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Abstract In a linear model where data are linearly transformed or compressed, conditions for linear sufficiency
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the linear sufficiency and the invariance of the representations of the BLUEs between .o/ and Z.
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1 Introduction

In this paper we consider the partitioned linear model y = X8, + X2, + €, denoted as triplet
A (Vo) =1y, XB, Vo} = {y, Xi8; +X28,, Vo}.

Here y is an n-dimensional observable random vector, and & is an unobservable random error vector with a
known (possibly singular) covariance matrix cov(e) = Vo = cov(y) and expectation E(¢) = 0. The matrix X is
aknown n x p matrix, i.e., X € R"*7, partitioned columnwise as X = (X : Xp). Vector B = (B}, B5)’ € R?
is a vector of fixed (but unknown) parameters; here symbol ' stands for the transpose. We will also denote
p=XB, nu;=X;B;, i =12.

As for notations, the symbols r(A), A™, AT, €(A), and ‘K(A)l, denote, respectively, the rank, a generalized
inverse, the Moore—Penrose inverse, the column space, and the orthogonal complement of the column space of the
matrix A. By AL we denote any matrix satisfying €(A1) = €' (A)L. We will write Py = AAT = A(A’A)"A’
to denote the orthogonal projector onto % (A) and Qo = I, — Pa , where I, is the identity matrix of order a with
a being the number of rows in A. In particular, we denote

M=I,-Px, M;=1,—P;, P,=Px , i=12.

Under the model {y, X, Vo}, the statistic Gy, where G is an n X n matrix, is the best linear unbiased
estimator, BLUE, of X if Gy is unbiased, i.e., GX = X, and it has the smallest covariance matrix in the Lowner
sense among all unbiased linear estimators of XB. The BLUE of an estimable parametric function Kf, where
K € R¥*P is defined in the corresponding way. Estimability of K means that it has a linear unbiased estimator
which happens if and only if € (K') € ¢ (X'). In particular, u; = X, 8, is estimable in the partitioned model if
and only if

(X1 NE(X2) =1{0}. (1.1)
For the proof of the following fundamental lemma, see, e.g., Rao [17, p. 282].

Lemma 1.1 Consider the partitioned linear model .# (Vo) = {y, XB, Vo}. Then the statistic Ay is the BLUE
for estimable KB if and only if

AX: VM) =(K:0). (1.2)
In particular, By is the BLUE for p = X if and only if
BX:VoM) =(X:0), (1.3)
and Cy is the BLUE of an estimable p, = X1 8, if and only if
CXi:Xo: VM) =X;:0:0). (1.4)

Solutions to (1.2)—(1.4) are unique if and only if €(X : VoM) = R”". It is well known, see, e.g., Rao [16,
Sec. 4], that solutions for A and B in Lemma 1.1 can be expressed, e.g., as

A=KXW;X)"X'Wg. B=XXW;X)"X'Wg =Py (1.5)
where W is any matrix from the class %#{ defined as
Wy ={Wo: Wo=Vo+ XJOJE)X/, C¢(Wp) =X : V).

The choice of J is free subject to €' (Wo) = %' (X : Vo). Itis worth noting, see, e.g., [15, Prop. 15.2], that PX;W:{
can be expressed as

Pywi = XX'WyX)"X'W{ = Pw, — VoM(MVM) MPyy, .

—9

It is important to observe that PX‘W:{ is invariant for the choices of the generalized inverses denoted by and

for the actual choice of Wy as long as 4 (Wq) = € (X : V) is holding. We recall that for any nonnull A and C
the following holds, see Rao & Mitra [18, Lemma 2.2.4]:

AB"C=AB"C VB~ <= %(C) C¥B)& €(A") C€®B). (1.6)
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Linear Sufficiency and Permissible Covariance Structures... 903

For the property that every representation of the BLUE of g under .# (V) remains BLUE of p under .# (V)
we will use the notation
(| Vo) = {BLUE(r | Vo)} € {BLUE(r | V)} = B(1| V). (1.7)

We may consider .# (V) as the original model and .Z (V) as the misspecified model; misspecification
concerning only the covariance matrix.

The notation ¥}, refers to the set of nonnegative definite matrices V satisfying (1.7). Some equivalent
statements to (1.7) are given as follows.

Lemma 1.2 Consider the linear models .# (Vo) = {y, XB, Vo} and .# (V) = {y, XB, V}. Then the following
statements are equivalent:

(a) B(w|Vo) S B(w|V), ie,VeI.

(b) € (VM) C € (VoM).

(c) V=XAA'X + VoMBB'MVy, for some matrices A and B.

(d) V=Vy+ XCC'X' + VoMDD'MV,, for some matrices C and D.

