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Abstract In this paper, we establish some necessary and sufficient conditions for generalized n-strong Drazin
invertibility (gns-invertibility) and pseudo n-strong Drazin invertibility (pns-invertibility) of an element in a
Banach algebra for n ∈ N. Subsequently, these results are utilized to prove some additive properties of gns
(pns)-Drazin inverse. This process produces a generalization of some recent results of H Chen, M Sheibani
(Linear and Multilinear Algebra 70.1 (2022): 53-65) for gns and pns-Drazin inverse.
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1 Introduction

Throughout this paper, A stands for an unital Banach algebra, and 1 denote the unit element in A. For x ∈ A
by ρ(x), σ(x), we denote the resolvent and the spectrum of x , respectively. Aqnil denote the collection of all
quasinilpotents elements in A, i.e.

Aqnil = {a ∈ A : lim
n→∞ ‖an‖ 1

n = 0} = {a ∈ A : σ(a) = {0}}.

For x ∈ A, the commutant of x (denoted by Comm(x)) and the double commutant of x (denoted by Comm2(x))
are defined as

Comm(x) = {a ∈ A : xa = ax}
and

Comm2(x) = {b ∈ A : by = yb,∀y ∈ Comm(x)}.
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Ainv and Anil stand for the collection of all invertible and nilpotent elements of A, respectively. In 1958, Drazin
[1] introduced a novel type of generalized inverse, different from the well-known Moore-Penrose generalized
inverse came to be known as the Drazin inverse. An element y ∈ A is said to be the Drazin inverse of x ∈ A if

xy = yx, y = yxy and x − x2 y ∈ Anil .

The generalized Drazin invertibility (g-Drazin invertibility) for an element x ∈ A is defined in [2] by replacing
x − x2 y ∈ Anil with x − x2 y ∈ Aqnil . Therefore, y ∈ A(denoted by xd) is said to be g-Drazin inverse of x if

xy = yx , y = yxy,x − x2 y ∈ Aqnil .

The collection of all elements in A that possess a g-Drazin inverse will be symbolized by Ad and for x ∈ Ad ,

the idempotent 1 − xxd is known as the spectral idempotent of x, denoted by xπ . The theory of Drazin inverses
has developed considerably in recent decades and is now applied in various fields, such as numerical analysis,
differential equations, cryptography, and Markov chains, among others.
Wang [3] introduced a new subclass of Drazin invertible elements, known as strong Drazin invertible elements,
which are equivalent to the concept of strongly nil-clean elements presented in [4]. An element x ∈ A is said to
be strong Drazin invertible if there exists y ∈ A satisfying

xy = yx, yxy = y and x − xy ∈ Anil .

Inspired by the concept of the g-Drazin inverse, a modification of the strong Drazin inverse, known as the
generalized strong Drazin inverse (gs-Drazin inverse), was introduced in [5]. y ∈ A is said to be the gs-Drazin
inverse for x ∈ A if it satisfies

xy = yx, yxy = y and x − xy ∈ Aqnil .

Like strong Drazin invertible elements, the collection of all gs-Drazin invertible elements in A forms a subclass
of g-Drazin invertible elements in A. Given n ∈ N, Dijana Mosić [6] defined the notion of generalized n-strong
invertibility. For x ∈ A, an element y ∈ A (denoted by xnsd ) is said to be the generalized n-strong Drazin inverse
(gns-Drazin inverse) of x if

y ∈ Comm2(x), yxy = y and xn − xy ∈ Aqnil .

If it exists, xnsd is unique and coincides with xd . By Ansd , we represent the collection of all gns-Drazin invertible
elements in A. In particular, for n = 1, gns-Drazin inverse is the gs-Drazin inverse, and for n = 2, 2sd-Drazin
inverse is known as generalized Hirano inverse [7]. Zhou Wang and Jianlong Chen [8] presented an intermediary
inverse between Drazin and g-Drazin inverse, known as pseudo Drazin inverse. This particular inverse is obtained
by replacing the quasinilpotency condition in g-Drazin inverse definition with Jacobson radical. The Jacobson
radical J (A) in a Banach algebra A is defined as follows

J (A) = {a ∈ A : 1 + ab ∈ Ainv, for all b ∈ A},
and

√
J (A) = {a ∈ A : ak ∈ J (A) for some k ∈ N}.

An element y ∈ A (denoted by x pD) is said to be the pseudo Drazin inverse (p-Drazin inverse) of x ∈ A if

y ∈ Comm2(x), yxy = y and xk(1 − xy) ∈ J (A) for some k ≥ 1.

Let ApD, stands for the collection of all p-Drazin invertible elements in A. For n ∈ N, the concept of pseudo n-
strong Drazin invertibility(pns-Drazin invertibility) is presented by Mosic [6]. The pns-Drazin inverse of x ∈ A
is the unique element y ∈ A(written a pns D) such as

y ∈ Comm2(x), yxy = y and (xn − xy)k ∈ J (A) for some k ∈ N.

