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Abstract In this paper, we establish some necessary and sufficient conditions for generalized n-strong Drazin
invertibility (gns-invertibility) and pseudo n-strong Drazin invertibility (prs-invertibility) of an element in a
Banach algebra for n € N. Subsequently, these results are utilized to prove some additive properties of gns
(pns)-Drazin inverse. This process produces a generalization of some recent results of H Chen, M Sheibani
(Linear and Multilinear Algebra 70.1 (2022): 53-65) for gns and pns-Drazin inverse.
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1 Introduction
Throughout this paper, A stands for an unital Banach algebra, and 1 denote the unit element in A. For x € A

by p(x), o (x), we denote the resolvent and the spectrum of x, respectively. .49 denote the collection of all
quasinilpotents elements in A4, i.e.

AT _ (g A lim la"||" =0} = {a € A: o(a) = {0}).

For x € A, the commutant of x (denoted by Comm(x)) and the double commutant of x (denoted by Comm? (x))
are defined as

Comm(x) ={a € A: xa = ax}
and

Comm?(x) = {b € A : by = yb,Vy € Comm(x)}.
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A" and A" stand for the collection of all invertible and nilpotent elements of A, respectively. In 1958, Drazin
[1] introduced a novel type of generalized inverse, different from the well-known Moore-Penrose generalized
inverse came to be known as the Drazin inverse. An element y € A is said to be the Drazin inverse of x € A if

xy=yx,y=yxyandx — x’y € A"

The generalized Drazin invertibility (g-Drazin invertibility) for an element x € A is defined in [2] by replacing
x —x%y e A"! with x — x%y € A9"! Therefore, y € A(denoted by x¢) is said to be g-Drazin inverse of x if

Xy = yx,y = yxyx —x’y € A

The collection of all elements in A that possess a g-Drazin inverse will be symbolized by A¢ and for x € A9,
the idempotent 1 — xx¢ is known as the spectral idempotent of x, denoted by x”. The theory of Drazin inverses
has developed considerably in recent decades and is now applied in various fields, such as numerical analysis,
differential equations, cryptography, and Markov chains, among others.

Wang [3] introduced a new subclass of Drazin invertible elements, known as strong Drazin invertible elements,
which are equivalent to the concept of strongly nil-clean elements presented in [4]. An element x € A is said to
be strong Drazin invertible if there exists y € A satisfying

xy = yx, yxy = yand x — xy € A"’

Inspired by the concept of the g-Drazin inverse, a modification of the strong Drazin inverse, known as the
generalized strong Drazin inverse (gs-Drazin inverse), was introduced in [5]. y € A is said to be the gs-Drazin
inverse for x € A if it satisfies

xy = yx, yxy = y and x — xy € A"

Like strong Drazin invertible elements, the collection of all gs-Drazin invertible elements in A forms a subclass
of g-Drazin invertible elements in .A. Given n € N, Dijana Mosi¢ [6] defined the notion of generalized n-strong
invertibility. For x € A, anelement y € A (denoted by x*¢) is said to be the generalized n-strong Drazin inverse
(gns-Drazin inverse) of x if

S Comm?(x), yxy =yand x" —xy € Adnil

If it exists, x¢ is unique and coincides with x?. By .A™¢  we represent the collection of all gns-Drazin invertible
elements in A. In particular, for n = 1, gns-Drazin inverse is the gs-Drazin inverse, and for n = 2, 2sd-Drazin
inverse is known as generalized Hirano inverse [7]. Zhou Wang and Jianlong Chen [8] presented an intermediary
inverse between Drazin and g-Drazin inverse, known as pseudo Drazin inverse. This particular inverse is obtained
by replacing the quasinilpotency condition in g-Drazin inverse definition with Jacobson radical. The Jacobson
radical 7 (A) in a Banach algebra A is defined as follows

JA) ={ae A:1+abe A™, forallb e A,
and
m: {a € A:d" e T(A) for some k € NJ.
An element y € A (denoted by x”P) is said to be the pseudo Drazin inverse (p-Drazin inverse) of x € A if
y € Comm?(x), yxy =y and < - xy) € J(A) for some k > 1.

