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Abstract Let T: M, — M, preserve Hadamard circulant majorization. In this note, we show that this property
is inherited by the three most popular generalized inverses, viz. the Moore-Penrose inverse, the group inverse
and the Drazin inverse.
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1 Introduction and preliminaries

Let M), be the space of all real square matrices of order n and N, := {1, ...,n}. For i, j € N,, let E;; be the
matrix in M, whose (i, /)™ entry is 1 and 0 otherwise. A matrix D € M, with nonnegative entries is called
doubly stochastic if each of its rows and columns sums to 1. Let

C:=[en. 1, - ,en1],

where e; is the i ™ standard basis vectorin R” i.e. the i coordinate of e; is equal to 1, while all its other coordinates
are 0. Fori € N,,, we define C; = C'. Let G, := {C1,...,Cy}. Amatrix C € M, is called circulant doubly
stochastic if it is a convex combination of Cj, ..., C,. Circulant doubly stochastic matrices are, evidently, a
special case of doubly stochastic matrices. For j € Ny, let o be the circulant permutation associated naturally
with the circulant permutation matrix C;. More precisely, o1 = (1 2 - - - n) is an element of the symmetric group
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Sp,and 0} = alj for each j € N,,. So, for each j € N, C; can also be written as

(eq;1) "
Cj= :
(Cs

For X = [x;;], Y = [yij] € M,, the Hadamard product of X and Y is defined by X © ¥ := [x;;y;;]. For
X,Y € M, we say that X is Hadamard majorized by Y, denoted by X <y Y, if there exists a doubly stochastic
matrix D € M, such that X = D © Y. Next, a stronger notion is recalled. X is said to be Hadamard circulant
majorized by Y, denoted by X <gc Y, if there exists a circulant doubly stochastic matrix C € M, such that
X=CQOY.LetT : M, - M, be alinear operator. Then T is said to preserve Hadamard majorization if
T(X) <g T(Y), whenever X <g Y.
Similalry, we say that T preserves Hadamard circulant majorization if
T(X) <gc T(Y), whenever X <gc Y.

The concept of Hadamard circulant majorization was introduced and investigated in Kosuru and Saha [1]. It
is also interesting to note that this notion does not generalize the usual concept of majorization of vectors. For
more details, refer Kosuru and Saha [1], Motlaghian et al. [2], where for instance, the authors also discuss the
case of stronger requirements than those that are given here.

It is easy to see that X <pc Y implies X <y Y. However, it must be clarified that the notions of linear
preserver of Hadamard circulant majorization and that of (just) Hadamard majorization are not comparable.
We show this in Example 1.4 and Example 1.5. We recall two results, which will be useful in our discussion.
The first one presents a necessary condition for Hadamard majorization, the second one provides a necessary
condition for an operator to preserve Hadamard circulant majorization, while the third result gives a necessary
and sufficient condition for an operator to preserve Hadamard circulant majorization.

Theorem 1.1 (Motlaghian et al. [2, Theorem 3.11]) Let n > 3 and T: M, — M, a linear operator. If T
preserves Hadamard majorization then T (E;;) © T(Ey) = 0 forevery 1 <1, j, k,l < nwith (i, j) # (k, D).

Lemma 1.2 (Kosuru and Saha [1, Lemma 3]) Let T : M,, — M, be a linear operator that preserves Hadamard
circulant majorization. Then there exists a permutation P on N, such that, for each j € N,, T(El-aj @) 18
dominated by Cp ;) for everyi € Ny,.

Theorem 1.3 (Kosuru and Saha [1, Theorem 4]) Let T : M,, — M, be linear. Then the following statements
are equivalent:

1. T preserves Hadamard circulant majorization.
2. Let Cy € Cy, B € My, and By = B © Cy. Then, for some circulant doubly stochastic matrix Cp, in M,, we
have

T(By) =Cp, OT(B).
Example 1.4 Consider T : M3 — M3 defined as

ann 0 0
T(A):=|0 0 ay |, A=lajleMs.
0 a110

A

For a doubly stochastic matrix D = [d;;] € M3, define a doubly stochastic matrix D € M3 as D =
di di2 di3
diz di13 di1 |. Then, for every Y € M3,
diz dy da
T(DOY)=DOT®Y).

Hence, if X <py Y, then for some doubly stochastic D, we would have X = D © Y. It then follows that

T(X) = Do T (Y), for the doubly stochastic matrix ﬁ, constructed as above. Thus, T preserves Hadamard
majorization. Next, note that 7(Cy © I) = 0, but

CioTU)=Ey3, C0TU)=E3 and C3OT) = Ey.

Hence, by Theorem 1.3, we conclude that T does not preserve Hadamard circulant majorization.
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Example 1.5 Let T: M3 — M3 be defined by

aip + ax3 +as arl 0
T(A) = 0 app—ax+azran |, A€ Ms.
ass 0 asy

Observe that
T(CILOA)=C30TA), T(C A =C,0T(A), T(C30A)=C,OT(A).