The collection of all elements in A that possess pns-Drazin inverse will be symbolized as Apns D .
An intriguing problem in g-Drazin inverse theory is examining the g-Drazin invertibility of the sum of two

g-Drazin invertible elements. Interestingly, this additive problem of the g-Drazin inverse offers a way to derive
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explicit representations for the g-Drazin inverse of a 2 × 2 block matrix

[
a b
c d

]
in terms of its blocks. This

problem was originally posed by [9]. This serves as one of the motivations for studying the additive properties
of the g-Drazin inverse. Another use of these additive properties is that they enable the construction of new
g-Drazin invertible elements from existing ones and the determination of their g-Drazin inverses. In light of
these applications, several studies [10–13] have addressed this additive problem under varying conditions. Let
x, y ∈ Ad . If xπ y = y, xyπ = x, yπ xyxπ = 0, then it is proved in [14] that x + y is g-Drazin invertible.
Cvetković-Ilić et al. [15], proved that if x = xyπ , yπ yxπ = yπ y and yπ xπ yx = yπ xπ xy then x + y ∈ Ad .
Recently, some additive properties for gs-Drazin and n-strong Drazin inverse are studied in [16] and [17],
respectively. Inspired by these studies, we offer several alternative criteria for gns and pns-Drazin invertibility of
elements in a Banach algebra, along with new additive results that build upon the existing research of [16], [17]
and [13]. In Section 2, we explore the gns-Drazin invertibility of an element in a Banach algebra and establish
both necessary and sufficient conditions for gns-Drazin invertibility. Subsequently, based on these results, we
established several additive properties for gns-Drazin inverse. In the next section, we look over the pns-Drazin
invertibility of an element in Banach algebra and provide several additive results of pns-Drazin inverse.

2 Additive results for gns-Drazin inverse.

In this section, we present certain equivalent conditions that determine the gns-Drazin invertibility of an element
in a Banach algebra. Subsequently, we demonstrate several additive results pertaining to the gns-Drazin inverse.
We begin with the following results for quasinilpotent elements.

Lemma 2.1 [11] Suppose a, b ∈ A, where ab = λba for some scalar λ and ab �= 0.

(i) If a, b ∈ Aqnil then a + b ∈ Aqnil ;
(ii) If a or b ∈ Aqnil then ab ∈ Aqnil .

Lemma 2.2 [14] Supppose that a, b ∈ Aqnil with ab = 0. Then a + b ∈ Aqnil .

Now, we introduce a key proposition that will be essential for our main theorem.

Proposition 2.3 Let n ∈ N, and a ∈ A. Then an − a2n ∈ Aqnil if and only if a − an+1 ∈ Aqnil .

Proof Assume that an − a2n ∈ Aqnil . Since we have

(a − an+1)n = (an − a2n)(1 − an)n−1.

Therefore (a − an+1)n ∈ Aqnil and according to Lemma 2.1, we get (a − an+1) ∈ Aqnil .

Conversely, if a − an+1 ∈ Aqnil , then an − a2n = an−1(a − an+1) ∈ Aqnil , using Lemma 2.1. 	

Next, we present the main theorem of this section.

Theorem 2.4 Suppose that a ∈ A and n ∈ N be fixed. Then a is gns-Drazin invertible if and only if an − a2n ∈
Aqnil .

Proof Since a ∈ Ansd , then we have an − aansd ∈ Aqnil . Now

an − a2n = an − aansd + aansd − a2n

= (an − aansd) + (aansd)2 − a2n

= (an − aansd) + (aansd − an)(aansd + an).

Hence by Lemma 2.1, we obtain an − a2n ∈ Aqnil .
Conversely, if an −a2n ∈ Aqnil , then by Proposition 2.3, a−an+1 ∈ Aqnil , which implies σ(a−an+1) = {0}.

Now consider the polynomial p(x) = x − xn+1 over C. Then using Spectral Mapping Theorem [18, Theorem
4.10] we have

{p(λ) : λ ∈ σ(a)} = σ(p(a)) = σ(a − an+1) = {0}.
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This implies σ(a) ⊂ {λ ∈ C : λn = 1 or λ = 0}. Thus, 0 can only be an isolated spectral point of a, which
ensures the g-Drazin invertibility of a. Since a − a2ad ∈ Aqnil then

(an − 1 + aad)((ad)n − 1 + aad) = 1 − (an − an+1ad) ∈ Ainv.

Therefore in particular an − 1 + aad is invertible. Moreover

(an − aad)(an − 1 + aad) = a2n − an ∈ Aqnil ,

hence (an − aad) = (an − 1 + aad)−1(a2n − an) ∈ Aqnil by Lemma 2.1. Thus, we obtain a ∈ Ansd . 	

The following is a consequence of Theorem 2.4 and Proposition 2.3.

Corollary 2.5 For n ∈ N and a ∈ A, a ∈ Ansd if and only if a − an+1 ∈ Aqnil .

Remark 1 Chen and Calci [16], proved a ∈ A is gs-Drazin invertible if and only if a ∈ Ad and a − a2 ∈ Aqnil

but by Corollary 2.5, only the second condition is enough.

Koliha [2] proved that the product of two commuting g-Drazin invertible elements is g-Drazin invertible in a
Banach algebra. Using Theorem 2.4, we extend this result to show that the product of two gns-Drazin invertible
elements is gns-Drazin invertible under a condition weaker than commutativity.

