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Abstract Let ¢ be a positive integer. Then we conjecture that the equations x> + 2(2¢)™ = (¢ + 2)" and
x242Q2¢)" = (2¢2+1)" have only the trivial positive integer solution (x, m, n) with explicit exceptional cases.
In this paper, we verify that these conjectures are true under certain assumptions on c.
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1 Introduction

Let Z and N be the sets of all integers and positive integers, respectively. Let D, k be fixed positive integers with
min{D, k} > 1 and ged(D, k) = 1. A class of polynomial-exponential Diophantine equations of the form

24+ D" =k" x,mneN

is usually called the generalized Ramanujan—Nagell equation. It has a long history and rich content (see [16]).
In the past 30 years, the third author and his collaborators have developed a series of interesting conjectures
about this equation (see [9—11] and [22-27]). In particular, it is conjectured that if A, B, C are pairwise coprime
positive integers satisfying A% + B? = C?2, then the equation x> + B™ = C™ has exactly one or at most three
positive integer solutions (x, m, n) according as B is odd or even (cf. [22] and [25]). It is worth stating the
conjecture that for fixed coprime positive integers B, C, the equation x> + B” = C" has at most three positive
integer solutions (x, m, n), except for the following two cases:

e x2 4+ 7™ = 2" has only the six positive integer solutions
(x,m,n)=(1,1,3), 3, 1,4, 5, 1.5, (11, 1,7), (181, 1,15), (13,3,9);
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860 Y. Fujita et al.

e x? 4+ 2™ = 3" has only the four positive integer solutions
(x,m,n)=(1,1,1), (1,3,2), 5,1,3), (7,5,4)

(ct. [6,21,28] and [15]).
In this paper, we propose the following two new conjectures.

Conjecture 1.1 Let c be a positive integer. Then the equation
X2 42Q)" =(*+2)", x,mneN (1.1)

has only the solution (x, m,n) = (c2=2,2,2), except for the cases ¢ = 1, 2, where equation (1.1) has only the
following solutions, respectively:

c=1 (x,m,n)=(1,2,2),(7,4,4),
c=2; (x,m,n)=(2,2,2),(88,2,5), (28,4, 4).

Conjecture 1.2 Let ¢ be a positive integer. Then the equation
X +2Q20)" =2+ 1", x,mneN (1.2)

has only the solution (x, m,n) = (2c2 —1,2,2), except for the cases c = 1, t+ 1, where s, t are positive integers
satisfying s> — 2t> = —1. In these cases, equation (1.2) has only the following solutions, respectively:

c=1; (x,m,n)=(1,2,2),(7,4,4),
c=t+1; (x,m,n) = (2c2 —1,2,2), (s, 1, 1).

Our main results are the following:
Theorem 1.3 Suppose that c is a power of a prime. Then Conjecture 1.1 is true.
Theorem 1.4 Suppose that c is a power of a prime. Then Conjecture 1.2 is true.

Theorem 1.5 (1) Ifc =1 or3 (mod 8), then Conjecture 1.1 is true.
) Ifc =1 (mod 4), then Conjecture 1.2 is true.

We organize this paper as follows. In Section 2, we recall several results concerning Pell’s equations, gen-
eralized Lebesgue-Nagell equations, generalized Fermat’s equations, Primitive divisors of Lucas numbers, and
continued fractions. In Sections 3, 4, we show some important lemmas on exponential Diophantine equations.
The proofs of Theorems 1.3, 1.4, 1.5 are done in Sections 5, 6, 7, respectively.

2 Preliminaries

Let D be a fixed nonsquare integer. By Sections 56 and 58 of [17], we can directly obtain the following two
lemmas.