Let APP | stands for the collection of all p-Drazin invertible elements in .A. For n € N, the concept of pseudo n-
strong Drazin invertibility(pns-Drazin invertibility) is presented by Mosic [6]. The pns-Drazin inverse of x € A
is the unique element y € A(written a”*?) such as

y € Commz(x), yxy = yand (x" — xy)k € J(A) for some k € N.

The collection of all elements in A that possess pns-Drazin inverse will be symbolized as AP™*P.
An intriguing problem in g-Drazin inverse theory is examining the g-Drazin invertibility of the sum of two
g-Drazin invertible elements. Interestingly, this additive problem of the g-Drazin inverse offers a way to derive
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explicit representations for the g-Drazin inverse of a 2 x 2 block matrix |:Ccl Z:| in terms of its blocks. This

problem was originally posed by [9]. This serves as one of the motivations for studying the additive properties
of the g-Drazin inverse. Another use of these additive properties is that they enable the construction of new
g-Drazin invertible elements from existing ones and the determination of their g-Drazin inverses. In light of
these applications, several studies [10-13] have addressed this additive problem under varying conditions. Let
x,y € AL Ifx"y = y, xy" = x, y"xyx™ = 0, then it is proved in [14] that x 4 y is g-Drazin invertible.
Cvetkovi¢-Ili¢ et al. [15], proved that if x = xy™, y"yx™ = yTy and y"x"yx = y"x"xy then x + y € A%.
Recently, some additive properties for gs-Drazin and n-strong Drazin inverse are studied in [16] and [17],
respectively. Inspired by these studies, we offer several alternative criteria for gns and pns-Drazin invertibility of
elements in a Banach algebra, along with new additive results that build upon the existing research of [16], [17]
and [13]. In Section 2, we explore the gns-Drazin invertibility of an element in a Banach algebra and establish
both necessary and sufficient conditions for gns-Drazin invertibility. Subsequently, based on these results, we
established several additive properties for gns-Drazin inverse. In the next section, we look over the pns-Drazin
invertibility of an element in Banach algebra and provide several additive results of pns-Drazin inverse.

2 Additive results for gns-Drazin inverse.

In this section, we present certain equivalent conditions that determine the gns-Drazin invertibility of an element
in a Banach algebra. Subsequently, we demonstrate several additive results pertaining to the gns-Drazin inverse.
We begin with the following results for quasinilpotent elements.

Lemma 2.1 [11] Suppose a, b € A, where ab = Aba for some scalar ). and ab # 0.

(i) Ifa,b € A" thena + b € AT,
(ii) Ifaorb e Aqml then ab € Aqml.

Lemma 2.2 [14] Supppose that a, b € A" with ab = 0. Then a + b € A",
Now, we introduce a key proposition that will be essential for our main theorem.
Proposition 2.3 Letn € N, and a € A. Then a" — a®* € A" if and only if a — a" ! € A",
Proof Assume that a” — a®" € A", Since we have
(@—a™y" = @ — a1 —a"y"~".
Therefore (a — a" )" € A9"! and according to Lemma 2.1, we get (a — a" 1) e A",
Conversely, if a — a"t! € A9%! then a" — a®* = a"'(a — a"*') € A9 using Lemma 2.1. m]

Next, we present the main theorem of this section.

Theorem 2.4 Suppose thata € A and n € N be fixed. Then a is gns-Drazin invertible if and only if a" — a*"

Aqnil

S

Proof Since a € A™? then we have a" — aa™? e A?"!. Now

n 2n 2n

a" —a :an_aansd_i_aansd_a
— (an _ aansd) + (aansd)Z _ aZn
— (an _aansd) + (aansd _an)(aansd _i_an)'
Hence by Lemma 2.1, we obtain a” — a*" € A9"!,
Conversely, if a” —a*" € A9"! then by Proposition 2.3, a —a™t! € A" whichimplies o (a —a"*!) = {0}.