Lemma 2.6 Suppose for n ∈ N, a, b ∈ Ansd where a2b = aba, then ab ∈ Ansd .

Proof Since a2b = aba, then (ab)m = ambm for any m ∈ N. From Corollary 2.5, we have

a − an+1, b − bn+1 ∈ Aqnil .

Moreover we know

(ab) − (ab)n+1 = an+1(b − bn+1) + (a − an+1)b. (1)

Now using condition a2b = aba we get

(a − an+1)ban+1(b − bn+1) = an+1(b − bn+1)(a − an+1)b.

Hence an+1(b − bn+1) and (a − an+1)b commute with each other, therefore using Lemma 2.1, we get (ab) −
(ab)n+1 ∈ Aqnil . Hence, by Corollary 2.5, ab ∈ Ansd . 	

In the following theorems, we establish several additive properties of gns-Drazin inverse under different assump-
tions.

Theorem 2.7 Suppose for n ∈ N, a, b ∈ Ansd where ab = 0, then a + b ∈ Ansd .

Proof Since a, b ∈ Ansd , then by Corollary 2.5, we have a − an+1 and b − bn+1 ∈ Aqnil . Moreover we have

(a + b) − (a + b)n+1 = (a − an+1) + (b − bn+1) + (

n∑

i=1

bi an+1−i ).

Now since ab = 0 it follows that
∑n

i=1 bi an+1−i ∈ Aqnil . Furthermore using ab = 0 we obtain
(

n∑

i=1

bi an+1−i

)(
b − bn+1

)
= 0.

Therefore following Lemma 2.2, we get (b − bn+1) + (
∑n

i=1 bi an+1−i ) ∈ Aqnil . Again using the fact

(
a − an+1

)(

(b − bn+1) + (

n∑

i=1

bi an+1−i )

)

= 0,

it follows that (a − an+1) + (b − bn+1) + (
∑n

i=1 bi an+1−i ) ∈ Aqnil . Thus, a + b ∈ Ansd by Corollary 2.5. 	

Theorem 2.8 Suppose for n ∈ N, a, b ∈ Ansd where ab = ba, then
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(i) ab ∈ Aqnil �⇒ a + b ∈ Ansd ;

(ii) (a + b) ∈ Ansd �⇒ ab

(
n∑

k=1

(
n + 1

k

)
ak−1bn−k

)

∈ Aqnil .

Proof According to Corollary 2.5, a + b ∈ Ansd if and only if (a + b) − (a + b)n+1 ∈ Aqnil . Now we have

(a + b) − (a + b)n+1 =(a − an+1) + (b − bn+1)

− ab

(
n∑

k=1

(
n + 1

k

)
ak−1bn−k

)

.

Since both a, b are gns-Drazin invertible, thus a −an+1, b − bn+1 ∈ Aqnil . Therefore, by Lemma 2.1, (a + b) ∈
Ansd if and only if ab

(∑n
k=1

(n+1
k

)
ak−1bn−k

)
∈ Aqnil . Now

ab ∈ Aqnil �⇒ ab

(
n∑

k=1

(
n + 1

k

)
ak−1bn−k

)

∈ Aqnil .

	

Remark 2 It is important to note that in Theorem 2.8, a + b ∈ Ansd does not necessarily imply ab ∈ Aqnil . This
observation is illustrated with the next example.

Example 2.9 Let

A =
[

1 0
0 1

]
and B =

[−1 0
0 −1

]
∈ M2(R)2sd .

Then AB = B A and A + B ∈ M2(R)2sd , but AB /∈ M2(R)qnil , where as 3AB(A + B) ∈ M2(R)qnil .

Let p ∈ A be an idempotent element and let y ∈ A. For the total system of idempotents P = (p, 1 − p), y has
a unique representation, as described in [15], given by

y =
[

pyp py(1 − p)

(1 − p)yp (1 − p)y(1 − p)

]

p
. (2)

In particular if a ∈ Ad , then the unique block representation (2) of a corresponding to p = aad simplifies to
[

a1 0
0 a2

]

p
,

where a1 ∈ pApinv and a2 ∈ (1 − p)A(1 − p)qnil . Now onwards we will denote the Banach algebra pAp by
A1 and (1 − p)A(1 − p) by A2.

Lemma 2.10 Suppose x, y ∈ A such as

x =
[

a 0
c b

]

p
and y =

[
b c
0 a

]

1−p

be the representation of x and y relative to a total system of idempotent (p, 1 − p) and (1 − p, p), respectively.
Then for n ∈ N

(i) if a ∈ Ansd
1 and b ∈ Ansd

2 , then x, y ∈ Ansd ;
(ii) if x ∈ Ansd and b ∈ Ansd

2 then a ∈ Ansd
1 .