For the proof of Lemma 1.2 and related discussion, see, e.g., Mitra & Moore [14, Th. 4.1-4.2], Rao [16,
Th. 5.2, Th. 5.5], Rao [17, p. 289], and Baksalary & Mathew [3, Th. 3].

When finding the BLUE for u; = X8, in the partitioned model, we of course assume that the disjointness
(1.1) holds so that g is estimable. Premultiplying the model .# (Vo) by M, yields the reduced model

M22 = {May, MaX B, MoVoMy}.

According to the Frisch—Waugh—Lovell theorem, see, e.g., [4, Sec. 6], the BLUEs of u; under .# (Vo) and .#2.,
coincide. It appears that under the estimability of u; we have

BLUE(xt; | Vo) = Xi (X{M2X)) X[ May = Py .y ¥
where
M, = Ma(MoWoM,) M, .

It is not necessary to use the Moore—Penrose inverse in M, but its use simplifies some considerations.
It is noteworthy that the following holds:

M (M;WoMy) ™M, = My (Mo WoMp) ™ = (Mo WoM2) "M, = (M WoMp) ™.
Notice that by (1.5) the matrix
Py = (X; : ) X'Wy X)"X'W(
is also a solution to (1.4). Actually the following holds, see [7, Prop. 3.1],
Py = (X1 : )XWy X)"X'Wi = X (X{MoX ) XMy =Py .y
and hence
XX'WyX)"X'Wi (X : 0) = WoMpX; (X[ MaX )X (1.8)
Let 71,12 denote the set of nonnegative definite matrices V such that every representation of the BLUE of
ftq under .# (Vo) remains BLUE under .Z (V), i.e.,
Ve N < B |1Vo) S B V).
In view of [8, Th. 2.1] and [6, Th. 11.4], see also Mathew & Bhimasankaram [13, Th. 2.1, Th. 2.4], the following
holds:
Lemma 1.3 Consider the partitioned linear models .# (Vo) and # (V), where .y = X1 is estimable. Then
the following statements are equivalent:
(a) By | Vo) € B(py|V), ie, VeN.
(b) €(MVM) C € (M, VoM).
(c) €(VM) C ¢ (X, : VoM) .
(d) The matrix V can be expressed, for some L;, L;; = LiL’j, as
V =XLiX] +XoL2X) + VoML33MVy + A + A, (1.9)

where A = X LX), + X3Lo3sMVy .
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904 S. J. Haslett et al.

2 Some useful matrix results

For later considerations, we collect some useful results into the following lemma.

Lemma 2.1 Consider the partitioned model .# (Vy), and let “@®” refer to the direct sum and “B” to the direct
sum of orthogonal subspaces. Then
(a) €X; : X2) =X : M Xp),ie, €¢X)=¢X)BEM; X)) .
(b) € X:Vp) =FX: VM) =FX) ® ¢ (VoM) = ¢(X) HE(MVy) .
(c) M=1,-Px =1, - Px, + PMlxj) = M;Qwm,x, = M|{M.
(d) r(AB) =1(A) — dim % (A") N € B+) for conformable A and B.
(e) €(A)NEB) = CIAABH)].
We assume the model . (V) to be consistent in the sense that y lies in (X : V) with probability 1, i.e.,
the observed numerical value of y satisfies

yeGX:Vy) =¢X) D€ (VoM) = ¢ (X) HE(MVy).
Also the following results appear to be useful.

Theorem 2.1 Consider the model .# (Vo) = {y, XB, Vo} where pu, is estimable and Wy € #j. Then the
following statements hold:

(a) €(Xz : VoM)T = G (M2X] : Qw,) - .

(b) € Xz : VoM) = € (Ma2X )1 N €' (Wo) = €[Wo(WoM2X1)1].
(c) C(WEX)t = €(VoM : Qw,).

(d) €(W5X) =€ (VoM N E(Wo) = €(QvymX) .

(e) €(MaX))t = CLMaWoM2) T MoX, ]+ = € (MaWoM : Qu,w,) -
(f) R" =€ MX; : MoWoM : Qm,w,) -

(g) %(szl)L = % (X3 : VoM) for a positive definite Wy .

(h) €(X|My) = €(X,MaX)) = €(X}).

(i) Qw, = M2Qm,w, = MQmw, = MQw, = MQnz,w, = M2Qw,.