Now consider the polynomial p(x) = x — x"*! over C. Then using Spectral Mapping Theorem [18, Theorem
4.10] we have

(PO : 1 eo(@)}) =0(p@) =o(a—d"*") ={0}.
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This implies o (a) C {A € C: A" =1 or A = 0}. Thus, 0 can only be an isolated spectral point of @, which
ensures the g-Drazin invertibility of a. Since a — a*a? € A9"! then

@ —1+4aa®) (@ =14+ aa’)y=1-@" —a"a%) e A™.
Therefore in particular a” — 1 + aa? is invertible. Moreover
@ —aay@" — 1+ aa®) = a® — a" € A9,
hence (a”" — aa?) = (" — 1 + aa®)" ' (a** — a") € A" by Lemma 2.1. Thus, we obtain a € A™?. O
The following is a consequence of Theorem 2.4 and Proposition 2.3.
Corollary 2.5 Forn e Nanda € A, a € A ifand only ifa — a"*! € A"

Remark I Chen and Calci [16], proved a € A is gs-Drazin invertible if and only if « € A¢ and a — a®> € A"/
but by Corollary 2.5, only the second condition is enough.

Koliha [2] proved that the product of two commuting g-Drazin invertible elements is g-Drazin invertible in a
Banach algebra. Using Theorem 2.4, we extend this result to show that the product of two gns-Drazin invertible
elements is gns-Drazin invertible under a condition weaker than commutativity.

Lemma 2.6 Suppose forn € N, a, b € A" where a*b = aba, then ab € A",
Proof Since a’b = aba, then (ab)™ = a™b" for any m € N. From Corollary 2.5, we have
a—a"t" b —prtl e pamil,
Moreover we know
(ab) — (ab)"t' = a" T (b — b"M) + (a — a"Tb. (1)
Now using condition a*b = aba we get
(@ — a™ Yba" (b — ") = @™ (b — b ) (a — a"tV)b.

Hence a" ! (b - bn+1) and (a — a”+‘)b commute with each other, therefore using Lemma 2.1, we get (ab) —
(ab)"*t! e A9"! Hence, by Corollary 2.5, ab € A™¢. -

In the following theorems, we establish several additive properties of gns-Drazin inverse under different assump-
tions.

Theorem 2.7 Suppose forn € N, a, b € A" where ab =0, thena + b € A™<.

Proof Since a, b € A"?, then by Corollary 2.5, we have a — a"*! and b — b"*! € A" Moreover we have

(@+b)—(@+b"" =@—a""y+ b -+ Qb
i=1

Now since ab = 0 it follows that Y/_, b'a" 1~ € A"l Furthermore using ab = 0 we obtain
n
<Z bian-‘rl—i) (b _ bn-H) 0.
i=1
Therefore following Lemma 2.2, we get (b — b"*1) + (31 bla"+1~7) € A"l Again using the fact
n .
(a _ al’l-‘rl) ((b _ bﬂ+1) + (Z blan—l—l—l)) — 0’
i=1

it follows that (a — a"*1) 4 (b — ") + (XI_, bla"T171) € A9 Thus, a + b € A" by Corollary 2.5. O

Theorem 2.8 Suppose forn e N, a, b € A4 \where ab = ba, then
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(i) abe A — g+ be A,

n
Z <I’l _]: 1>ak—1bn—k) c Aqnil.

(ii) (a+b) e A — ab (
k=1
Proof According to Corollary 2.5, a + b € A™? if and only if (a + b) — (a + b)"+! € A" Now we have

(a+b) _ (a+b)”+1 Z(a _an—H) + (b_bn+1)

" 1
b (Z ( : )b> |

Since both a, b are gns-Drazin invertible, thus a — a+!, b — "+ € A9"! Therefore, by Lemma 2.1, (a +b) €
A" if and only if ab (ZZ:] (”zl)ak_lb”_k> e A Now

n
Z (" ;: 1>ak—1bn—k> c Al

ab e A — gb (
k=1

O

Remark 2 Ttis important to note that in Theorem 2.8, @ + b € A" does not necessarily imply ab € A" This
observation is illustrated with the next example.

Example 2.9 Let
(10 _|-10 2sd
A= |:0 1i| and B = [ 0 _1] Mo (R)=“.

Then AB = BAand A+ B € My(R)>?, but AB ¢ M»(R)?"!, where as 3AB(A + B) € M (R)7"!.

