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Abstract Let f be a positive definite integral quadratic forms and let r(n, f ) be the number of representations
of an integer n by f . In this article, we prove that if f (z) is a modular form of weight k

2 and level N , then
f(m,r)(z) is a modular form of weight k

2 and level Nm2 (see Definition 2.3 for the definition of f(m,r)(z)). As
applications, we prove that if n ≡ 3 (mod 8), then

r(n, x2 + 7y2 + 7z2) = r(n, 2x2 + 4y2 + 2xy + 7z2),

and if n ≡ 1 (mod 3), then

r(n, x2 + y2 + 2z2 + 3t2 + 3w2) = r(n, x2 + y2 + 2z2 + 2t2 + 2zt + 6w2).

Keywords Representations of quadratic forms · Arithmetic progressions · Modular forms

Mathematics Subject Classification Primary 11E25 · 11E45

1 Introduction

Let

f (x1, x2, . . . , xk) =
∑

1≤i≤ j≤k

ai j xi x j

be a positive definite integral quadratic form of rank k. For an integer n, we define r(n, f ) the number of
representations of n by f , that is,

r(n, f ) = |{(x1, x2, . . . , xk) ∈ Z
k | f (x1, x2, . . . , xk) = n}|.
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842 S. Han, K. Kim

It is well known that r(n, f ) is finite for any positive integer n. Now, we define the theta series of f as follows:

θ( f, z) =
∞∑

n=0

r(n, f )qn (q = e2π i z).

Then it is known that θ( f, z) is a modular form of weight k
2 . Hence modular forms of weight k

2 play an important
role in the study of the representations by a quadratic form of rank k.

In this article, we prove that if f (z) is a modular form of weight k
2 and level N , then f(m,r)(z) is a modular

form of weight k
2 and level Nm2 (see Definition 2.3 for the definition of f(m,r)(z)). As applications, we prove

that r(n, f ) = r(n, g) for n in the arithmetic progression (see Table 1 for n, f and g). Specially, we prove that
if n ≡ 3(mod8), then

r(n, x2 + 7y2 + 7z2) = r(n, 2x2 + 4y2 + 2xy + 7z2),

and if n ≡ 1(mod3), then

r(n, x2 + y2 + 2z2 + 3t2 + 3w2) = r(n, x2 + y2 + 2z2 + 2t2 + 2zt + 6w2).

Furthermore, we prove that if n ≡ 3(mod8) and n is not of the form 72s(7t + r) for some nonnegative integers
s, t and r = 3, 5, 6, then

r(n, x2 + 7y2 + 7z2) = r(n, 2x2 + 4y2 + 2xy + 7z2) > 0.

Let

f (x1, x2, . . . , xk) =
∑

1≤i≤ j≤k

ai j xi x j

be a positive definite integral quadratic form of rank k. The corresponding symmetric matrix M f to the quadratic
form f is defined by M f = (ai j ). We will often address a positive definite symmetric matrix as a quadratic form,
and write f = M f . If f is diagonal, that is, ai j = 0 for any i �= j , then we write

f = 〈a11, a22, . . . , akk〉.
For two quadratic forms f and g of rank k, we say f is isometric to g if there is an integral matrix T ∈ Mn(Z) such
that T t M f T = Mg . We say f is isometric to g over the p-adic integer ring Zp if there is a matrix T ∈ Mn(Zp)

satisfying the above property. The genus gen( f ) of f is the set of all quadratic forms that are isometric to f
over Zp for any prime p. The class number h( f ) of f is the number of isometric classes in the genus of f . For
a quadratic form f and an integer n, we define

w( f ) =
∑

[g]∈gen( f )/∼

1

o(g)
and r(n, gen( f )) = 1

w( f )

∑

[g]∈gen( f )/∼

r(n, g)

o(g)
,

where [g] is the isometric class containing g in the genus of f and o( f ) is the order of the isometry group O( f ).
Any unexplained notations and terminologies can be found in [3–5] or [8].
In this article, we will prove the following theorem.

Theorem 1.1 Let m and r be integers with 0 ≤ r < m and (r,m) = 1. Suppose that f (z) = ∑∞
n=0 a(n)qn ∈

M k
2
(�0(N ), χ). Then we have

f(m,r)(z) :=
∑

n≡r(modm)

a(n)qn ∈ M k
2
(�1(Nm2)).

