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Abstract A bounded operator S on a Hilbert space is hyponormal if S∗S − SS∗ is positive. In this work we
find necessary conditions for the hyponormality of the Toeplitz operator Tϕ+ψ on the Bergman space of the
annulus {1/2 < |z| < 1} where both ϕ and ψ are bounded and analytic on the annulus and are of the form
∑

n≥1

anzn + bn
1

zn
.
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1 Introduction

A bounded operator S on a Hilbert space is hyponormal if S∗S − SS∗ is positive. Hyponormality of Toeplitz
operators has been studied by many authors. Hyponormality of these operators on the Hardy space was considered
by C. Cowen in [2]. Hyponormality of Toeplitz operators, with a harmonic symbol of the form g1 + g2, on the
Bergman space of the unit disk was first considered in [8]. Therein a necessary condition, which consists of
a derivative inequality on the unit circle, was proved. The proof relied on the use of matrices. Using function
theory, this condition was improved by P. Ahern and Z. Cuckovic [1]. A generalization of their result to weighted
Bergman spaces was recently obtained [12]. Some special cases of the symbol are treated by I. Wang [14]
and a necessay condition, involving the coefficients of the symbol, is shown by A. Phukon and M. Hazarika
in [7]. Most of the results on hyponormality are necessary conditions. A sufficient condition when g1 is a
monomial and g2 is a polynomial is proved in [9]. An improvement of the necessary derivative condition in
the case g1and g2 are binomials is due to Z. Cuckovic and R. Curto and [3]. Some of the results in the case
of non-harmonic symbols are obtained by M. Fleeman, C. Liaw [5] and B. Simanek [13]. Hyponormality of
Toeplitz operators on the Bergman space of the annulus with a symbol ϕ + ψ , where ϕ and ψ are of one of the

forms
∑

n≥1

anzn or
∑

n≥1

an
1

zn
is considered in [10]. Various derivative conditions on the boundary are obtained as
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On hyponormality on the Bergman space of an annulus 849

necessary conditions. These results are generalized to weighted Bergman spaces with a radial weight in [11].
In this work we complete and generalize the results obtained in [10] to the case of harmonic symbols ϕ + ψ ,

where ϕ and ψ are both of the form
∑

n≥1

anzn + bn
1

zn
. We begin by recalling the notations and the definitions.

Denote by A2
1/2 the space of holomorphic functions on the annulus C1/2 = {z ∈ C, 1/2 < |z| < 1} such that∫ |h|2dm(z) < ∞, where dm(z) = (4/3π)dλ(z) and λ is the Lebesgue measure on the annulus. If h ∈ A2

1/2 we

write h = α0 +
∞∑

1

αnzn + α−nz−n and we have

||h||2 =
∞∑

0

4(1 − (1/2)2n+2)

3(n + 1)
|αn|2 + 8

3
ln 2.|α−1|2 +

∞∑

2

4(22n−2 − 1)

3(n − 1)
|α−n|2.

We denote by L2(C1/2) the space of measurable and square integrable functions with respect to dm on C1/2.
Toeplitz operators on A2

1/2 are defined by T f (h) = P(h f ), where f is bounded and measurable on C1/2, P

is the orthogonal projection on A2
1/2, and h is in A2

1/2. The Hankel operators on the space A2
1/2 are defined by

H f (h) = (I − P)(h f ). The space A2
1/2 has an orthonormal basis given by

{
en =

√
3(n + 1)

2
√
(1 − (1/2)2n+2

zn, n ≥ 0

}
∪

{
e−1 =

√
3√

8 ln 2z

}

∪
{

e−n =
√

3(n − 1)

2
√
(22n−2 − 1)

1

zn
, n ≥ 2

}
.

We consider hyponormality of Toeplitz operators with a symbol of the form ϕ + ψ where ϕ(z) =
∑

n≥1

anzn +
∑

m≥1

bm
1

zm
andψ(z) =

∑

n≥1

cnzn +
∑

m≥1

dm
1

zm
are bounded analytic functions on C1/2. We begin by recalling some

properties of Toeplitz operators which are known.

2 General properties of Toeplitz operators

Lemma 21 [8] let g1 and g2 be bounded measurable on C1/2. The following properties hold:

(1) Tg1+g2 = Tg1 + Tg2 .
(2) T ∗

g1
= Tg1 .