Lemma 2.1 If D > 0, then the equation

uz—szzl, u,v ez 2.1

has positive integer solutions (u, v) and it has a unique positive integer solution (u1, vi) such that uy + v VD <
u+v~/D, where (u, v) runs through all positive integers of (2.1). The solution (u1, vy) is called the least solution
of (2.1). Every solution (u, v) of (2.1) can be expressed as

t
u+ VD = (u1+xzv1«/5) L Andae(l,—1), te€Z, 1 >0.
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On two generalized Ramanujan—Nagell equations 861

Lemma 2.2 If D > 0 and the equation
U?-DV>’=-2, UVEeL (2.2)

has solutions (U, V), then it has a unique positive integer solution (U1, V1) such that Uy + V; VD <U+VD,
where (U, V) runs through all positive integer solutions of (2.2). Every solution (U, V) of (2.2) can be expressed
as

t/

U+ VYD Uy + 2 Viv/D

THVVE (PR el —1), feN, 247
V2 V2

Moreover, the least solution (u1, v1) of (2.1) satisfies

2

1
u1+v1\/B=§<U1+V1\/5> .

By Theorems 1-3 of [14], we can directly obtain the following three lemmas.

Lemma 2.3 Let D, k be fixed positive integers with min{D, k} > 1 and gcd(D, k) = 1, and let h(—4 D) denote
the class number of binary quadratic primitive forms with discriminant —4D. If 2 1 k and the equation

X2+ DY =K%, X, Y.Z€Z, ged(X,Y)=1, Z>0 (2.3)

has solutions (X, Y, Z), then every solution (X, Y, Z) of (2.3) can be expressed as

Z=27Zt, teN,

t
X+YV=D=x (X1 + )QY“/—D) A, e {1, =11,

where X1, Y1, Z1 are positive integers satisfying

X} + DY} =k, ged(X1, Y1) =1
and

h(—4D) =0 (mod Zy).

Lemma 2.4 Let D be a fixed nonsquare positive integer, and let p be a fixed odd prime with p t D. If the
equation

XNV =D =p?, X.,Y,Z €Z, gedX,Y)=1, Z' >0 (2.4)
has solutions (X', Y', Z'), then it has a unique positive integer solution (X, Y|, Z}) such that Z} < Z' and

X' +Y/\/D
it S B Sl Uy +unvD,
X’1 —Yl’\/D

where Z' runs through all solutions (X', Y', Z") of (2.4), (u1, vy) is the least solution of (2.1). The solution
(X', Y], Z)) is called the least solution of (2.4). Every solution (X', Y', Z') of (2.4) can be expressed as

Z' =7, t' eN,
!

t
X' +Y'VD = (X[ +2¥{VD) (u+v/D). el -1,

where (u, v) is a solution of (2.1).
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862 Y. Fujita et al.

Lemma 2.5 Under the assumption of Lemma 2.4, if the equation
(X//)Z _ D(Y//)Z _ _prZ”’ X" y". 7" e, ng(X//, Y//) =1, 72'>0 2.5)

has solutions (X", Y", Z"), then it has a unique positive integer solution (X{,Y{', Z) such that Z\ < Z" and

X/ +Y/VD

X/l’ ~ Y{’\/B <ujl—+ le/B,

<

where Z" runs through all solutions (X', Y', Z') of (2.5) and (u1, v1) is the least solution of (2.1). The solution
(X1, Y{, ZY) is called the least solution of (2.5). Every solution (X", Y", Z") of (2.5) can be expressed as

z'=zt", " eN, 2¢1",

X" +Y"VD = (Xj/ F Y] D)t” (u n v«/B) LW efl, -1y,
where (u, v) is a solution of (2.1). Moreover, the least solution (X}, Y{, Z}) of (2.4) satisfies Z} = 2Z].
Lemma 2.6 ([7,18]) Let n be a positive integer with n > 3. Then the equation

