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Abstract In this study, we consider the complex tensor equation. We propose a linearized alternating direction
method of multipliers (LADMM) through the Wirtinger calculus technique. Compared to the alternating direction
method of multipliers (ADMM), our LADMM algorithm is more robust and does not need to solve the linear
equation in each iteration. By applying the tensor-train (TT) decomposition, we only need to compute matrix
products and third-order tensor products instead of high-order tensor products. Under mild assumptions, we
prove that all limit points of the sequences generated by our LADMM algorithm satisfy the corresponding
Karush-Kuhn-Tucker (KKT) conditions, and the residuals of the sequences converge to 0. Moreover, we solve
US-eigenvalue problems, higher-order Markov chain problems, and general constrained tensor equations by
using our LADMM algorithm. Finally, we conduct some numerical experiments to illustrate the effectiveness of
our LADMM algorithm.
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1 Introduction

Tensor equations have various applications in many fields, such as image processing Han et al. [1] Qiu et
al. [2], higher-order Markov chains Ding et al. [3], Li et al. [4], data fitting Papy et al. [5], multikernel-based
approximation Lin et al. [6], and quantum entanglement theory Zhang et al. [7]. In quantum entanglement theory,
we can represent a quantum pure state as a tensor. For example, we consider a symmetric third-order pure state
defined in Wei and Goldbart [8],

|GW(s, φ)〉 ≡ √
s|GHZ〉 + √

1 − seıφ |W〉, s ∈ [0, 1] , φ ∈ [0, 2π ] , (1.1)

which corresponds to a symmetric complex tensor S ∈ C[3,2] with entries
⎧
⎪⎨

⎪⎩

s111 = s222 =
√

2s
2 ,

s112 = s121 = s211 =
√

3−3s
3 eıφ, ı = √−1;

s jkl = 0, elsewhere.

(1.2)

As stated in Zhang et al. [7], Che et al. [9,10], the geometric measure of entanglement (GME) of the quantum
pure state can be computed by the largest U-eigenvalue of the corresponding tensor. Therefore, it is significant
to propose an effective algorithm for solving the complex tensor problem.

First, we give the definition of the complex tensor equation Wang et al. [11,12] as follows,

Axm−1 = b, (1.3)

where x ∈ C
n , b ∈ C

n are complex vectors, and A = (
ai1i2...im

) ∈ C[m,n] is a complex tensor of order m and
dimension n. The definition of the tensor product Axm−1 ∈ C

n is

(
Axm−1

)

j
=

n∑

i2,i3,...,im=1

a ji2...im xi2 · · · xim , (1.4)

where x j represents the j-th component of the vector x. Throughout the paper, scalars are denoted by lower-case
letters, and vectors are denoted by boldface lower-case letters. When m = 2, the tensor equation (1.3) degenerates
into a linear equation. Therefore, in this paper, we only consider the case when m > 2.

Many studies have been conducted on tensor equation problems. For instance, Ding and Wei [13] established
a Newton-type method to find the unique positive solution of the M-tensor equation with b > 0. After that, Li
et al. [14] proposed the splitting method for tensor equations. In addition, Liu et al. [15] extended the sufficient
descent nonlinear conjugate gradient method for solving M-tensor equations. For the general tensor equations,
Liang et al. [16] proposed an ADMM-type method to solve tensor equations. Lv and Ma [17] established the
Levenberg-Marquardt method to solve semi-symmetric tensor equations. Wang et al. [12] proposed a neural
network method to solve nonsingular tensor equations. Moreover, Yu et al. [18] extended the accelerating power
methods for higher-order Markov chain problems. Zhang et al. [7] proposed the iterative method for computing
the U-eigenvalues of non-symmetric complex tensors with applications in quantum entanglement. Li et al. [19]
proposed the Newton Hard-Threshold Pursuit algorithm to find the sparse least squares solutions of tensor
equations. Other related works can be found in Li et al. [4,8,20–27].

It is difficult for classical algorithms to solve the complex tensor equation directly, so we transform problem
(1.3) into the equivalent complex tensor least squares (CTLS) problem,

min
x∈Cn

f (x) =
∥
∥
∥Axm−1 − b

∥
∥
∥

2
, (1.5)

where ‖ · ‖ denotes the 2-norm for vectors.
The CTLS problem is a generalization of the complex linear least squares (CLS) problem. In this paper, we

consider the case that m > 2, so the CTLS problem may be highly nonconvex. For the complex optimization
problem, we need to choose a suitable derivative and redefine the gradient and Hessian matrix of the objective
function. Besides, the Hessian matrix of the objective function f (x) may be singular near the solution, even if
the tensor A is nonsingular. Therefore, the traditional second-order optimization algorithms, such as Newton’s
method and the Levenberg-Marquardt method, may not be effective. Moreover, the computational cost of Axm−1

is O (
nm−1

)
, which leads to the curse of dimensionality when m is large. In order to overcome these difficulties,

inspired by Li et al. [28], we propose the LADMM algorithm. The main contributions of this paper are as follows.
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932 S. Feng et al.

• We establish the LADMM algorithm by using Wirtinger calculus to solve the CTLS problem. By adding
additional equality constraints, the CTLS problem is transformed into a multi-convex problem. In the iteration
of our LADMM algorithm, we compute the tensor product by the tensor-train (TT) decomposition Oseledets
[29] to resolve the curse of dimensionality, which greatly reduces the computational cost.

• Under mild assumptions, we prove that all limit points of the sequences generated by our LADMM algorithm
satisfy the KKT conditions and establish the convergence theorems. Even if A is a singular tensor, the
convergence theorems of our LADMM algorithm still hold.