(3) Tg1 Tg2 = Tg1g2 if g2 is analytic on C1/2 or g1 is conjugate analytic.
(4) Tg1 Tg1 − Tg1 Tg1 = H∗

g1
Hg1 if g1 is analytic.

The next proposition follows by direct computations and makes use of Douglas Lemma [4].

Proposition 22 [8] Let g1and g2 be bounded analytic on C1/2. The following are equivalent:

(a) Tg1+g2 is hyponormal.
(b) Tg2 Tg2 − Tg2 Tg2 ≤ Tg1 Tg1 − Tg1 Tg1 .
(c) H∗

g2
Hg2 ≤ H∗

g1
Hg1 .

(d) Hg2 = C Hg1 where C is an operator of norm less than or equal to one.

The following lemma provides the projection computations that will be used in the sequel.

Lemma 23 [10] The projection P on A2
1/2 satisfies the following

(1) P(zm zn) = (m−n+1)(1−(1/2)2m+2)

(m+1)(1−(1/2)2m−2n+2)
zm−n if m ≥ n.

(2) P(zm zn) = (n−m−1)(1−(1/2)2m+2))

(m+1)(22n−2m−2−1)
1

zn−m if n ≥ m + 2.
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(3) P(zm zm+1) = (1−(1/2)2m+2)
2 ln 2(m+1)

1
z .

(4) P( 1
zm zn) = (m+n−1)(22m−2−1)

(22(m+n)−2−1)(m−1)
1

zm+n if m ≥ 2.

(5) P( 1
z zn) = 2n ln 2

(22n−1)
1

zn+1 if n ≥ 1.

(6) P( 1
zm zn) = (m+n+1)(1−(1/2)2n+2)

(n+1)(1−(1/2)2(m+n)+2)
zm+n.

(7) P( 1
zm zn ) = ((m−n)+1)(22n−2−1)

(n−1)(1−(1/2)2(m−n)+2)
zm−n if m ≥ n, n 	= 1.

(8) P( 1
zm z
) = 2m ln 2

(1−(1/2)2m )
zm−1 if m ≥ 1 .

(9) P( 1
zm zn ) = (n−m−1)(22n−2−1)

(n−1)(22(n−m)−2−1)
1

zn−m if m ≥ 1, n − m > 1.

(10) P( 1
zm zm+1 ) = (22m−1)

2m ln 2
1
z , m ≥ 1.

3 The main results

Before we state and prove the main results (see Theorems 36 and 312), we present some preparatory lemmas.

Lemma 31 Let ϕ(z) =
∑

n≥1

anzn +
∑

m≥1

bm
1

zm
be bounded on the annulus. Then for i, j ≥ 2 we have

〈
TϕTϕ − TϕTϕ(e j ), ei

〉 =
∑

1≤k
1≤k+ j−i

ak+ j−i ak(1 − (1/2)2(k+ j)+2))
√
(i + 1) ( j + 1)

(k + j + 1)
√(

1 − (1/2)2i+2
) (

1 − (1/2)2 j+2
)

−
∑

1≤k+i− j
1≤k≤ j

akak+i− j ( j − k + 1)
√

1 − (1/2)2i+2
√

1 − (1/2)2 j+2

(1 − (1/2)2( j−k)+2)
√

i + 1
√

j + 1

−a j+1ai+1

√
1 − (1/2)2i+2

√
1 − (1/2)2 j+2

2 ln 2
√

i + 1
√

j + 1

−
∑

j+2≤k

akak+i− j (k − j − 1)
√
(1 − (1/2)2i+2)

(
1 − (1/2)2 j+2

)

√
(i + 1) ( j + 1)

+
∞∑

1≤k
1≤k+i− j

bk+i− j bk
√

i + 1
√

j + 1(1 − (1/2)2( j−k)+2)
√

1 − (1/2)2i+2
√

1 − (1/2)2 j+2( j − k + 1)

−
∞∑

1≤k
1≤k+ j−i

bkbk+ j−i

√
1 − (1/2)2i+2

√
1 − (1/2)2 j+2( j + k + 1)√

i + 1
√

j + 1(1 − (1/2)2( j+k)+2)

+
i− j−1∑

k=1

akbi−k− j
√
(i + 1)( j + 1)(1 − (1/2)2(k+ j)+2)

