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Abstract Let c be a positive integer. Then we conjecture that the equations x2 + 2(2c)m = (c2 + 2)n and
x2 +2(2c)m = (2c2 +1)n have only the trivial positive integer solution (x, m, n) with explicit exceptional cases.
In this paper, we verify that these conjectures are true under certain assumptions on c.
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1 Introduction

Let Z and N be the sets of all integers and positive integers, respectively. Let D, k be fixed positive integers with
min{D, k} > 1 and gcd(D, k) = 1. A class of polynomial-exponential Diophantine equations of the form

x2 + Dm = kn, x, m, n ∈ N

is usually called the generalized Ramanujan–Nagell equation. It has a long history and rich content (see [16]).
In the past 30 years, the third author and his collaborators have developed a series of interesting conjectures
about this equation (see [9–11] and [22–27]). In particular, it is conjectured that if A, B, C are pairwise coprime
positive integers satisfying A2 + B2 = C2, then the equation x2 + Bm = Cn has exactly one or at most three
positive integer solutions (x, m, n) according as B is odd or even (cf. [22] and [25]). It is worth stating the
conjecture that for fixed coprime positive integers B, C , the equation x2 + Bm = Cn has at most three positive
integer solutions (x, m, n), except for the following two cases:

• x2 + 7m = 2n has only the six positive integer solutions
(x, m, n) = (1, 1, 3), (3, 1, 4), (5, 1, 5), (11, 1, 7), (181, 1, 15), (13, 3, 9);
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860 Y. Fujita et al.

• x2 + 2m = 3n has only the four positive integer solutions
(x, m, n) = (1, 1, 1), (1, 3, 2), (5, 1, 3), (7, 5, 4)

(cf. [6,21,28] and [15]).
In this paper, we propose the following two new conjectures.

Conjecture 1.1 Let c be a positive integer. Then the equation

x2 + 2(2c)m = (c2 + 2)n, x, m, n ∈ N (1.1)

has only the solution (x, m, n) = (c2 − 2, 2, 2), except for the cases c = 1, 2, where equation (1.1) has only the
following solutions, respectively:

c = 1; (x, m, n) = (1, 2, 2), (7, 4, 4),

c = 2; (x, m, n) = (2, 2, 2), (88, 2, 5), (28, 4, 4).

Conjecture 1.2 Let c be a positive integer. Then the equation

x2 + 2(2c)m = (2c2 + 1)n, x, m, n ∈ N (1.2)

has only the solution (x, m, n) = (2c2 −1, 2, 2), except for the cases c = 1, t +1, where s, t are positive integers
satisfying s2 − 2t2 = −1. In these cases, equation (1.2) has only the following solutions, respectively:

c = 1; (x, m, n) = (1, 2, 2), (7, 4, 4),

c = t + 1; (x, m, n) = (2c2 − 1, 2, 2), (s, 1, 1).

Our main results are the following:

Theorem 1.3 Suppose that c is a power of a prime. Then Conjecture 1.1 is true.

Theorem 1.4 Suppose that c is a power of a prime. Then Conjecture 1.2 is true.

Theorem 1.5 (1) If c ≡ 1 or 3 (mod 8), then Conjecture 1.1 is true.
(2) If c ≡ 1 (mod 4), then Conjecture 1.2 is true.

We organize this paper as follows. In Section 2, we recall several results concerning Pell’s equations, gen-
eralized Lebesgue-Nagell equations, generalized Fermat’s equations, Primitive divisors of Lucas numbers, and
continued fractions. In Sections 3, 4, we show some important lemmas on exponential Diophantine equations.
The proofs of Theorems 1.3, 1.4, 1.5 are done in Sections 5, 6, 7, respectively.

2 Preliminaries

Let D be a fixed nonsquare integer. By Sections 56 and 58 of [17], we can directly obtain the following two
lemmas.

Lemma 2.1 If D > 0, then the equation

u2 − Dv2 = 1, u, v ∈ Z (2.1)

has positive integer solutions (u, v) and it has a unique positive integer solution (u1, v1) such that u1 +v1
√

D ≤
u+v

√
D, where (u, v) runs through all positive integers of (2.1). The solution (u1, v1) is called the least solution

of (2.1). Every solution (u, v) of (2.1) can be expressed as

u + v
√

D = λ1

(
u1 + λ2v1

√
D

)t
, λ1, λ2 ∈ {1,−1}, t ∈ Z, t ≥ 0.
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On two generalized Ramanujan–Nagell equations 861

Lemma 2.2 If D > 0 and the equation

U 2 − DV 2 = −2, U, V ∈ Z (2.2)

has solutions (U, V ), then it has a unique positive integer solution (U1, V1) such that U1 +V1
√

D ≤ U +V
√

D,
where (U, V ) runs through all positive integer solutions of (2.2). Every solution (U, V ) of (2.2) can be expressed
as

U + V
√

D√
2

= λ1

(
U1 + λ2V1

√
D√

2

)t ′

, λ1, λ2 ∈ {1,−1}, t ′ ∈ N, 2 � t ′.