Moreover, if f (z) is a cusp form, then so is f(m,r)(z).
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2 Modular forms in arithmetic progression

In this section, we prove that if f (z) is a modular form of weight k
2 and level N , then f(m,r)(z) is a modular form

of weight k
2 and level Nm2 (see Definition 2.3 for the definition of f(m,r)(z)).

Definition 2.1 Suppose that f (z) = ∑∞
n=0 a(n)qn ∈ M k

2
(�0(N ), χ). If ψ is a Dirichlet character, then the

ψ-twist of f (z) is defined by

fψ(z) :=
∞∑

n=0

ψ(n)a(n)qn .

Proposition 2.2 ([5]) Suppose that f (z) = ∑∞
n=0 a(n)qn ∈ M k

2
(�0(N ), χ). If ψ is a Dirichlet character with

modulus m, then

fψ(z) ∈ M k
2
(�0(Nm2), χψ2).

Moreover, if f (z) is a cusp form, then so is fψ(z).

Definition 2.3 Let m and r be integers with 0 ≤ r < m and (r,m) = 1. Suppose that f (z) = ∑∞
n=0 a(n)qn ∈

M k
2
(�0(N ), χ). We define f(m,r)(z) as follows:

f(m,r)(z) :=
∑

n≡r(modm)

a(n)qn .

Theorem 2.4 Suppose that f (z) = ∑∞
n=0 a(n)qn ∈ M k

2
(�0(N ), χ). Then we have

f(m,r)(z) ∈ M k
2
(�1(Nm2)).

Moreover, if f (z) is a cusp form, then so is f(m,r)(z).

Proof If χ is a Dirichlet character with modulus m, then by Proposition 2.2, we have

fχ (z) ∈ M k
2
(�0(Nm2), χψ2) ⊂ M k

2
(�1(Nm2)). (2.1)

Let m and r be integers with 0 ≤ r < m and (r,m) = 1. We define the indicator function gr (n) as follows:

gr (n) := 1

φ(m)

∑

χ

χ̄(r)χ(n),

where χ runs over all Dirichlet characters modulo m. Then it is well known that (see chapter 4 of [1])

gr (n) =
{

1, if n ≡ r(modm),

0, if n � r(modm).

Hence, we have

f(m,r)(z) =
∑

n≡r(modm)

a(n)qn =
∞∑

n=0

gr (n)a(n)q
n = 1

φ(m)

∑

χ

χ̄(r) fχ (z).

Therefore, by (2.1), we have

f(m,r)(z) = 1

φ(m)

∑

χ

χ̄(r) fχ (z) ∈ M k
2
(�1(Nm2)).

��
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Table 1 r(n, f ) = r(n, g)

n f g

n ≡ 3(mod8) 〈1, 7, 7〉
(

2 1
1 4

)
⊥ 〈7〉

n ≡ 3(mod8) 〈1, 1, 7〉 〈1〉 ⊥
(

2 1
1 4

)

n ≡ 1(mod8) 〈1, 3, 5〉 〈1〉 ⊥
(

2 1
1 8

)

n ≡ 1(mod8) 〈1, 3, 21〉 〈1〉 ⊥
(

6 3
3 12

)

n ≡ 1(mod8) 〈1, 3, 45〉 〈1〉 ⊥
(

12 3
3 12

)

n ≡ 1 or 4(mod5) 〈1, 2, 3, 10〉 〈1〉 ⊥
⎛

⎝
3 −1 1

−1 5 1
1 1 5

⎞

⎠

n ≡ 1(mod3) 〈1, 1, 2, 3, 3〉 〈1, 1〉 ⊥
(

2 1
1 2

)
⊥ 〈6〉

3 Applications to quadratic forms

In this section, we prove that r(n, f ) = r(n, g) for n in the arithmetic progression by using the main result in
the previous section (see Table 1 for n, f and g). Specially, we prove that if n ≡ 3(mod8), then

r(n, x2 + 7y2 + 7z2) = r(n, 2x2 + 4y2 + 2xy + 7z2),

and if n ≡ 1(mod3), then

r(n, x2 + y2 + 2z2 + 3t2 + 3w2) = r(n, x2 + y2 + 2z2 + 2t2 + 2zt + 6w2).