√
(1 − (1/2)2i+2)(1 − (1/2)2 j+2)(k + j + 1)

+
j−i−1∑

k=1

bka j−k−i
√
(i + 1)( j + 1)(1 − (1/2)2( j−k)+2)

√
(1 − (1/2)2i+2)(1 − (1/2)2 j+2)( j − k + 1)

−
j−i−1∑

k=1

akb j−k−i

√
(1 − (1/2)2i+2)(1 − (1/2)2 j+2)( j − k + 1)√
(i + 1)( j + 1)(1 − (1/2)2( j−k)+2)

−
i− j−1∑

k=1

bkai−k− j

√
(1 − (1/2)2i+2)(1 − (1/2)2 j+2)( j + k + 1)√
(i + 1)( j + 1)(1 − (1/2)2( j+k)+2)

.
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Proof Set f (z) =
∑

n≥1

anzn and g(z) =
∑

m≥1

bm
1

zm
. We have

〈
TϕTϕ(e j ), ei

〉 = 〈
f e j , f ei

〉 + 〈
ge j , gei

〉 + 〈
f e j , gei

〉 + 〈
ge j , f ei

〉
.

〈
f e j , f ei

〉 =
∞∑

k,l=1

3alak
√
(i + 1)( j + 1)

4
√
(1 − (1/2)2i+2)(1 − (1/2)2 j+2)

〈
zk+ j , zi+l

〉

=
∑

1≤k
1≤k+ j−i

ak+ j−i ak
(
1 − (1/2)2(k+ j)+2

)√
(i + 1) ( j + 1)

(k + j + 1)
√(

1 − (1/2)2i+2
) (

1 − (1/2)2 j+2
)

and

〈
ge j , gei

〉 =
∞∑

1≤k
1≤k+i− j

bk+i− j bk
√

i + 1
√

j + 1
(
1 − (1/2)2( j−k)+2

)
√

1 − (1/2)2i+2
√

1 − (1/2)2 j+2( j − k + 1)

〈
f e j , gei

〉 =
∞∑

k,l=1

3akbl
√

i + 1
√

j + 1

4
√

1 − (1/2)2i+2
√

1 − (1/2)2 j+2

〈
zk+ j ,

zi

zl

〉

=
i− j−1∑

k=1

akbi−k− j
√

i + 1
√

j + 1(1 − (1/2)2(k+ j)+2)
√

1 − (1/2)2i+2
√

1 − (1/2)2 j+2(k + j + 1)

with
〈
f e j , gei

〉 = 0 if i − j ≤ 1.

〈
ge j , f ei

〉 =
∞∑

k,l=1

3bkal
√

i + 1
√

j + 1

4
√

1 − (1/2)2i+2
√

1 − (1/2)2 j+2

〈
z j−k, zi+l

〉

=
j−i−1∑

k=1

bka j−k−i
√

i + 1
√

j + 1(1 − (1/2)2( j−k)+2)
√

1 − (1/2)2i+2
√

1 − (1/2)2 j+2( j − k + 1)

with
〈
ge j , f ei

〉 = 0 if j − i ≤ 1. We also have

〈
TϕTϕ(e j ), ei

〉 =
〈
T f (e j ), T f (ei )

〉
+ 〈

Tg(e j ), Tg(ei )
〉 +

〈
T f (e j ), Tg(ei )

〉

+
〈
Tg(e j ), T f (ei )

〉
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and
〈
T f (e j ), T f ei

〉
=

∑

1≤k+i− j
1≤k≤ j

akak+i− j ( j − k + 1)
√
(1 − (1/2)2i+2)(1 − (1/2)2 j+2)

(1 − (1/2)2( j−k)+2)
√
(i + 1)( j + 1)

+a j+1ai+1

√
(1 − (1/2)2i+2)(1 − (1/2)2 j+2)

2 ln 2
√

i + 1
√

j + 1

+
∑

j+2≤k

akak+i− j (k − j − 1)
√
(1 − (1/2)2i+2)

(
1 − (1/2)2 j+2

)

√
(i + 1) ( j + 1)

〈
Tg(e j ), Tg(ei )

〉 =
∞∑

k,l=1

3bkbl
√

i + 1
√

j + 1

4
√
(1 − (1/2)2i+2)(1 − (1/2)2 j+2)

〈
P(

1

zk
z j ), P(

1

zl
zi )