Hence T preserves Hadamard cirulant majorization, by Theorem 1.3. Further, the entry along the intersection of
the first row and the first column of the matrix 7 (E12) ® T (E»3) is 1 and so it is not the zero matrix. Hence, by
Theorem 1.1, it follows that 7 does not preserve Hadamard majorization.

In order to motivate the contents of this note, in what follows, we recall the three notions of generalized
inverses. For X, Y € M, define (X, Y) := trace(XY "), where Y T means the transpose of Y. Then, M,,, along
with this inner product, can be regarded as a Hilbert space. Let T: M, — M, be a linear operator. Denote the
adjoint operator of T by T* and, for a subset S € M,,, let ST denote the orthogonal complement of S. It is well
known that there is a unique operator X : M,, — M, satisfying the following conditions:

TXT =T, XTX =X, (TX)* =TX, (XT)* = XT.

This unique operator X is called the Moore-Penrose inverse of T and it is denoted by T'. There are several
equivalent definitions of the Moore-Penrose inverse, see Israel and Greville [3], Wang et al. [4]. For example,
we shall make use of the following characterization:

Proposition 1.6 Let T: M, — M, be linear. Then T': M,, — M, is the unique linear operator satisfying:

1. TTT(X) = X for every X € N(T)™*,
2. TY(Y) =0foreveryY € R(T)™.

Definition 1.7 For a linear operator T: M,, — M, the smallest nonnegative integer k for which rank T* =
rank 7%+ is called the index of T'. It is denoted by Ind T

A linear operator on a finite dimensional vector space has a finite index. If Ind T = m, then there exists a
unique linear operator U : M, — M, such that

T™UT =T", UTU =U, UT =TU.

This unique operator U is called the Drazin inverse of T and it is denoted by T?. Moreover, we have, M,, =
N(T™) @ R(T™) and T |g(rm) is an injective mapping from R(T") onto R(T"). When m = 1, the Drazin
inverse has a special name; the group inverse. The group inverse of T is denoted by T#. Let us emphasize that
unlike the Moore-Penrose inverse or the Drazin inverse, the group inverse need not exist for a given operator. For
instance, no nonzero nilpotent operator has the group inverse. For more details, refer to Ben-Israel and Greville
[3], Wang et al. [4], Campbell and Meyer [5],

The following equivalent definition of the Drazin inverse will be useful in our context.

Proposition 1.8 (Wang et al. [4, Corollory 12.1.2]) Let T: M,, — M, be a linear operator with Ind T = m.
Then the Drazin inverse of T is the unique linear operator TP satisfying:

1. TP(X) =0 forevery X € N(T™),
2. TPT(Y) =TTP(Y) =Y foreveryY € R(T™).

Let us turn our attention to the main result of Kosuru and Saha [1], which is the motivation for the study
undertaken here.
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Theorem 1.9 (Kosuru and Saha [1, Theorem 6]) Let T : M, — M, be a linear bijection. If T preserves
Hadamard circulant majorization, then so does T

Next, we present a summary of our results. In view of Theorem 1.9, we ask if there are analogues which may
be presented in terms of the three generalized inverses stated above, when the operator T is not bijective. Our
results show that the answer is in the affirmative. We obtain verbatim versions of Theorem 1.9 for three of the
most prominent generalized inverses; the Drazin inverse (Theorem 2.6), the group inverse (Corollary 2.7), and
the Moore-Penrose inverse (Theorem 2.9). We show that the adjoint operator inherits the preserver property, too
(Theorem 2.5). It is pertinent to point to the rather surprising fact, that very little research has been undertaken
towards determining if generalized inverses preserve a given majorization property. In this context, we refer to
Bueno Cachadina et al. [6] for perhaps the first and recent results on this topic. As is mentioned earlier, the notion
of Hadamard circulant majorization has no resemblance to the usual notion of majorization and so the results
obtained here may not be considered as generalizations of those reported in Bueno Cachadina et al. [6].

2 Main results
We begin with a set of auxiliary results.
Lemma 2.1 Let A€ My andi € N,. fAOC; = A, then A© Cj =0 forall j € N, \ {i}.

Proof Set A := [apk]. Then A = A O C; = ZZZI Aho;(h) Eno;ny- Thus, ape = 0 for all k # o;(h). Let
Jj € N, \ {i}. Then

ano(hy, itk =oj(h)

A® Cpnk = an(Cn =
(A O Cjne = ank(Cjnk 0, otherwise

Also, we have o (h) # o;(h). Hence, we obtain that Ahoj(h) = 0. Therefore A © C; = 0, as required. O

Lemma 2.2 Let T: M,y — M, be a linear preserver of Hadamard circulant majorization. Then there exists a
permutation P on Ny, such that, for every C; € C, and B € My,

T(Cj© B) =CpjOT(B).