• We use the LADMM algorithm to solve US-eigenvalue problems, higher-order Markov chain problems,
and general constrained tensor equation problems. Some numerical experiments are conducted to compare
the LADMM algorithm with other algorithms, and the numerical results illustrate the effectiveness of our
LADMM algorithm.

2 Preliminaries

2.1 Basics of tensors

In this subsection, we provide some important definitions of tensors. The details can be found in Qi et al. [30].

Definition 2.1 Let �m be the permutation group of m indices {i1, i2, . . . , im} and �̇m−1 be the permutation
group of (m − 1) indices {i2, . . . , im}. A tensor A = (

ai1i2...im

) ∈ C[m,n] is called a semi-symmetric tensor if

ai1i2...im = ai1π ′(i2...im ), ∀π ′ ∈ �̇m−1.

Moreover, a tensor A is called a symmetric tensor if

ai1i2...im = aπ(i1i2...im ), ∀π ∈ �m .

Definition 2.2 Assume that A = (
ai1...im

) ∈ C
I1×···×Im is a complex tensor and x = (

xik

) ∈ C
Ik is a complex

vector. The definition of the (m − 1)-th order complex tensor A × kx ∈ C
I1×···×Ik−1×Ik+1×···×Im is

(A × kx)i1...ik−1ik+1...im
=

Ik∑

ik=1

ai1...ik ...im xik .

Let X = (
x jk ik

) ∈ C
Jk×Ik be a matrix for k ∈ {1, 2, . . . , m}. A ×k X ∈ C

I1×···×Ik−1×Jk×Ik+1×···×Im is defined as

(A × k X)i1...ik−1 jk ik+1...im
=

Ik∑

ik=1

ai1...ik ...im x jk ik .

Remark 2.1 For A ∈ C[m,n], the tensor product Axm−2 is defined as follows,

(
Axm−2

)

jq
=

n∑

i3,...,im=1

a jqi3...im xi3 · · · xim .

Moreover, if A is a symmetric tensor, then Axm−2 is a symmetric complex matrix.

Definition 2.3 (Oseledets [29]) The TT-decomposition of the tensor A ∈ C[m,n] can be expressed as

ai1i2...im =
∑

α0,α1,...,αm

G1 (α0, i1, α1)G2 (α1, i2, α2) · · · Gm (αm−1, im, αm) . (2.1)

The TT-cores Gk ∈ C
rk−1×n×rk (k = 1, 2, . . . , m) are the third-order complex tensors, where rk is the TT-rank of

A satisfying the boundary condition r0 = rm = 1 and αk = 1, 2, . . . , rk . Let the maximal TT-rank r = max
i

ri ,

and the computational cost of the TT-format is only O
(
mnr3

)
. For the given tensor, the TT-format only needs

O
(
dnr2

)
memory to store O

(
nd
)

elements of the tensor, which greatly frees up the storage space of the tensor.
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Definition 2.4 We call λ ∈ C an eigenvalue of A ∈ C[m,n] if there is a nonzero vector x ∈ C
n satisfying the

following polynomial equations,
(
Axm−1

)

j
= λxm−1

j , j = 1, 2, . . . , n. (2.2)

The vector x is called an eigenvector of A associated with the eigenvalue λ. If A has the eigenvalue 0, i.e., the
tensor equation Axm−1 = 0 has a nonzero solution, then A is called a singular tensor. It is an extension of the
singular matrix. Otherwise, A is called a nonsingular tensor.

Definition 2.5 (Ding et al. [22]) A tensor A ∈ C[m,n] is called a complex H-tensor if it can be written as

A = sI − B, s ≥ ρ(|B|), (2.3)

where I ∈ R
[m,n] is an identity tensor, B ∈ C[m,n] is a complex tensor, and |B| ∈ R[m,n] is a real tensor whose

entries satisfy (|B|)i1...im
= ∣
∣(B)i1...im

∣
∣. The spectral radius ρ(B) is defined as

ρ(B) = max{|λ| : λ is an eigenvalue of B}.
Definition 2.6 Let S ∈ C

[m,n] denote a complex tensor. We call σ ∈ R a unitary symmetric eigenvalue (US-
eigenvalue) of S and y ∈ C

n a US-eigenvector of S if the following equations are satisfied,
⎧
⎨

⎩

Sym−1 = σ ȳ,

Sȳm−1 = σy,

yHy = 1, y ∈ C
n, σ ∈ R,

(2.4)

where ȳ is the complex conjugate of y and S is the complex conjugate of S. Besides, (σ, y) is called a US-eigenpair.

Theorem 2.1 If S ∈ C
[m,n] is a symmetric tensor and m is an odd number, (2.4) can be equivalently transformed

into
Sym−1 = ȳ, y 
= 0. (2.5)

For each solution of (2.4), ± (‖y‖−(d−2) , ‖y‖−1 y
)

are the US-eigenpairs. If S ∈ C
[m,n] is a symmetric tensor

and m is an even number, for y 
= 0, (2.4) can be equivalently transformed into

Sym−1 = ±ȳ. (2.6)

If the sign on the right of (2.6) is positive, the US-eigenpairs can be computed by
(‖y‖−(d−2) , ‖y‖−1 y

)
. If the

sign on the right of (2.6) is negative, the US-eigenpairs can be computed by
(−‖y‖−(d−2) , ‖y‖−1 y

)
.

2.2 Basics of Wirtinger calculus

Wirtinger calculus is an important technique in complex analysis. In this subsection, we provide some significant
results about Wirtinger calculus. The details can be found in Li et al. [31], Bouboulis [28], Li et al. [32].