〉

=
∞∑

1≤k
1≤k+ j−i

bkbk+ j−i

√
(1 − (1/2)2i+2)(1 − (1/2)2 j+2)( j + k + 1)√
(i + 1)( j + 1)(1 − (1/2)2( j+k)+2)

〈
T f (e j ), Tg(ei )

〉
=

∞∑

k,l=1

3akbl
√

i + 1
√

j + 1

4
√
(1 − (1/2)2i+2)(1 − (1/2)2 j+2)

〈
P(zk z j ), P(

1

zl
zi )

〉

We have
〈
P(zk z j ), P( 1

zl
zi )

〉
= 0 if k ≥ j − 1 for any i, l ≥ 1. Thus

〈
T f (e j ), Tg(ei )

〉
=

j−i−1∑

k=1

akb j−k−i

√
(1 − (1/2)2i+2)(1 − (1/2)2 j+2)( j − k + 1)√
(i + 1)( j + 1)(1 − (1/2)2( j−k)+2)

with
〈
T f (e j ), Tg(ei )

〉
= 0 if j − i ≤ 1. We finally have

〈
Tg(e j ), T f (ei )

〉
=

∞∑

k,l=1

3bkal
√

i + 1
√

j + 1

4
√
(1 − (1/2)2i+2)(1 − (1/2)2 j+2)

〈
P(

1

zk
z j ), P(zl zi )

〉

=
i− j−1∑

k=1

bkai−k− j

√
(1 − (1/2)2i+2)(1 − (1/2)2 j+2)( j + k + 1)√
(i + 1)( j + 1)(1 − (1/2)2( j+k)+2)

with
〈
Tg(e j ), T f (ei )

〉
= 0 if i − j ≤ 1. The result follows. 
�

We compute the other matrices that will be needed.
Set λi, j = 〈

ge j , f ei
〉 + 〈

f e j , gei
〉
.

λi, j =
j−i−1∑

k=1

bka j−k−i
√

i + 1
√

j + 1
√

1 − (1/2)2i+2
√

1 − (1/2)2 j+2

(1 − (1/2)2( j−k)+2)

( j − k + 1)

+
i− j−1∑

k=1

akbi−k− j
√

i + 1
√

j + 1
√

1 − (1/2)2i+2
√

1 − (1/2)2 j+2

(1 − (1/2)2(k+ j)+2)

k + j + 1
.

If βi, j =
〈
T f (e j ), Tg(ei )

〉
+

〈
Tg(e j ), T f (ei )

〉
, then

βi, j =
j−i−1∑

k=1

akb j−k−i

√
(1 − (1/2)2i+2

√
i + 1

√
j + 1

√
(1 − (1/2)2 j+2( j − k + 1)

(1 − (1/2)2( j−k)+2)

+
i− j−1∑

k=1

bkai−k− j

√
(1 − (1/2)2i+2

√
(1 − (1/2)2 j+2( j + k + 1)√

i + 1
√

j + 1(1 − (1/2)2( j+k)+2)
.
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Both
(
λi, j

)
i, j and

(
βi, j

)
i, j are symmetric matrices and λi, j = βi, j = 0 if |i − j | ≤ 1. We consider asymptotic

expressions of these last two matrices. For p ≥ 2 we have

λi+p,i =
p−1∑

k=1

akbp−k
√

i + p + 1
√

i + 1(1 − (1/2)2(k+i)+2)
√

1 − (1/2)2(i+p)2
√

1 − (1/2)2i+2(k + i + 1)

and

βi+p,i =
p−1∑

k=1

bkap−k

√
(1 − (1/2)2(i+p)+2

√
(1 − (1/2)2i+2(i + k + 1)√

i + p + 1
√

i + 1(1 − (1/2)2(i+k)+2)
.

Thus

λi+p,i − βi+p,i =
p−1∑

k=1

ap−kbk
√

i + p + 1
√

i + 1(1 − (1/2)2(p−k+i)+2)
√

1 − (1/2)2(i+p)+2
√

1 − (1/2)2i+2(p − k + i + 1)

−
p−1∑

k=1

bkap−k

√
1 − (1/2)2(i+p)+2

√
1 − (1/2)2i+2(i + k + 1)√

i + p + 1
√

i + 1(1 − (1/2)2(i+k)+2)
.

A computation leads to the following lemma.

