the sum of two operators, we provide an estimation
for the roots of a complex polynomial.
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1 Introduction

The purpose of the article is to develop upper bounds for the numerical radius and the spectral radius of bounded
linear operators, which refine the existing ones. The investigation of numerical radius and spectral radius inequal-
ities is a significant area of research in operator theory. The numerical radius norm plays an important role to
investigate various geometric and analytic properties of bounded linear operators. The numerical radius has var-
ious applications in numerous fields of sciences. In recent times, various notions of orthogonality (for example,
Birkhoff-James orthogonality, Roberts orthogonality) and parallelism in operator spaces have been studied with
respect to the numerical radius norm, see [7,12,21] and the references therein. The numerical radius has also
found its application in quantum information theory (in particular, additive uncertainty relations [23], multi-
observable quantum uncertainty relations [16], quantum error correction [2]). Because of the importance of the
numerical radius inequalities of Hilbert space operators, many researchers has been studied numerical radius
inequalities in the setting of semi-Hilbertian space operators, see [6,8,11,22]. In recent times, several ideas of
the numerical radius inequalities have been used in studying Berezin symbol and Berezin number inequalities of
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reproducing kernel Hilbert space operators, see [3,4], which is an another important area of research. To proceed
further, first we introduce the relevant notations and terminologies.

Let B(H) denote the C*-algebra of all bounded linear operators on a complex Hilbert space H with inner
product (-, -) and the corresponding norm || - ||. Let A € B(H). The numerical range W(A) is defined as
W(A) = {{(Ax,x) : x € H, ||x]| = 1}. Let ||A]|, w(A) and r(A) denote the usual operator norm, the numerical
radius and the spectral radius of A, respectively. The numerical radius w(A) is defined as

w(A) = supf{|Ar| : L € W(A)}.

It is well known that the numerical radius w(-) : B(H) — R defines a norm on B(H) and for every A € B(H),
1
EIIAII <w(A) < [|A] (L.D)

holds. For more details on the numerical range, numerical radius and related inequalities, we refer to the books
[5,15]. Because of the importance of the numerical radius bounds of bounded linear operators, over the years,
many researchers have been tried to improve both lower and upper bounds for the numerical radius in (1.1), see
[1,9,19,20,24] and the references therein.

For 6 € R, let Hy(A) = § (¢! A + ¢77% A*), where A* is the adjoint of A. It is well known that

w(A) = sup [[Hp (A)l, (1.2)
6eR

see [24]. The spectral radius r(A) = lim | A = sup {|A] : A € 0(A)}, where o (A) is the spectrum of A.
n—oo

Since, o (A) is contained in the closure of the numerical range (i.e., 0 (A) € W(A)),
r(A) < w(A).

In particular, if A € B(H) is normal, then r(A) = w(A) = ||A|. For A € B(H), let |A] = (A*A)!/2.
For ¢ € [0, 1], the t-Aluthge transform (or generalized Aluthge transform) of A € B(H) is defined as

A = 1AI'UIAI,
where A = U|A| is the polar decomposition of A. For t = %,

A = |AI"VUIAVE = A

[~]

is the Aluthge transform of A. It is well known that 7 (A) = r(g), w(Z) < w(A) and
IAI < 1A% (< 14D,

where the last inequality follows form the Heinz inequality (see in [17]), which is stated as follows. If A, B, X €
B(H) with A and B are positive operators, then

IA"XB"|| < |AXB|" X', (1.3)

for all » € [0, 1].

In this paper, by using the properties of Aluthge transform of a bounded linear operator, we develop upper
bounds for the numerical radius of a single bounded linear operator, which improve the existing well known
bounds. We also obtain new spectral radius bounds for the sum, product and commutator of operators. Further-
more, by using the spectral radius bound for the sum of two operators, we obtain an estimation for the roots of
a complex monic polynomial.
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2 Numerical radius inequalities

We develop upper bounds for the numerical radius of bounded linear operators using ¢-Aluthge transform, which
improve the existing bounds

! 1oz
w(A) < 2IIAII + 2|IA l
and
2 1 e 1 * *
wi(A) = S IAI A + 7 474+ aa™],

proved in [20, Theorem 1] and [1, Theorem 2], respectively. In the following theorem, we prove our first bound
for the numerical radius of a bounded linear operator A, by using the properties of Aluthge transform of A.