Proof For B = [bji], we have B = Z bpi Enk. Let P be the permutation on N,, as described in Lemma 1.2.

h.k
Then

Cr(y @ T(B) = Cp(j) © | D bmT (Ew)
h.k

= thk (Cpj) © T(Emw))
hk

n
= Z bho;ny (Ceij) © T (Enoyny)) + Z buk (Cp(jy © T(Enk))
h=1 ko (h)

Note that, k # o (h) implies k = o, (h) for some r € N, \ {j}. Therefore, by Lemma 1.2, T (Ej«) is dominated
by Cp(r), and thus, from Lemma 2.1, we get Cp(jy © T (Ep) = 0. Since

Cr(j) © T(Eno;n) = T (Eno;h))

@ Springer



Generalized Inverse Preservers... 887

we get

n

Cph OT(B) = Z bho;ny (Cr(j) © T (Enoyny)) + Z buk (Cp(j) © T (Enk))
h=1 ko (h)

n
= Z (bho; T (Eno;n)))

h=1

n
=T (Z bhaj(h)Ehaj(h)>

h=1
=T(C; ® B).

O

Lemma 2.3 Let T: M,, — M, be a linear preserver of Hadamard circulant majorization. Let K denote one of
the four subspaces: N(T), R(T), N(T)*, R(T)". Then, for any circulant doubly stochastic matrix C, we have
the following implication:

XeK=COXeK.

Proof For X € N(T),set Z := C © X. Then Z <pyc X and hence, T(Z) <yc T(X). Thus, there exists a
circulant doubly stochastic matrix C’ such that T(Z) = T(C® X) = C' ©@ T(X) = 0. Thus, C © X € N(T).

Next, we consider the subspace R(T). Let X = T(B) for some B € M, and C = Y ;_, r;C; for some
nonnegative real numbers r1, ..., r, with Z?:l r; = 1. Let P be a permutation on N, as described in Lemma
2.2. Thus, for each j € N, T(CP—I(j) ©®© B) =C; © T(B). Hence

COX= (Z ViCi> OT(B)= Zri (CiOT(B) = ZriT(CP*I(i) © B) € R(T).
i=1

i=1 i=1

We now prove the implication for K := N (T)+t. The proof for K := R(T)* is similar. We have, for
X =[xi;1,Y = yijl, Z = [zij] € My,

n n

(X0VY,2) :ZinjyijZij:(X7Y®Z>~ (H
i=1 j=1

Now, let X € N(T)L. 1t follows, from the arguments given above, that if Z € N(T), then C © Z € N(T).
Hence, (C© X, Z) =(X,C ® Z) = 0. Therefore C ® X € N(T)J-, as required. O

The assumption of C being a circulant doubly stochastic matrix, in the result above, is necessary; see the
next example.

Example 2.4 Let T: M3 — M3 be defined by
x12x11 O
T(X)=| 0 xipx22 |, X=1[xij]e M.
x33 0 x31
It is easily verified that

TCi1oX)=GoTX), T((20X)=0C0TX), T(C(30X) =CO0TX).

Hence, from Theorem 1.3, it follows that T preserves Hadamard circulant majorization. Next, set

100 100
X=]010|andP:=]|001
000 010
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100
Then X € R(T). However, PO X = [ 000 | ¢ R(T).
000

We are now ready to prove the results mentioned in the introduction. First, we show that the adjoint is a
preserver, whenever the operator is a preserver.

Theorem 2.5 Let T : M, — M, be linear. If T preserves Hadamard circulant majorization, then so does T*.

Proof Let Cy € G, and B € M,. We write B = X + Y for X € R(T), Y € R(T)*L. By Lemma 2.3, we
have Cy © Y € R(T)* = N(T*) and so, T*(Cy ©® B) = T*(Cx ® X). Next, let Z € M,, be decomposed as
Z =27+ 2Zy,withZ; € N(T) and Z; € N(T)J-. Let P be a permutation on N,, as described in Lemma 2.2.
Then,

(T*(Cr© X), Z) = (Ck © X, T(2))
= (X, Ck O T(2))
=

X, Ck 0 T(22))

\)me Eq. (1)

Q From Lemma 2.2

=
=(T*(X), Cp-14) © Z2)
=(Cp-10y © T*(X), Z2).
Since T*(X) € R(T*) = N(T)*, it follows, from Lemma 2.3, that Cp-1 ;) © T*(X) € N(T)*. Therefore,
(CP—I(k) © T*(X), Z1) = 0 and thus
(T*(Ck © X), Z) = (Cp-14y © TH(X), Z).
Since Z € M, is arbitrary, we have
T*(Ck © B) = T*(Ck © X) = Cp-10gy © T*(X) = Cp-1y © T*(B).
By Theorem 1.3, we may now conclude that 7* preserves Hadamard circulant majorization. O
Next, we consider the Drazin inverse.