Lemma 32 The following holds

lim
i→∞i2(λi+p,i − βi+p,i ) =

p−1∑

k=1

− k(p − k)bkap−k

Define g̃(z) =
∑

m≥1

bm zm . It is not difficult to see that

μi+p,i =
p−1∑

k=1

− k(p − k)bkap−k and μi,i+p = μi+p,i

is the matrix of the Hardy space Toeplitz operator with symbol

−2Re
(

f ′(g̃)′ − (a1b1 + 2(a2b1 + a1b2)z)
)
.

We will set

R
(

f ′g̃′) = Re
(

f ′(g̃)′ − (a1b1 + 2(a2b1 + a1b2)z)
)

and denote by
(
θi, j

)
the matrix of the Hardy space Toeplitz operator T| f ′|2 and by

(
σi, j

)
the matrix of the Hardy

space Toeplitz operator T|̃g′|2 . In [10] we showed the following two lemmas.

Lemma 33 [10] Let
(

i, j

)
denote the matrix of T f T f −T f T f in the given orthonormal basis of A2

1/2. If f ′ ∈ H2,

then lim
i→∞i2
i+p,i = θs+p,s .

Lemma 34 [10] Let
(
�i, j

)
denote the matrix of TgTg − TgTg in the given orthonormal basis of A2

1/2. If g̃′ ∈ H2

then lim
i→∞i2�i+p,i = σs+p,s .

We make apparent the use of the previous matrix computations and lemmas. Since we have the identity

T f +gT f +g − T f +gT f +g = T f T f − T f T f + TgTg − TgTg + T f Tg + TgT f − T f Tg − TgT f

the matrix of T f +gT f +g − T f +gT f +g in the natural orthonormal basis of A2
1/2 is given by

mi, j = 
i, j +�i, j + λi, j − βi, j .

We obtain the following asymptotic property of
(
mi, j

)
.

123



854 H.Sadraoui, B.Halouani

Lemma 35 If f ′ ∈ H2 and g̃′ ∈ H2 we have

lim
i→∞i2mi+p,i = θs+p,s + σs+p,s + μs+p,s .

Obviously, in this case,
(
θi, j + σi, j + μi, j

)
i, j is the matrix of the Hardy space Toeplitz operator T| f ′|2+|̃g′|2−2R( f ′ g̃′).

Set ϕ = f + g =
∑

n≥1

anzn + bn
1

zn
, and ψ = f1 + g1 =

∑

n≥1

cnzn + dn
1

zn
and assume ϕ and ψ are bounded on

the annulus C1/2. Let us denote by
(

1

i, j

)
,
(
�1

i, j

)
,
(
λ1

i, j

)
,
(
β1

i, j

)
respectively the matrices of

T f1
T f1 − T f1 T f1

, Tg1 Tg1 − Tg1 Tg1 , T f1
Tg1 + Tg1 T f1 , T f1 Tg1 + Tg1 T f1

.

Also denote by
(

m1
i, j

)
,
(
θ1

i, j

)
,
(
σ 1

i, j

)
, and

(
μ1

i, j

)
, respectively, the matrices of the Hardy space operators

T| f ′
1|2+|̃g′

1|2−2R( f ′
1 g̃1

′), T| f
′
1 |2 , T|g̃1

′|2 and T−2R
(

f
′
1 g̃1

′
). We now state our first main result.

Theorem 36 Assume f ′ and g̃′ are in H2. If Tϕ+ψ is hyponormal on A2
1/2, then f ′

1 and g̃1
′ are in H2 and

| f ′
1|2 + |̃g′

1|2 − 2R
(

f ′
1g̃1

′) ≤ | f ′|2 + |̃g′|2 − 2R
(

f ′g̃′)

a,e on the unit circle.