Proof (i) Suppose a ∈ A1 and b ∈ A2 are gns-Drazin invertible therefore σ1(a − an+1) = 0 and σ2(b −
bn+1) = 0, where σ1(a − an+1) and σ2(b − bn+1) denotes their spectrum in A1 and A2, respectively.
Moreover

x − xn+1 =
[

a 0
c b

]

p
−
[

an+1 0
αn+1 bn+1

]

p
=
[

a − an+1 0
c − αn+1 b − bn+1

]

p
,

where αn+1 =
n∑

k=0

bkcan−k . Therefore σ(x − xn+1) ⊆ σ1(a − an+1) ∪ σ2(b − bn+1), hence x − xn+1 ∈

Aqnil . This implies x is gns-Drazin invertible by Corollary 2.5. Similarly, it follows for y also.
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(ii) Similar to (i), this result follows because σ(a) ⊂ σ(x) ∪ σ(b).
	


Next, we analyse the gns-Drazin invertibility for the sum of two particular types of gns-Drazin invertible
elements in a Banach algebra under a condition weaker than commutativity. This also generalizes some results
from [15].

Lemma 2.11 Suppose a ∈ Aqnil and b ∈ A is gns-Drazin invertible for some n ∈ N. If a = abπ , bπ ba = bπab,
then a + b is gns-Drazin invertible.

Proof Since b ∈ Ansd , therefore b ∈ Ad . For p = 1 − bπ , we have the representation

b =
[

b1 0
0 b2

]

p
and a =

[
a1 a2
a3 a4

]

p
,

where b1 ∈ Ainv
1 is invertible and b2 ∈ Aqnil

2 . Use of this representation on the condition a = abπ gives
[

a1 a2
a3 a4

]

p
=
[

a1 a2
a3 a4

]

p

[
0 0
0 1

]

p
�⇒ a1 = a3 = 0.

Therefore we get a =
[

0 a2
0 a4

]

p
and a + b =

[
b1 a2
0 a4 + b2

]

p
. Again a = abπ gives a4 = bπabπ = bπa and

an
4 = bπan thus a4 ∈ Aqnil , as a ∈ Aqnil . Similarly, using block matrix representations of b and a on the other

condition bπab = bπ ba we obtain a4b2 = b2a4. Therefore by Lemma 2.1, a4 + b2 ∈ Aqnil . Also, b ∈ Ansd

implies b1 = (1 − bπ )b ∈ Ansd . Hence, by Lemma 2.10, a + b ∈ Ansd . 	

We are now prepared to prove the following.

Theorem 2.12 Suppose n ∈ N and a, b ∈ Ansd . If a = abπ , bπ baπ = bπ b and bπaπ ba = bπaπab then
a + b ∈ Ansd .

Proof Let p = 1 − bπ . Then b =
[

b1 0
0 b2

]

p
, where b1 ∈ Ainv

1 and b2 ∈ Aqnil
2 and let a =

[
a1 a2
a3 a4

]

p
. Using the

representation of a and b on the condition a = abπ , we obtain a1 = a3 = 0, therefore a =
[

0 a2
0 a4

]

p
. Moreover

bπ baπ = bπ b �⇒ b2aπ
4 = b2 and bπaπ ba = bπaπab �⇒ aπ

4 b2a4 = aπ
4 a4b2.

Since b2 ∈ Aqnil
2 and a4 = bπabπ = bπa is gns-Drazin invertible satisfying b2 = b2aπ

4 , aπ
4 a4b2 = aπ

4 b2a4,

therefore by Lemma 2.11, a2 +b4 ∈ (1− p)A(1− p)nsd . Again a +b =
[

b1 a2
0 b2 + a4

]

p
where b1 = (1−bπ )b ∈

Ansd
1 , hence a + b ∈ Ansd in light of Lemma 2.10. 	


The following example introduces a family of matrices that fulfil the assumptions of the preceding theorem.

Example 2.13 For k ∈ N, let Ik and 0k be the k × k identity matrix and the zero matrix, respectively. Now
suppose A is the algebra of all 3k × 3k complex matrices, and suppose

a =
⎡

⎣
Ik 0k 0k
0k 0k 0k
0k 0k 0k

⎤

⎦ and b =
⎡

⎣
0k α β

0k 0k γ

0k 0k 0k

⎤

⎦ ,

where α, β, γ ∈ C
k×k . Then ad =

⎡

⎣
Ik 0k 0k
0k 0k 0k
0k 0k 0k

⎤

⎦ and bd =
⎡

⎣
0k 0k 0k
0k 0k 0k
0k 0k 0k

⎤

⎦, and hence

aπ =
⎡

⎣
0k 0k 0k
0k Ik 0k
0k 0k Ik

⎤

⎦ , bπ =
⎡

⎣
Ik 0k 0k
0k Ik 0k
0k 0k Ik

⎤

⎦ .

From here one can verify that a = abπ , bπ baπ = bπ b and bπaπ ba = bπaπab. Thus, a, b satisfies the
assumptions of Theorem 2.12 and a + b ∈ Ansd .
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The following corollary can be derived as a specific instance of the preceding theorem.

Corollary 2.14 If a, b ∈ Ansd for some n ∈ N and ab = ba,a = abπ , bπ = baπ = bπ b, then a + b is
gns-Drazin invertible.

Next, we investigate the gns-Drazin invertibility of the sum of two gns-Drazin invertible elements using the same
assumptions as used in [14].