Let p € A be an idempotent element and let y € A. For the total system of idempotents P = (p, 1 — p), y has
a unique representation, as described in [15], given by

—| pyp py(1—p)
v = [(1 — Py (1= p)y(i — p)L ' ®)

In particular if a € A9, then the unique block representation (2) of a corresponding to p = aa“ simplifies to

5]
0 ar »
where a; € pAp"" and a; € (1 — p)A(l — p)?"’. Now onwards we will denote the Banach algebra p.Ap by

Aj and (1 — p)A(1 — p) by As.
Lemma 2.10 Suppose x,y € A such as

a0 dv— bc
Zlev| ™Y oa
P 1-p

be the representation of x and y relative to a total system of idempotent (p, 1 — p) and (1 — p, p), respectively.
Then forn € N

(i) ifa € AP and b € A2, then x, y € A",
(i) ifx € A" and b € A% then a e A

Proof (i) Suppose a € A; and b € Aj are gns-Drazin invertible therefore o1(a — a1y = 0and on (b —
bty = 0, where o1(a — a"*!') and 02 (b — b"t1) denotes their spectrum in A; and Aj, respectively.

Moreover
U |:a 0} [a”“ 0 _[a—at! 0
- “leb - n+1 - _ _ pn+l ’
» Upy1 b » c—0apt1 b—> »

n
where o, = Z b*ca™ . Therefore o (x — x"t') C o1(a — a"t') Uon (b — b"t1), hence x — x"! €
k=0
A%l This implies x is gns-Drazin invertible by Corollary 2.5. Similarly, it follows for y also.
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(i) Similar to (i), this result follows because o (a) C o (x) U o (b).
O

Next, we analyse the gns-Drazin invertibility for the sum of two particular types of gns-Drazin invertible
elements in a Banach algebra under a condition weaker than commutativity. This also generalizes some results
from [15].

Lemma 2.11 Supposea € A7 andb e Ais gns-Drazin invertible for somen € N. Ifa = ab™, " ba = b™ ab,
then a + b is gns-Drazin invertible.

Proof Since b € A, therefore b € A%. For p = 1 — b™, we have the representation
b:[b()ll?} anda:[zlzz} ,
24, 3as],

where by € A’i"” is invertible and b, € Agml. Use of this representation on the condition a = ab™ gives

ar az = ar az 00 $a1=a3=0.
a3a4p a3a4p Olp

by a
0 as+ by

ay =b"a" thus ay € A1 as g e A9 Similarly, using block matrix representations of b and a on the other

condition b"ab = b™ba we obtain asby = byas. Therefore by Lemma 2.1, a4 + b> € Adnil Also, b e Amd

implies by = (1 = b™)b € A™4 Hence, by Lemma 2.10,a + b € Arsd O
We are now prepared to prove the following.

Theorem 2.12 Suppose n € N and a,b € A" Ifa = ab™, b"ba™ = b"b and b"a"ba = b"a” ab then
a+be A9,

Therefore we get a = |:8 Zi] anda + b = [ :| . Again a = ab™ gives as = b"ab™ = b™a and
p p

b1 0
0 by

a a

— _ hT —
Proof Letp=1—1>b .Thenb—|: a4 a

] , where b; € Ail”” and b, € Agn” and leta = |: i] . Using the
P P

. .. . 0a
representation of a and b on the condition a = ab™, we obtain a; = a3z = 0, therefore a = 2| . Moreover
p 0ay
p

b"ba™ =b"b = byaf =byand b"a"ba =b"a"ab = ajbras = aj asb,.
Since by € Ag"ﬂ and a4 = b"ab™ = b™a is gns-Drazin invertible satisfying by = byaj, aj asby = aj bray,

by a _ p
0 by +as pwherebl ={1-b")b €

A5d hence a + b € A" in light of Lemma 2.10. i

The following example introduces a family of matrices that fulfil the assumptions of the preceding theorem.

therefore by Lemma 2.11,a> +b4 € (1—p)A(1 —p)'”d. Againa+b = [

Example 2.13 For k € N, let I; and O be the k x k identity matrix and the zero matrix, respectively. Now
suppose A is the algebra of all 3k x 3k complex matrices, and suppose

I O O O ¢ B
a= |00 O | andb = | 0x O ¥ |,
0y Ox O 0z Ox O
I O O Ok Ok Ok
where o, B, y € Ck>*k Then a? = | 0¢ Or O | and b7 = | Ox O O |, and hence
O Ok O O Ox O
Ok O O Ii Op O
a® = | 0g It O |, " = | Op I O
Or O I Or O I
From here one can verify that a = ab™, b"ba”™ = b™b and b"a"ba = b"a"ab. Thus, a, b satisfies the

assumptions of Theorem 2.12 and a + b € A™9.