2X?2+1=Y", X,YeN
has only the solution (X,Y,n) = (11,3,5).
Lemma 2.7 ([6,15]) All quadruples (X, Y, m, n) of positive integers satisfying
X2 42" =y" ged(X,Y)=1, n>3
are given by (X, Y, m,n) = (5,3,1,3),(7,3,5,4), (11,5, 2, 3).
Lemma 2.8 ([13]) All quadruples (X, Y, m, n) of integers satisfying
X2—2"=y" X>0, |Y|>1, gdX,Y)=1, m>2, n>3
are given by (X, Y, m,n) = (13, -7,9,3), (71, 17,7, 3).
Lemma 2.9 ([2,4,5]) Suppose that n > 4 is an integer. Then the equation
X24+y'=7% X,Y,Z€Z, ged(X,Y) =1
has no solutions (X, Y, Z) other than (X, Y, Z,n) = (£122, =3, £11,5), (+7,2, £3,5).
Lemma 2.10 ([2]) Suppose that n > 7 is prime. Then the equation
X" 420v" =72 X, Y, Z,a€Z, ged(X,Z)=1, |XY|>1, a>2
has no solutions (X, Y, Z, a).
Lemma 2.11 ([8,19,20,30]) For any positive integer n with n > 3, the equation
X'"+2Y"+£22"=0, X,Y,Z,a€Z, ged(X,Y)=1, |XYZ|>1, a>0
has no solutions (X, Y, Z, a).

Lemma 2.12 ([31]) Let a and b be relatively prime integers witha > b > 1. Let {a},>1 be the sequence defined
as

ap, =a" —b".

If n > 1, then a, has a prime factor not dividing aia; - - - a,—1, except for the two cases:
(i) n =2, and a + b is a power of 2, (i) (a,b,n) = (2, 1, 6).
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Table 1 Term numbers and parameters

n (A, B)
5 (£1,5), (£1,=7), (£2, —40), (£1, —11), (£1, —15), (£12, =76), (£12, —1364)
7 (£1, =7), (£1,—19)

8 (£2, —24), (£1,-7)

12 (£1,5), (£1,=7), (£1, —11), (£2, =56), (£1, —15), (£1, —19)

13 (£1,=7)

18 (£1,=7)

30 (&1, =7)

A pair («, B) of algebraic integers is called a Lucas pair if o + B and af are nonzero coprime rational
integers and /B is not a root of unity. Given a Lucas pair («, ), the sequence (U,);>, of Lucas numbers is
defined by U,, = U,(, ) = (@" — B")/(a — B) for n > 0; such a sequence is called a Lucas sequence. A
prime ngmber p is said to be a primitive divisor of a Lucas number U, («, ) if p divides U,, but does not divide
(Ol - ,3) Up--Uy-1.

Lemma 2.13 ( [3, Theorem 1.4]) For every integer n > 30, the nth term in any Lucas sequence has a primitive
divisor.

Lemma 2.14 ( [29, Theorem 1]) For 4 < n < 30 with n # 6, the complete list of all Lucas sequences U, (c, B)
whose nth term has no primitive divisor is given by Table 1, where A = o + B and B = A% — 4ap are the
parameters of («, B).

Let 0 be an irrational number with 6 > 0, and let 6 = [ag, ai, az, . . . ] denote the simple continued fraction
expansion of §. For any nonnegative integer n, let P,/ Q,, be the n-th convergent of 6. By Chapter 9 of [12], we
can directly obtain the following three lemmas.

Lemma 2.15 (i)

Py=ap, Pr=aiao+1, P2 =api2Pip1 + Py,

n>0.
Qo=1, 0Q1=a, Ont2 = ay120n41 + O, -
(i)
Py Py Py, Pt Poy3 Pont1 P P
— < — << ——<—— <<l <n Y << < —,
Qo O Owm  Owmi2 O3 Qo 03 0

Lemma 2.16 Let P, Q be coprime nonnegative integers with Q > 0. If

P
0

1

o — —
‘ =202

then P/Q is a convergent of 0.

