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Abstract In this paper, we investigate the scalability of a given frame in R
n by using graphs. For each frame φ

in R
n , we associate a simple undirected graph G(φ) and use it to verify the scalability of φ. We provide some

necessary conditions to test the scalability of a given frame. Finally, we study the scalability of some special
classes of frames by using graphs.
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1 Introduction

The development of frame theory can be traced back to the mid-20th century when mathematicians began
to explore alternative methods for signal representation beyond the traditional use of bases. In 1952, Duffin
and Schaeffer introduced the concept of frame theory for Hilbert spaces through their pioneering work in
[1]. However, it was not until 1986 when frame theory gained popularity through the revolutionary work of
Daubechies, Grossman and Meyer [2]. Today, frame theory continues to be an expanding area of research with
applications in various disciplines.

A finite sequence of vectors φ in R
n is a frame if and only if φ spans R

n . In recent years, frames in finite
dimensional inner product spaces have received much attention from both pure and applied mathematics, as
they possess a rich redundant structure when compared to bases for vector spaces. Given a Parseval frame
φ = { fi }m

i=1 in R
n , every vector (signal) f in R

n is transmitted as a sequence of coefficients {〈 f, fi 〉}}m
i=1 and it

can be recovered by the following reconstruction formula :

f =
m∑

i=1

〈 f, fi 〉 fi , for all f ∈ R
n . (1)
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892 K. Ayyanar et al.

If φ is a frame (not necessarily Parseval), the reconstruction formula depends on the operators S−1
φ or S−1/2

φ :

f =
m∑

i=1

〈 f, S−1
φ fi 〉 fi =

m∑

i=1

〈 f, S−1/2
φ fi 〉S−1/2

φ fi , for all f ∈ R
n, (2)

where Sφ is the frame operator of φ. In other words, if φ = { fi }m
i=1 is a frame in R

n , then {S−1/2
φ fi }m

i=1 is
a Parseval frame. To get a Parseval frame from a frame using the inverse of frame operator, we encounter
two important issues. Firstly, computing inverse and square root of the frame operator are not easy in higher
dimensional spaces. Secondly, the frame {S−1/2

φ fi }m
i=1 corresponding to the inverse does not preserve the original

structure of the given frame { fi }m
i=1. These issues can be resolved by modifying the vectors in the frame { fi }m

i=1
by (non-negative) scalings {ai }m

i=1 (ai ≥ 0) so as to convert { fi }m
i=1 into a Parseval frame {ai fi }m

i=1. The process
of scaling helps to retain the basic properties of the frame vectors and has the expression which is similar to Eq.
1:

f =
m∑

i=1

〈 f, ai fi 〉ai fi , for all f ∈ R
n . (3)

A frame is called a scalable frame if there are non-negative constants {ai }m
i=1 making { fi }m

i=1 into a Parseval
frame {ai fi }m

i=1. It is mentioned in [3] that frame scaling is a very challenging problem in frame theory. For
scalable frames, we refer the reader to [4–12]. In this paper, we discuss scalability of frames by analyzing graphs
associated with them.

We briefly describe the contents of the paper. Section 2 deals with the basic definitions and results on frames
and graphs, which are useful in the sequel. In Sect. 3, we provide some relations between graphs and frames.
In Sect. 4, we provide some necessary conditions to examine scalability (strictly scalability) by using graphs. In
the end of the section, we verify the scalability of some special classes of frames.

2 Preliminaries

In this section, we recall some basic facts about finite frames and graphs. For more details, we refer the reader
to [13,14] and references therein.

A graph G is an ordered pair (V (G), E(G)), where V (G) is a non-empty set of elements called vertices
and E(G) is a set of elements called edges, where each edge is an ordered or unordered pair of vertices. In this
paper, we consider only undirected simple graphs (graphs with no loops and no multiple edges). A graph G ′ is
said to be a subgraph of G if V (G ′) ⊆ V (G) and E(G ′) ⊆ E(G). Induced subgraph G ′ of G is a subgraph of
G and two vertices are adjacent in G ′ if and only if if they are adjacent in G. The number of vertices and edges
of G are respectively referred to as the order and size of G. Let u, v ∈ V (G). If e ∈ E(G) and e = (u, v), then
u and v are said to be adjacent vertices, denoted by u ∼ v. An edge with v as an endpoint is said to be incident
on v, and the number of edges incident on v is called the degree of v, denoted by deg(v). A graph where each
vertex has the same degree is called a regular graph.