Theorem 2.6 Let T : M, — M, be a linear operator preserving Hadamard circulant majorization. Then, TP
inherits that property.

Proof LetInd T =m.Let Cr, € C, and B € M, with B = X 4+ Y forsome X € N(T")and Y € R(T™). It
is easy to see that, if T preserves Hadamard circulant majorization, then so does 7. Hence, from Lemma 2.3
and Proposition 1.8,

TP CroB) =TP(CroX)+ TP (oY)
=TP(COY)
= (T|rerm) " (Cr O Y).

Since Y € R(T™) = R(T™*!), it follows, from M, = N(T™) @ R(T™), that Y = T™"+1(Z) for some
Z € R(T™). Let P be the permutation on N,, as described in Lemma 2.2. Then

(Tlram) ™ (Ce © T"N(Z)) = (TIram) ™ (T (Cipmity 14y © 2))
=T"(Cpmity-14) © Z)
= Cp14) O T"(2).
Also, we have
T°(B) =TP(X)+ TP (V)
=T2(v)
=TP1(1T™(2))
=T"(2).
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Hence
TP(Ck ® B) = Cp-14) © TP (B).

From Theorem 1.3, it then follows that 72 preserves Hadamard circulant majorization. O
The following consequence for the group inverse is immediate.

Corollary 2.7 Let T: M, — M, be a group invertible linear operator. If T preserves the Hadamard circulant
majorization, then so does T*.

Here is an example to illustrate Corollary 2.7.

Example 2.8 Let T : M3 — M3 be defined by

X12 + X23 + Xx31 X11 0
T(X)= 0 X12—x3+x31 x22 |, X =[x;] € M.
X33 0 x31

It is easily verified that 7# exists and is given by

X12 (Mrgmz) — X33 0
T#(X) =10 x23 (XHEXzz) , X € Ms.
X33 0 x31

Further, observe thatif § := T or S := T*, then S satisfies
S(C1O0X)=C308(X), S(C20X) =C08(X), S(C30X) =C10SX).
Therefore, both T and T# preserve Hadamard circulant majorization, by Theorem 1.3.
We conclude this note with the result for the Moore-Penrose inverse.

Theorem 2.9 Let T : M, — M, be linear. If T preserves Hadamard circulant majorization, then so does T™.

Proof Let Cx € C, and B € M, with B = X + Y forsome X € R(T),Y € R(T)* . By Lemma 2.3 applied
to K := R(T)*, Ct ®Y € R(T)*, and so, TT(Cy © B) = TT(Cy ® X). Since X € R(T), it follows, from
M, = N(T)® N(T)1, that X = T(A) for some A € N(T)+. Let P be a permutation on N,, as described in
Lemma 2.2. Then
THC O X) =T (CLOT(A)
=TT (Cp-14y © A)
= CP_I(k) @ A
=Cp1gy OTT(X)
=Cp-10y O TT(B).

\) From Lemma 2.2

\> From Proposition 1.6

In moving from the second equation to the third, we have made use of Theorem 2.5 (adjoint is a preserver)
and Lemma 2.3. It follows that T preserves Hadamard circulant majorization, by using Theorem 1.3. O

Remark 2.10 1t is easy to see that, if T7, T»: M,, — M, preserve Hadamard circulant majorization, then so
does T1 o T5. For a self adjoint operator T': M, — M,, we know that the group inverse always exists and
T# = T7. This, along with the formula 7T = T*(TT*)", yields an alternate proof of Theorem 2.9, suggested
by the referee, as follows. Let T: M,, — M,, preserve Hadamard circulant majorization. From Theorem 2.5, T*
preserves and hence TT* preserves. Since T T* is self adjoint, (TT*)" = (T T*)*. Hence, from Corollary 2.7,
(TT*7 preserves. Therefore, T =T1*TT*" preserves Hadamard circulant majorization.

Here is an illustration of Theorem 2.9.
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Example 2.11 Let T: M3 — M3 be defined by T'(X) := x11C} + x12C2 + x13C3 for X = [x;;] € M3. Then,
for Y = [y;;] € M3,

N 1
Th(Y) = 3 (Or2+ys3+yDEn+ iz+ya+y32)En+ O+ y2+y33)E13).

One may verify that the following hold: 7(C; © X) = C, O T(X), T(C2 0 X)) = CG3O0TX), T(C3 0 X) =
CLOTX).TH(CIoX)=CGoTI(X),TH(C;0X) =CoT (X)and TT(C3 © X) = C; © TT(X). By
Theorem 1.3, we may conclude that both 7 and T preserve Hadamard circulant majorization.
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