Lemma 2.17 ag = [0], a1 = [1/(0 — ap)] and

P,1— Q0,160 1
lnil = n—1 in . _2’ HZO,
Qne_Pn Q;%|9_Pn/Qn|

where [a] denotes the integer part of the real number .

3 The exponential Diophantine equations

We use the following lemmas to show Theorems 1.3, 1.4.
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312" e 1 =2+ 2)N and 21" + 1 = 22 + DV

Lemma 3.1 Let ¢ be an odd integer with ¢ > 3.

1 The equation
2 lem 41 =(?+2)V, m,NeN (3.1)

has no solutions (m, N).
2 The equation

2 tem 41 =2+ 1N, mneN (3.2)
has only the solution (m, N) = (2, 1).
Proof (1) Equation (3.1) leads to

(2+2)N -1

2m—lm: 2 2N_1: 2 1
¢ (c"+2) (c"+1 @11

In view of ¢ is odd, we see that c2+1 = 2 (mod 4). Since (c2+1)/2 is odd, the above implies that ((c*+1)/2)|c™,
which is impossible, since gcd((c2 +1)/2, ¢) = 1.

(2) Putay = 22+ DN — 1 with N > 1. Thena; = 2c2+1) — 1 = 2¢2, so m = 2. It follows from
Lemma 2.12 that if N > 1, then equation (3.2) has no solutions (m, N). |

3.2 The equation 2”1 4 ¢ = (c? +2)V
Lemma 3.2 Let ¢ be an odd integer with ¢ > 3. Then the equation
2l =(*+2)V, m,NeN (3.3)

has only the solution (m, N) = (2, 1).
Proof We easily see that if m < 3, then equation (3.3) has only the positive integer solution (m, N) = (2, 1).

‘We may thus suppose that m > 3.
It follows from Lemmas 2.7, 2.8 that m and N are odd. Taking (3.3) modulo 8 implies that c = 3 (mod 8).

Then from (3.3), we have
2\ N
1= <_) =DV =1,
c
which is impossible. Here, (/) denotes the Jacobi symbol. O

3.3 The equation 2"~ 4 ¢ = Q2+ DN

Lemma 3.3 Let ¢ be an odd integer with ¢ > 3.
If ¢ # 3 (mod 8), then the equation

2y e =22+ 1D, m,NeN (3.4)

has no solutions (m, N).

Proof 1t is clear that if m < 3, then equation (3.4) has no solutions. We may thus suppose that m > 3. It
follows from Lemmas 2.7, 2.8 that m and N are odd. Taking (3.4) modulo 8 implies that c = 3 (mod 8), which
contradicts our assumption ¢ # 3 (mod 8). O
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On two generalized Ramanujan—Nagell equations 865

4 The equation 2”1 4 p™™ = 2p* + D)V
Lemma 4.1 Let p be an odd prime and r a positive integer. Then the equation
o=ty prm = 2p” + DY, m, N eN .1
has no solutions (m, N).
Proof By Lemma 3.3 and its proof, we just have to think about the cases that
p=3 (mod8), 2fr, 24m, 24N, m>3, N>1. 4.2)
We first give an upper bound for m. By (4.1) and (4.2), the equation
X2+ pY?P=0p” + 1% X, Y. ZeZ, ged(X,Y)=1,Z>0 (4.3)
has a solution
(X, ¥, 2) = (20D, pr =D N ). (4.4)

By Lemma 2.3, (4.3) and (4.4), we have

N =27Zit, teN, 4.5)
2m=D/2 4 prm=D/2 [ pr = A1(X1 + Y1/ =p"), Ar, g € {1, =1, (4.6)

where X1, Y1, Z; are positive integers satisfying

X2 4 p'Y2=2p¥ 4+ D%, ged(Xy, ¥y =1 4.7
and
h(—=4p")=0 (mod Z)). (4.8)
Let
a=X+Y/—p", a=X;—Y/-p". (4.9)