Moreover, the least solution (u1, v1) of (2.1) satisfies

u1 + v1
√

D = 1

2

(
U1 + V1

√
D

)2
.

By Theorems 1–3 of [14], we can directly obtain the following three lemmas.

Lemma 2.3 Let D, k be fixed positive integers with min{D, k} > 1 and gcd(D, k) = 1, and let h(−4D) denote
the class number of binary quadratic primitive forms with discriminant −4D. If 2 � k and the equation

X2 + DY 2 = k Z , X, Y, Z ∈ Z, gcd(X, Y ) = 1, Z > 0 (2.3)

has solutions (X, Y, Z), then every solution (X, Y, Z) of (2.3) can be expressed as

Z = Z1t, t ∈ N,

X + Y
√−D = λ1

(
X1 + λ2Y1

√−D
)t

, λ1, λ2,∈ {1,−1},

where X1, Y1, Z1 are positive integers satisfying

X2
1 + DY 2

1 = k Z1, gcd(X1, Y1) = 1

and

h(−4D) ≡ 0 (mod Z1).

Lemma 2.4 Let D be a fixed nonsquare positive integer, and let p be a fixed odd prime with p � D. If the
equation

(X ′)2 − D(Y ′)2 = pr Z ′
, X ′, Y ′, Z ′ ∈ Z, gcd(X ′, Y ′) = 1, Z ′ > 0 (2.4)

has solutions (X ′, Y ′, Z ′), then it has a unique positive integer solution (X ′
1, Y ′

1, Z ′
1) such that Z ′

1 ≤ Z ′ and

1 <
X ′

1 + Y ′
1

√
D

X ′
1 − Y ′

1

√
D

< u1 + v1
√

D,

where Z ′ runs through all solutions (X ′, Y ′, Z ′) of (2.4), (u1, v1) is the least solution of (2.1). The solution
(X ′

1, Y ′
1, Z ′

1) is called the least solution of (2.4). Every solution (X ′, Y ′, Z ′) of (2.4) can be expressed as

Z ′ = Z ′
1t ′, t ′ ∈ N,

X ′ + Y ′√D =
(

X ′
1 + λ′Y ′

1

√
D

)t ′ (
u + v

√
D

)
, λ′ ∈ {1,−1},

where (u, v) is a solution of (2.1).

123



862 Y. Fujita et al.

Lemma 2.5 Under the assumption of Lemma 2.4, if the equation

(X ′′)2 − D(Y ′′)2 = −pr Z ′′
, X ′′, Y ′′, Z ′′ ∈ Z, gcd(X ′′, Y ′′) = 1, Z ′′ > 0 (2.5)

has solutions (X ′′, Y ′′, Z ′′), then it has a unique positive integer solution (X ′′
1 , Y ′′

1 , Z ′′
1 ) such that Z ′′

1 ≤ Z ′′ and

1 <

∣∣∣∣∣
X ′′

1 + Y ′′
1

√
D

X ′′
1 − Y ′′

1

√
D

∣∣∣∣∣ < u1 + v1
√

D,

where Z ′′ runs through all solutions (X ′, Y ′, Z ′) of (2.5) and (u1, v1) is the least solution of (2.1). The solution
(X ′′

1 , Y ′′
1 , Z ′′

1 ) is called the least solution of (2.5). Every solution (X ′′, Y ′′, Z ′′) of (2.5) can be expressed as

Z ′′ = Z ′′
1 t ′′, t ′′ ∈ N, 2 � t ′′,

X ′′ + Y ′′√D =
(

X ′′
1 + λ′′Y ′′

1

√
D

)t ′′ (
u + v

√
D

)
, λ′′ ∈ {1,−1},

where (u, v) is a solution of (2.1). Moreover, the least solution (X ′
1, Y ′

1, Z ′
1) of (2.4) satisfies Z ′

1 = 2Z ′′
1 .

Lemma 2.6 ([7,18]) Let n be a positive integer with n ≥ 3. Then the equation

2X2 + 1 = Y n, X, Y ∈ N

has only the solution (X, Y, n) = (11, 3, 5).