@ Springer



Additive Properties of the generalized and pseudo... 923

The following corollary can be derived as a specific instance of the preceding theorem.

Corollary 2.14 If a,b € Ansd for some n € N and ab = ba,a = ab™, b™ = ba™ = b"b, then a + b is
gns-Drazin invertible.

Next, we investigate the gns-Drazin invertibility of the sum of two gns-Drazin invertible elements using the same
assumptions as used in [14].

Lemma 2.15 Letn € N, b € A% and a € A Ifab™ = a and b"ab = 0, then a + b € A™.

Proof If b € A% then b™ = 1 hence ab = 0, and by Theorem 2.7, (a + b) € A4 So assume that b ¢ A"
then corresponding to the idempotent p = 1 — b™ we obtain

b:[lgb()] anda=|:Z4zli|,
2p 3 217

where by € A’i”” and by € Ag"il. Now using this representation of @ and b on a(l — b™) = 0 we obtain

a4 = a3z = 0, therefore a = [8 Z;:| . Again from b™ab = 0, it follows that axb> = 0. Since ay = b"a € A9"!
p

and by = b™b € A?"! then by Lemma 2.2, ap + by € A" Moreover by = (1 —b™)b € A", therefore using

Lemma 2.10,a + b = b a e A4, O
0 by+ap »

We are now ready to present the subsequent outcome.

Theorem 2.16 Suppose a,b € A4 with some n € N, where a = ab™, b = a™b and b™ aba™ = 0. Then
a+be A4,

a; 0

0 a

1 _ 4T _
Proof If p =1—a thena_|: by by

i| , where a; € (A)™ and a, € Ag”il and let b = |:b1 bz] . Now
p p

00

— T 1 1 — — —
b = a”™b implies by = by = 0, therefore b = |:b3 by

:| . Since b € A" then by Lemma 2.10, by € A% and
p

I 0 . . . .
b = [ bip b”:| . Furthermore using this representation of @ and b™ on a = ab™ we obtain ay = axbj.
P43 04 |,

Moreover
b"aba™ =0 = bjaxbs = 0.
ap 0
bz ap + by

as + by both are gns-Drazin invertible in their respective Banach algebra therefore a +b € .A™¢ by Lemma 2.10.
]

Then using Lemma 2.15, we get ay + bs € .Ag“l. Since a + b = |: :| where a1 = a(l — a™) and
p

Example 2.17 For k € N, let I} and O be the k x k identity matrix and the zero matrix, respectively. Now
suppose A is the algebra of all 3k x 3k complex matrices, and let

I O O 0r O Ok
a= |00t @ | andb= | B O O |,
0 O O 14 Ok Ok

where «, B, y € CK*k_ Here one can verify that a = ab™, b = a™ b and b" aba™ = 03;. Thus, a, b satisfies the
assumptions of Theorem 2.16 and a + b € A",

Theorem 2.18 Forn € N, ifa, b € A" such as aba™ = 0 and (1 — a™)b € A", Then a + b € A" if and
only if aa™%(a + b) € A9,

O\
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d

Proof Here, a, b are gns-Drazin invertible. Therefore corresponding to p = aa®, we have

|a1 0 11 by by ’
2p 293y
where and a; € (A", a; € ./422 ! 'Moreover

aba” =0 = by = 0 and arb3 = 0.

b1 0

Hence b = |:b2 bs

i| , where b3 € A% since (1 —a™)b € A" Asa, € Ag"il, b3 € A3 and aybs = 0, then
p

a) + by 0
by ay+b;3

ay + by € (A))"9, i.e. if and only if aa"“(a 4+ b) € A9, O

a + by € A3*¢ by Theorem 2.7. Hence by Lemma 2.10, a + b = |: i| e A" if and only if
p

Now, we establish quasinilpotency for the summation of two quasinilpotent elements in a Banach algebra
under a condition weaker than commutativity.