Proof First we prove that f ′
1 and g̃1

′ are in H2. Since λi,i = βi,i = λ1
i,i = β1

i,i = 0, from hyponormality it

follows that 
1
i,i +�1

i,i ≤ 
i,i +�i,i and that i2(
1
i,i +�1

i,i ) ≤ i2(
i,i +�i,i ). We have from Lemmas 34 and
35 that

lim
i→∞i2(
i,i +�i,i ) =

∑

k≥1

n2|(an|2 + |bn|2) < ∞. (36.1)

Using the computations in Lemma 31 we have


1
i,i =

∑

1≤k

|ck |2(1 − (1/2)2(k+i)+2))(i + 1)

(k + i + 1)
(
1 − (1/2)2i+2

) −
∑

1≤k≤i

|ck |2(i − k + 1)(1 − (1/2)2i+2)

(1 − (1/2)2(i−k)+2)(i + 1)

−|ci+1|2 (1 − (1/2))2i+2

2 ln 2(i + 1)
−

∑

i+2≤k

|ck |2(k − i − 1)
(
1 − (1/2)2i+2

)

(i + 1)

Write


1
i,i =

∑

1≤k≤i

|ck |2 Ak,i + |ci+1|2 Bi +
∑

k≥i+2

|ck |2Ck,i (36.2)

where we have

Ak,i = (1 − (1/2)2(k+i)+2))(i + 1)

(k + i + 1)
(
1 − (1/2)2i+2

) − (i − k + 1)(1 − (1/2)2i+2)

(1 − (1/2)2(i−k)+2)(i + 1)
.

Ak,i is positive since Ak,i is the diagonal form of the positive matrix of Tzk Tzk − Tzk Tzk . We also verify that Bi
and Ck,i are positive.

A computation shows that lim
i→∞i2 Ak,i = k2. Write

∑

1≤k≤i

|ck |2 Ak,i as
∫

Fi (k) dυ(k), where υ is the counting

measure. We get from (36.2),
∫

i2 Fi (k) dυ(k) ≤ i2(
i,i +�i,i ).

Applying Fatou’s lemma we obtain from (36.1),
∫

lim inf
i→∞ i2 Fi (k) dυ(k) ≤ lim inf

i→∞

∫
i2 Fi (k) dυ(k) ≤

∑

n≥1

n2(|an|2 + |bn|2) < ∞
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Since lim inf
i→∞ i2 Fi (k) = k2|ck |2, we deduce that f

′
1 ∈ H2. Similarly we get g̃1

′ ∈ H2. Thus, by Lemma 35, we

can write

lim
i→∞ i2(mi,i+p − m1

i,i+p) = 
i,i+p

where
(

i, j

)
is the matrix of the Hardy space Toeplitz operator

T| f ′|2+|̃g′|2−2R( f ′ g̃′)−| f ′
1|2−|̃g′

1|2+2R( f ′
1 g̃1

′).

By a known property of Toeplitz forms [6], we deduce that hyponormality leads to | f ′
1|2 + |̃g′

1|2 − 2R
(

f ′
1g̃1

′) ≤
| f ′|2 + |̃g′|2 − 2R

(
f ′g̃′) a.e on the unit circle. 
�

Corollary 37 Assume a1 = a2 = 0 or b1 = b2 = 0 and c1 = c2 = 0 or d1 = d2 = 0, f ′ and g̃′ are in H2. If
Tϕ+ψ is hyponormal then f

′
1 and g̃1

′ are in H2 and | f ′
1 − g̃1

′| ≤ | f
′ − g̃′| a.e on the unit circle.

Proof In this case R
(

f ′g̃′) = Re
(

f ′g̃′) and R
(

f ′
1g̃1

′) = Re
(

f ′
1g̃1

′). 
�
Corollary 38 Assume a1 = a2 = 0 or b1 = b2 = 0 and c1 = c2 = 0 or d1 = d2 = 0 and that f , g̃, f1, g̃1 are
analytic in an open set O containing {z ∈ C, 1 ≤ |z| ≤ 1/2} and that f − g̃ and f1 − g̃1 are univalent in O. If
Tϕ+ψ is normal then f1 − g̃1 = c( f − g̃), where |c| = 1.

We now consider another part of the matrices of TϕTϕ−TϕTϕ and TψTψ−TψTψ and their asymptotic property to

obtain derivative conditions on the boundary {z ∈ C, |z| = 1/2}. For f =
∑

n≥1

anzn and g =
∑

n≥1

bn
1

zn
bounded

analytic on C1/2, set f1/2 =
∑

n≥1

an

2n
zn and g2 =

∑

n≥1

2nbnzn . Recall that
(

i, j

)
and

(
�i, j

)
denote the matrices of

T f T f − T f T f and TgTg − TgTg , respectively. If
(
ζi, j

)
and

(
ηi, j

)
denote, respectively, the matrices of the Hardy

space Toeplitz operators T| f
′
1/2|2 and T|g′

2|2 , we have the following Lemmas 3.6 and 4.3 in [10].