Proof To prove (a) we start from

. 0 0
A= (X : VoM) (M2X| : Qw,) = (MW0M2X1 0) ,

where also the A,j-block is 0 in view of
MW,M,X; = MM, WM, (M WoM,) TMoX; = MMpX| = MX; = 0.
Thus we have
©(M2Xi : Qw,) € € (X2 : VoM)™.
It is straightforward to show that
r(MaX) : Qw,) = r[(Xz : VoM)1] = n — 1(X2) — r(VoM) ,

and thus (a) is confirmed. Part (b) is an obvious consequence from (a). The second equality in (b) follows from
part (e) of Lemma 2.1. Notice that if Wy is positive definite then €' (X, : VoM) = € (MaX)t.
For claims (c), (d) and (h), see, e.g., Haslett et al. [7, Prop. 3.3] and Baksalary & Mathew [3, Lemma 5].
The proof of claim (i) is straightforward and we omit it.
The statement (e), i.e., €(M>X )+ = € (M, VoM : Qm,w,). follows from

X My (MaWoM : Quiyw,) = (0 : 0)
and
n—r(MpX)) = n — (X)) = r(M2VoM : Qyi,w,) -

Claim (f) is obvious. o
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Remark 2.1 We can find an interesting sidetrack from part (a) of Theorem 2.1 as follows. It is clear that the
equality

(MzXlA + QWOB)/(Xl . X2 . V()M) = (X1 10 0)
holds for some A and B if and only if
AX|MX; =X . (2.1

One solution for A’in (2.1)is A" = X (X] M,X )~ and thereby one expression for the BLUE of p is A’ X M,y =
Py Y- |
1,V12

3 Linear sufficiency and estimation of u

A linear statistic Fy, where F € R/ %" is called linearly sufficient for X8 under the model {y, Xg, Vo} if there
exists a matrix A € R"*/ such that AFy is the BLUE for X8. We denote then Fy € S( | V). Correspondingly,
Fy is linearly sufficient for estimable Kf if there exists A such that AFy is the BLUE for KB. In particular, Fy
is linearly minimal sufficient, denoted as Fy € Spin (it | Vo), if for any other linearly sufficient statistics Sy, say,
there exists a matrix B such that Fy = BSy almost surely.

In view of Lemma 1.1, Fy is linearly sufficient for estimable KB if and only if the equation

AFX:VoM) = (K : 0)
has a solution for A. For the following lemma, see, e.g., Baksalary & Kala [1,2] and Haslett et al. [5].

Lemma 3.1 Consider the model .# (Vo) = {y, XB, Vo}, let Wo € #}, and denote T = W(")"X, T, = MX|,
and Zo = X(X'W; X)"K'. Then the following statements hold:

(a) Fy e S(KB | Vo) < € (Zy) € €(WoF).

(b) Fy e S(XB | Vo) = F(X) S C(WoF).

(c) Fy € Snin(KB | Vo) = C(Zo) = € (WoF').
(d) Ty = X'Wgy € Smin( | Vo).

(e) Fy € S(uy | Vo) <= € (WoM2X)) € €¢(WoF).
(f) Ty = X&MZY € Smin(1 | Vo).

Notice that in a consistent model .# (Vo) the product X'W'y is invariant for the choice of W, because
E(X) C ¢ (Wp) andy € € (Wy). Similarly,

WoM(MaWoMa) ™Mo X = WMo (MaWoM,) "M X = WoMLX|

for any choice of (Mo WoM3)™; see (1.6).
Consider then the statement (a) of Lemma 3.1 in the case when K = (X : 0). Then by (1.8) we have

X1 : )XWy X)X =X, (X{M2X)) X MaWy = Py .y Wo.,
and thereby
CIXXW;X)™ (X1 :0)] = €(WoPy v ).

Thus Py .y,¥ € Smin(#t1 | Vo) and in light of %(P;“_MQ) = ¢(MyX)) we also have T,y = X|Mpy €
Smin (1 | Vo) as claimed in part (f) of Lemma 3.1. ,

Remark 3.1 Premultiplying the model .# (V) by an f x n matrix F yields the transformed model .7 (V) =
{Fy, FXB, FVoF'} . Let u = Xp be estimable under .7 (V). It appears that Fy € S(u | Vo) if and only if

BLUE(i | .# (Vo)) = BLUE(1 | 7 (Vo)) with probability 1.

Moreover, if Fy € S(u | Vo) then every representation of the BLUE of g under .7 (Vj) is BLUE also under
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906 S. J. Haslett et al.

{BLUE(n | 7 (Vo))} € {BLUE(r | #(V0))} . (3.1)
Notice the crucial difference between (3.1) and
{BLUE(n | Vo)} € {BLUE( | V)}. (3.2)

In (3.2) we have two models which differ only in their covariance matrices while in (3.1) we consider the original
model vs. the transformed model. O

Next theorem gives specific features of linear sufficiency related to u .

Theorem 3.1 Consider the model .# (Vo) = {y, XB, Vo} and its reduced version #12..0 = {May, M2X; 8,
M, VoMy}. Let W € # and let | be estimable under .# (V). Then the following statements hold.:

(a) FMay € SMap, | M122) > C(WoMXy) € C(WoMF') .
(b) Fy € S(n;1 Vo) = Fy € SMap, | #12.2).
(c) Fy € S(u, | Vo) = FMay € S(u; | Vo).