The collection of all vertices adjacent to v is called the open neighborhood of v and is denoted by N (v). The
set N (v) ∪ {v} is called the closed neighborhood of v and is denoted by N [v]. A set of mutually non-adjacent
vertices in a graph G is called an independent set of G. The cardinality of a maximum independent set in G is
called the independent number of G, denoted by α(G).

A walk of a graph is an alternating sequence of vertices and edges. The number of edges in a walk is called
the length of the walk. A trail is a walk with distinct edges, and a path is a trail with distinct vertices. A path
on n-vertices is denoted by Pn . The length of a shortest path from u to v is called the distance of u from v and
is denoted by d(u, v), where u, v ∈ V (G) and u 
= v. The diameter of a graph G is the maximum distance
between a pair of vertices in G, and it is denoted by diam(G). A path with the same initial and terminal vertices
is called a cycle, and a cycle on n-vertices is denoted by Cn . A graph having no cycle is acyclic. A graph G is
connected if there exists a path between every pair of vertices in G; otherwise, it is disconnected. A connected
acyclic graph is called a tree.

A graph is complete if there is an edge between every pair of vertices, and a complete graph on n-vertices is
denoted by Kn . A graph with n vertices and no edges is called totally disconnected graph and it is denoted by
Kn . A graph G is bipartite if V (G) is the disjoint union of two independent subsets X and Y of V (G). Here, X
and Y are called partite sets of G, and (X, Y ) is called a bipartition of G. A bipartite graph with a bipartition

123



Frame Scaling by Graphs 893

(X, Y ) is complete bipartite if each vertex in X is adjacent to every vertex in Y and vice versa. A complete
bipartite graph with a bipartition (X, Y ), where |X | = m and |Y | = n is denoted by Km,n (here |X | represents
the number of elements in X ). Two graphs G1 and G2 are isomorphic, written as G1 ∼= G2, if there exists a
bijection f : V (G1) −→ V (G2) such that (u, v) ∈ E(G1) if and only if ( f (u), f (v)) ∈ E(G2).

The union of G1 and G2, denoted by G1 ∪ G2 is the graph with V (G1 ∪ G2) = V (G1) ∪ V (G2) and
E(G1 ∪ G2) = E(G1) ∪ E(G2). The join of G1 and G2, denoted by G1 ∨ G2 is the graph with V (G1 ∨ G2) =
V (G1) ∪ V (G2) and E(G1 ∨ G2) = E(G1 ∪ G2) ∪ {(x, y) : x ∈ V (G1) and y ∈ V (G2)}.

We now discuss some basic definitions and results for frames in R
n with the Euclidean inner product, which

are useful for further discussion. A finite sequence of vectors, φ = { fi }m
i=1 ⊆ R

n (m ≥ n) is called a frame in
R

n if there exist positive constants A and B with A ≤ B < ∞ such that

A‖ f ‖2 ≤
m∑

i=1

|〈 f, fi 〉|2 ≤ B‖ f ‖2, for all f ∈ R
n . (4)

The constants A and B are called lower and upper frame bounds. If A = B, then φ is called a tight frame or
an A-tight frame. If A = B = 1, then φ is called a Parseval frame. If φ = { fi }m

i=1 is an A-tight frame in R
n ,

then φ′ = { fi√
A
}m
i=1 forms a Parseval frame in R

n . Given a frame φ = { fi }m
i=1 in R

n , the corresponding analysis

operator, denoted by Fφ is the m × n matrix whose i th row is f t
i (the transpose of fi ). The operator Ft

φ is called
the synthesis operator. The Grammian operator, Gφ is defined as Gφ = Fφ Ft

φ and the frame operator, Sφ is
defined as Sφ = Ft

φ Fφ . The frame operator Sφ is a positive symmetric invertible operator and it satisfies

Sφ( f ) =
m∑

i=1

〈 f, fi 〉 fi , for all f ∈ R
n . (5)

A frame φ is a Parseval (tight) frame if and only if Sφ = I (Sφ = λI , for some λ > 0). Here I is the identity
matrix of order n. A frame φ = { fi }m

i=1 is said to be a scalable frame in R
n if there exist non-negative constants

{ai }m
i=1 for which {ai fi }m

i=1 is a Parseval frame. If all the ai ’s are positive, then the frame φ is called a strictly
scalable frame in R

n .