Definition 2.7 Let f (z) : C
n �→ R be a complex-to-real function where z = u + vı , u, v ∈ R

n . The Wirtinger’s
derivatives ∂ f

∂z and ∂ f
∂ z̄ are defined as

∂ f

∂z
:= 1

2

(
∂ f

∂u
− ı

∂ f

∂v

)

,
∂ f

∂ z̄
:= 1

2

(
∂ f

∂u
+ ı

∂ f

∂v

)

. (2.7)

Property 2.1 Let zr := (
u
, v
)
 ∈ R

2n , zc := (z
, z̄
)
 ∈ C
2n . Next, we try to find an isomorphism

map between
{

zr = (
u
, v
)
 ∈ R

2n
}

and
{
zc = (z
, z̄
)
 ∈ C

2n
}
. Let the linear map Jn have the entries as

follows,

Jn =
(

In ı In
In −ı In

)

∈ C
2n×2n .

Then we have

zc = Jnzr , zr = 1

2
J H

n zc. (2.8)
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934 S. Feng et al.

Since Jn J H
n = J H

n Jn = 2I2n , Jn is an isomorphism map from R
2n to C

2n with the inverse map 1
2 J H

n . Therefore,
the complex-to-real function f (z) can be rewritten as

f (z) = f (u + ıv) = f (u, v) = f (zr ) = f (zc) = f (z, z̄).

The Wirtinger’s derivatives ∂ f
∂zr

, ∂ f
∂zc

and ∂ f
∂ z̄c

are defined as

∂ f

∂zr
:=

[(
∂ f

∂u

)

,

(
∂ f

∂v

)
]

,

∂ f

∂zc
:=

[(
∂ f

∂z

)

,

(
∂ f

∂ z̄

)
]

,

∂ f

∂ z̄c
:=

[(
∂ f

∂ z̄

)

,

(
∂ f

∂z

)
]

.

(2.9)

Moreover, we have
∂ f

∂zr
= J


n
∂ f

∂zc
,

∂ f

∂zr
= J H

n
∂ f

∂ z̄c
. (2.10)

Definition 2.8 We denote Hrr as the real Hessian, and Hc
cc as the complex Hessian. Hrr is defined as

Hrr = ∂

∂zr

(
∂ f

∂zr

)

=
⎛

⎜
⎝

∂
∂u

(
∂ f
∂u

)

∂
∂u

(
∂ f
∂v

)


∂
∂v

(
∂ f
∂u

)

∂
∂v

(
∂ f
∂v

)


⎞

⎟
⎠ =

(
Huu Huv
Hvu Hvv

)

. (2.11)

Hrr is symmetric if f (zr ) has the second partial derivative. The definition of the complex Hessian Hc
cc is

Hc
cc = ∂

∂ z̄c

(
∂ f

∂zc

)

= ∂

∂zc

(
∂ f

∂zc

)H

. (2.12)

The relationship between Hrr and Hc
cc is

Hrr = J H
n Hc

cc Jn , Hc
cc = 1

4
Jn Hrr J H

n . (2.13)

Moreover, we can also define the following Hessian matrices,

Hzz := ∂

∂z

(
∂ f

∂z

)H

, Hzz̄ := ∂

∂z

(
∂ f

∂ z̄

)H

, Hz̄z := ∂

∂ z̄

(
∂ f

∂z

)H

, Hz̄z̄ := ∂

∂ z̄

(
∂ f

∂ z̄

)H

. (2.14)

Then, the complex Hessian Hc
cc can be expressed as Hc

cc =
(

Hzz Hzz̄
Hz̄z Hz̄z̄

)

.

Lemma 2.1 Li et al. [28] Let f (zr ) : R
2n → R and f (zc) : C

2n → R. Applying the first-order real Taylor
series expansion, we can derive that

f (zr + 
zr ) ≈ f (zr ) +
(

∂ f

∂zr

)


zr . (2.15)

Since
{

zr = (
u
, v
)
 ∈ R

2n
}

is isomorphic to
{
zc = (z
, z̄
)
 ∈ C

2n
}

and ∂ f
∂ z̄ =

(
∂ f
∂z

)
, we can deduce the

first-order complex Taylor series expansion as follows,

f (zc + 
zc) ≈ f (zc) +
(

∂ f

∂zr

)

Jn J−1

n 
zr

= f (zc) +
(

∂ f

∂zc

)


zc

= f (z) + 2 Re

{(
∂ f

∂z

)


z

}

.

(2.16)
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Lemma 2.2 Li et al. [28] The second-order real Taylor series expansion of f (zr ) : R
2n → R is

f (zr + �zr ) ≈ f (zr ) +
(

∂ f

∂zr

)


zr + 1

2
(�zr )


 Hrr�zr . (2.17)

Since (�zr )

 Hrr�zr = (�zr )

H Hrr�zr = (�zr )
H (J H

n Hc
cc Jn

)�zr = (�zc)
H Hc

cc�zc, the second-order
complex Taylor series expansion of f (z) is

f (zc + �zc) ≈ f (zc) +
(

∂ f

∂zc

)

�zc + 1

2
(�zc)

H Hc
cc�zc

= f (z) + 2 Re

{(
∂ f

∂z

)

�z

}

+ Re
{
(�z)H Hzz�z + (�z)H Hzz̄�z

}
.