Theorem 2.1 If A € B(H), then

w(A) < = 2

1 ~ 1/2 1 ~ 1
LLATA | AP 4 aras axe].

Proof Suppose A = U|A] is the polar decomposition of A and let ¢ € [0, 1]. For any 6 € R, we obtain

4 (Hp(A))? = 2Hyp(A?) + A*A + AA*
= 2Hy(U|A|U|A]) + A*A + AA*
= 2Hy(U|A|""|A'U|A|"Al") + A*A + AA*
= 2Hy (U|A|"™ A |Al") + A*A + AA™. @.1)

Therefore,

41 Ho(A)> = |20 (U1AI'' A 1A + A*A + 44"

<2 | Ha 1A' KAL)

+ |A*A + AA¥|
= 2w (VA" A AN ) + [ 474 + 44|, (by(1.2)
holds for any 6 € R. So, form the equality (1.2), we infer that
4w’ (A) = 4sup || Hp(A)|*
OeR
<2w (UlAll"fTAAl’) + |A*A + AA*|

< ZHIAll‘t&IAIIH + |A*A+ AA*|. (2.2)

Considering ¢t = 1/2 in (2.2) and from the Heinz inequality (1.3), we infer that

IA

w2 (A) % H|A|‘/2Z|A|‘/2H + i |A*A + AA¥|

IA

1 ~ ~ 1
S hAEIA2 A2 4 A+ ]

Loy 2y w12, 1
LARA R A| R 4 L A,
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Remark 2.2 (i) The bound in Theorem 2.1 is stronger than the bound
1 Ly o1/2
w() < slAl+3 |42 23)
2 2
proved by Kittaneh [20]. In fact,

w?(A)

IA

1 ~ ~ 1
LJAZA | R A 4 L ara At

1 e 1 * *
= 5 llAll |A] + 2 [A*A + AA*|
] 2
< shan a2 "+ fara s an|
1 2 172 1 2 2
< Il HA H +7 (HA H + Al ) (by [9, Remark3.9])

Loan+ Lazpe)
2 2 )

(i1) Also, clearly the bound in Theorem 2.1 is stronger than the bound

1 1
w(A) < S AN A] + 5 [a*A+ aa%]. 2.4)

which proved in [1, Theorem 2].
(iii) The numerical radius satisfies the lower bound

1
; larA+aar] < w?(A),
proved in [19]. Therefore, following Theorem 2.1, we get a sufficient condition for the numerical radius equality
1
7 la7A+ aar] = w?(A).

In particular, we have w?(A) = % |A*A + AA*| if AAA* = 0. This condition is not necessary, to see this,
02
00

Next, we obtain the following numerical radius bound by using the Aluthge transform.
Theorem 2.3 If A € B(H), then

consider A = |: :| @ [1] is an operator on C?.

1~ 1 - 1

foreveryt € [0, 1].
Proof 1Tt follows from (2.1) that
4 (Hy(A)* = 2Hy(U|A|" A, |Al") + A*A + AA*
— ezieUlAll—l‘KtlAV +€_2i0|A|tXl*|A|l_tU* +A*A+AA*
=AB+CD + A*A + AA*,
where A = 20U |A|'""A;, B =|A|',C = ¢ %%|A| and D = A,"|A|'~'U*. Now,
4||H9(A)||2 =||AB+CD + A*A + AA™||
< ||AB+CD| +||[A*A + AA¥|
=r(AB+CD) + |A*A + AA¥| (since AB + C D is self-adjoint)

< % (w(BA) +w(DC) + \/(w(BA) - w(DC))2 + 042)

+[|A*A + AA"||, (by (3.1))
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1/2

where o = ||[BC| + [A*D*[|"* [IDA| + |C*B*[|'*. Since BA = ¢¥94,%, DC = ¢7%° (A“t*)z, BC =

e 2191 A2 and DA = X9 A, |APPU-D A, so
4 Hy(A)]? < w (Z,z) + % H|A|2’ 4 AFAROO T, H FIATA + AAT.
Taking supremum over 6 € R, we get
4w(A) < w (X,z) + % H 1A + A5|AP0-D A, H FIA*A + AAT.