Definition 1 [15] Let φ be a frame in R
n . With φ, a simple graph G(φ) is associated as follows: The elements

of φ form the vertex set of G(φ), in which two distinct vertices u and v are adjacent in G(φ) if and only if
〈u, v〉 
= 0. Note that G(φ) may be either connected or disconnected. A simple graph G with |V (G)| = m ≥ n
is called a frame graph in R

n if there exists a frame φ consisting of m vectors in R
n such that G(φ) ∼= G. A

frame graph is called a tight frame graph in R
n if its associated frame is a tight frame in R

n .

Definition 2 [16] The representation number of a graph G of order m is the smallest positive integer n such that
there exists a frame with m elements, say φ in R

n such that G(φ) ∼= G.

Throughout this paper, we consider only a finite sequence of frame vectors φ = { fi }m
i=1 in R

n and deg( fi ) ≥
1, for all fi ∈ V (G(φ)), which means that φ does not contain the zero vector and every member in φ is not
orthogonal to at least one member in φ. We end this section with some results on linear algebra needed for further
discussions.

Theorem 3 [13] Let { fi }m
i=1 be a collection of vectors in R

n. Then { fi }m
i=1 is a Parseval frame in R

n if and only
if the associated Grammian operator Gφ is an orthogonal projection of rank n.

Theorem 4 [17] Let A be an n × n symmetric matrix such that. Then the following conditions are equivalent :

1. A is positive semi-definite;
2. All the eigenvalues of A are non-negative;
3. A has decomposition of the form Mt M, where M is an m × n matrix with rank(A) = m.

Theorem 5 [17] Let A be an n × n symmetric matrix. If λ is the only eigenvalue of A, then A = λI .

Theorem 6 [17] Let A be an m × n matrix and B be an n × m matrix. If λ is a non-zero eigenvalue of AB with
multiplicity k, then λ is an eigenvalue of B A with the same multiplicity k.
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3 Relationships between graphs and frames

In this section, we present some relationships between graphs and frames. Also, we provide some necessary
conditions for a frame φ in R

n to be a Parseval frame by using the associated graph G(φ) and the Grammian
operator Gφ .

Proposition 7 Let φ = { fi }m
i=1 be a frame in R

n such that G(φ) is connected. If φ′ = {gi }k
i=1 be any collection

of non-zero vectors in R
n, then G(φ ∪ φ′) is also connected.

Proof Assume that φ = { fi }m
i=1 is a frame in R

n such that G(φ) is connected. Since span(φ) = R
n , any

non-zero vector g ∈ R
n has 〈g, fi 〉 
= 0, for some i ∈ {1, 2, . . . , m}. Therefore, every vector in φ′ is adjacent to

some frame vector in φ. Thus G(φ ∪ φ′) is connected. ��
The converse of the above theorem is not true and is illustrated in the following example.

Example 8 Let φ = {ei }n
i=1 be the standard orthonormal basis in R

n and let φ′ = {e1 + e2 + · · · + en}. Clearly,
G(φ ∪ φ′) is a connected graph. But G(φ) is the totally disconnected graph Kn .

Remark 9 1. If φ = { fi }n
i=1 is a tight frame in R

n , then G(φ) ∼= Kn .

2. If φ = { fi }m
i=1 (m ≥ n) is an A-tight frame in R

n , then φ′ = { fi√
A
}m
i=1 forms a Parseval frame in R

n and

G(φ′) ∼= G(φ).

Theorem 10 Let φ = { fi }n
i=1 be a Parseval frame in R

n−1. Then G(φ) ∼= Kn.