(2.18)

2.3 The complex ADMM algorithm for the convex separable optimization problem

We will recall the complex ADMM algorithm in this subsection. Assume that g : C
n → R ∪ {+∞} and

h : C
m → R ∪ {+∞} are proper, closed, and convex functions, and consider the following convex separable

optimization with complex variables Li et al. [32],

⎧
⎨

⎩

min
xCn ,
z∈Cm

g (x) + h (z) ,

s.t. Ax + Bz = c, x ∈ χ1, z ∈ χ2,

(2.19)

where A ∈ C
p×n , B ∈ C

p×m , and c ∈ C
p are given. Besides, χ1 ⊂ C

n and χ2 ⊂ C
m are given closed convex

sets. The augmented Lagrangian function of problem (2.19) is

Lμ (x, z,λ) = g (x) + h (z) + 2Re
(
λH (Ax + Bz − c)

)
+ μ ‖Ax + Bz − c‖2 ,

where λ ∈ C
p is the dual variable and μ > 0 is the penalty parameter. The iterative scheme of complex ADMM

to solve problem (2.19) is
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

xk+1 = argmin
x∈χ1

Lμ

(
x, zk,λk

)
,

zk+1 = argmin
z∈χ2

Lμ

(
xk+1, z,λk

)
,

λk+1 = λk + μ
(

Axk+1 + Bzk+1 − c
)

.

(2.20)

Lu et al. [32] proved the convergence of complex ADMM for problem (2.19) and applied it to solve the l1
minimization problem with a linear equality constraint.

3 The LADMM algorithm for the complex tensor equation

3.1 The LADMM algorithm

In this subsection, we will propose our LADMM algorithm to solve the complex tensor equations. Inspired by
Li et al. [28], we introduce the central variable z and its complex conjugate z̄ as follows,

⎧
⎨

⎩

min
xi ,z∈Cn ,

i=2,...,m

f (x2, . . . , xm) = ‖A •2 x2 •3 x3 · · · •m xm − b‖2 ,

s.t. (x2, x̄2) = (x3, x̄3) = · · · = (xm, x̄m) = (z, z̄).
(3.1)
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936 S. Feng et al.

After that, we transform the highly nonconvex CTLS problem into a multi-convex optimization problem with
linear constraints. Let A
=i := A •2 x2 · · · •i−1 xi−1 •i+1 xi+1 · · · •m xm ∈ C

n×n . The augmented Lagrange
multiplier function Lμ (x2, . . . , xm, z,λ2, . . . ,λm) can be deduced by Wirtinger calculus. We have

Lμ (x2, . . . ,λm) = ∥
∥A
=i xi − b

∥
∥2 +

m∑

i=2

(
λi

λ̄i

)H ( xi − z
x̄i − z̄

)

+
m∑

i=2

μi

2

∥
∥
∥
∥

(
xi − z
x̄i − z̄

)∥
∥
∥
∥

2

= ∥
∥A
=i xi − b

∥
∥2 +

m∑

i=2

λH
i (xi − z) +

m∑

i=2

λ̄
H
i (x̄i − z̄)

+
m∑

i=2

μi

2
‖xi − z‖2 +

m∑

i=2

μi

2
‖x̄i − z̄‖2

= ∥
∥A
=i xi − b

∥
∥2 + 2Re

(
m∑

i=2

λH
i (xi − z)

)

+
m∑

i=2

μi ‖xi − z‖2 ,

(3.2)

where μi > 0 are penalty parameters for i = 2, 3, . . . , m. The KKT conditions of problem (3.1) are

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

AH
=i

(
A
=i xi − b

)+ λi = 0, i = 2, 3, . . . , m,

x2 = x3 = . . . = xm = z = 0,

m∑

i=2

λi = 0.

(3.3)

Let τi > 0, the iterative format of the classical ADMM is

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

xk+1
i =argmin

xi

Lμ

(
. . . , xk+1

i−1 , xi , xk
i+1, . . . , xk

m, zk,λk
2, . . . ,λ

k
m

)
,

zk+1 =argmin
z

Lμ

(
xk+1

2 , . . . , xk+1
m , z,λk

2, . . . ,λ
k
m

)
,

λk+1
i =λk

i + τiμi

(
xk+1

i − zk+1
)

.

(3.4)

For simplicity, we denote that

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x̃ := (
x


2 , . . . , x

m

)
 ; λ̃ := (
λ


2 , . . . ,λ

m

)
 ;
Ak


=i := A •2 xk+1
2 · · · •i−1 xk+1

i−1 •i+1 xk
i+1 · · · •m xk

m;
A
=i,k := A •2 xk

2 · · · •i−1 xk
i−1 •i+1 xk

i+1 · · · •m xk
m;

f k+1
i (xi ) := f

(
xk+1

2 , . . . , xk+1
i−1 , xi , xk

i+1, . . . , xk
m

)
=
∥
∥
∥Ak


=i xi − b
∥
∥
∥

2
.

The iterations of xk+1
i in the classical ADMM algorithm need to solve a complex linear equation for i =

2, 3, . . . , m.

xk+1
i =

((
Ak


=i

)H
Ak


=i + μi In

)−1 ((
Ak


=i

)H
b + μi zk − λk

i

)

.

In each iteration, the computational cost of xk+1
i is O(n3). To reduce the cost of computations and make the

algorithm more robust, we propose our LADMM algorithm. First, we approximate f k+1
i (xi ) by the second-order

Taylor series expansion.

f k+1
i (xi ) ≈ f k+1

i

(
xk

i

)
+ 2Re

{(
Ak


=i x
k
i − b

)H
Ak


=i

(
xi − xk

i

)}

+ tk
i

∥
∥
∥xi − xk

i

∥
∥
∥

2
,
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in which tk
i > 0 with i = 2, 3, . . . , m. The iteration of xk

i is

xk+1
i = argmin

xi

f k+1
i

(
xk

i

)
+ 2Re

{(
Ak


=i x
k
i − b

)H
Ak


=i

(
xi − xk

i

)}

+ tk
i

∥
∥
∥xi − xk

i

∥
∥
∥

2

+
m∑

i=2

2Re

{(
λk

i

)H (
xi − zk

)}

+
m∑

i=2

μi

∥
∥
∥xi − zk

∥
∥
∥

2
.