This completes the proof. O
By considering = 1/2 in Theorem 2.3, we obtain the following numerical radius bound.

Corollary 2.4 If A € B(H), then

wz(A)fé—llw(Xz) —H|A|+A*|A|AH+ |A*A + AA*

Again, considering 7 = 1 in Theorem 2.3, we obtain the following corollary. For this, first we note that A =
UJA] is the polar decomposition of A € B(H) and ker A = ker U. Here |A|® = U*U and so Ao = U*U?|A|,
A1 = |AlUU*U = |A|U.

Corollary 2.5 If A € B(H), then
s
w(4) < Juw (A7) + H|A|2+|A1| H — | A*A 4 aa¥|.

Remark 2.6 (i) The inequality in Corollary 2.5 refines the second inequality in (1.1).
(ii)) When ker A and ker A* have equal dimensions, then by using weakly unitary invariant property for the

numerical radius, it is easy to verify that w (Avlz) =w (Az) . Also, w (Avl 2) <w (A1 H |A|2 + |A1| H
Therefore, if A € B(H) with ker A and ker A* have equal dimensions, then

A

w2 (A) < %w (42) + % 14l + || + % |A*A + AA¥|

l 2 T2 l * *
7 AR+ AP + S [ara+ anr].

IA

It is known that if A is an n x n matrix, then ker A and ker A* have equal dimensions.

020
(iii) Consider a matrix A = | 0 0 0 | . Then it is easy to verify that A has a polar decomposition A = U|A]|,
001
000 010 ~ 000
where |[A|]= 020 |andU = [ 000 | .Hence A, = |A'U|A|'"""=[ 000 |, forall ¢ € [0, 1].
001 001 001

Therefore, form Theorem 2.3, we get

1 ~ 1 ~ ~ 1
w(A) < qu (A,Z) 3 H 1A + AF|APOD A, H + 7 [4%a+ aar
! 1+ ! (2,2%) + ! 4
= - X — x max(2, - x 4,
4 8 4
for every t € [0, 1]. Hence, Theorem 2.3 gives w(A) < \/g . Also, Theorem 2.1 gives w(A) < \/g . However,

the existing bound (2.3) gives w(A) < % and the bound (2.4) gives w(A) < +/2.
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3 Spectral radius inequalities

We develop new spectral radius bounds for the sum, product and commutator of bounded linear operators, and
we use some ideas in [18]. For this purpose, we need the following lemma, which is useful in our study.

Lemma 3.1 [10, Theorem 2.12] If A, B, C, D € B(H), then

w(BA) «
r(AB+CD)§w(|: 0 w(DC)j|>

_ % (w(BA) +w(DC) + \/(w(BA) - w(DC))2 + aZ) , 3.1)

where a = |||BC| + IA*D*|”1/2 ”|DA| + |C*B*|Hl/2'

Considering B = C = I in Lemma 3.1, we get the following upper bound for the spectral radius of the sum
of two operators.

Proposition 3.2 If A, D € B(H), then

| =

r(A+ D) < <w(A) +w(D) + \/(w(A) —w(D))* + ﬁ) ,

where f = Hl + |DA|H HI + |A* D]

Remark 3.3 (i) Let A, D € B(H). Following Proposition 3.2, we get

r(A+ D) < % (w(A) +w(D) + \/(w(A) - w(D))2 +(1+ ||DA||)2> . (3.2)

In particular, if DA = 0, then

1 2
r(A+ D) < 3 (w(A)+w(D) +\/(w(A) —w(D))” + 1). (3.3)

(i) It should be noted that the spectral radius of the inequality in Proposition 3.2 cannot be replaced by the

0 2}. Then w(A + D) = 2 and

numerical radius. To see this, consider A = D = [0 0

1 3
3 (w(A) +w(D) + \/(w(A) — w(D))2 + ,3) =3

Next, we obtain the following spectral radius inequality.