Proof Assume that φ = { fi }n
i=1 is a Parseval frame in R

n−1. Then by Theorem 3, the Grammian matrix Gφ

has the eigenvalue 1 with multiplicity n − 1 and the eigenvalue 0 with multiplicity 1. Hence, I − Gφ has the
eigenvalue 1 with multiplicity 1 and the eigenvalue 0 with multiplicity n−1. Clearly, the matrix I −Gφ preserves
the same zero and non-zero off-diagonal entries corresponding to Gφ (except for sign). Hence, by Theorem 4,
I − Gφ can be written as I − Gφ = xxt , where x is a column vector in R

n . If one of the coordinates of x is
equal to zero, then G(φ) contains a vertex fi with deg( fi ) = 0. But this is a contradiction to deg( fi ) ≥ 1, for
all fi ∈ V (G(φ)). Hence, from the matrix I − Gφ , 〈 fi , f j 〉 
= 0, for all i 
= j . Thus G(φ) is isomorphic to Kn .
��
Corollary 11 Let φ = { fi }n

i=1 be a tight frame in R
n−1. Then G(φ) ∼= Kn.

Proof The proof follows from Remark 9 and Theorem 10. ��
Theorem 12 Letφ = { fi }m

i=1 (m > n)be a Parseval frame in R
n. Then there exists a Parseval frameφ′ = {gi }m

i=1
in R

m−n such that G(φ) ∼= G(φ′).

Proof Assume that φ = { fi }m
i=1 is a Parseval frame in R

n . Then by Theorem 3, I − Gφ has the eigenvalue 1 with
multiplicity m − n and the eigenvalue 0 with multiplicity n. Clearly, the matrix I − Gφ preserves the same zero
and non-zero off-diagonal entries corresponding to Gφ (except for sign). Now by Theorem 4, I − Gφ can be
written as I − Gφ = Mt M , where M is an (m − n)× m matrix. The columns of M are denoted by φ′ = {gi }m

i=1.
Hence, by Theorems 5 and 6, Sφ′ = M Mt = I . Therefore, φ′ is a Parseval frame in R

m−n . Further, it follows
from the construction of φ′, G(φ) is isomorphic to G(φ′). ��
Corollary 13 Let φ = { fi }m

i=1 (m > n) be a tight frame in R
n. Then there exists a Parseval frame φ′ = {gi }m

i=1
in R

m−n such that G(φ) ∼= G(φ′).

Proof Assume that φ is a tight frame in R
n with frame bound A. Then by Remark 9, φ1 = { fi√

A
}m
i=1 forms a

Parseval frame in R
n and G(φ) is isomorphic to G(φ1). Therefore, by Theorem 12, there exists a Parseval frame

φ′ = {gi }m
i=1 such that G(φ1) is isomorphic to G(φ′) and hence, by the transitive property of isomorphism, G(φ)

is isomorphic to G(φ′). ��
Theorem 14 Let φ = { fi }n

i=1 be a Parseval frame in R
n−k (0 < k < n). Then α(G(φ)) ≤ k.

Proof Since φ = { fi }n
i=1 is a Parseval frame in R

n−k , by Theorem 12, there exists a Parseval frame φ′ = {gi }n
i=1

in R
k such that G(φ) is isomorphic to G(φ′) and hence, α(G(φ)) = α(G(φ′)). Suppose that α(G(φ)) > k. Then

φ′ contains at least k+1 non-zero linearly independent orthogonal vectors in R
k , contradicting that dim(Rk) = k.

Therefore, α(G(φ)) ≤ k. ��
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Corollary 15 Let φ = { fi }n
i=1 (n ≥ 3) be a frame in R

n−k (0 < k < n). If φ contains k + 1 orthogonal vectors
in R

n−k , then φ is not a Parseval frame in R
n−k .

Proof Assume that φ contains k + 1 orthogonal vectors in R
n−k . Then, α(G(φ)) is at least k. Therefore, by

Theorem 14, φ is not Parseval in R
n−k . ��

Theorem 16 Let φ = { fi }n
i=1 (n ≥ 3) be a Parseval frame in R

n−2 such that G(φ) is connected. Then
diam(G(φ)) ≤ 2.

Proof Assume that φ = { fi }n
i=1 is a Parseval frame in R

n−2. Then by Theorem 12, there exists a Parseval
frame φ′ = {gi }n

i=1 in R
2 such that G(φ) is isomorphic G(φ′) and diam(G(φ)) = diam(G(φ′)). Suppose that

diam(G(φ′)) ≥ 3. Then, there exists a path, say, P = {g1, g2, . . . , gk} in G(φ′), with k ≥ 4. Now, choose the
first four vertices from P .