Lemma 2.19 Ifa,b € A7 ab® = bab and a’*b = aba, then a + b € A",

Proof Ifa, b € A7 then for 0 < ¢ < max{|lal|, |b||} we can find ny € N such as
la"|l < €® and ||b"| < €*, whenever n > ny.

Now for n > ng each term in the expansion of (a + b)3" is either of the form a*1 b*2a%1 or bl1a2bB where
ly + 1+ 13 = ki 4+ ko + k3 = 3n. Then

2ng
@+ Db)"|| < (26)" (maX {@ Hb—”}) .

€

Hence a + b € A9, O

Theorem 2.20 Let a,b ¢ A"9, for some n € N, such that a’b = aba, ab® = bab and aa™b ¢ A9, Then
the following are equivalent:

(i) a+b€./4md;

(”) aa’“d(a—i—b)bbns‘i G.Amd,'
(iii) aa™%(a + b) € A™Y;

(iv) (a +b)bb™? e A4,

Proof If p = aa?, then
a:[%lc?} andb:[zlzz} ,
24, 304],

where a; € (A1), a; € Agml. Since a’b = aba, therefore using the representation of a and b we obtain
bz = 0, a1b1 = b1a1 and a%b4 = a2b4a2.

Again because of ab? = bab, it follows that azbﬁ = bsasrbs. Since aa™?b € A" then by Lemma 2.10,

by € A’z”d . Therefore, for the idempotent p; = b4bﬁ , by have the representation |:b 0

41
0 b42]p1 , Where by; €

(p1A2p1)™ and by € (1—p1)Ax(1—py ygnil correspondingly for p1, a» have the representation [Zi; Zii] .
pi

Now azbﬁ = b4a2b4 implies ary = 0, then a) = |: ] s where a24b42‘2 = b42a24b42 and b41a21 = a21b41.
p1

Since az4, bap € ((1 — p1)Aax(1 — p1)"! with azab3, = bararabay and a3 bsy = arabarars then azy + bay €
(1 = pAx(1 — p1))?"! by Lemma 2.19. Hence according to Lemma 2.10, in order to prove az + by € A’g“j it
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enough to proof ax; + ba; € (p1A2p1)'”d. Again since az1 + bg1 = ba1(p1 + (ba1) " 'azy), therefore by Lemma
2.6, if p1 + (ba) a2 € p1 A p™? then az) + bay € (p1.A2p1)™?. Now

(p1 + (ba) " a21) — (p1 + (bay) " ax)" !

n+1 n+1 o
= (p1 — Z( . >b3“_la'21_1)(b41)_1t121 e (p1Azpn)mil,

i=1

since az; € (p1 Az p1)?"! and byiar; = aribar. Therefore a + b € A™? if and only if a; + by € (Ap)"sd
according to Lemma 2.10. Moreover a1b; = bja; and aa"b e A"¢ therefore for pr = blb’l”d, by, ay has the

representation
_|b11 O _lan O
by = |: 0 b12i|p2 and a) = |: 0 6112] ’

where b1 € (1 — p2)Ai1(1 — p2)?" and aps € (1 — p2)Ai(1 — p2))™?. Then by Theorem 2.8, aj» + b2 €
(1 — p2)A1(1 — p2)"9. Hence a; + by € A’l”d if and only if aj; + b1y € pz.Alpg“i, and each of condition
(ii)-(iv) is equivalent to aj + by € (pa.Ap2)™?. Conversely, if a + b € A™? then ay; + b1y € (paApr)™?
therefore conditions (ii)-(iv) holds. |

Example 2.21 For k € N, let I; and Oy be the k x k identity matrix and the zero matrix, respectively. Now
suppose A is the algebra of all 3k x 3k complex matrices, and let

Or o O Or O B
a= |00 0t | and b = Okok)/ s
Or Or O Ok Ox O

where «, B,y € Ck** Then a, b satisfy the assumptions of Theorem 2.20 and a + b € Ansd,

Remark 3 H Chen, M Sheibani [13] proved g-Drazin invertibility of a 4 b is equivalent to condition (i)-(iv)
given in Theorem 2.20, under the setting aba = Aa’b = A'ba® and bab = ab’a = o’ab?, where a, b € A% and
A, A, a, a are scalars. Theorem 2.20, extended the results of H Chen, M Sheibani [13] for the case of gns-Drazin
inverse when A = o = 1, i.e. aba = a?b and bab = ab?.