Lemma 2.15 Let n ∈ N, b ∈ Ansd and a ∈ Aqnil . If abπ = a and bπab = 0, then a + b ∈ Ansd .

Proof If b ∈ Aqnil then bπ = 1 hence ab = 0, and by Theorem 2.7, (a + b) ∈ Ansd . So assume that b /∈ Aqnil

then corresponding to the idempotent p = 1 − bπ we obtain

b =
[

b1 0
0 b2

]

p
and a =

[
a4 a1
a3 a2

]

p
,

where b1 ∈ Ainv
1 and b2 ∈ Aqnil

2 . Now using this representation of a and b on a(1 − bπ ) = 0 we obtain

a4 = a3 = 0, therefore a =
[

0 a1
0 a2

]

p
. Again from bπab = 0, it follows that a2b2 = 0. Since a2 = bπa ∈ Aqnil

and b2 = bπ b ∈ Aqnil , then by Lemma 2.2, a2 + b2 ∈ Aqnil . Moreover b1 = (1 − bπ )b ∈ Ansd , therefore using

Lemma 2.10, a + b =
[

b1 a1
0 b2 + a2

]

p
∈ Ansd . 	


We are now ready to present the subsequent outcome.

Theorem 2.16 Suppose a, b ∈ Ansd with some n ∈ N, where a = abπ , b = aπ b and bπabaπ = 0. Then
a + b ∈ Ansd .

Proof If p = 1 − aπ then a =
[

a1 0
0 a2

]

p
, where a1 ∈ (A1)

inv and a2 ∈ Aqnil
2 and let b =

[
b1 b2
b3 b4

]

p
. Now

b = aπ b implies b1 = b2 = 0, therefore b =
[

0 0
b3 b4

]

p
. Since b ∈ Ansd then by Lemma 2.10, b4 ∈ Ansd

2 and

bπ =
[

1 0
−bd

4 b3 bπ
4

]

p
. Furthermore using this representation of a and bπ on a = abπ we obtain a2 = a2bπ

4 .

Moreover

bπabaπ = 0 �⇒ bπ
4 a2b4 = 0.

Then using Lemma 2.15, we get a2 + b4 ∈ Ansd
2 . Since a + b =

[
a1 0
b3 a2 + b4

]

p
where a1 = a(1 − aπ ) and

a2 +b4 both are gns-Drazin invertible in their respective Banach algebra therefore a +b ∈ Ansd by Lemma 2.10.
	

Example 2.17 For k ∈ N, let Ik and 0k be the k × k identity matrix and the zero matrix, respectively. Now
suppose A is the algebra of all 3k × 3k complex matrices, and let

a =
⎡

⎣
Ik 0k 0k
0k 0k α

0k 0k 0k

⎤

⎦ and b =
⎡

⎣
0k 0k 0k
β 0k 0k
γ 0k 0k

⎤

⎦ ,

where α, β, γ ∈ C
k×k . Here one can verify that a = abπ , b = aπ b and bπabaπ = 03k . Thus, a, b satisfies the

assumptions of Theorem 2.16 and a + b ∈ Ansd .

Theorem 2.18 For n ∈ N, if a, b ∈ Ansd such as abaπ = 0 and (1 − aπ )b ∈ Ansd . Then a + b ∈ Ansd if and
only if aansd(a + b) ∈ Ansd .
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Proof Here, a, b are gns-Drazin invertible. Therefore corresponding to p = aad , we have

a =
[

a1 0
0 a2

]

p
and b =

[
b1 b4
b2 b3

]

p
,

where and a1 ∈ (A1)
inv , a2 ∈ Aqnil

2 . Moreover

abaπ = 0 �⇒ b4 = 0 and a2b3 = 0.

Hence b =
[

b1 0
b2 b3

]

p
, where b3 ∈ Ansd

2 since (1 − aπ )b ∈ Ansd . As a2 ∈ Aqnil
2 , b3 ∈ Ansd

2 and a2b3 = 0, then

a2 + b3 ∈ Ansd
2 by Theorem 2.7. Hence by Lemma 2.10, a + b =

[
a1 + b1 0

b2 a2 + b3

]

p
∈ Ansd if and only if

a1 + b1 ∈ (A1)
nsd , i.e. if and only if aansd(a + b) ∈ Ansd . 	


Now, we establish quasinilpotency for the summation of two quasinilpotent elements in a Banach algebra
under a condition weaker than commutativity.

Lemma 2.19 If a, b ∈ Aqnil , ab2 = bab and a2b = aba, then a + b ∈ Aqnil .

Proof If a, b ∈ Aqnil , then for 0 < ε < max{‖a‖, ‖b‖} we can find n0 ∈ N such as

‖an‖ < εn and ‖bn‖ < εn, whenever n > n0.

Now for n > n0 each term in the expansion of (a + b)3n is either of the form ak1 bk2 ak1 or bl1al2 bl3 where
l1 + l2 + l3 = k1 + k2 + k3 = 3n. Then

‖(a + b)n‖ < (2ε)n
(

max

{‖a‖
ε

,
‖b‖
ε

})2n0

.

Hence a + b ∈ Aqnil . 	