By (4.7) and (4.9), (o, @) is a Lucas pair with parameters (A, B) = 22X, —4p” le). Further, for any positive
integer n, let

o —a
Ly(a, @) = - (4.10)
o—a
denote the corresponding nth Lucas number. By (4.6), (4.9) and (4.10), we have
PV =¥y Lo @) (4.11)

We see from (4.11) that the Lucas number L,;(«, @) has no primitive divisors. Therefore, by Lemmas 2.13
and 2.14, we can find from (4.11) that t = 1. So, by (4.5) and (4.8), we have

h(—4p") =0 (mod N). (4.12)
Recall that 2 {m, 24 N, m > 3 and N > 1 by (4.2). We now claim that
p" > 100. (4.13)
Indeed, since p =3 (mod 8), 2 { r and

h(—=4-3) =1, h(—-4-27) =35,
h(—4-59) = h(—4-83) = 12,
h(—4p) =4 forp € {11,19,43, 67},
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866 Y. Fujita et al.

by (4.12), it suffices to check the cases where p” € {27, 59, 83}. Put f(m) = 2"~! + p'™ . In view of (4.12),
if p = 27, then N = 5Sand f(11) < 2p¥ +1)° < f(13);if p” € {59,83}, then N = 3 and f(5) <
(2p* +1)3 < £(7). In any case, it follows that (4.1) has no solutions (m, N). This proves (4.13).

Further, since Theorems 11.4.3, 12.10.1 and 12.14.3 in [12] imply that

h(—4p") < p"/*log(2ep™?), (4.14)
by (4.12) and (4.14), we have
N < p"?log(2ep’’?). (4.15)
Furthermore, by (4.1), (4.13) and (4.15), we get

log(2p? + 1
<N0g(p +1)

S 2.291N < 2.291p"?log(2ep’’?). (4.16)
ogp

Next, we give a lower bound for m. Since 2p* 4+ 1 =3 (mod 8), 2p*" + 1 is a nonsquare positive integer.
Then, by Lemma 2.1, the equation
W= Q2pT + =1, u,velZ (4.17)

has positive integer solutions (u, v). Let (u1, v1) denote the least solution of (4.17). Then, by Lemma 2.1, every
solution (u, v) of (4.17) can be expressed as

l
u+vy/2p% +1=»x <u1 + Aav14/2p% —i—]) , Ao e{l,—1},1leZ, I >0. (4.18)

Since
P +1)2 —@2p¥ +1)-1%2 = p*, (4.19)
the equation
XNV —pY +DH¥)2 =p?, XY, Z €Z, gdX,Y)=1,2Z >0 (4.20)
has a solution
(X', Y. Z)=(p* +1,1,4). (4.21)

Let (X|, Y], Z}) denote the least solution of (4.20). By Lemma 2.4 and (4.21), we have

4 = ZQ ¢, t'eN. (4.22)
By (4.22), we get
ZQ e {l1,2,4}. (4.23)
On the other hand, by (4.1), the equation
(X//)Z _ (2p2r + 1)(Y”)2 — _prZ”’ X”, Y”, 7" 7, ng(X”, Y//) =1, 7" <0 (4.24)
has a solution
X" Y. 7" = (2(m—l)/2’ (2p2r +1)N-D2, m) ) (4.25)

Let (X7, Y/, Z{) denote the least solution of (4.24). By Lemma 2.5 and (4.25), we have

m=2t", " eN, 241",

2m=D/2 4 2p? 4 1HWN=D/2 2 p2r 4 (4.26)
t//
= (xg’ + Y]\ J2p% + 1) (u + vy/2p% + 1) . aef{l,—1).
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On two generalized Ramanujan—Nagell equations 867

Since 2 t m by (4.2), we see from (4.26) that
24177 (4.28)
Notice that by Lemma 2.5, the least solutions of (4.20) and (4.24) satisfy
zZ,=27]. (4.29)
Hence, by (4.23), (4.28) and (4.29), we have
Zi=1, z1=2, t"=m. (4.30)