Lemma 39 lim
i→∞i2
−i−p,−i = ζs+p,s and lim

i→∞i2�−i−p,−i = ηs+p,s if g2 ∈ H2.

We will finally need to compute λ− j,−i − β− j,−i , which, by definition, is the expression

〈
f e− j , ge−i

〉 + 〈
ge− j , f e−i

〉 −
〈
T f e− j , Tge−i

〉
−

〈
Tge− j , T f e−i

〉

=
〈
(T f Tg + TgT f − T f Tg − TgT f )e− j , e−i

〉

Lemma 310 We have

λ− j,−i − β− j,−i =
∑

1≤k≤ j−i−1

akb j−k−i
√
( j − 1)(i − 1)(22(k− j)−2 − 1)

√
(22 j−2 − 1)(22i−2 − 1)(k − j − 1)

+
∑

1≤k≤i− j−1

bkai− j−k
√
( j − 1)(i − 1)

√
(22 j−2 − 1)(22i−2 − 1)

(22(k+ j)−2 − 1)

k + j − 1

−
∑

1≤k≤i− j−1

akbi− j−k
√
( j − 1)(i − 1)

√
(22 j−2 − 1)(22i−2 − 1)

(22(i−k)−2 − 1)

(i − k − 1)

−
∑

1≤k≤ j−i−1

bka j−i−k
√
( j − 1)(i − 1)

√
(22 j−2 − 1)(22i−2 − 1)

(22(i+k)−2 − 1)

(i + k − 1)
.
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Proof For i , j ≥ 2 we have

〈
f e− j , ge−i

〉 =
∑

k,l≥1

3akbl
√
( j − 1)(i − 1)

4
√
(22 j−2 − 1)(22i−2 − 1)

〈
zk

z j
,

1

zl+i

〉

=
∑

1≤k≤ j−i−1

akb j−k−i
√
( j − 1)(i − 1)

√
(22 j−2 − 1)(22i−2 − 1)

(22( j−k)−2 − 1)

j − k − 1

with
〈
f e− j , ge−i

〉 = 0 if j − i ≤ 1,

〈
ge− j , f e−i

〉 =
∑

k,l≥1

3bkal
√
( j − 1)(i − 1)

4
√
(22 j−2 − 1)(22i−2 − 1)

〈
1

zk+ j
,

zl

zi

〉

=
∑

1≤k≤i− j−1

bkai− j−k
√
( j − 1)(i − 1)

√
(22 j−2 − 1)(22i−2 − 1)

(22(k+ j)−2 − 1)

k + j − 1

with
〈
ge− j , f e−i

〉 = 0 if i − j ≤ 1,

〈
T f e− j , Tge−i

〉
=

∑

k,l≥1

3akbl
√
( j − 1)(i − 1)

4
√
(22 j−2 − 1)(22i−2 − 1)

〈
P(

zk

z j
), P(

1

zi zl
)

〉

〈
P( zk

z j ), P( 1
zi zl
)
〉
= 0 if l 	= i − j − k so we get

〈
T f e− j , Tge−i

〉
=

∑

1≤k≤i− j−1

akbi− j−k

√
(22 j−2 − 1)(22i−2 − 1)(k + j − 1)√

( j − 1)(i − 1)(22(k+ j)−2 − 1)

with
〈
T f e− j , Tge−i

〉
= 0 if i − j ≤ 1,

〈
Tge− j , T f e−i

〉
=

∑

k,l≥1

3bkal
√
( j − 1)(i − 1)

4
√
(22 j−2 − 1)(22i−2 − 1)

〈
P(

1

zk z j
), P(

zl

zi
)

〉

Since
〈
P( 1

zk z j
), P( zl

zi )
〉
= 0 if j − k 	= i + l we deduce

〈
Tge− j , T f e−i

〉
=

∑

1≤k≤ j−i−1

bka j−i−k( j − k − 1)
√
(22 j−2 − 1)(22 j−2 − 1)√

(i − 1)( j − 1)(22( j−k)−2 − 1)

with
〈
Tge− j , T f e−i

〉
= 0 if j − i ≤ 1. Notice that λ−i,− j = β−i,− j = 0 if | j − i | ≤ 1. If we assume p ≥ 2 we

get

λ−i−p,−i − β−i−p,−i =
∑

1≤k≤p−1

bkap−k
√
(i − 1)(i + p − 1)