Theorem 3.4 If A, C € B(H), then

max {V(A +C),r(A—-C),w (I:é, é])}

1
=3 (w(A) +w(C) + \/(w(A> —w(0)* + [IC] + |A*]] 1A + |c*|||) .

Proof Considering B = D = I in Lemma 3.1, we get

r(A+0C)
< % (w(A) +w(C) + \/(w(A) - w(C))2 +Ict+ 14| 1Al + |C*|||> . (3.4)
Replacing C by —C, we also get
r(A—C)
< % (w(A) +w(C) + \/(w(A) - w(C))2 +]ict+ 1a#1|] 141 + |C*|H> ) (3.5)
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836 P. Bhunia

Again, it follows from [10, Corollary 2.6] that

“(ee)

1
<3 (w(A) +w(C) + \/(w(A) — w(C))2 + [1CI+ 1A*[|[|1A] + |C*] ||) . (3.6)

Therefore, combining both the inequalities in (3.6), (3.4) and (3.5), we get the desired inequality. O

Remark 3.5 Let A, C € B(H). Following Theorem 3.4, we get

max {r(A +C),r(A-0C),w ([2 2{|)}
+

1
<3 (w(A) +w(C) 4/ (w(A) — w(©))* + (141 + ||C||)2) . (3.7)

Recall that for two bounded linear operators A, B, the operators AB— B A and A B+ B A are called commutator
and anticommutator, respectively. By considering C = B and D = A in Lemma 3.1, we obtain the following
upper bound for the spectral radius of the commutator and anticommutator operators.

Proposition 3.6 If A, B € B(H), then

1
FAB£BA) < <w(BA) + w(AB) + \/(w(AB) —w(BA) + y) 7
where y = |||Bz| + IA*2|” ”|A2| + |B*2|H. In particular, if AB = BA, then

1 1 1/2
r(AB) < Sw(AB) + £ [1B% + (4721147 + 15+

Remark 3.7 In [18], Kittaneh proved that if A, B € B(H), then

1
r(AB+BA) < 5 (IIABII + I BAl +\/(||AB|I — IBAI)? +4||A2||IIBZII) : (3.8)

We would like to note that there exist operators A and B, for which the inequality in Proposition 3.6 gives

stronger bounds than the same in (3.8). To see this, consider A = |:(1) (1)] and B = |:(1) _Olj| . Then

% (w(BA) + w(AB) + \/(w(AB) — w(BA)) + y)

1
< E(w(BA) + w(AB) +/ (w(AB) — w(BA) + (| B2 + | A2 %)
14342

~ 2.6213

and

1
5 (IIABII + IBA| + \/(IIABII — I1BA|)? +4|IA2|I||BZII) =2v2 ~ 2.8284.

Again, replacing A, B, C, Dby I, AB, B, = A, respectively in (3.1), we obtain the following spectral radius
bounds for the commutator and anticommutator operators.
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Proposition 3.8 If A, B € B(H), then

r(AB = BA)

IA

1 1/2 1/2
w(AB)—i——H|ABZI+IA*| H|B*2A*|+|A|H

IA

w(AB) + ~ <HA82 H + ||A||) (3.9)
and

1 5 1/2 ) 12
F(AB + BA) gw(BA)—i-—HIBA H|A* B*|—|—|B|”

< w(BA) + = (HBAZH + ||B||) (3.10)
Remark 3.9 In [18], Kittaneh proved that if A, B € B(H), then
r(AB £ BA) < ||AB|| +\/min{||A||||ABZ||, IBIIA2B|} (3.11)
and
r(AB £ BA) < [|BA]| +\/min{||A||||BZA||, IBIIBA2|}. (3.12)

We would like to remark that there exist operators A and B, for which the inequalities (3.9) and (3.10) give

stronger bounds than the same in (3.11) and (3.12). To see this, consider A = [(1) (1)] and B = [(1) Ol] Then

w(AB) + - (HA32H+||A||)—w(BA)+ (HBA2H+||B||) +23f2av,2.6213

and

IABI + \/min {IAIIAB2], I BIIIA%B]|}

= |BA| +\/min{||AI|||BzA|I, I1BIIIBA?||}
=22~ 2.8284.