3 Additive results for prs-Drazin inverse

In this section, our focus revolves around the concept of pns-Drazin invertibility in the context of a Banach
algebra. Similar to Section 2, we establish some equivalent conditions for the pns-Drazin invertibility of an
element in a Banach algebra. Utilizing these results, we present several additive results concerning the pns-
Drazin inverse. First, we state some known results for the elements of Jacobson radical in a Banach algebra.

Lemma 3.1 [19] Suppose a, b € A.

(i) Ifa € J(A) orb € J(A), then ba, ab € J(A);
(ii) Ifa € J(A) and b € J(A), thena + b € J(A).

Lemma 3.2 [19] Suppose a, b € \/J(A). If ab = ba or ab =0, thena = b € /T (A).

The following lemma proves that the statement of Lemma 3.2 holds under a condition weaker than commu-
tativity.

Lemma 3.3 Leta, b € /T (A) with ab®> = bab and a*b = aba. Then a £ b € /T (A).

Proof Since a, b € /J(A), then akr bk e J(A) for some ki, ko € N. Therefore for n > max{ky, k»}, each
monomial of (a + )", are an element of Jacobson radical. Hence by Lemma 3.1 we obtain (a + b3 e J(A).

Thusa + b € /T (A). O
Proposition 3.4 Letn € Nand a € A. Then a" — a** € /T (A) ifand only ifa — a"t' € VT (A).

@ Springer



926 R. Biswas et al.

Proof If " — a®" € /T (A), then (a" — a®)* € J(A), for some k € N. Since
(a _ an+l)nk — (an _ a2n)k(1 _ an)(n—l)k’

therefore (a — a" ') e 7(A) by Lemma 3.1, and hence we obtain (a — a" ") € /T (A).
Conversely, if (a — a"th e /T (A), then there exists some k € N, satisfying (a — a"thk e 7 (A). Therefore
we have

(an _a2n)k — a(n—l)k(a _al‘l-‘rl)k c j(A)

Thus a” — a®* € /T (A). O
Now, we formulate the principal result of this section.
Theorem 3.5 Suppose a € A then for some n € N, a € A™P ifand only ifa" — a®* € VT (A).
Proof Since a € AP"P  therefore (a* — aa?P)* € J(A), for some k € N. Now we have
A" — @ = @ — aaPrP 4 gqPrsD _ g2n

— (an _aapnsD) + (aapnsD _{_an)(aapnsD _an)'

Here using Lemma 3.2, we get a” — a* e JTA. Conversely, if a" — a®" e JT(A), then a" — a®" e A9l
thus a is g-Drazin invertible and a(1 — aa?) € A‘””{. Furthermore (@” — 1 + aa®)((@®)" — 1 + aa?) =
1 — (a" —a"ta?) € A" hence (a" — 1 + aa?) € A™Y. Moreover

@ —aa®y@" —1+aa®)y =d* —a" ¢ \/m
Then a” — aa® € /T (A), hence we get a € AP™P. O
Corollary 3.6 Letn € Nand a € A. Then a € AP™P ifand only ifa — a"' € /T (A).
Proof This is a consequence of Theorem 3.5 and Proposition 3.4. O
Corollary 3.7 Supposen € N. Ifa € AP"P then a € AP?SP.
Proof Since a € AP™P then a" — a*" € /T (A). Furthermore

@ —a* = (@' — a?)(a +a®) € VT (A),
hence by Theorem 3.5, we have a € AP2nsD. O
Theorem 3.8 Leta, b € AP"P, for some n € N such that ab®> = bab, then ab € AP™P.
Proof 1Tt follows from equation (1) and Theorem 3.5. O
Similar to the gns-Drazin inverse, we now explore some additive properties of the pns-Drazin inverse.
Theorem 3.9 Suppose a, b € AP™P| for some n € N and ab = 0, then a + b € AP"P.