(3.5)

Since μi ‖xi − z‖2 + 2 Re
{
λH

i (xi − z)
} = μi ‖xi − z + λi/μi‖2 − μi ‖λi/μi‖2 for each i , we can deduce that

xk+1
i = argmin

xi

t k
i

∥
∥
∥
∥xi − xk

i +
(

Ak

=i

)H (
Ak


=i x
k
i − b

)
/tk

i

∥
∥
∥
∥

2

+ μi

∥
∥
∥xi − zk + λk

i /μi

∥
∥
∥

2
. (3.6)

In contrast to ADMM, LADMM does not take the exact minimum point in the subproblem of xk+1
i , which makes

the algorithm more robust for the CTLS problem. Each iteration of xk+1
i is equivalent to implementing a gradient

descent with an appropriate step size. Moreover, the subproblem of computing xk+1
i also has an explicit solution

xk+1
i =

(
tk
i + μi

)−1
(

−
(

Ak

=i

)H (
Ak


=i x
k
i − b

)
+ tk

i xk
i − λk

i + μi zk
)

. (3.7)

Denote that
∥
∥
∥Ak


=i

∥
∥
∥

2
is the 2-norm for Ak


=i . We will show that if tk
i ≥ (1 + ω)

∥
∥
∥Ak


=i

∥
∥
∥

2

2
+ ω̂ for some ω, ω̂ > 0, the

Lagrangian function is decreasing for the original variable x. Compared with the classical ADMM, LADMM is
more robust to obtain the exact optimal solution instead of a local minimum. Moreover, the LADMM algorithm
does not need to solve linear equations in each iteration, so the computational cost of xk+1

i is reduced from O(n3)

to O(n2).
Next, we consider the iteration

zk+1 = argmin
z

2Re

(
m∑

i=2

(
λk

i

)H (
xk+1

i − z
)
)

+
m∑

i=2

μi

∥
∥
∥z − xk+1

i

∥
∥
∥

2

= argmin
z

m∑

i=2

μi

∥
∥
∥
∥z −

(

xk+1
i + 1

μi
λk

i

)∥
∥
∥
∥

2

.

(3.8)

After some simple manipulation, we can derive that

zk+1 =

m∑

i=2

(
μi x

k+1
i + λk

i

)

m∑

i=2
μi

. (3.9)

Then, we consider the iteration of λk
i . We set λ0

i = 0 for i = 2, 3, . . . , m, which is significant for the dual variable
sequence to satisfy the third equality of the KKT conditions.

Property 3.1 If the initial value of the dual sequence satisfies that
∑m

i=2 λ0
i = 0, then the dual variable sequence

satisfies the third equality of the KKT condition for all integers k > 0, i.e.,
∑m

i=2 λk
i = 0.

Proof From the iteration of zk+1, we can directly obtain that

−
m∑

i=2

λk
i +

m∑

i=2

μi

(
zk+1 − xk+1

i

)
= 0.

Since λk+1
i = λk

i + τiμi

(
xk+1

i − zk+1
)

, the equality above is equivalent to

−
m∑

i=2

λk
i −

m∑

i=2

λk+1
i − λk

i

τi
= 0.
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If τi = 1, we can directly obtain that
∑m

i=2 λk+1
i = 0. Otherwise,

m∑

i=2

λk+1
i = (1 − τi )

m∑

i=2

λk
i = (1 − τi )

k+1
m∑

i=2

λ0
i = 0.

Thus, the dual variable sequence satisfies the third equality of the KKT conditions for all integers k > 0. ��
Corollary 3.1 If we set λ0

i = 0 for i = 2, 3, . . . , m, then zk+1 is the weighted average of xk+1
i . If we set

μi = μ > 0 for i = 2, 3, . . . , m, then zk+1 is the average of xk+1
i .

3.2 Accelerate the LADMM algorithm

In this subsection, we further consider reducing the computational cost of the LADMM algorithm. It is really
significant for solving the CTLS problem because the cost of the tensor product Axm−1 is O (

nm−1
)

and Ak

=i

is O (
nm−2

)
, which leads to the curse of dimensionality. To overcome this difficulty, we compute these tensor

products using the tensor train (TT) decomposition Oseledets [29]. If we obtain the TT-cores Gi of the tensor A,
the matrix Ak


=i can be computed by

Ak

=i = G1

(
G2 •2 xk+1

2

)
· · ·

(
Gi−1 •2 xk+1

i−1

)
Gi

(
Gi+1 •2 xk

i+1

)
· · ·

(
Gm •2 xk

m

)
. (3.10)

Thus, we only need to compute the third-order tensor products and the matrix products instead of the high-order
tensor products. The computational cost of Ak


=i is reduced from O
(
nm−2

)
to O

(
(m − 5)r3 + (m − 3)nr2

) +
O
(
n2r2

)
.