√
(22i−2 − 1)(22(i+p)−2 − 1)

(22(k+i)−2 − 1)

k + i − 1

−
∑

1≤k≤p−1

ap−kbk

√
(22i−2 − 1)(22(i+p)−2 − 1)√
(i − 1)(i + p − 1)

(p − k + i − 1)

(22(p−k+i)−2 − 1)

=
∑

1≤k≤p−1

bkap−k(i − 1)(i + p − 1)(22(k+i)−2 − 1)(22(p−k+i)−2 − 1)

(k + i − 1)
√
(22(i+p)−2 − 1)(22i−2 − 1)(i − 1)(i + p − 1)(22(p−k+i)−2 − 1)

− (22(i+p)−2 − 1)(22i−2 − 1)(k + i − 1)(p − k + i − 1)

(k + i − 1)
√
(22(i+p)−2 − 1)(22i−2 − 1)(i − 1)(i + p − 1)(22(p−k+i)−2 − 1)


�
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A computation shows that

lim
i→∞i2(λ−i−p,−i − β−i−p,−i ) =

∑

1≤k≤p−1

k(p − k)22k−pbkap−k

=
∑

1≤k≤p−1

(p − k)
ap−k

2p−k
k2kbk .

We recognize this last expression χs+p,s (as it only depends on p) as the coefficient of the matrix of the Hardy
space Toeplitz operator with symbol

2Re
(

f
′
1/2(g2)

′ − a1b1 − (a2b1 + 4a1b2)z
)

which will be denoted by 2R
(

f ′
1/2g

′
2

)
. As before we set

ϕ = f + g =
∑

n≥1

anzn +
∑

n≥1

bn
1

zn
and ψ = f 1 + g1 =

∑

n≥1

cnzn +
∑

n≥1

dn
1

zn
,

where all functions are bounded analytic on the annulus. We obtain the following lemma.

Lemma 311 lim
i→∞i2m−i−p,−i = ζs+p,s + ηs+p,s + χs+p,s .

Clearly we obtain the element of the matrix of the Toeplitz operator on the Hardy space with symbol | f ′
1/2|2 +

|g̃2
′|2 + 2R

(
f ′
1/2 g̃2

′
)

. Proceeding as in the proof of the previous theorem, we obtain our second main result.

Theorem 312 Assume g′
2 ∈ H2. If Tϕ+ψ is hyponormal, then g1′

2 ∈ H2 and we have

| f 1′
1/2|2 + |g̃1

2

′|2 + 2R
(

f
1′
1/2 g̃1

2

′) ≤ | f ′
1/2|2 + |g̃2

′|2 + 2R
(

f ′
1/2 g̃2

′)

a.e on the unit circle.

Corollary 313 Assume a1 = a2 = 0 or b1 = b2 = 0 and c1 = c2 = 0 or d1 = d2 = 0 and g
′
2 ∈ H2. If Tϕ+ψ is

hyponormal, then g1′
2 ∈ H2 and | f 1′

1/2 + g1′
2 | ≤ | f

′
1/2 + g

′
2| a.e on the unit circle.

Corollary 314 Assume a1 = a2 = 0 or b1 = b2 = 0 and c1 = c2 = 0 or d1 = d2 = 0 and that f1/2, g2, f 1
1/2, g1

2

are all analytic in an open O set containing {z, 1/2 ≤ |z| ≤ 1}, where f1/2 + g2 and f 1
1/2 + g1

2 are univalent.

If Tϕ+ψ is normal then f 1
1/2 + g1

2 = c( f1/2 + g2), where |c| = 1.

Using corollaries 38 and 314 we deduce

Corollary 315 Assume a1 = a2 = 0 or b1 = b2 = 0 and c1 = c2 = 0 or d1 = d2 = 0 and that f1/2, g2, f 1
1/2, g1

2

are all analytic in an open O set containing {z, 1/2 ≤ |z| ≤ 1}, where f1/2 + g2 and f 1
1/2 + g1

2 f − g̃, f1 − g̃1

are univalent. If Tϕ+ψ is normal then f 1
1/2 + g1

2 = ρ1( f1/2 + g2) and f1 − g̃1 = ρ( f − g̃), where |ρ| = |ρ1| = 1.
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