Lemma 2.7 ([6,15]) All quadruples (X, Y, m, n) of positive integers satisfying

X2 + 2m = Y n, gcd(X, Y ) = 1, n ≥ 3

are given by (X, Y, m, n) = (5, 3, 1, 3), (7, 3, 5, 4), (11, 5, 2, 3).

Lemma 2.8 ([13]) All quadruples (X, Y, m, n) of integers satisfying

X2 − 2m = Y n, X > 0, |Y | > 1, gcd(X, Y ) = 1, m ≥ 2, n ≥ 3

are given by (X, Y, m, n) = (13,−7, 9, 3), (71, 17, 7, 3).

Lemma 2.9 ([2,4,5]) Suppose that n ≥ 4 is an integer. Then the equation

X2 + Y n = Z4, X, Y, Z ∈ Z, gcd(X, Y ) = 1

has no solutions (X, Y, Z) other than (X, Y, Z , n) = (±122,−3,±11, 5), (±7, 2,±3, 5).

Lemma 2.10 ([2]) Suppose that n ≥ 7 is prime. Then the equation

Xn + 2αY n = Z2, X, Y, Z , α ∈ Z, gcd(X, Z) = 1, |XY | > 1, α ≥ 2

has no solutions (X, Y, Z , α).

Lemma 2.11 ([8,19,20,30]) For any positive integer n with n ≥ 3, the equation

Xn ± Y n ± 2α Zn = 0, X, Y, Z , α ∈ Z, gcd(X, Y ) = 1, |XY Z | > 1, α ≥ 0

has no solutions (X, Y, Z , α).

Lemma 2.12 ([31]) Let a and b be relatively prime integers with a > b ≥ 1. Let {an}n≥1 be the sequence defined
as

an = an − bn .

If n > 1, then an has a prime factor not dividing a1a2 · · · an−1, except for the two cases:
(i) n = 2, and a + b is a power of 2, (ii) (a, b, n) = (2, 1, 6).
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On two generalized Ramanujan–Nagell equations 863

Table 1 Term numbers and parameters

n (A, B)

5 (±1, 5), (±1,−7), (±2,−40), (±1,−11), (±1,−15), (±12,−76), (±12,−1364)

7 (±1,−7), (±1,−19)

8 (±2,−24), (±1,−7)

12 (±1, 5), (±1,−7), (±1,−11), (±2,−56), (±1,−15), (±1,−19)

13 (±1,−7)

18 (±1,−7)

30 (±1,−7)

A pair (α, β) of algebraic integers is called a Lucas pair if α + β and αβ are nonzero coprime rational
integers and α/β is not a root of unity. Given a Lucas pair (α, β), the sequence (Un)∞n=0 of Lucas numbers is
defined by Un = Un(α, β) = (αn − βn)/(α − β) for n ≥ 0; such a sequence is called a Lucas sequence. A
prime number p is said to be a primitive divisor of a Lucas number Un(α, β) if p divides Un but does not divide
(α − β)2U1 · · · Un−1.

Lemma 2.13 ( [3, Theorem 1.4]) For every integer n > 30, the nth term in any Lucas sequence has a primitive
divisor.

Lemma 2.14 ( [29, Theorem 1]) For 4 < n ≤ 30 with n 	= 6, the complete list of all Lucas sequences Un(α, β)

whose nth term has no primitive divisor is given by Table 1, where A = α + β and B = A2 − 4αβ are the
parameters of (α, β).

Let θ be an irrational number with θ > 0, and let θ = [a0, a1, a2, . . . ] denote the simple continued fraction
expansion of θ . For any nonnegative integer n, let Pn/Qn be the n-th convergent of θ . By Chapter 9 of [12], we
can directly obtain the following three lemmas.

Lemma 2.15 (i)

P0 = a0, P1 = a1a0 + 1, Pn+2 = an+2 Pn+1 + Pn,

Q0 = 1, Q1 = a1, Qn+2 = an+2 Qn+1 + Qn,
n ≥ 0.

(ii)

P0

Q0
<

P2

Q2
< · · · <

P2n

Q2n
<

P2n+2

Q2n+2
< · · · < θ < · · · <

P2n+3

Q2n+3
<

P2n+1

Q2n+1
< · · · <

P3

Q3
<

P1

Q1
.

Lemma 2.16 Let P, Q be coprime nonnegative integers with Q > 0. If

∣∣∣∣θ − P

Q

∣∣∣∣ <
1

2Q2 ,

then P/Q is a convergent of θ .