Clearly, the vertices g1 and g3 are not adjacent in G(φ′), and hence g1 and g3 form an orthogonal basis in
R

2. Therefore, the vertex g2 must be a linear combination of both g1 and g3. But this is not possible because the
vertices g2 and g4 are not adjacent in G(φ′). Therefore, diam(G(φ)′) ≤ 2, and hence, diam(G(φ)) ≤ 2. ��
Theorem 17 Let φ = { fi }m

i=1 (m ≥ n) be a Parseval frame in R
n. If G(φ) is bipartite with bipartition (X, Y ),

then |X | = |Y |.
Proof It is given that φ = { fi }m

i=1 is a Parseval frame in R
n and G(φ) is bipartite with bipartition (X, Y ). Let

|X | = k1, |Y | = k2. Then k1 + k2 = m. Without loss of generality, assume that the rows and columns of Gφ are
indexed by both X and Y .

Consider the matrix Gφ =
[

D1 B
Bt D2

]
. Here, D1 is a k1 × k1 diagonal matrix with rows and columns indexed

by X , D2 is a k2 × k2 diagonal matrix with rows and columns indexed by Y and B is a k1 × k2 matrix with rows
and columns indexed by X and Y , respectively. Since φ is a Parseval frame, by Theorem 3, Bt B and B Bt are
diagonal. Therefore, the rows and the columns are pairwise orthogonal in B and hence, |X | = |Y |. ��
Corollary 18 Let φ = { fi }m

i=1 (m ≥ n) be a tight frame in R
n. Then the following statements hold good :

1. If G(φ) is a bipartite graph with bipartition (X, Y ), then |X | = |Y |.
2. If φ contains an odd number of frame vectors, then G(φ) is not bipartite.

Proof The proof follows from Remark 9 and Theorem 17. ��
Theorem 19 Let φ = { fi }m

i=1 (m ≥ n) be a Parseval frame in R
n. If X is an independent set of vertices in G(φ),

then |X | ≤ m
2 .

Proof Given that φ = { fi }m
i=1 is a Parseval frame. Assume that X is an independent set in G(φ). Let Gφ =[

D B
Bt A

]
, where D is a diagonal matrix with rows and columns indexed by X , B is a matrix whose rows and

columns indexed by X and Xc respectively, and A is a square matrix with rows and columns indexed by Xc.
Since φ is a Parseval frame, by Theorem 3, B Bt = D − D2. Therefore, the rows are pairwise orthogonal in B,
so |X | ≤ |Xc|. But, |Xc| = m − |X | ≥ |X |, which implies |X | ≤ m

2 . ��

4 Necessary conditions for scalable frames

In this section, we give some necessary conditions for scalability of a given frame φ = { fi }m
i=1 in R

n using its
associated graph G(φ).

Theorem 20 Let φ = { fi }m
i=1 (m ≥ n) be a frame in R

n. If φ is a scalable frame in R
n, then the graph

corresponding to that scalable frame is a subgraph of G(φ).

Proof Assume that φ = { fi }m
i=1 is a scalable frame in R

n . Then there exist non-negative constants {ai }m
i=1, such

that {ai fi }m
i=1 forms a Parseval frame. Without loss of generality, assume that the first k vectors in φ are scaled

by zero constant. After dropping those vectors that are scaled with the zero constant, the vectors {ai fi }m
i=k+1

preserve the adjacency relation between the vectors { fi }m
i=k+1. Therefore, the scalable frame corresponding to

φ forms a subgraph of G(φ). ��
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Corollary 21 Let φ = { fi }m
i=1 (m ≥ n) be a frame in R

n. If φ is a strictly scalable frame in R
n, then the graph

of any strictly scalable frame of φ is isomorphic to G(φ).

Theorem 22 Let φ = { fi }m
i=1 (m ≥ 3) be a frame in R

n such that G(φ) is connected. If G(φ) contains two
non-adjacent vertices that share exactly one common neighbor, then φ is not strictly scalable frame in R

n.

Proof Suppose that φ = { fi }m
i=1 is a strictly scalable frame in R

n . Then there exist positive constants {ai }m
i=1

such that φ′ = {ai fi }m
i=1 forms a Parseval frame in R

n . Let f j and fk be two non-adjacent vertices in G(φ)

with common neighbor f�. By Corollary 21, a j f j and ak fk are also two non-adjacent vertices in G(φ′) with the
common neighbor a� f�. The vector a j f j can be written in the following way :

a j f j =
m∑

i=1

〈a j f j , ai fi 〉ai fi and 〈a j f j , ak fk〉 = 〈a j f j , a� f�〉〈a� f�, ak fk〉.