Let
ﬂ:X/{+Y1”,/2p2’+1, B:X/{—Yl” 2p% + 1, “4.31)

Yy =ul +v1y/2p + 1, y=u; —vi/2p¥ + 1. (4.32)

By (4.18), (4.27), (4.30), (4.31) and (4.32), we have
(N=1)/2 s, ifa=1
H(m=1)/2 (2 g [op2r 4 1=1" "> ’ 433
+(2p +) P+ LBy, ifh = 1, (4.33)
where s is a positive integer. By (4.33), we get
V=12 Brys, ifa=1
20102 (2p% 1) J2pr 1= ’ ’ 434
p~+ P+ _pmes, ifa = 1. (4.34)

Since yy = 1, by (4.33) and (4.34), we have

/3 (2p2r + 1)N/2 +2(m—1)/2
mlOg _E —2S10g]/ =10g (2p2r+1)N/2_2(m—1)/2

2(m+1)/2
=log| 1+ QpY + ONZ — 2=/

2(m+1)/2

= 2pr + DON2Z 202
./2m+1

- \/prm T om—1 _ \/2m71 ’ (4.35)

Let
lou(—B/5
g — %. (4.36)
Y

Then, 6 is a positive irrational number. Let 6 = [ag, a1, az, . .. ] denote the simple continued fraction expansion
of 6. For any nonnegative integer n, let P,/ Q, denote the n-th convergent of 6. Then by Lemma 2.17 we have

1
py1 +1> | ———— . (4.37)
f [Q%ie—Pn/QnJ
By (4.35) and (4.36), we get
2 4/2m+1 1
'9 el <—. (4.38)
m

m(logy) <\/p”" 4 om=1 _ /om—1 ) 2m
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868 Y. Fujita et al.

It follows from Lemma 2.16 that 25 /m is a convergent of 8. So we have

% P
Do e (4.39)
m  Q;
We get from
12— <2p2r + 1) 2= —2p? (4.40)
and
(X2 = (207 +1) (12 = p4 = ¥, ged(X}. ¥ =1 (4.41)
that the equation
U2 — (2p2’ + 1) V22, U VeZ (4.42)

has solutions (U, V). So we have

1+,/2p7 +1=p° <U+V,/2p2r+1) or B2 (U+V,/2p2r+1> (4.43)
1—,/2p2r+1=52<U—v,/2p2r+1> or ﬁ2<U—v,/2p2r+1>, (4.44)

where (U, V) is a solution of (4.42) with U + V/2p? 4+ 1 > 0. By Lemma 2.2, for any solution (U, V) of

(4.42), we have
2
<U+V,/2p2’+1) =2<u+v,/2p2r+1>, (4.45)

where (u, v) is a solution of (4.17). Hence, by (4.18), (4.32), (4.43), (4.44) and (4.45), we get

and

V2P 141 2, 3\
vert il <_£) 7 or <—é> v, 5 €N, (4.46)
V2p¥ +1-1 B B
whence we obtain
B , V2P 4+ 1+1
2log| —= ) — s’ logy| =log | ——/————
B V2p¥ 411
1 1+ 2 2 2 (4.47)
= log < < —. .
V2pF +1-1 V2pr +1—-1  p’
Further, by (4.36) and (4.47), we have
! 1
o2 < < - (4.48)
2 p'logy 8

By Lemma 2.16, we see from (4.37) and (4.48) that s”/2 is just another convergent expansion of 6 such that

Sl N s (4.49)
—_ = -, JG ,l>], .
27 0;
and
1 r r
a1 +1= | — z[” Og”]>p oY _ 1. (4.50)
020 — /0| g 1
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On two generalized Ramanujan—Nagell equations 869