The stopping criterion is usually chosen as rk =
∥
∥
∥A (

zk
)m−1 − b

∥
∥
∥ < ε or k > kmax, where ε > 0 is

sufficiently small and the positive integer kmax is the maximum iteration number. We can compute the tensor

product A (
zk
)m−1

by TT-format as follows:

A
(

zk
)m−1 = G1

(
G2 •2 zk

)
· · ·

(
Gi−1 •2 zk

) (
Gi •2 zk

) (
Gi+1 •2 zk

)
· · ·

(
Gm •2 zk

)
. (3.11)

After that, the computational cost of A (
zk
)m−1

is reduced from O
(
nm−1

)
to O

(
(m − 4)r3 + (m − 2)nr2

) +
O
(
n2r2

)
.

Moreover, if
∥
∥xk

i − zk
∥
∥ is sufficiently small for i = 2, 3, . . . , m, then Ak−1


=m xk
m is a good approximation for

the tensor product A (
zk
)m−1

. Therefore, we can choose the stopping criterion as

Rk = max

(∥
∥
∥Ak−1


=m xk
m − b

∥
∥
∥ , max

i

∥
∥
∥xk

i − zk
∥
∥
∥

)

< ε. (3.12)

Here Rk is another residual of problem (3.1), which does not need to compute the third-order tensor products.
The computational cost of Rk is only O

(
n2
)

if we obtain Ak
=m , which is much less than rk . Besides, we can
prove that if Rk → 0, then rk → 0. Thus, Rk < ε is a more effective stopping criterion.

Finally, we briefly introduce the framework of the accelerated LADMM algorithm. Inspired by Ouyang et

al. [33], we introduce the auxiliary variables
(
xk

i

)md
and

(
xk

i

)ag
satisfying

(
x0

i

)ag = x0
i for i = 2, . . . , m, and

change the iteration of xk
i to

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(
xk

i

)md = (1 − γk)
(
xk

i

)ag + γkxk
i ,

xk+1
i = (

tk
i + μi

)−1
(

−
(

Ak

=i

)H (
Ak


=i

(
xk

i

)md − b
)

+ tk
i

(
xk

i

)md − λk
i + μi zk

)

,
(

xk+1
i

)ag = (1 − γk)
(
xk

i

)ag + γkxk+1
i .

The acceleration parameter γk can be chosen in many ways, such as the well-known Nesterov acceleration
parameter. In this paper, we choose γk = 1

1+(1−γ )k to accelerate the LADMM algorithm for the general convex
constrained tensor equation in numerical experiments, where γ ∈ (0, 1]. Besides, we do not need to change the
iterations of λk

i and zk .
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3.3 The algorithmic framework of the LADMM algorithm

In this subsection, we give the algorithmic framework of our LADMM algorithm for CTLS problems.

Algorithm 1 The LADMM algorithm for CTLS problems

Step 1: Input the tensor A ∈ C
[m,n], b ∈ C

n , ε > 0, and the maximum iteration number kmax. Set the step size parameters τi > 0,
δi > 0, and the penalty parameters μi > 0 for i = 2, 3, . . . , m. Set the initial values x0

i ∈ C
n , λ0

i = λ−1
i = 0. Compute z0 by

(3.9) and the TT-decomposition of A.

Step 2: Update the original variable sequences iteratively. For i = 2, 3, . . . , m, compute the matrix Ak

=i by (3.10), tk

i = δi

∥
∥
∥Ak


=i

∥
∥
∥

2

2
,

and then update

xk+1
i =

(
tk
i + μi

)−1
(

−
(

Ak

=i

)H (
Ak


=i x
k
i − b

)
+ tk

i xk
i − λk

i + μi zk
)

.

Step 3: Update the central variable z. zk+1 =
m∑

i=2
μi xk+1

i

m∑

i=2
μi

.

Step 4: Update λi for i = 2, 3, . . . , m. λk+1
i = λk

i + τi μi

(
xk+1

i − zk+1
)

.

Step 5: If the stopping criterion is satisfied, then output zk+1. Otherwise, return to Step 2.

4 Convergence analysis

In this section, we will establish the global convergence theorem of our LADMM algorithm. We make the
following mild assumptions,

Assumption 4.1 The variable sequence
{

x̃k, zk, λ̃
k
}

satisfies:

(a) The central variable sequence
{
zk
}

is bounded.

(b) The dual variable sequence
{
λ̃

k
}

is a 2-bounded variation sequence stated in Başar et al. [34], i.e.,
∑∞

k=0

∥
∥
∥̃λ

k+1 − λ̃
k
∥
∥
∥

2
< ∞.

Property 4.1 If Assumption 4.1 holds, then the variable sequences
{
xk

i

}
,
{
λk

i

}
,
{

Ak

=i

}
,
{

f k+1
i

(
xk

i

)}
for i =

2, 3, . . . , m generated by Algorithm 1 are bounded.

Proof From Assumption 4.1, we can deduce that
{
zk+1

}
and

{
λk+1

i − λk
i

}
are bounded for i = 2, 3, . . . , m.

Since
∥
∥
∥xk+1

i

∥
∥
∥ =

∥
∥
∥
∥
∥

λk+1
i − λk

i

τiμi
+ zk+1

∥
∥
∥
∥
∥

≤
∥
∥
∥
∥
∥

λk+1
i − λk

i

τiμi

∥
∥
∥
∥
∥

+
∥
∥
∥zk+1

∥
∥
∥ ,

we derive that
{
xk

i

}
are bounded for i = 2, 3, . . . , m. For the complex case, the Frobenius tensor norm ‖ · ‖F is