Lemma 2.17 a0 = [θ ], a1 = [1/(θ − a0)] and

an+1 =
[

Pn−1 − Qn−1θ

Qnθ − Pn

]
>

1

Q2
n |θ − Pn/Qn| − 2, n ≥ 0,

where [α] denotes the integer part of the real number α.

3 The exponential Diophantine equations

We use the following lemmas to show Theorems 1.3, 1.4.
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3.1 2m−1cm + 1 = (c2 + 2)N and 2m−1cm + 1 = (2c2 + 1)N

Lemma 3.1 Let c be an odd integer with c ≥ 3.

1 The equation

2m−1cm + 1 = (c2 + 2)N , m, N ∈ N (3.1)

has no solutions (m, N ).

2 The equation

2m−1cm + 1 = (2c2 + 1)N , m, n ∈ N (3.2)

has only the solution (m, N ) = (2, 1).

Proof (1) Equation (3.1) leads to

2m−1cm = (c2 + 2)N − 1 = (c2 + 1) · (c2 + 2)N − 1

(c2 + 2) − 1
.

In view of c is odd, we see that c2+1 ≡ 2 (mod 4). Since (c2+1)/2 is odd, the above implies that ((c2+1)/2)|cm ,
which is impossible, since gcd((c2 + 1)/2, c) = 1.
(2) Put aN = (2c2 + 1)N − 1 with N ≥ 1. Then a1 = (2c2 + 1) − 1 = 2c2, so m = 2. It follows from
Lemma 2.12 that if N > 1, then equation (3.2) has no solutions (m, N ). 
�

3.2 The equation 2m−1 + cm = (c2 + 2)N

Lemma 3.2 Let c be an odd integer with c ≥ 3. Then the equation

2m−1 + cm = (c2 + 2)N , m, N ∈ N (3.3)

has only the solution (m, N ) = (2, 1).

Proof We easily see that if m ≤ 3, then equation (3.3) has only the positive integer solution (m, N ) = (2, 1).

We may thus suppose that m > 3.
It follows from Lemmas 2.7, 2.8 that m and N are odd. Taking (3.3) modulo 8 implies that c ≡ 3 (mod 8).

Then from (3.3), we have

1 =
(

2

c

)N

= (−1)N = −1,

which is impossible. Here, (∗/∗) denotes the Jacobi symbol. 
�

3.3 The equation 2m−1 + cm = (2c2 + 1)N

Lemma 3.3 Let c be an odd integer with c ≥ 3.
If c 	≡ 3 (mod 8), then the equation

2m−1 + cm = (2c2 + 1)N , m, N ∈ N (3.4)

has no solutions (m, N ).

Proof It is clear that if m ≤ 3, then equation (3.4) has no solutions. We may thus suppose that m > 3. It
follows from Lemmas 2.7, 2.8 that m and N are odd. Taking (3.4) modulo 8 implies that c ≡ 3 (mod 8), which
contradicts our assumption c 	≡ 3 (mod 8). 
�
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On two generalized Ramanujan–Nagell equations 865

4 The equation 2m−1 + prm = (2 p2r + 1)N

Lemma 4.1 Let p be an odd prime and r a positive integer. Then the equation

2m−1 + prm = (2p2r + 1)N , m, N ∈ N (4.1)

has no solutions (m, N ).

Proof By Lemma 3.3 and its proof, we just have to think about the cases that

p ≡ 3 (mod 8), 2 � r, 2 � m, 2 � N , m > 3, N > 1. (4.2)

We first give an upper bound for m. By (4.1) and (4.2), the equation

X2 + pr Y 2 = (2p2r + 1)Z , X, Y, Z ∈ Z, gcd(X, Y ) = 1, Z > 0 (4.3)

has a solution

(X, Y, Z) =
(

2(m−1)/2, pr(m−1)/2, N
)

. (4.4)

By Lemma 2.3, (4.3) and (4.4), we have

N = Z1t, t ∈ N, (4.5)

2(m−1)/2 + pr(m−1)/2
√−pr = λ1(X1 + λ2Y1

√−pr )t , λ1, λ2 ∈ {1,−1}, (4.6)

where X1, Y1, Z1 are positive integers satisfying

X2
1 + pr Y 2

1 = (2p2r + 1)Z1 , gcd(X1, Y1) = 1 (4.7)

and

h(−4pr ) ≡ 0 (mod Z1). (4.8)

Let

α = X1 + Y1
√−pr , ᾱ = X1 − Y1

√−pr . (4.9)

By (4.7) and (4.9), (α, ᾱ) is a Lucas pair with parameters (A, B) = (2X1,−4pr Y 2
1 ). Further, for any positive

integer n, let

Ln(α, ᾱ) = αn − ᾱn

α − ᾱ
(4.10)

denote the corresponding nth Lucas number. By (4.6), (4.9) and (4.10), we have

pr(m−1)/2 = Y1 |Lt (α, ᾱ)| . (4.11)