Furthermore, we prove that if n ≡ 3(mod8) and n is not of the form 72s(7t + r) for some nonnegative integers
s, t and r = 3, 5, 6, then

r(n, x2 + 7y2 + 7z2) = r(n, 2x2 + 4y2 + 2xy + 7z2) > 0.

Let f be a quadratic form of rank k. We define the matrix A of f by A =
(

∂2 f
∂xi ∂x j

)
. Let N be the least

positive integer such that all the entries of the matrix N A−1 are integers and the entries on the diagonal are even.
We put

χ =
{( 2detA

·
)

if k is odd,

[0.3cm]
(
(−1)k/2detA

·
)

if k is even.

We define the theta series of f as follows:

θ( f, z) =
∞∑

n=0

r(n, f )qn (q = e2π i z, z ∈ H).

We also define the theta series of the genus of f as follows:

θ(gen( f ), z) =
∞∑

n=0

r(n, gen( f ))qn (q = e2π i z, z ∈ H).

Then it is known that θ( f, z) is in Mk/2(N , χ) (see Chapter 10 in [8]). It is also known that θ( f, z)−θ(gen( f ), z)
is in Sk/2(N , χ) (see the last paragraph of [7, p.376]). Hence if the quatratic form g is in the genus of f , then
θ( f, z)− θ(g, z) is in Sk/2(N , χ).

Let f (x1, x2, · · · , xk) and g(y1, y2, · · · , y	) be quadratic forms. We define f ⊥ g the quadratic form of
rank k + 	 as follows:

f ⊥ g = f + g.
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Corollary 3.1 Let f = 〈1, 7, 7〉 and g =
(

2 1
1 4

)
⊥ 〈7〉 and let n be a positive integer. If n ≡ 3(mod8), then we

have

r(n, f ) = r(n, g).

Furthermore, if n ≡ 3(mod8) and n is not of the form 72s(7t + r) for some nonnegative integers s, t and
r = 3, 5, 6, then we have

r(n, f ) = r(n, g) > 0.

Proof Note that the class number of f is 2 and gen( f )/ ∼= { f, g}. Here, the class number h( f ) of f is the
number of isometric classes in the genus of f and can be computed using the MAGMA calculator. We define

φ(z) =
∞∑

n=0

(r(n, f )− r(n, g))qn = θ( f, z)− θ(g, z),

where q = e2π i z . Then, it is well known that φ(z) ∈ S 3
2
(28) is a weight 3

2 cusp form (see the last paragraph of
[7] p.376). By Theorem 2.4, we have

φ(8,3)(z) ∈ S 3
2
(�1(28 · 82 = 1792)).

By the Sturm’s bound, a modular form of weight 3
2 for �1(1792) is uniquely determined by the first 1

8 [SL2(Z) :
�1(1792)] = 215 · 32 = 294912 Fourier coefficients. One may check that the first 294912 Fourier coefficients
of φ(8,3)(z) are equal to those of 0. Hence, we have

φ(8,3)(z) = 0.

This implies that if n ≡ 3(mod8), then we have

r(n, f )− r(n, g) = 0.

Assume that n ≡ 3(mod8) and n is not of the form 72s(7t +r) for some nonnegative integers s, t and r = 3, 5, 6.
Then one may check that n is represented by f over Zp for any prime p. This implies that

r(n, f ) = 1

3
r(n, f )+ 2

3
r(n, g) = r(n, gen f ) > 0.

This completes the proof. ��
Remark 3.2 The above corollary implies that if n is a square free natural number such that

n ≡ 3(mod8) and
(n

7

)
= 1,

then

r(n, f ) = r(n, g).

This was proved in Theorem 6 of [6].

Corollary 3.3 Let f = 〈1, 1, 7〉 and g = 〈1〉 ⊥
(

2 1
1 4

)
and let n be a positive integer. If n ≡ 5(mod8), then we

have

r(n, f ) = r(n, g).

Furthermore, if n ≡ 5(mod8) and n is not of the form 72s+1(7t + r) for some nonnegative integers s, t and
r = 3, 5, 6, then we have

r(n, f ) = r(n, g) > 0.

Proof Since the proof is quite similar to Corollary 3.1, the proof is left to the reader. ��
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Corollary 3.4 Let n be a positive integer.

(1) Let f = 〈1, 3, 5〉 and g = 〈1〉 ⊥
(

2 1
1 8

)
. If n ≡ 1(mod8), then we have

r(n, f ) = r(n, g).