also compatible with the 2-norm of the vector, so

∥
∥
∥Ak


=i

∥
∥
∥

2

F
=
∥
∥
∥A •2 xk+1

2 · · · •i−1 xk+1
i−1 •i+1 xk

i+1 · · · •m xk
m

∥
∥
∥

2

F

≤
∥
∥
∥A •2 xk+1

2 · · · •i−1 xk+1
i−1 •i+1 xk

i+1 · · · •m−1 xk
m−1

∥
∥
∥

2

F

∥
∥
∥xk

m

∥
∥
∥

2

≤
∥
∥
∥A •2 xk+1

2 · · · •i−1 xk+1
i−1 •i+1 xk

i+1 · · · •m−2 xk
m−2

∥
∥
∥

2

F

∥
∥
∥xk

m−1

∥
∥
∥

2 ∥∥
∥xk

m

∥
∥
∥

2

≤ · · ·
≤ ‖A‖2

F

∥
∥
∥xk+1

2

∥
∥
∥

2 ∥∥
∥xk+1

3

∥
∥
∥

2 · · ·
∥
∥
∥xk+1

i−1

∥
∥
∥

2 ∥∥
∥xk

i+1

∥
∥
∥

2 · · ·
∥
∥
∥xk

m−1

∥
∥
∥

2 ∥∥
∥xk

m

∥
∥
∥

2
.
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Since
{
xk

i

}
are bounded for i = 2, 3, . . . , m,

{
Ak


=i

}
and

{
f k+1
i

(
xk

i

)}
are bounded.

In the end, we can derive the following equation from the iteration of xk+1
i :

λk
i = −

(
tk
i + μi

) (
xk+1

i − xk
i

)
−
(

Ak

=i

)H (
Ak


=i x
k
i − b

)
− μi

(
xk

i − zk
)

.

Since
{
xk

i

}
,
{
zk
}
,
{

Ak

=i

}
are bounded for i = 2, 3, . . . , m,

{
λk

i

}
are bounded, and the result is proven. ��

Remark 4.1 A bounded and 2-bounded variation sequence may not be convergent. We choose
[
l j , u j

]
satisfying

u j − λ̃
0
j > 1, λ̃

0
j − l j > 1, and l j < u j for j = 1, 2, . . . , N , where λ̃

k
j denotes the j-th component of λ̃

k ∈ R
N .

Consider the sequence
{
λ̃

k
}

defined by

λ̃
k+1
j = λ̃

k
j + (−1)

θk
j

(k + 1)
βk

j

, (4.1)

where βk
j ∈ ( 1

2 , 1
]
, the sequences

{
θk

j

}
satisfy θ0

j = 0 for j = 1, 2, . . . , N , and

θk+1
j =

{
θk

j + 1, if λ̃
k+1
j /∈ [

l j , u j
]

and λ̃
k
j ∈ [

l j , u j
]
,

θk
j , otherwise.

We can show that
(
l j − 1

)
< λ̃

k
j <

(
u j + 1

)
and

∞∑
k=0

∣
∣
∣̃λ

k+1
j − λ̃

k
j

∣
∣
∣
2 =

∞∑
k=0

(k + 1)
−2βk

j < ∞ for all j . Thus,
{
λ̃

k
}

is a bounded and 2-bounded variation sequence. However, if we choose the subsequence
{
λ̃

km
j

}
satisfying

(
λ̃

km+1
j − l j

) (
λ̃

km
j − l j

)
≤ 0, then

lim
km→∞

∣
∣
∣̃λ

km
j − l j

∣
∣
∣ ≤ lim

km→∞
1

(km + 1)
β

km
j

= 0.

Similarly, if we choose the subsequence
{
λ̃

kn
j

}
satisfying

(
λ̃

kn+1
j − u j

) (
λ̃

kn
j − u j

)
≤ 0, then

lim
kn→∞

∣
∣
∣̃λ

kn
j − u j

∣
∣
∣ ≤ lim

kn→∞
1

(kn + 1)
β

kn
j

= 0.

Thus, l j and u j are the limit points of the sequence
{
λ̃

k
j

}
for j = 1, 2, . . . , N , which means that

{
λ̃

k
j

}
is not

convergent. Therefore, the bounded and 2-bounded variation sequence
{
λ̃

k
}

is not convergent. In this section, we

consider proving that all the limit points of the sequence generated by Algorithm 1 satisfy the KKT conditions.

Theorem 4.1 Suppose Assumption 4.1 holds, the sequences generated by Algorithm 1 satisfy

Lμ

(
x̃k, zk, λ̃

k
)

− Lμ

(
x̃k+1, zk+1, λ̃

k+1
)

≥
m∑

i=2

(
tk
i − Lk

i

) ∥
∥
∥xk+1

i − xk
i

∥
∥
∥

2 + mμ

∥
∥
∥zk+1 − zk

∥
∥
∥

2 −
m∑

i=2

1

τiμi

∥
∥
∥λ

k+1
i − λk

i

∥
∥
∥

2
,

where mμ = min
i

μi , Lk
i =

∥
∥
∥Ak


=i

∥
∥
∥

2

2
.
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Proof Let σ k+1
i (xi ) = 2Re

{(
λk

i

)H (
xi − zk

)}+ μi
∥
∥xi − zk

∥
∥2

. By the complex Taylor theorem, we have

f k+1
i

(
xk

i + �xk
i

)
= f k+1

i

(
xk

i

)
+
⎛

⎜
⎝

(
Ak
=i

)

(Ak
=i x

k
i − b)

(
Ak


=i

)H
(Ak


=i x
k
i − b)

⎞

⎟
⎠


 (
�xk

i

�xk
i

)

+ 1

2

(
�xk

i

�xk
i

)H
⎛

⎜
⎝

(
Ak


=i

)H
Ak


=i On

On

(
Ak


=i

)H
Ak


=i

⎞

⎟
⎠

(
�xk

i

�xk
i

)