We see from (4.11) that the Lucas number Lt (α, ᾱ) has no primitive divisors. Therefore, by Lemmas 2.13
and 2.14, we can find from (4.11) that t = 1. So, by (4.5) and (4.8), we have

h(−4pr ) ≡ 0 (mod N ). (4.12)

Recall that 2 � m, 2 � N , m > 3 and N > 1 by (4.2). We now claim that

pr ≥ 100. (4.13)

Indeed, since p ≡ 3 (mod 8), 2 � r and

h(−4 · 3) = 1, h(−4 · 27) = 5,

h(−4 · 59) = h(−4 · 83) = 12,

h(−4p) = 4 for p ∈ {11, 19, 43, 67},
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by (4.12), it suffices to check the cases where pr ∈ {27, 59, 83}. Put f (m) = 2m−1 + prm . In view of (4.12),
if pr = 27, then N = 5 and f (11) < (2p2r + 1)5 < f (13); if pr ∈ {59, 83}, then N = 3 and f (5) <

(2p2r + 1)3 < f (7). In any case, it follows that (4.1) has no solutions (m, N ). This proves (4.13).
Further, since Theorems 11.4.3, 12.10.1 and 12.14.3 in [12] imply that

h(−4pr ) < pr/2 log(2epr/2), (4.14)

by (4.12) and (4.14), we have

N < pr/2 log(2epr/2). (4.15)

Furthermore, by (4.1), (4.13) and (4.15), we get

m < N
log(2p2r + 1)

log pr
< 2.291N < 2.291pr/2 log(2epr/2). (4.16)

Next, we give a lower bound for m. Since 2p2r + 1 ≡ 3 (mod 8), 2p2r + 1 is a nonsquare positive integer.
Then, by Lemma 2.1, the equation

u2 − (2p2r + 1)v2 = 1, u, v ∈ Z (4.17)

has positive integer solutions (u, v). Let (u1, v1) denote the least solution of (4.17). Then, by Lemma 2.1, every
solution (u, v) of (4.17) can be expressed as

u + v

√
2p2r + 1 = λ1

(
u1 + λ2v1

√
2p2r + 1

)l

, λ1, λ2 ∈ {1,−1}, l ∈ Z, l ≥ 0. (4.18)

Since

(p2r + 1)2 − (2p2r + 1) · 12 = p4r , (4.19)

the equation

(X ′)2 − (2p2r + 1)(Y ′)2 = pr Z ′
, X ′, Y ′, Z ′ ∈ Z, gcd(X ′, Y ′) = 1, Z ′ > 0 (4.20)

has a solution

(X ′, Y ′, Z ′) = (p2r + 1, 1, 4). (4.21)

Let (X ′
1, Y ′

1, Z ′
1) denote the least solution of (4.20). By Lemma 2.4 and (4.21), we have

4 = Z ′
1t ′, t ′ ∈ N. (4.22)

By (4.22), we get

Z ′
1 ∈ {1, 2, 4}. (4.23)

On the other hand, by (4.1), the equation

(X ′′)2 − (2p2r + 1)(Y ′′)2 = −pr Z ′′
, X ′′, Y ′′, Z ′′ ∈ Z, gcd(X ′′, Y ′′) = 1, Z ′′ > 0 (4.24)

has a solution

(X ′′, Y ′′, Z ′′) =
(

2(m−1)/2, (2p2r + 1)(N−1)/2, m
)

. (4.25)

Let (X ′′
1 , Y ′′

1 , Z ′′
1 ) denote the least solution of (4.24). By Lemma 2.5 and (4.25), we have

m = Z ′′
1 t ′′, t ′′ ∈ N, 2 � t ′′,

2(m−1)/2 + (2p2r + 1)(N−1)/2
√

2p2r + 1 (4.26)

=
(

X ′′
1 + λY ′′

1

√
2p2r + 1

)t ′′ (
u + v

√
2p2r + 1

)
, λ ∈ {1,−1}. (4.27)
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On two generalized Ramanujan–Nagell equations 867

Since 2 � m by (4.2), we see from (4.26) that

2 � Z ′′
1 . (4.28)

Notice that by Lemma 2.5, the least solutions of (4.20) and (4.24) satisfy

Z ′
1 = 2Z ′′

1 . (4.29)

Hence, by (4.23), (4.28) and (4.29), we have

Z ′′
1 = 1, Z ′

1 = 2, t ′′ = m. (4.30)