Proof Here a and b both are pns-Drazin invertible, therefore a — atl p—prtl e JT (A). Since ab = 0 then

(@+b) = (@+b)"™" = @—a"™) + Qb + b - ") e VT (A).

i=1
Hence in light of the Corollary 3.6, a + b € AP™D. m|
In accordance with Theorem 2.8, the following theorem is established.
Theorem 3.10 Suppose a, b € AP"P, for some n € N and ab = ba, then

(i) ab € JT(A) = a+be AP,

(ii) (a+b) € AP — ab (Z (n _l: l)a"‘lb”"‘> e JI(A).
k=1

As Lemma 2.10, we get the next result for pns-Drazin invertibility.
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Lemma 3.11 Let x,y € A such that x = |:g Zi| and y = I:ﬁ 2] where p is an idempotent. Then for
N P (I-p)
ne
(i) ifa € A{mD and b € AémSD then x,y € AP™PD;
(ii) if x € AP™SD (orye AI"”D) then a € Af"SD and b € .Ang.

Proof (i) Let ki and ky are two positive integer satisfying (¢ — a®")*1 € J(A) and (b" — b*")F2 € T (A),
respectively. Choose k = max{ky, k}, then

(xn _ x2n)2k c j(A)

Hence x € AP™P Similarly, it is true for y also.
(i) Since x" — x?* € /J(A) therefore we have b" — b*" € /T(A>) [ [19], Lemma 2.6]. Hence we get

be Ag”w, by Theorem 3.5. Similarly we can prove a € A} nsb
O

Lemma3.12 Letn € N, b € AP and a € /T (A) such that a(b™ — 1) = 0 and b"ab = 0 thena + b €
ApnsD'

Proof If b € AP"P then b € APP and for p = bbPP, b and a has the representation [ [19], Theorem 3.1]
b] 0 as aj
(5], =[],
P P
where by € A" and by € /T (Az). Now a(b™ — 1) = 0 implies a = [8 Z;i| , where a; € 4/ J (A3). Again
p

b"ab=0 = ayby, =0,

and az, by € /T (A7), therefore ar + by € /T (A). Since b € AP"SP then by Lemma 3.11, b € AémsD hence

_ b1 aq
“*b—[o a2+b2:|p’

is pns-Drazin invertible in light of Lemma 3.11. O
Theorem 3.13 Ifn € Nand a,b € AP™P such as a(1 — b™) = 0, (1 — a™)b = 0 and b"aba™ = 0 then
a+be APSD,

Proof Corresponding to p = aa”?, a and b have the following representation

a:[%lc?} andb:[z3z4:|,
24, 1h2],

where a; € A’i"” and a; € +/J(Az). Now

(1-a")b=0 = b:[o 0}
P

by by
and
a(l=0")=0 = ax(1 —b7) =0.
Again
baba® =0 = bYayby = 0.
Therefore by Lemma 3.12 and Lemma 3.11, we have a + b € AP™P, O

Lemma 3.14 Letn € N. If b € AP"P and a € VT(A) such that a(1 — b™) = 0 and b"ab = b™ba then
a+be AP,
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Proof For the idempotent p = bbP? b and a has the representation
(o], m 2],
24, 4a2],

Mh%ﬂzOz#azBi} and b"ba = b ab = brar = asb,.
P

where b € A‘i””, by € /T (Az). Now

Since ap, by € /J(A) and axby = byay, then by Lemma 3.2, we get ay + by € /T (A). Therefore a + b €
APnsD O

Analogous to Theorem 2.12, applying Lemma 3.14 yields the following theorem regarding pns-Drazin
invertibility.

Theorem 3.15 Suppose a, b € AP"P for some n € N such as a(1 — b™) = 0, b"ba™ = b™b and b a™ba =
b™a"ab then a + b € AP"P.

Using Lemma 3.11, the following result is derived in a manner analogous to Theorem 2.18.

Theorem 3.16 For n € N, if a, b are two pns-Drazin invertible elements in A such as aba™ = 0. Then
a+ b e APP if and only if aa?"*P (a + b) € AP™P.

As Theorem 2.20, using the properties of Jacobson radical in place of quasinilpotent elements, we obtain the
next theorem.

Theorem 3.17 Ifa, b € AP™P for some n € N and a®b = aba, ab*> = bab, then the following are equivalent:

(i) a+be AP™D;

(ii) aap"SD(a—i-b)bbp"SD GAPMD,'
(iii) aa?P(a + b) € APD;

(iv) (a + b)bbP™sDP ¢ ArnsD,
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