Proof Applying part (b) of Lemma 3.1 into the reduced model .#1;., shows that FMyy € SMaop | #12.2) if
and only if

¢ (MaX)) € € (MaWoMF) . (3.3)
Premultiplying (3.3) by WM, gives an equivalent inclusion
@ (WoMaX)) € € (WoMaMaWoMoF') = € (WoMLF')

and so we have proved claim (a).
Suppose that Fy € S(uy | Vo) so that there exists a matrix A such that

AFX; : X0 : VoM) = (X;:0:0). 3.4
Then (3.4) implies that
AFML (X : X5 : VoM) = (X1 :0:0), (3.5)
because by (3.4) we have AFM; = AF and AFM, VoM = AFVo)M = 0. Premultiplying (3.5) by M gives

MOAF(M X : MhVoM) = MLbAF(M(X : Mo, VM),M)
= MpAF(M2X| : Mo VM2 Qm,x, )
= MX;:0),

which shows that (b) holds. Claim (c) follows from the fact that (3.4) implies (3.5); (c) appears also in [10,
Cor. 1]. O

Question: When does PX;W{; provide the BLUE also under . (V)? To answer we need to check the equation
PX;War (X': VM) = (X : 0) which holds if and only if

XX'WyX) " X'W VM = 0.
Premultiplying the above equation by X'W,, yields X' Wi VM = 0, i.e.,
€ (VM) € €(WiX)" = €(T)" = € (VoM : Qw,),

where we have used part (c) of Theorem 2.1.
In Hauke et al. [9] there is the following result:
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Lemma 3.2 Consider the models .# (Vo) and .# (V). Denote T = W(')"X and PX;Wg = X(X’WJX)‘X’WS‘,
where Wy € #{ so that T'y is linearly minimal sufficient for @ = Xp and PX;Wgy is the BLUE for u = X
under # (Vy). Let us further denote

U= (VoM : Qw,) € {T'},

and let 1(X) = r. Then the following statements are equivalent:

(a) Py.yys¥ € (BLUE( | V)}.

(b) X'WJVM = 0.

(c) €(VM) C %(W:{X)J— =% (VoM : Qw,) = ¢ (U).

(d) Ve {V:V=XAA'X"+ UBB'U for some A and B} =: Vo4 .
(e) PX;WJV is symmetric.

(f) %(WJ X) is spanned by a set of r proper eigenvectors of V wrt Wy.
(g) € (X) is spanned by a set of r eigenvectors ofVWg.

Notice that the equality (VoM : Qw,) = % (U) was not given in Hauke et al. [9]. For completeness we
have written parts (e)—(g) in Lemma 3.2; actually we do not need them in this article.

Remark 3.2 From Lemma 1.2 and Lemma 3.2 we see that the algebraic versions of
* Px.w;y € {BLUE(#|V)}and {BLUE(k | Vo)} < {BLUE(n | V)}

are
e G(VM) C € (VoM : Qw,) and € (VM) C ¢ (VoM) ,

which further can be expressed as

V e {V:V =XAA'X 4+ UBB'U for some A and B} = #}24,
V € {V:V=XCCX + VoMDD'MYV, for some C and D} = ¥}, .

O

It is obvious that 12 C ¥#124. What about the reverse inclusion? That is, under which condition does the
following hold for B = (B} : B})":

V =XAAX'+ UBB'U € ¥),, ie., ¥(UBBUM) C ¢(VoM) . (3.6)

Now UB = VoMB; + Qw,B; and
B'UM = B)MV(M + B/,Qw, . Thus (3.6) holds if and only if

% [Qw,B2(BiMVoM + B,Qw,)] € ¢ (VoM) .
Disjointness of ¢’ (Qw,) and € (VoM) implies that
Qw,B21MVoM + Qw,B22Qw, = 0. (3.7)

Postmultiplying (3.7) by Qw, gives Qw,B2 = 0, i.e., €(B2) S € (Wy) . Hence UBB'U’ = VoMB|B\MV,,
and we have obtained the following result.

Theorem 3.2 Using the notation of Lemma 3.2,
V = XAA'X' + UBB'U € 71,

if and only if B = (B} : DWy)’ where D is free to vary.
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4 Retention of the BLUES vs retention of linear sufficiency
In this section we give five Remarks whose summary is given in Theorem 4.1. We will use the notation

#o = {Wo: Wo = Vo +XJoJoX', €(Wp) =¢(X:Vp}, (4.1a)
W ={W:W=V+XJJX, €W)=%X:V)}. (4.1b)

Above the choices of Jy and J are free subject to € (Wo) = €(X : Vo) and €(W) = €(X : V), respectively.
Let W € # and Wy € #4.