Since i > j, by (i) of Lemma 2.15, we get from (4.39), (4.49) and (4.50), we have

p"logy

1 1. (4.51)

m>Q;>Q0j+1=aj+10;+0j-1>aj41 +1>

Furthermore, by (4.13), (4.32) and (4.44), we have

1 2
10gV=10g<u1+v1 2p2r+1>=10g<§<U1+V1 2p2r+1)>

> log p* > log (2epr/2> , (4.52)
where (Uj, V1) is the least solution of (4.42). Thus, by (4.16), (4.51) and (4.52), we obtain

p"logy

T —1<m<2291p"log (2ep’/2) <2.291plogy,

which yields p™/?

]

< 10, a contradiction to (4.13). It implies that (4.1) has no positive integer solutions (m, N).

5 The proof of Theorem 1.3

Let (x, m, n) be a solution of equation (1.1). Suppose that our assumptions are all satisfied. The proof is divided
into two cases: (i) ¢ = pX with p odd prime and k > 1, (ii) p = 2k with k > 1.

(i) ¢ = p* with p odd prime and k > 1. Then taking (1.1) modulo 4 implies that 1 = 3" (mod 4), so n is
even, say n = 2N. From (1.1), we have

2" e = (2 +2)N + 0 (2 + 2N —x).

Since ged((c? +2)N + x, (¢* +2)Y — x) =2 and ¢ = p¥, we obtain the following two cases:

(A +2)N +x =2mcm
{(62+2)N—x=2 (5.1)
or 5 v
(c“+2)Y +x =2
{ (c2 +2)N —x =27, (5.2)

First consider case (5.1). Adding these two equations yields
2m—lcm + 1 — (c2 +2)N’

which has no solutions by Lemma 3.1.
Next consider case (5.2). Adding these two equations yields

szl +Cm — (C2+2)N,

which has only the positive integer solution (m, N) = (2, 1) by Lemma 3.2. Consequently equation (1.1) has
only the solution (x, m, n) = (¢ —2,2,2).

(ii) ¢ = 2K with k > 1. It is clear that if n < 2, then equation (1.1) has only the solution (x,m,n) =
(c2 —2,2,2). We may thus suppose that n > 3.

Since x is even, we put x = 2%x; with @ > 1 and x; odd. Then equation (1.1) becomes

2%0x2 4 of —pn %l 4y (5.3)

with 8 = (k + I)mm + 1. If B is even, then taking (5.3) modulo 3 implies that 1 + 1 = 0 (mod 3), which is
impossible. Hence f is odd.
If 2 < B, then equation (5.3) leads to

22a(x12 + 2/3—2&’) — 2”(22k—1 + 1)117
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so n = 2a. Dividing both sides of the above equation by 2%¢ yields
x4 2Py (5.4)

with ¥ = 2%~1 4 1. It follows from Lemma 2.7 that equation (5.4) has only the solution x; = 7,k = 1,0 =
2,m =4,n =4, and so we obtain ¢ = 2, x = 28.
If 2 > B, then equation (5.3) leads to

262 Pxt 4 1) =2 2% 1y,
son = B. Dividing both sides of the above equation by 27 yields
2 Pt 1= 2% )"
Since B is odd, say B = 281 — 1, this equation becomes
2X241=Y" (5.5)

with X = 2¢Pix; and ¥ = 2%~! 4 1. It follows from Lemma 2.6 that equation (5.5) has only the solution
x1=11,k=1,0 =3,m =2,n =15,and so we obtain c = 2, x = 88. This completes the proof of Theorem 1.3.

6 The proof of Theorem 1.4

If ¢ = 2F with k > 1, then it follows from Lemma 2.7 that Conjecture 1.2 is true. In the same way as the proof
of Theorem 1.3, (i), if ¢ is a power of an odd prime, then equation (1.2) can be reduced to solving the following
two equations:

2l 41 = 22 + DY,
or
2=l o = 2¢* + DV,

It follows from Lemmas 3.1, 4.1 that the first equation above has only the solution (m, N) = (2, 1), and the
second equation has no solutions in positive integers. Consequently, equation (1.2) has only the positive integer
solution (x, m, n) = (2c2 — 1, 2, 2). This completes the proof of Theorem 1.4.