Since 〈a j f j , ak fk〉 = 0, either the value of 〈a j f j , a� f�〉 = 0 or the value of 〈a� f�, ak fk〉 = 0, contradicting
that a� f� is a common neighbor of a j f j and ak fk in G(φ′). Hence, φ = { fi }m

i=1 is not a strictly scalable frame
in R

n . ��
Corollary 23 Let φ = { fi }m

i=1 (m ≥ 3) be a frame in R
n such that G(φ) is connected. If G(φ) contains either

a leaf vertex or a bridge, then φ is not a strictly scalable frame in R
n.

Proof Assume that φ = { fi }m
i=1 is a strictly scalable frame in R

n . Then there exist positive constants {ai }m
i=1

such that φ′ = {ai fi }m
i=1 forms a Parseval frame in R

n . Let f j be a leaf vertex in G(φ) with the neighbor fk .
By Corollary 21, a j f j is a leaf vertex in G(φ′) with the neighbor ak fk . Since G(φ′) is a connected graph with
at least 3 vertices. Therefore, there exists a vertex a� f� in G(φ′) such that a� f� is adjacent to ak fk . Hence, by
Theorem 22, φ is not a strictly scalable frame in R

n .
Suppose φ = { fi }m

i=1 is a strictly scalable frame in R
n and G(φ) contains a bridge, e = ( f j , fk). Then, by

Corollary 21, the edge e′ = (a j f j , ak fk) is a bridge in G(φ′). Since G(φ′) is a connected graph with at least
3 vertices, there exists a vertex a� f� in G(φ′) such that a� f� is adjacent to either a j f j or ak fk . Without loss of
generality, assume that a� f� is adjacent to a j f j . Then, by Theorem 22, φ is not a strictly scalable frame in R

n . ��
Corollary 24 Let φ = { fi }m

i=1 (m ≥ 3) be a frame in R
n such that G(φ) disconnected. If one of the components

of G(φ) contains at least 3 vertices and contains either a leaf or a bridge, then φ is not a strictly scalable frame
in R

n.

Corollary 25 Let φ = { fi }m
i=1 (m ≥ 3) be a frame in R

n such that G(φ) is connected. If φ is strictly scalable,
then all the edges in G(φ) must lie in the cycle.

Theorem 26 Let φ = { fi }m
i=1 (m ≥ 3) be a frame in R

n. Then φ is not a strictly scalable frame in R
n if one of

the following conditions hold:

1. G(φ) is isomorphic to a tree.
2. G(φ) is isomorphic to a bipartite graph, where its partite sets have different cardinalities.
3. G(φ) contains an independent set X with |X | > m

2 .

Proof The proof follows from Theorems 17, 19 and 22. ��
Theorem 27 Let φ = { fi }n

i=1 (n ≥ 3) be a frame in R
n−2. If φ is a strictly scalable frame in R

n−2, then the
following conditions hold:

1. α(G(φ)) ≤ 2.
2. diam(G(φ)) ≤ 2, if G(φ) is connected.
3. φ does not contain an orthogonal set with three elements in R

n−2.

Proof The proof follows from Theorems 14 and 16. ��
In the following example, we illustrate how to verify the strict scalability of a given frame φ in R

n using
G(φ).

Example 28 Let φ = { fi }5
i=1 be a frame in R

� such that G(φ) is as shown in Figure 1.
Since α(G(φ)) = 3 and dimension of span(φ) is at least 3, the representation number of G(φ) is at least 3.

Hence, by Theorem 22, φ is not a strictly scalable frame in R
�, where 3 ≤ � ≤ 5.
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Fig. 1 G(φ): Graph of a strictly non-scalable frame.

Fig. 2 G(φ1)

Fig. 3 G(φ2)

Remark 29 In [3], the authors present a method to verify the scalability of a given frame in R
n , by solving a

system of linear equations. But, solving system of linear equations in higher dimension is not easy. The necessary
conditions discussed in Sect. 4 provide much simpler and straight forward ways to verify the scalability of a
given frame using its associated graph.