Remark 4.1 The general expression for the BLUE(u | Vo) can given, e.g., as
(PX;WX + NQw,)y, where N € R"*" is free to vary. 4.2)
Thus every representation of BLUE(u | Vo) remains BLUE under .# (V) if and only if
(PX;WSr +NQw,)(X: VM) = (X:0) forallN e R"*",
which happens if and only if PX;WXVM =0and (VM) C ¥(Wy), i.e.,

(1) X’WgVM =0 and (ii)) ¥(VM) < ¥ (Wy). (4.3)
In light of part (e) of Lemma 2.1 we observe that (4.3) is equivalent to
C (VM) C €(Wo) NG (Wi X)™ = C[Wo(WoWiX)™] = € (VoM),
which is claim (b) of (Rao’s) Lemma 1.2. ]
Remark 4.2 1t is clear that PX;Wg y remains BLUE under . (V) for every generalized inverse W, whenever
X'WyVM =0 forall Wy 4.4)

Thus by (1.6) the statement (4.4) holds if and only if (4.3) holds. Notice that in (4.4) the phrase “for all W
means the same as “irrespective of the choice of the generalized inverse of W(”. O

Remark 4.3 We know that
Py.wiy = XX'WyX)"X'WJy e S| Vo).

What is needed that Py. w:Y continues to be linearly sufficient under .# (V)? In view of part (b) of Lemma 3.1
his happens if and only if

£ (X) CECIW - Wi XX'W;X) X' = C(WW;X), (4.5)
where W € 7. Now

r(WW{X) = r(WiX) —dim % (WX) N ¢(Qw) = r(X),

and hence (4.5) is equivalent to CK(WW(T X) C?¢X),ie., MVW(‘)|r X = 0. Thus the following holds:

Pyw:y € S(|V) < Py.y+y =BLUE®k|V).
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Remark 4.4 Let us next study when the following holds:
Px;wgy =XX'W;X) " X'W;yeSu|V) forall Wy .

It holds if and only if, for W € #,

E(X) CE[W- Wy XX'W,X) X']=%4(WW;X) forall W,. (4.6)
In light of r(X) = r(WW; X)), the statement (4.6) is equivalent to

C(WW;X) C¢(X) forall W,
i.e.,
MWW, X =MVW X =0 forall W. 4.7)

Now in light of (1.6), the statement (4.7) holds if and only if (4.3) holds. O

Remark 4.5 Markiewicz & Puntanen [11, Cor. 3.5], see also Baksalary & Mathew [3, Th. 1], showed that
S| Vo) €S |V)holds if and only if, for W € 7/,

¢ (X) = C(WW{X) and € (VM) C (W), (4.8)
which obviously is equivalent to (4.3), i.e., to €(VM) C % (VoM). For (4.8), see also Theorem 6.2 in
Section 6. O

Putting the above five Remarks together gives the following theorem. Some parts of it appearin [11, Cor. 3.5].

Theorem 4.1 Consider the linear models .# (Vo) and .# (V) and let #o and W be defined as in (4.1a)—(4.1b).
Let Wy € Wy and W € W . Then the following statements are equivalent:
(a) B(u|Vo) € B(pr|V).

(b) S(w|Vo) SS(|V).

(c) €(VM) € C(WiX)t = € (VoM : Qw,) and € (VM) € € (Wo)..
(d) X'WIVM = 0 and €(VM) C €(W) .

(e) ‘K(WW(J{X) C ¢ (X) and €(VM) C € (W) .

(f) X'Wy VM = 0 for all Wy, .

(g) Pszay = BLUE(u | V) for all W,

(h) Px;wa’y =BLUE(u | V) and €(VM) C € (Wy) .

(i) PX;WO‘y e S(u|V) forall Wy

() Pxw;¥ € S(r|V) and €(VM) € %(Wo).

(k) €(VM) C € (VoM) .

(1) ¢X) = ‘K(WW(TX) and € (VM) C € (Wy) .
(m) € (X) =€ (WWX) for all for all W .

Moreover,

(n) PX;Wafy eS(n|V) — PX;Wgy =BLUE(®|V).

5 Linear sufficiency and estimation of u

Let us reformulate Lemma 3.2 for the estimation of ;.

Theorem 5.1 Consider the models ./ (Vo) and 4 (V), where wy = X1 is estimable. Denote T, = M, X,
and Py .y, = X (XM2X )" X My, where

M; = Mo(MoWoMp) ™, Woe #y, We¥,

so that T,y = X Moy is linearly minimal sufficient for my and Py .y is the BLUE for py under M (Vo). Let
us further denote

U, = (MaWoM : Quw,) = (M2 VoM : Qu,w,) € (T}

Then the following four statements are equivalent:
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(a) Py, 1,y € (BLUEG; | V). _

(b) X\MVM = X MpWM = 0, i.e., € (WMX) € €(X).