7 The proof of Theorem 1.5

Since one can prove assertion (2) in exactly the same way as assertion (1), we will prove only (1).

Obviously, the conclusion is true for ¢ = 1. We may therefore assume that ¢ > 3. Let (x, m, n) be a solution
of (1.1). Then we have ¢> +2 =3 (mod 8),2{ x and 3" = (c>+2)" = x> +22¢c)" = 1+2"T! =1 (mod 4),
whence we get

2| n. (7.1)

Hence, by (1.1) and (7.1), we have

4+ 4 x = {24"’,11 (E+2)"? —x = {zmnfzm (7.2)
2"l 2,
where
cico =c¢, c1,c2 €N, ged(er, ) =1, c1 #ca. (7.3)

Further, by (7.2), we obtain

_|.m m—1_m
x=|c]' =2 c5
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and
A+ = ot (7.5)
If 2 4 m, by (7.3) and (7.5), then we have

= —CT-Zm_ICE" (a2 —c . c
- 242 T\e2+2)  \e24+2) 242

_ (e <C2_+2> _ (e (%) (DA, (76)
c c

where (x/x*) denotes the Jacobi symbol. By (7.6), we get c = 5 or 7 (mod 8), a contradiction. So we have

2| m. (1.7)
Further, by (7.5) and (7.7), we get
32 = ()= 42 = 142" (mod 8). (7.8)
If n/2 is odd, then from (7.8) we get m = 2. Substituting it into (7.5), we have

(® +2)"% = ¢} 4263 (7.9)

When n/2 > 1, since n/2 is odd, by (7.3) and (7.9), we get 3c% > c]2 + 20% = (2 +2)"?> (2 42)3 > ® a
contradiction. So we have n/2 = 1, and by (7.9),

cz+2:c%+20%,
whence we get
(¢t —2)(c5—1)=0. (7.10)

We see from (7.10) that ¢, = 1. Therefore, by (7.3) and (7.4), (1.1) has only one solution (x, m.n) = (|62—2|, 2,2)
with /2 odd.
If n/2 is even, by (7.8), then we have

m > 4. (7.11)
By (7.5), (7.7) and (7.11), we get
2 2cm , ) 2m—26m ,
(C2 + 2)11/4 + C’]’”/ — izmz_l2cm (C2 + 2)"/4 _ c’]n/ — {Zcm 22 (712)
22 21
where
102 =c2, 21,022 €N, ged(ear, c22) = 1. (7.13)
Eliminating (¢? + 2)"/* from (7.12), we have
CT/z = | — 2m_3c312 . (7.14)

By (7.3) and (7.13), we get cica1c20 = cic2 = ¢ > 1. Hence, applying Lemma 2.11 to (7.14), we obtain
m/2 < 3. So, by (7.11), we have m = 4, and by (7.5),

(A +2)"? =t + 83 (7.15)
When n/2 > 2, since n/2 is even, we have n/2 > 4. Then, by (7.3) and (7.15), we get 9c* > c‘l‘ + 8c‘21 =

(2 4+2)"2 > (2 +2)* > ¢3, a contradiction. So we have n/2 = 2.
Since n/2 = 2, by (7.15), we have

(®+2)% = cf +865. (7.16)
Further, by (7.3) and (7.16), we get
0=(clcs +2)> —cf —8c5 = (c —=8)(c5 — 1) +4(c}cs — 1) > 0,

a contradiction. Therefore, if ¢ > 1, then (1.1) has no solutions (x, m, n) with n/2 even. Thus, assertion (1) is
proved. This completes the proof of Theorem 1.5.
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