Let

β = X ′′
1 + Y ′′

1

√
2p2r + 1, β̄ = X ′′

1 − Y ′′
1

√
2p2r + 1, (4.31)

γ = u1 + v1

√
2p2r + 1, γ̄ = u1 − v1

√
2p2r + 1. (4.32)

By (4.18), (4.27), (4.30), (4.31) and (4.32), we have

2(m−1)/2 +
(

2p2r + 1
)(N−1)/2 √

2p2r + 1 =
{

βm γ̄ s, if λ = 1,

−β̄mγ s, if λ = −1,
(4.33)

where s is a positive integer. By (4.33), we get

2(m−1)/2 −
(

2p2r + 1
)(N−1)/2 √

2p2r + 1 =
{

β̄mγ s, if λ = 1,

−βm γ̄ s, if λ = −1.
(4.34)

Since γ γ̄ = 1, by (4.33) and (4.34), we have

∣∣∣∣m log

(
−β

β̄

)
− 2s log γ

∣∣∣∣ = log

(
(2p2r + 1)N/2 + 2(m−1)/2

(2p2r + 1)N/2 − 2(m−1)/2

)

= log

(
1 + 2(m+1)/2

(2p2r + 1)N/2 − 2(m−1)/2

)

<
2(m+1)/2

(2p2r + 1)N/2 − 2(m−1)/2

=
√

2m+1
√

prm + 2m−1 − √
2m−1

. (4.35)

Let

θ = log(−β/β̄)

log γ
. (4.36)

Then, θ is a positive irrational number. Let θ = [a0, a1, a2, . . . ] denote the simple continued fraction expansion
of θ . For any nonnegative integer n, let Pn/Qn denote the n-th convergent of θ . Then by Lemma 2.17 we have

an+1 + 1 ≥
[

1

Q2
n|θ − Pn/Qn|

]
. (4.37)

By (4.35) and (4.36), we get

∣∣∣∣θ − 2s

m

∣∣∣∣ <

√
2m+1

m(log γ )
(√

prm + 2m−1 − √
2m−1

) <
1

2m2 . (4.38)
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It follows from Lemma 2.16 that 2s/m is a convergent of θ . So we have

2s

m
= Pi

Qi
, i ∈ N. (4.39)

We get from

12 −
(

2p2r + 1
)

· 12 = −2p2r (4.40)

and

(X ′
1)

2 −
(

2p2r + 1
)

(Y ′
1)

2 = pr Z ′
1 = p2r , gcd(X ′

1, Y ′
1) = 1 (4.41)

that the equation

U 2 −
(

2p2r + 1
)

V 2 = −2, U, V ∈ Z (4.42)

has solutions (U, V ). So we have

1 +
√

2p2r + 1 = β2
(

U + V
√

2p2r + 1

)
or β̄2

(
U + V

√
2p2r + 1

)
(4.43)

and

1 −
√

2p2r + 1 = β̄2
(

U − V
√

2p2r + 1

)
or β2

(
U − V

√
2p2r + 1

)
, (4.44)

where (U, V ) is a solution of (4.42) with U + V
√

2p2r + 1 > 0. By Lemma 2.2, for any solution (U, V ) of
(4.42), we have

(
U + V

√
2p2r + 1

)2

= 2

(
u + v

√
2p2r + 1

)
, (4.45)

where (u, v) is a solution of (4.17). Hence, by (4.18), (4.32), (4.43), (4.44) and (4.45), we get
√

2p2r + 1 + 1√
2p2r + 1 − 1

=
(

−β

β̄

)2

γ̄ s′
or

(
− β̄

β

)2

γ s′
, s′ ∈ N, (4.46)

whence we obtain
∣∣∣∣2 log

(
−β

β̄

)
− s′ log γ

∣∣∣∣ = log

(√
2p2r + 1 + 1√
2p2r + 1 − 1

)

= log

(
1 + 2√

2p2r + 1 − 1

)
<

2√
2p2r + 1 − 1

<
2

pr
. (4.47)

Further, by (4.36) and (4.47), we have
∣∣∣∣θ − s′

2

∣∣∣∣ <
1

pr log γ
<

1

8
. (4.48)

By Lemma 2.16, we see from (4.37) and (4.48) that s′/2 is just another convergent expansion of θ such that

s′

2
= Pj

Q j
, j ∈ N, i > j, (4.49)

and

a j+1 + 1 ≥
[

1

Q2
j |θ − Pj/Q j |

]
≥

[
pr log γ

4

]
>

pr log γ

4
− 1. (4.50)
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Since i > j , by (i) of Lemma 2.15, we get from (4.39), (4.49) and (4.50), we have

m ≥ Qi ≥ Q j+1 = a j+1 Q j + Q j−1 ≥ a j+1 + 1 >
pr log γ

4
− 1. (4.51)