(¢) C(VM) € C(MLX))* = C(MaVoM : Quw,) = €/(Us)

(d) Ve{V:V=XAA'X| + U,BB'U, for some A and B} =: ¥1,124.

Proof The claim (a) holds if and only if PXI;MQ Xi:Xo0: VM) =(X;:0:0),1.e.,
Py v, VM = X, (X{MLX ) "X MaVM = 0.

Premultiplying the above equation by X’le gives (b). Claim (c) follows from part (d) of Theorem 2.1. To
consider (d) we start from claim (f) of Theorem 2.1:

R" = €(MpX)) ® €[(MaWoM,) Mo X 1+
= ¢ MX; : Mo VoM : Qum,w,)
=% (MX, : Uy).

Now an arbitrary nonnegative definite V can be presented as V = RR’, where R = M)X L + UL, , for some
L and L. Denoting L;; = L,~L/j we have

V = MpX L1 X|M; + U Loy U, + MpX LU, + U, Ly XMy, 5.1
and VM = U, L»n UM + M,X; LU, M. Obviously
X, MpVM = X|M,X;L;,UM,
Thus X’IMZVM = 0 holds if and only if
X, MpX L UM =0. (5.2)
By part (g) of Theorem 2.1, we have r(X M,X)) = r(X}) and
r(UM) = r(Uy) — dim ¢'(U,) N € (M2X;) =1(Us),

and hence we can use the rank cancellation rule of Marsaglia & Styan [12, Th. 2] and cancel X M, and M from
(5.2) and thus obtain

X,LpU, = 0. (5.3)

Substituting (5.3) into (5.1) proves that (b) implies (d). The reverse relation is obvious. ]
Remark 5.1 In view of Lemma 1.3 and Theorem 5.1 we observe that the algebraic versions of the statements
o Py v,V € (BLUE(, | V)} and {BLUE(x, | Vo)} € {BLUE(k, | V)}
are
e C(MVM) € €(M2VoM : Qm,w,) and € (M VM) C ¢ (M2 VM)
as well as

Ve{V:V= XlA/A/X/l + U*BB/U;} = 7/1/12# s
Ve{V:V=asin(l.9}="7.
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We could develop a version of Theorem 4.1 regarding the estimation of u; however, we consider only one
particular feature. We know that trivially Py .y ¥y € S(y | Vo). By part (d) of Lemma 3.1 it continues to be
linearly sufficient under . (V) if and only if

¢ (WMawX) C €(WP € (WMX)),

/ —
Xl;Mz) -
where W € # and May = Mo (MaWMa) ™M, . Now

r(WMaw X)) = r(MawXy) — dim € (Mo X1) N E(W)*
=r(MawX)) = 1(X)) = r(WM2X)),

where we have used part (d) of Lemma 2.1 and part (h) of Theorem 2.1. Thus we can conclude that the following
holds:

Py Y €S| V) = F(WMawX)) = € (WMX)) . (5.4)
Consider then the following expression for V:
V.= XlAA/X/l + U*BB/U; € 7/1/12# ,
where B = (B} : B))". Let us seek a condition under which V, € 7,12, i.e.,
% (MU BB'UM) C ¢€(MVoM) . (5.5)
The result is given in the following:
Theorem 5.2 Using the same notation as in Theorem 5.1, the statement
V., = X;AA'X| + U.BB'U, € ¥1/12
holds if and only if matrix V, can be expressed as

V.= XlAA/X/l + M>VoMB| MVyM; + P,B» P>
+ M VoMB,P, + P,B, 1 MVoM;
= (MzW()M . PQ)BB/(M2WOM . Pz) s

for some B' = (B} : B}), B;; = BiB’j., ie, B = (B : DWy) where D is free to vary.
Proof In light of M2Qwm,w, = Qw, we have
MU, = Mo(Ma VoM : Qum,w,) = (M2 VoM @ Qwy,) .
Moreover,
UM = (MV0M2M> _ (MV()M)
* Qm,w,M Qw, /°
and so
M,U,BB'UM = (M,VoMB, + Qw,B2)(B\MVoM + B,Qw,) .
Thus (5.5) holds if and only if
%[Qw,B2(BIMVoM + B,Qw,)] € ¢ (M2VoM) . (5.6)
Premultiplying (5.6) by M and using MQw, = Qw, gives

Qw,B21MVoM + Qw,B22Qw, =0. (5.7

@ Springer



912 S. J. Haslett et al.

Postmultiplying (5.7) by Qw, yields Qw,B220Qw, = 0so that Qw,B2 = 0, i.e., (B2) € € (Wy) . Substituting
U, = (M VoM : Quz,w,) into UBB'U’ gives