The following examples discussed in [3], are used here to illustrate the significance of using frame graphs to
verify scalability and for a better comparison of the technique used in [3].

Example 30 Let M1 be a matrix whose columns φ1 = { fi }4
i=1 form a frame in R

4 and let G(φ1) be the graph
corresponding to φ1, as given in Figure 2.

Suppose that φ1 is a scalable frame. Then there exist positive constants {ai }4
i=1 such that φ′

1 = {ai fi }4
i=1

forms a Parseval frame in R
4. By Corollary 21, G(φ′

1) is isomorphic to G(φ1). But this is not possible by Remark
9, because G(φ′

1) is isomorphic to K4.

Example 31 Let M2 be a matrix whose columns φ2 = { fi }4
i=1 form a frame in R

4 and let G(φ2) be the graph
corresponding to φ2, as given in Figure 3.

Suppose that φ2 is a scalable frame. Then there exist positive constants {ai }4
i=1 such that φ′

2 = {ai fi }4
i=1

forms a Parseval frame in R
4. By Corollary 21, G(φ′

2) is isomorphic to G(φ2). But this is not possible from
Theorem 22.

Example 32 Let φ3 = φ1 ∪ φ2 be a frame for R
4, given by the columns of the following matrix, and Figure 4 be

the graph corresponding to φ.
The graph corresponding to φ3 is isomorphic to (K2 ∪ K2) ∨ K1,3 and the dimension of span(φ) is 4. But,

by using the necessary conditions developed thus far, we cannot verify the scalability of φ3 in R
4.

However, for any φ = { fi }8
i=1 in R

�, if � ≥ 7 and G(φ) is isomorphic to the graph in Figure 4, then the
results that are discussed in Sect. 4 help us to conclude that φ is not scalable in R

� by using G(φ) and which is
explained in the following section.

Theorem 33 Let φ = { fi }m
i=1 be a frame for R

n and N [ fi ] 
= N [ f j ], for some fi 
= f j ∈ V (G(φ)). If
e = ( fi , f j ) ∈ E(G(φ)), then the vectors fi and f j form an independent set in R

n.
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Fig. 4 G(φ3)

Proof Assume that there exist two adjacent vertices fi and f j in V (G(φ)) which form a linearly dependent set
in R

n . This implies that fi is a linear combination of f j , hence, N [ fi ] = N [ f j ] in G(φ), contradicting that
N [ fi ] 
= N [ f j ]. Therefore, the vectors fi and f j form an independent set in R

n . ��

4.1 Scalability of special classes of frames

In this section, we verify the scalability of a given frame by using some special graph classes. The following
lemma is mentioned in [16]. By using the lemma and the theorems in the previous sections, we can verify the
scalability of some particular classes of frames using graphs.

Lemma 34 [16] Let φ = { fi }n
i=1 be a collection of vectors in R

n. If G(φ) is isomorphic to a tree with n vertices,
then any sub-collection of n − 1 vectors form an independent set in R

n.

Theorem 35 Let φ = { fi }m
i=1 be a frame in R

n. If φ is a strictly scalable frame in R
n, then the length of the

induced path in G(φ) is not more than �m
2 � + 1.

Proof Assume that φ = { fi }m
i=1 is a strictly scalable frame in R

n . Then there exist positive constants
{ai }m

i=1 such that φ′ = {ai fi }m
i=1 forms a Parseval frame in R

n . Suppose that G(φ) contains a path P =
{ f1, f2, . . . , f� m

2 �+2} of length more than �m
2 � + 1. Then by Corollary 21, G(φ′) also contains the path,

P ′ = {a1 f1, a2 f2, . . . , a� m
2 �+2 f� m

2 �+2} of length �m
2 � + 2. By Lemma 34, the representation number of G(φ′)

is �m
2 � + 1, which is a contradiction to Theorem 12. Hence, the result follows. ��

Theorem 36 Let φ = { fi }n
i=1 (n ≥ 7) be a frame in R

�. If G(φ) ∼= Cn, then φ is not scalable in R
�.

Proof Suppose that φ is scalable in R
�. Then there exist non-negative constants {ai }n

i=1 such that φ′ = {ai fi }n
i=1

forms a Parseval frame in R
� and by Theorem 20, G(φ′) is a subgraph of G(φ). Clearly, Cn contains a path of

length n −2. Without loss of generality, we assume that the vectors S = { f1, f2, . . . , fn−1} is an induced path in
Cn . Then, by Lemma 34, any subcollection of (n − 2) vectors from S form an independent set in R

�. Therefore,
the representation number of G(φ) is at least (n − 2).