Furthermore, by (4.13), (4.32) and (4.44), we have

log γ = log

(
u1 + v1

√
2p2r + 1

)
= log

(
1

2

(
U1 + V1

√
2p2r + 1

)2
)

> log p2r > log
(

2epr/2
)

, (4.52)

where (U1, V1) is the least solution of (4.42). Thus, by (4.16), (4.51) and (4.52), we obtain

pr log γ

4
− 1 < m < 2.291pr/2 log

(
2epr/2

)
< 2.291pr/2 log γ,

which yields pr/2 < 10, a contradiction to (4.13). It implies that (4.1) has no positive integer solutions (m, N ).

�

5 The proof of Theorem 1.3

Let (x, m, n) be a solution of equation (1.1). Suppose that our assumptions are all satisfied. The proof is divided
into two cases: (i) c = pk with p odd prime and k ≥ 1, (ii) p = 2k with k ≥ 1.

(i) c = pk with p odd prime and k ≥ 1. Then taking (1.1) modulo 4 implies that 1 ≡ 3n (mod 4), so n is
even, say n = 2N . From (1.1), we have

2m+1cm = ((c2 + 2)N + x)((c2 + 2)N − x).

Since gcd((c2 + 2)N + x, (c2 + 2)N − x) = 2 and c = pk , we obtain the following two cases:
{

(c2 + 2)N + x = 2mcm

(c2 + 2)N − x = 2
(5.1)

or {
(c2 + 2)N + x = 2cm

(c2 + 2)N − x = 2m .
(5.2)

First consider case (5.1). Adding these two equations yields

2m−1cm + 1 = (c2 + 2)N ,

which has no solutions by Lemma 3.1.
Next consider case (5.2). Adding these two equations yields

2m−1 + cm = (c2 + 2)N ,

which has only the positive integer solution (m, N ) = (2, 1) by Lemma 3.2. Consequently equation (1.1) has
only the solution (x, m, n) = (c2 − 2, 2, 2).

(ii) c = 2k with k ≥ 1. It is clear that if n ≤ 2, then equation (1.1) has only the solution (x, m, n) =
(c2 − 2, 2, 2). We may thus suppose that n ≥ 3.

Since x is even, we put x = 2αx1 with α ≥ 1 and x1 odd. Then equation (1.1) becomes

22αx2
1 + 2β = 2n(22k−1 + 1)n (5.3)

with β = (k + 1)m + 1. If β is even, then taking (5.3) modulo 3 implies that 1 + 1 ≡ 0 (mod 3), which is
impossible. Hence β is odd.

If 2α < β, then equation (5.3) leads to

22α(x2
1 + 2β−2α) = 2n(22k−1 + 1)n,
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so n = 2α. Dividing both sides of the above equation by 22α yields

x2
1 + 2β−2α = Y n (5.4)

with Y = 22k−1 + 1. It follows from Lemma 2.7 that equation (5.4) has only the solution x1 = 7, k = 1, α =
2, m = 4, n = 4, and so we obtain c = 2, x = 28.

If 2α > β, then equation (5.3) leads to

2β(22α−β x2
1 + 1) = 2n(22k−1 + 1)n,

so n = β. Dividing both sides of the above equation by 2β yields

22α−β x2
1 + 1 = (22k−1 + 1)n .

Since β is odd, say β = 2β1 − 1, this equation becomes

2X2 + 1 = Y n (5.5)

with X = 2α−β1 x1 and Y = 22k−1 + 1. It follows from Lemma 2.6 that equation (5.5) has only the solution
x1 = 11, k = 1, α = 3, m = 2, n = 5, and so we obtain c = 2, x = 88. This completes the proof of Theorem 1.3.

6 The proof of Theorem 1.4

If c = 2k with k ≥ 1, then it follows from Lemma 2.7 that Conjecture 1.2 is true. In the same way as the proof
of Theorem 1.3, (i), if c is a power of an odd prime, then equation (1.2) can be reduced to solving the following
two equations:

2m−1cm + 1 = (2c2 + 1)N ,

or

2m−1 + cm = (2c2 + 1)N .

It follows from Lemmas 3.1, 4.1 that the first equation above has only the solution (m, N ) = (2, 1), and the
second equation has no solutions in positive integers. Consequently, equation (1.2) has only the positive integer
solution (x, m, n) = (2c2 − 1, 2, 2). This completes the proof of Theorem 1.4.