Next, we develop an upper bound for the spectral radius of the product of two operators.
Theorem 3.10 Let A, B € B(H), then

F(AB) < % <w(AB) + w(BA) + \/(w(AB) — w(BA))” + min {a2, [32}) ,

where

a = [IABA| + |B*||"?|1BI + |4*B* A% /2,

B = |IBAB| + |A*||'? 1Al + |B*A*B*||'/*.

zam = ([0 = (4 4][9)
= (i) = ([ )
|:ABB ABBAA:|2

- ([w(AB) w(BA)i|> (using [10, Corollary 2.4])

Proof We have,

w

g

% w(AB)—i—w(BA)—i—\/w(AB)—w(BA)) +a)
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Interchanging A and B, we also have

2r(AB) < % <w(BA) + w(AB) + \/(w(AB) —w(BA)) + ;32) .

Hence, the desired inequality follows by combining the above two inequalities. O

Remark 3.11 In [18], Kittaneh proved that if A, B € B(H), then

1
r(AB) = £ (IBAI+ AB]

2 .
+ \/(IIABII — |BA|)” +4min{||Al[|BABI|, |B|| IIABAII})- (3.13)
Considering the same example as Remark 3.9, we would like to remark that there exist operators A and B,
for which the spectral radius bound in Theorem 3.10 is better than the same in (3.13). However, the bounds in
Theorem 3.10 and (3.13) are not comparable, in general.

4 Estimation for roots of a polynomial

Consider a monic polynomial p(z) = z" + a,_12" "' + ...+ aiz + ap, where n > 2 and ag, ay, . .., a,_ are
complex coefficients. The Frobenius companion matrix C(p) of p(z) is an n x n matrix, given by

—ap_1 —Qu_n ... —aj —ao
1 0O ... 0 O
0 1 ... 0 O
C(p) =
0 0 1 0
Consider C(p) = A + D, where
00...00 —Qy_1 —Ay_) ... —da] —ay
10...00 0 0O ... 0 O
01...00 0 0O ... 0 O
A= . . . . . andD:
00 :10 0 0 : 0 0

Now, w(A) = cos nﬂﬁ (see [15]) and w(D) = % <|an1| + 4/ Z;:l |ai|2> (see [14]). Also it is easy to verify
that

IDA| =

Therefore, using Proposition 3.2, we get the following spectral radius bound for the Frobenius companion
matrix C(p):

r(C(p)) =r(A+ D)

where u = w(D).
Since the eigenvalues of C (p) are exactly the roots of the polynomial p(z), if zisarootof p(z), |z| < r(C(p)).
Using this argument we get the following theorem.
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Theorem 4.1 Suppose p(z) = 7" +an_12"~' + ...+ a1z + ag is a complex polynomial with degree n > 2 and
let

=3

If A is a root of p(z), then

Remark 4.2 Fujii and Kubo [14] proved (by using the numerical radius inequality of C(p)) that if A is a root of
p(2), then

1
IA] < cos —— 4 = (4.1)
n

+1 2

Consider the polynomial p(z) = z* — 2z3 + 1. Then the estimation (4.1) gives |A| < 2.9271, whereas Theorem
4.1 gives |A| < 2.6587. However, in general, the estimation in Theorem 4.1 is not comparable with the estimation
in (4.1).

5 Conclusion

By using the Aluthge transform of a bounded linear operator A, we have developed an upper bound for the
numerical radius of A, which refine the well known existing bound w(A) < 1 (||A[| + || A%[|'/?). This obtained

bound provides a sufficient condition for the numerical radius equality, in particular, if AAA* =0, then w(A) =

\/ % |IA*A + AA*||. We have provided upper bounds for the spectral radius of the sum and product of operators

and it is expected that these bounds will have wider applications in operator theory. As a direct application of
the spectral radius bound for the sum of two operators, we have provided an estimation formula for the zeros
of a complex monic polynomial and we believe that this formula helps to find better location for the roots of a
complex polynomial.
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