Theorem 2.20 Let a, b ∈ Ansd , for some n ∈ N, such that a2b = aba, ab2 = bab and aansdb ∈ Ansd . Then
the following are equivalent:

(i) a + b ∈ Ansd ;
(ii) aansd(a + b)bbnsd ∈ Ansd ;

(iii) aansd(a + b) ∈ Ansd ;
(iv) (a + b)bbnsd ∈ Ansd .

Proof If p = aad , then

a =
[

a1 0
0 a2

]

p
and b =

[
b1 b2
b3 b4

]

p
,

where a1 ∈ (A1)
nsd , a2 ∈ Aqnil

2 . Since a2b = aba, therefore using the representation of a and b we obtain

b2 = 0, a1b1 = b1a1 and a2
2b4 = a2b4a2.

Again because of ab2 = bab, it follows that a2b2
4 = b4a2b4. Since aansdb ∈ Ansd then by Lemma 2.10,

b4 ∈ Ansd
2 . Therefore, for the idempotent p1 = b4bd

4 , b4 have the representation

[
b41 0
0 b42

]

p1

, where b41 ∈

(p1A2 p1)
inv and b42 ∈ (1− p1)A2(1− p1)

qnil , correspondingly for p1, a2 have the representation

[
a21 a22
a23 a24

]

p1

.

Now a2b2
4 = b4a2b4 implies a23 = 0, then a2 =

[
a21 a22
0 a24

]

p1

, where a24b2
42 = b42a24b42 and b41a21 = a21b41.

Since a24, b42 ∈ ((1 − p1)A2(1 − p1))
qnil with a24b2

42 = b42a24b42 and a2
24b42 = a24b42a24 then a24 + b42 ∈

((1 − p1)A2(1 − p1))
qnil by Lemma 2.19. Hence according to Lemma 2.10, in order to prove a2 + b4 ∈ Ansd

2 it
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enough to proof a21 + b41 ∈ (p1A2 p1)
nsd . Again since a21 + b41 = b41(p1 + (b41)

−1a21), therefore by Lemma
2.6, if p1 + (b41)

−1a21 ∈ p1A2 pnsd
1 then a21 + b41 ∈ (p1A2 p1)

nsd . Now

(p1 + (b41)
−1a21) − (p1 + (b41)

−1a21)
n+1

= (
p1 −

n+1∑

i=1

(
n + 1

i

)
b1−i

41 ai−1
21

)
(b41)

−1a21 ∈ (p1A2 p1)
qnil ,

since a21 ∈ (p1A2 p1)
qnil and b41a21 = a21b41. Therefore a + b ∈ Ansd if and only if a1 + b1 ∈ (A1)

nsd

according to Lemma 2.10. Moreover a1b1 = b1a1 and aansdb ∈ Ansd therefore for p2 = b1bnsd
1 , b1, a1 has the

representation

b1 =
[

b11 0
0 b12

]

p2

and a1 =
[

a11 0
0 a12

]

p2

,

where b12 ∈ ((1 − p2)A1(1 − p2))
qnil and a12 ∈ ((1 − p2)A1(1 − p2))

nsd . Then by Theorem 2.8, a12 + b12 ∈
(1 − p2)A1(1 − p2)

nsd . Hence a1 + b1 ∈ Ansd
1 if and only if a11 + b11 ∈ p2A1 pnsd

2 , and each of condition
(ii)-(iv) is equivalent to a11 + b11 ∈ (p2Ap2)

nsd . Conversely, if a + b ∈ Ansd then a11 + b11 ∈ (p2Ap2)
nsd

therefore conditions (ii)-(iv) holds. 	

Example 2.21 For k ∈ N, let Ik and 0k be the k × k identity matrix and the zero matrix, respectively. Now
suppose A is the algebra of all 3k × 3k complex matrices, and let

a =
⎡

⎣
0k α 0k
0k 0k 0k
0k 0k 0k

⎤

⎦ and b =
⎡

⎣
0k 0k β

0k 0k γ

0k 0k 0k

⎤

⎦ ,

where α, β, γ ∈ C
k×k . Then a, b satisfy the assumptions of Theorem 2.20 and a + b ∈ Ansd .

Remark 3 H Chen, M Sheibani [13] proved g-Drazin invertibility of a + b is equivalent to condition (i)-(iv)
given in Theorem 2.20, under the setting aba = λa2b = λ′ba2 and bab = αb2a = α′ab2, where a, b ∈ Ad and
λ, λ′, α, α′ are scalars. Theorem 2.20, extended the results of H Chen, M Sheibani [13] for the case of gns-Drazin
inverse when λ = α = 1, i.e. aba = a2b and bab = ab2.

3 Additive results for pns-Drazin inverse

In this section, our focus revolves around the concept of pns-Drazin invertibility in the context of a Banach
algebra. Similar to Section 2, we establish some equivalent conditions for the pns-Drazin invertibility of an
element in a Banach algebra. Utilizing these results, we present several additive results concerning the pns-
Drazin inverse. First, we state some known results for the elements of Jacobson radical in a Banach algebra.

Lemma 3.1 [19] Suppose a, b ∈ A.