If � = n, then by Remark 9, φ is not a strictly scalable frame.
If � = (n − 1), then by Theorem 10, φ is not a strictly scalable frame. Therefore, exactly one of the scaling

constants is zero. Suppose that there exist non-negative constants {ai }n
i=1 such that φ′ = {ai fi }n

i=1 forms a
Parseval frame in R

n−1. Then the representation number of G(φ′) is at least 5. By Corollary 13, this is not
possible. Hence, φ is not a scalable frame in R

n−1.
If � = n − 2, then by Theorem 12, φ is not a strictly scalable frame. Therefore, either one or two scaling

constants must be equal to zero. Suppose that exactly one of the scaling constants is equal to zero. Then, the
graph G(φ′) contains a path of length (n − 1). But by Theorem 12, this is not possible. Suppose that two of the
scaling constants are zero, then the representation number of G(φ′) is at least 3. Therefore, by Theorem 12, this
is also not possible. Hence, φ = { fi }n

i=1 is not a scalable frame in R
n−2. ��

The following two examples, illustrate how to verify the scalability of a given frame φ in R
n using G(φ).

Example 37 Let φ = { fi }7
i=1 be a frame in R

� and Figure 5 be the graph corresponding to φ. By Theorem
33, the vectors { f1, f2, f3, f4} form an independent set in R

�. Therefore the representation number of G(φ) is
at least 4. Suppose that φ is a scalable frame in R

�. Then there exist non-negative constants {ai }7
i=1 such that

φ′ = {ai fi }7
i=1 forms a Parseval frame in R

� and by Theorem 20, G(φ′) is isomorphic to a subgraph of G(φ).
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Fig. 5 G(φ) with φ = { fi }7
i=1.

Fig. 6 G(φ) with φ = { fi }8
i=1

If the value of � is 7, then by Remark 9 and Corollary 21, φ is not a strictly scalable frame in R
7.

If the value of � is 6, then by Theorem 10, φ is not a strictly scalable frame. Therefore, if φ is a scalable
frame in R

6, then exactly one of the scaling constants {ai }7
i=1 must be zero. Suppose that one of the scaling

constants corresponding to { f2, f3, f5, f6, f7} is zero. Then the graph G(φ′) contains non-adjacent vertices with
exactly one common neighbor. But by Theorem 22, this is not possible. Suppose that one of the scaling constants
corresponding to { f1, f4} is zero. Then, by Theorem 33, the representation number of G(φ′) is at least 3. But
this is not possible by Theorem 12. Hence, φ is not a scalable frame in R

6.
If the value of � is 5, then by Theorems 12 and 33, φ is not a strictly scalable frame in R

5. Therefore, if φ

is scalable in R
5, then either one or two of the scaling constants {ai }7

i=1 must be zero. Suppose that one of the
scaling constants corresponding to φ = { fi }7

i=1 is zero. Then the representation number of G(φ′) is at least 3.
But this is not possible by Theorem 12. Hence, if φ = { fi }7

i=1 is a scalable frame in R
5, then precisely two of

the scaling constants must be zero.
If the value of � is 4, then by Theorems 12 and 33, φ is not a strictly scalable frame in R

4. Therefore, if
φ = { fi }7

i=1 is a scalable frame in R
4, then at least one of the scaling constants must be zero.

Example 38 Let φ = { fi }8
i=1 be a frame in R

� and Figure 6 be the graph corresponding to φ. Suppose that φ is a
scalable frame in R

�. Then there exist non-negative constants {ai }8
i=1 such that φ′ = {ai fi }8

i=1 forms a Parseval
frame in R

� and by Theorem 20, G(φ′) is isomorphic to a subgraph of G(φ). In the case of � ≥ 7, φ is not a
scalable frame, because the representation number of G(φ′) is at least 3. Therefore, φ = { fi }8

i=1 is not a scalable
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frame in R
�, where � ≥ 7. Suppose that φ is a scalable frame in R

6. Then by Theorem 12, one of the scaling
constants corresponding to { f3, f4, f5} must be zero.
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