U,BB'U, = (MoWoMB; + Qm,w,B2) (MoWoMB; + Qm,w,B2)’
=M VoMB ;1 MV;M; + Qwm,w,B22Qm,w,
+ M2 VoMB12,Qwm,w, + (M2VoMB12Qwm,w,)'s

where B;; = BiB’j. We know that Qw, = Qm,w, — P>, and hence Qw,B> = 0 implies that Qy, w,B> = P2B> .
Thus

U*BB/U; = M,VoMB | MVyM; + P>B» P>
+ M, VoMB,P; + P2Bo MVoM;

and the proof is completed. O

6 Linear sufficiency and estimation of K

Let us begin with the following result.
Theorem 6.1 Consider the models .# (Vo) and # (V) and let KB be estimable and denote

Zy =XX'W;X)"K'. 6.1)
Then the following statements are equivalent:

(a) BKB|Vo) € BEKB|V).

(b) € (VM) C € (W Zo)* and € (VM) < € (Wy) .

(c) €(VM) C € (WoQgz,) .

(d) €(VM) C €(XQk : VoM).

(e) KX'W;X)"X'W,y = Z;W5y = BLUE(KB | V) for all W;.

Moreover, the following holds:

(f) ZEKB|Vo) € BEKB|V) — SKB| Vo) S SKB|V).
() €(WoQz,) = €Wy Zo : Qwy) ™ = € (W5 Zo)= NE(Wo).

Proof Denote
Pgws = KX'W;X)"X'W} =Z W,
where Z is defined in (6.1) so that PK;Wgy = BLUE(Kp | V) . The general expression for the BLUE(Kp)
under .# (Vy) is
Gy = (PK;W(T +NQw,)y, whereN € R¥*" is free to vary.

Now ZB(Kp | Vo) € Z(KB | V) holds if and only if GVM = 0 for all N, i.e.,

(i) €(VM) < %(W(J{Zo)l and (ii) €(VM) € (W), (6.2)
which further is equivalent to

(VM) € €Wy Zo)" NC(Wo) = CWo(WoW5Zo)"] = € (WoQz,) -

The first equality above, and thereby claim (g), follows from part (e) of Lemma 2.1.
The statement (6.2) is equivalent to

(i) Z{)WS'VM =0 and (ii)) VM = XA + VoMB. (6.3)
for some A and B. Substituting (ii) into (i) in (6.3) gives
ZiWi VM = Z{W} (XA + VoMB) = KA =0,
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where we have used ZZ)W(‘)F (X : VoM) = (K : 0). Equation (6.4) means that € (A) € ¢ (K)* = €(Qk’) and
thereby (6.3) is equivalent to ¥’ (VM) C € (XQg’ : VoM) , which is claim (d).
Denoting PK;W(; =KX'W;X)"X'W; =Z W, , we observe that

PK;WgY = BLUE(KB |V) forall W,

holds if and only Z;W, VM = 0 for all W, which by (1.6) is equivalent to part (b) of Theorem 6.1.
Consider then claim (f) and suppose that Fy € S(KB | V). Then by definition of the linear sufficiency there
exists a matrix A such that

AF(X : VoM) = (K : 0),

which means that AFy = BLUE(KB | Vg) . Assume that Z(KB | V) € Z(KB | V). This implies that AFy is
BLUE also under .Z (V), i.e.,

AFX: VM) =(K:0),
which confirms that Fy € S(KB | V) and thus we have proved (f). |

Remark 6.1 Mathew & Bhimasankaram [13, Th. 2.4] showed, using different proof, the equivalence of claims
(a) and (d) of Theorem 6.1. Using (d) they introduced a general representation for matrix V such that every
representation of the BLUE of K under .# (V) remains BLUE under .Z (V). |

Markiewicz & Puntanen [11, Th. 3.1] showed the following:
Theorem 6.2 Consider the models .# (Vo) and # (V) and let KB be estimable and denote
Zo=XXW;X) K, Z=XXWX)K.
Then the following two statements are equivalent:

(a) S(KB|Vo) S S(KB|V),
(b) € (Z) = € (WW Zo) and € (VM) € € (W)

Markiewicz & Puntanen [11] formulated part (b) in Theorem 6.2 using inclusion
C(Z) € C(WWiZo), (6.5)

but actually the inclusion in (6.5) is equivalent to the corresponding equality. This is obviously due to the
rank-equality r(Zo) = r(Z) which follows by observing that

r(K) > r(Zo) = rIX(X'Wy X)"K/]
> f[X'Wy X(X'W; X) K] = 1(K) = 1(Z),

where we have used the estimability property ¢ (K') € €(X').
What do we get from Theorem 6.2 when K = (X : 0)? Then