(i) If a ∈ J (A) or b ∈ J (A), then ba, ab ∈ J (A);
(ii) If a ∈ J (A) and b ∈ J (A), then a + b ∈ J (A).

Lemma 3.2 [19] Suppose a, b ∈ √J (A). If ab = ba or ab = 0, then a ± b ∈ √J (A).

The following lemma proves that the statement of Lemma 3.2 holds under a condition weaker than commu-
tativity.

Lemma 3.3 Let a, b ∈ √J (A) with ab2 = bab and a2b = aba. Then a ± b ∈ √J (A).

Proof Since a, b ∈ √J (A), then ak1 , bk2 ∈ J (A) for some k1, k2 ∈ N. Therefore for n > max{k1, k2}, each
monomial of (a + b)3n , are an element of Jacobson radical. Hence by Lemma 3.1 we obtain (a + b)3n ∈ J (A).
Thus a + b ∈ √J (A). 	

Proposition 3.4 Let n ∈ N and a ∈ A. Then an − a2n ∈ √J (A) if and only if a − an+1 ∈ √J (A).
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Proof If an − a2n ∈ √J (A), then (an − a2n)k ∈ J (A), for some k ∈ N. Since

(a − an+1)nk = (an − a2n)k(1 − an)(n−1)k,

therefore (a − an+1)nk ∈ J (A) by Lemma 3.1, and hence we obtain (a − an+1) ∈ √J (A).

Conversely, if (a − an+1) ∈ √J (A), then there exists some k ∈ N, satisfying (a − an+1)k ∈ J (A). Therefore
we have

(an − a2n)k = a(n−1)k(a − an+1)k ∈ J (A).

Thus an − a2n ∈ √J (A). 	

Now, we formulate the principal result of this section.

Theorem 3.5 Suppose a ∈ A then for some n ∈ N, a ∈ Ans D if and only if an − a2n ∈ √J (A).

Proof Since a ∈ Apns D , therefore (an − aa pns D)k ∈ J (A), for some k ∈ N. Now we have

an − a2n = an − aa pns D + aa pns D − a2n

= (an − aa pns D) + (aa pns D + an)(aa pns D − an).

Here using Lemma 3.2, we get an − a2n ∈ √J (A). Conversely, if an − a2n ∈ √J (A), then an − a2n ∈ Aqnil ,
thus a is g-Drazin invertible and a(1 − aad) ∈ Aqnil . Furthermore (an − 1 + aad)((ad)n − 1 + aad) =
1 − (an − an+1ad) ∈ Ainv, hence (an − 1 + aad) ∈ Ainv . Moreover

(an − aad)(an − 1 + aad) = a2n − an ∈ √J (A).

Then an − aad ∈ √J (A), hence we get a ∈ Apns D . 	

Corollary 3.6 Let n ∈ N and a ∈ A. Then a ∈ Apns D if and only if a − an+1 ∈ √J (A).

Proof This is a consequence of Theorem 3.5 and Proposition 3.4. 	

Corollary 3.7 Suppose n ∈ N. If a ∈ Apns D then a ∈ Ap2ns D .

Proof Since a ∈ Apns D , then an − a2n ∈ √J (A). Furthermore

a2n − a4n = (an − a2n)(a + a2n) ∈ √J (A),

hence by Theorem 3.5, we have a ∈ Ap2ns D . 	

Theorem 3.8 Let a, b ∈ Apns D, for some n ∈ N such that ab2 = bab, then ab ∈ Apns D.

Proof It follows from equation (1) and Theorem 3.5. 	

Similar to the gns-Drazin inverse, we now explore some additive properties of the pns-Drazin inverse.

Theorem 3.9 Suppose a, b ∈ Apns D, for some n ∈ N and ab = 0, then a + b ∈ Apns D .

Proof Here a and b both are pns-Drazin invertible, therefore a − an+1, b − bn+1 ∈ √J (A). Since ab = 0 then

(a + b) − (a + b)n+1 = (a − an+1) + (

n∑

i=1

bi an+1−i ) + (b − bn+1) ∈ √J (A).

Hence in light of the Corollary 3.6, a + b ∈ Apns D . 	

In accordance with Theorem 2.8, the following theorem is established.

Theorem 3.10 Suppose a, b ∈ Apns D, for some n ∈ N and ab = ba, then

(i) ab ∈ √J (A) �⇒ a + b ∈ Apnsd ;

(ii) (a + b) ∈ Apnsd �⇒ ab

(
n∑

k=1

(
n + 1

k

)
ak−1bn−k

)

∈ √J (A).

As Lemma 2.10, we get the next result for pns-Drazin invertibility.

123



Additive Properties of the generalized and pseudo… 927

Lemma 3.11 Let x, y ∈ A such that x =
[

a c
0 b

]

p
and y =

[
b 0
c a

]

(1−p)

where p is an idempotent. Then for

n ∈ N

(i) if a ∈ Apns D
1 and b ∈ Apns D

2 then x, y ∈ Apns D;
(ii) if x ∈ Apns D

(
or y ∈ Apns D

)
then a ∈ Apns D

1 and b ∈ Apns D
2 .