(2) Let f = 〈1, 3, 21〉 and g = 〈1〉 ⊥
(

6 3
3 12

)
. If n ≡ 1(mod8), then we have

r(n, f ) = r(n, g).

(3) Let f = 〈1, 3, 45〉 and g = 〈1〉 ⊥
(

12 3
3 12

)
. If n ≡ 1(mod8), then we have

r(n, f ) = r(n, g).

Proof The proof is quite similar to each other, we only provide the proof of the first case. Note that the class
number of f is 2 and gen( f )/ ∼= { f, g}. We define

φ(z) =
∞∑

n=0

(r(n, f )− r(n, g))qn,

where q = e2π i z . Then it is well known that φ(z) ∈ S 3
2

(
60,

( 60
·
))

is a weight 3
2 cusp form. By Theorem 2.4, we

have

φ(8,1)(z) ∈ S 3
2
(�1(60 · 82 = 3840)).

By the Sturm’s bound, a modular form of weight 3
2 for �1(3840) is uniquely determined by the first 1

8 [SL2(Z) :
�1(3840)] = 217 · 32 = 1179648 Fourier coefficients. One may check that the first 1179648 Fourier coefficients
of φ(8,1)(z) are equal to those of 0. Hence, we have

φ(8,1)(z) = 0.

This implies that if n ≡ 1(mod8), then we have

r(n, f )− r(n, g) = 0.

��
Remark 3.5 The results of the above corollary and Lemma 3.5 of [2] are the same. However, the proof methods are
different. In the proof of Lemma 3.5 of [2], we use bijective maps between the integral solutions of f (x, y, z) = n
and g(x, y, z) = n. In the proof of the above corollary, we use Theorem 2.4 and the theory of modular forms.

Corollary 3.6 Let f = 〈1, 2, 3, 10〉 and g = 〈1〉 ⊥
⎛

⎝
3 −1 1

−1 5 1
1 1 5

⎞

⎠ and let n be a positive integer. If n ≡ 1 or

4(mod5), then we have

r(n, f ) = r(n, g).

Proof Note that the class number of f is 2 and gen( f )/ ∼= { f, g}. We define

φ(z) =
∞∑

n=0

(r(n, f )− r(n, g))qn,

where q = e2π i z . Then it is well known that φ(z) ∈ S2
(
120,

( 60
·
))

is a weight 2 cusp form. By Theorem 2.4,
we have

φ(5,1)(z), φ(5,4)(z) ∈ S 3
2
(�1(120 · 52 = 3000)).
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By the Sturm’s bound, a modular form of weight 3
2 for �1(3000) is uniquely determined by the first 1

6 [SL2(Z) :
�1(3000)] = 29 · 3 · 54 = 960000 Fourier coefficients. One may check that the first 960000 Fourier coefficients
of φ(5,1)(z) and φ(5,4)(z) are equal to those of 0. Hence, we have

φ(5,1)(z) = 0 and φ(5,4)(z) = 0

This implies that if n ≡ 1 or 4(mod5), then we have

r(n, f )− r(n, g) = 0.

��
Corollary 3.7 Let f = 〈1, 1, 2, 3, 3〉 and g = 〈1, 1〉 ⊥

(
2 1
1 2

)
⊥ 〈6〉 and let n be a positive integer. If

n ≡ 1(mod3), then we have

r(n, f ) = r(n, g).

Proof Note that the class number of f is 2 and gen( f )/ ∼= { f, g}. We define

φ(z) =
∞∑

n=0

(r(n, f )− r(n, g))qn,

where q = e2π i z . Then it is well known that φ(z) ∈ S 5
2

(
24,

( 8
·
))

is a weight 5
2 cusp form. By Theorem 2.4, we

have

φ(3,1)(z) ∈ S 5
2
(�1(24 · 32 = 216)).

By the Sturm’s bound, a modular form of weight 5
2 for �1(216) is uniquely determined by the first 5

24 [SL2(Z) :
�1(216)] = 24 · 34 · 5 = 6480 Fourier coefficients. One may check that the first 6480 Fourier coefficients of
φ(3,1)(z) are equal to those of 0. Hence, we have

φ(3,1)(z) = 0

This implies that if n ≡ 1(mod3), then we have

r(n, f )− r(n, g) = 0.

��
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