Zo = WoMXi (X|MoX1) "X}, Z = WMoy X (X MawX)) "X,
where Moy = Ma (M, WM,) ™M, . Thus
G (Zo) = C(WoMaXy), €(Z) = C(WMaw X)),
and the condition € (Z) = ¢ (WWSr Z) can be written as
€ (WMaw X)) = €(WWWoMX)) = €(WM2X)), (6.6)

where we have used (W) € € (Wy). Thus S(uy | Vo) € S(uq|V) holds if and only if (6.6) and inclusion
€ (VM) C ¢ (Wp) hold. Combining this with (5.4) yields the following:

Corollary 6.1 Using the earlier notation the following statements are equivalent:

(a) Sy Vo) €Sy |V),
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(b) Py .n,Y € S(iy |V) and € (VM) < ¢ (Wo),
(c) €(WMawX)) = €(WM2X)) and € (VM) C € (Wy).

Consider then what is needed for the equivalence between the statements (KB |Vy) € Z(KB|V) and
S(KB | Vo) € S(KB|V). For the former inclusion we have the necessary and sufficient conditions

() C(WEZo) S E(VM)T and (i) €(VM) C G(Wp), 6.7)
and for the latter
(ii) € (W{Zo) € €(WQz)* and (iv) € (VM) C €(Wo). (6.8)
We observe immediately that €' (VM) = % (WM) € € (WQy) and hence (6.7) implies (6.8), i.e.,
BEKB Vo) € BEKB|V) = SKB|Vo) S SKB|V),

which is claim (f) of Theorem 6.1. Actually statements (6.7) and (6.8) are equivalent if and only if 4 (WM) =
% (WQgz) which can be shown to hold if and only if (M) = % (Qz). Thus we have proved the following.

Corollary 6.2 Using the earlier notation the following statements are equivalent:

(a) BKB|Vo) € BEKB|V) < SEKB|Vy) CSEKB|V),
(b) €(X) =€), i.e., €(K') = €(X)).

7 Conclusions

In this article we consider the partitioned linear models
A (Vo) = {y, XiB1 +X2B;, Vo} and #Z (V) = {y, X1 8 +X28,, V}.

We may call .# (Vo) the original model and .# (V) the misspecified model; they differ only in their error
covariance matrices.
Let 712 denote the set of nonnegative definite matrices V such that every representation of the best linear
unbiased estimator, BLUE, of u = X under .# (V) remains BLUE under the misspecified model .Z (V).
Such property can be shortly denoted

B | Vo) = {(BLUE( | Vo)} € {BLUE(n | V)} = B(r|V), (7.1)

so that V € 71, if and only if (7.1) holds. One of the first characterizations of the class #1, was done by Rao
[16].

Correspondingly, let #]24 denote the set of the nonnegative definite matrices V such that a given particular
representation of the BLUE of u under .# (V) remains BLUE under .# (V). Corresponding sets can be defined
when estimating u; = X ; and more generally, when dealing with an estimable parametric function KB. The
particular representation of the BLUE in case of #]o4 is coming out from the linearly sufficient estimator of pu.
A linear statistic Fy is called linearly sufficient for g under the model .# (V) if there exists a matrix A such
that AFy is the BLUE for . We denote then Fy € S(u | V).

The essential meaning of linear sufficiency comes up when considering a transformed model, obtained by
premultiplying .# (Vo) by the matrix F yielding the transformed model & (Vo) = {Fy, FXB, FVoF'}. Let u be
estimable under .7 (V). Then it appears that Fy € S(u | Vo) if and only if

BLUE(u | .# (Vy)) = BLUE(u | 7 (Vo)) with probability 1.
Moreover, if Fy € S(u | Vo) then every representation of the BLUE of g under .7 (Vy) is BLUE also under
M Vo), i.e.,

{BLUE(r | 7(V0))} € {BLUE(n | .#(V0))} . (7.2)
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Notice the crucial difference between (7.2) and (7.1):in (7.1) we have two models differing only in their covariance
matrices while in (7.2) we consider the original model vs. the transformed model.

In (7.2) we explore the following question: what is needed that every representation of the BLUE of g under
the original model remains BLUE under the misspecified model .Z (V)?

In the corresponding way, regarding the linear sufficiency, we can ask, for example, when does the following
hold:

Fy e S(w|Vo) = Fy e S(n|Vo), ie., S(|Vo) S S(n|V). (7.3)

In this article we explore the relations between the sets %2 and 7124 as well as the corresponding sets when
estimating g or Kf. Our second goal is to study the relation between the statements of the type (7.1) and (7.3).
In order to make this paper self-readable we have reviewed some essential preliminary properties. The new, or
at least less known results appear as theorems and corollaries.
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