Proof (i) Let k1 and k2 are two positive integer satisfying (an − a2n)k1 ∈ J (A) and (bn − b2n)k2 ∈ J (A),
respectively. Choose k = max{k1, k2}, then

(xn − x2n)2k ∈ J (A).

Hence x ∈ Apns D . Similarly, it is true for y also.
(ii) Since xn − x2n ∈ √J (A) therefore we have bn − b2n ∈ √J (A2) [ [19], Lemma 2.6]. Hence we get

b ∈ Apns D
2 , by Theorem 3.5. Similarly we can prove a ∈ Apns D

2 .

	

Lemma 3.12 Let n ∈ N, b ∈ Apns D and a ∈ √J (A) such that a(bπ − 1) = 0 and bπab = 0 then a + b ∈
Apns D .

Proof If b ∈ Apns D then b ∈ ApD and for p = bbpD , b and a has the representation [ [19], Theorem 3.1]
[

b1 0
0 b2

]

p
and

[
a3 a1
a4 a2

]

p
,

where b1 ∈ Ainv
1 and b2 ∈ √J (A2). Now a(bπ − 1) = 0 implies a =

[
0 a1
0 a2

]

p
, where a2 ∈ √J (A2). Again

bπab = 0 �⇒ a2b2 = 0,

and a2, b2 ∈ √J (A2), therefore a2 +b2 ∈ √J (A2). Since b ∈ Apns D then by Lemma 3.11, b1 ∈ Apns D
2 hence

a + b =
[

b1 a1
0 a2 + b2

]

p
,

is pns-Drazin invertible in light of Lemma 3.11. 	

Theorem 3.13 If n ∈ N and a, b ∈ Apns D such as a(1 − bπ ) = 0, (1 − aπ )b = 0 and bπabaπ = 0 then
a + b ∈ Apns D .

Proof Corresponding to p = aa pD , a and b have the following representation

a =
[

a1 0
0 a2

]

p
and b =

[
b3 b4
b1 b2

]

p
,

where a1 ∈ Ainv
1 and a2 ∈ √J (A2). Now

(1 − aπ )b = 0 �⇒ b =
[

0 0
b1 b2

]

p

and
a(1 − bπ ) = 0 �⇒ a2(1 − bπ

2 ) = 0.

Again
bπabaπ = 0 �⇒ bπ

2 a2b2 = 0.

Therefore by Lemma 3.12 and Lemma 3.11, we have a + b ∈ Apns D . 	

Lemma 3.14 Let n ∈ N. If b ∈ Apns D and a ∈ √J (A) such that a(1 − bπ ) = 0 and bπab = bπ ba then
a + b ∈ Apns D .
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Proof For the idempotent p = bbpD , b and a has the representation
[

b1 0
0 b2

]

p
and

[
a3 a1
a4 a2

]

p
,

where b1 ∈ Ainv
1 , b2 ∈ √J (A2). Now

a(1 − bπ ) = 0 �⇒ a =
[

0 a1
0 a2

]

p
and bπ ba = bπab �⇒ b2a2 = a2b2.

Since a2, b2 ∈ √J (A) and a2b2 = b2a2, then by Lemma 3.2, we get a2 + b2 ∈ √J (A). Therefore a + b ∈
Apns D . 	


Analogous to Theorem 2.12, applying Lemma 3.14 yields the following theorem regarding pns-Drazin
invertibility.

Theorem 3.15 Suppose a, b ∈ Apns D for some n ∈ N such as a(1 − bπ ) = 0, bπ baπ = bπ b and bπaπ ba =
bπaπab then a + b ∈ Apns D .

Using Lemma 3.11, the following result is derived in a manner analogous to Theorem 2.18.

Theorem 3.16 For n ∈ N, if a, b are two pns-Drazin invertible elements in A such as abaπ = 0. Then
a + b ∈ Apns D if and only if aa pns D(a + b) ∈ Apns D .

As Theorem 2.20, using the properties of Jacobson radical in place of quasinilpotent elements, we obtain the
next theorem.

Theorem 3.17 If a, b ∈ Apns D for some n ∈ N and a2b = aba, ab2 = bab, then the following are equivalent:

(i) a + b ∈ Apns D;
(ii) aa pns D(a + b)bbpns D ∈ Apns D;

(iii) aa pns D(a + b) ∈ Apns D;
(iv) (a + b)bbpns D ∈ Apns D .
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6. Mosić, D.: The generalized and pseudo n-strong Drazin inverses in rings. Linear and Multilinear Algebra 69(2), 361–375 (2021)
7. Chen, H., Sheibani, M.: Generalized Hirano inverses in rings. Communications in Algebra 47(7), 2967–2978 (2019)
8. Wang, Z., Chen, J.: Pseudo Drazin inverses in associative rings and Banach algebras. Linear Algebra and its Applications 437(6),

1332–1345 (2012)
9. Campbell, S.L., Meyer, C.D.: Generalized Inverses of Linear Transformations. SIAM, ??? (2009)

10. Castro-González, N., Martínez-Serrano, M.: Expressions for the g-Drazin inverse of additive perturbed elements in a Banach
algebra. Linear Algebra and its Applications 432(8), 1885–1895 (2010)
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