7 The proof of Theorem 1.5

Since one can prove assertion (2) in exactly the same way as assertion (1), we will prove only (1).
Obviously, the conclusion is true for c = 1. We may therefore assume that c ≥ 3. Let (x, m, n) be a solution

of (1.1). Then we have c2 +2 ≡ 3 (mod 8), 2 � x and 3n ≡ (c2 +2)n ≡ x2 +2(2c)m ≡ 1+2m+1 ≡ 1 (mod 4),
whence we get

2 | n. (7.1)

Hence, by (1.1) and (7.1), we have

(c2 + 2)n/2 + x =
{

2cm
1 ,

2mcm
2 ,

(c2 + 2)n/2 − x =
{

2mcm
2 ,

2cm
1 ,

(7.2)

where

c1c2 = c, c1, c2 ∈ N, gcd(c1, c2) = 1, c1 	= c2. (7.3)

Further, by (7.2), we obtain

x =
∣∣∣cm

1 − 2m−1cm
2

∣∣∣ (7.4)
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and

(c2 + 2)n/2 = cm
1 + 2m−1cm

2 . (7.5)

If 2 � m, by (7.3) and (7.5), then we have

1 =
(

−cm
1 · 2m−1cm

2

c2 + 2

)
=

( −c1c2

c2 + 2

)
=

( −c

c2 + 2

)
= −

(
c

c2 + 2

)

= −(−1)(c−1)/2
(

c2 + 2

c

)
= −(−1)(c−1)/2

(
2

c

)
= −(−1)(c−1)/2+(c2−1)/8, (7.6)

where (∗/∗) denotes the Jacobi symbol. By (7.6), we get c ≡ 5 or 7 (mod 8), a contradiction. So we have

2 | m. (7.7)

Further, by (7.5) and (7.7), we get

3n/2 ≡ (c2 + 2)n/2 ≡ cm
1 + 2m−1cm

2 ≡ 1 + 2m−1 (mod 8). (7.8)

If n/2 is odd, then from (7.8) we get m = 2. Substituting it into (7.5), we have

(c2 + 2)n/2 = c2
1 + 2c2

2. (7.9)

When n/2 > 1, since n/2 is odd, by (7.3) and (7.9), we get 3c2 > c2
1 + 2c2

2 = (c2 + 2)n/2 ≥ (c2 + 2)3 > c6, a
contradiction. So we have n/2 = 1, and by (7.9),

c2 + 2 = c2
1 + 2c2

2,

whence we get

(c2
1 − 2)(c2

2 − 1) = 0. (7.10)

We see from (7.10) that c2 = 1. Therefore, by (7.3) and (7.4), (1.1) has only one solution (x, m.n) = (|c2−2|, 2, 2)

with n/2 odd.
If n/2 is even, by (7.8), then we have

m ≥ 4. (7.11)

By (7.5), (7.7) and (7.11), we get

(c2 + 2)n/4 + cm/2
1 =

{
2cm

21,

2m−2cm
22,

(c2 + 2)n/4 − cm/2
1 =

{
2m−2cm

22,

2cm
21,

(7.12)

where

c21c22 = c2, c21, c22 ∈ N, gcd(c21, c22) = 1. (7.13)

Eliminating (c2 + 2)n/4 from (7.12), we have

cm/2
1 =

∣∣∣cm
21 − 2m−3cm

22

∣∣∣ . (7.14)

By (7.3) and (7.13), we get c1c21c22 = c1c2 = c > 1. Hence, applying Lemma 2.11 to (7.14), we obtain
m/2 < 3. So, by (7.11), we have m = 4, and by (7.5),

(c2 + 2)n/2 = c4
1 + 8c4

2. (7.15)

When n/2 > 2, since n/2 is even, we have n/2 ≥ 4. Then, by (7.3) and (7.15), we get 9c4 > c4
1 + 8c4

2 =
(c2 + 2)n/2 ≥ (c2 + 2)4 > c8, a contradiction. So we have n/2 = 2.

Since n/2 = 2, by (7.15), we have

(c2 + 2)2 = c4
1 + 8c4

2. (7.16)

Further, by (7.3) and (7.16), we get

0 = (c2
1c2

2 + 2)2 − c4
1 − 8c4

2 = (c4
1 − 8)(c4

2 − 1) + 4(c2
1c2

2 − 1) > 0,

a contradiction. Therefore, if c > 1, then (1.1) has no solutions (x, m, n) with n/2 even. Thus, assertion (1) is
proved. This completes the proof of Theorem 1.5.
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