= f k+1
i

(
xk

i

)
+ 2 Re

{(
Ak


=i x
k
i − b

)H
Ak


=i�xk
i

}

+ Re

{

(�xk
i )

H
(

Ak

=i

)H (
Ak


=i

)
�xk

i

}

≤ f k+1
i

(
xk

i

)
+ 2 Re

{(
Ak


=i x
k
i − b

)H
Ak


=i�xk
i

}

+ Lk
i

∥
∥
∥�xk

i

∥
∥
∥

2
,

(4.2)

where On ∈ R
n×n is the zero matrix. Let �xk

i = xk+1
i − xk

i , we obtain

f k+1
i

(
xk+1

i

)
� f k+1

i

(
xk

i

)
+ 2Re

{(
Ak


=i x
k
i − b

)H
Ak


=i

(
xk+1

i − xk
i

)}

+ Lk
i

∥
∥
∥xk+1

i − xk
i

∥
∥
∥

2
. (4.3)

From the iteration of xk+1
i and (3.6), we deduce that

tk
i

∥
∥
∥
∥xk+1

i − xk
i +

(
Ak


=i

)H (
Ak


=i x
k
i − b

)
/tk

i

∥
∥
∥
∥

2

+ μi

∥
∥
∥xk+1

i − zk + λk
i /μi

∥
∥
∥

2

≤ tk
i

∥
∥
∥
∥

(
Ak


=i

)H (
Ak


=i x
k
i − b

)
/tk

i

∥
∥
∥
∥

2

+ μi

∥
∥
∥xk

i − zk + λk
i /μi

∥
∥
∥

2
.

(4.4)

Since ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

tk
i

∥
∥
∥
∥�xk

i +
(

Ak

=i

)H (
Ak


=i x
k
i − b

)
/tk

i

∥
∥
∥
∥

2

− tk
i

∥
∥
∥
∥

(
Ak


=i

)H (
Ak


=i x
k
i − b

)
/tk

i

∥
∥
∥
∥

2

= tk
i

∥
∥�xk

i

∥
∥2 + 2Re

{(
Ak


=i x
k
i − b

)H
Ak


=i �xk
i

}

,

μi
∥
∥xk

i − zk + λk
i /μi

∥
∥2 − μi

∥
∥
∥xk+1

i − zk + λk
i /μi

∥
∥
∥

2

= μi
∥
∥xk

i − zk
∥
∥2 − μi

∥
∥
∥xk+1

i − zk
∥
∥
∥

2 − 2Re
{(

λk
i

)H
(

xk+1
i − xk

i

)}
.

The inequality (4.4) can be transformed equivalently into

tk
i

∥
∥
∥xk+1

i − xk
i

∥
∥
∥

2 + 2Re

{(
Ak


=i x
k
i − b

)H
Ak


=i

(
xk+1

i − xk
i

)}

≤ μi

∥
∥
∥xk

i − zk
∥
∥
∥

2 − μi

∥
∥
∥xk+1

i − zk
∥
∥
∥

2 − 2Re

{(
λk

i

)H (
xk+1

i − xk
i

)}

.

(4.5)

Note that
σ k+1

i

(
xk+1

i

)
− σ k+1

i

(
xk

i

)

= 2Re

{(
λk

i

)H (
xk+1

i − xk
i

)}

+ μi

∥
∥
∥xk+1

i − zk
∥
∥
∥

2 − μi

∥
∥
∥xk

i − zk
∥
∥
∥

2
,

we rewrite (4.5) into

σ k+1
i (xk+1

i ) − σ k+1
i (xk

i ) ≤ −tk
i

∥
∥
∥xk+1

i − xk
i

∥
∥
∥

2 − 2Re

{(
Ak


=i x
k
i − b

)H
Ak


=i

(
xk+1

i − xk
i

)}

. (4.6)
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Summing the inequalities (4.3) and (4.6), we obtain that

f k+1
i

(
xk

i

)
+ σ k+1

i

(
xk

i

)
− f k+1

i

(
xk+1

i

)
− σ k+1

i

(
xk+1

i

)
≥
(

tk
i − Lk

i

) ∥
∥
∥xk+1

i − xk
i

∥
∥
∥

2
.

Since f k+1
i

(
xk+1

i

)
= f k+1

i+1

(
xk

i

)
, we can deduce that

f k+1
2

(
xk

i

)
− f k+1

m

(
xk+1

i

)
= f k+1

2

(
xk

i

)
− f k+1

2

(
xk+1

i

)
+ f k+1

2

(
xk+1

i

)
− f k+1

m

(
xk+1

i

)

= f k+1
2

(
xk

i

)
− f k+1

2

(
xk+1

i

)
+ f k+1

3

(
xk

i

)
− f k+1

m

(
xk+1

i

)

=
m∑

i=2

[
f k+1
i

(
xk

i

)
− f k+1

i

(
xk+1

i

)]
.

Therefore,
Lμ(̃xk, zk, λ̃

k
) − Lμ(̃xk+1, zk, λ̃

k
)

= f k+1
2

(
xk

i

)
− f k+1

m

(
xk+1

i

)
+

m∑

i=2

[
σ k+1

i

(
xk

i

)
− σ k+1

i

(
xk+1

i

)]

=
m∑

i=2

[
f k+1
i

(
xk

i

)
− f k+1

i

(
xk+1

i

)
+ σ k+1

i

(
xk

i

)
− σ k+1

i

(
xk+1

i

)]

≥
m∑

i=2

(
tk
i − Lk

i

) ∥
∥
∥xk+1

i − xk
i

∥
∥
∥

2
.

(4.7)

Because of the strong convexity of Lμ over z, through the iteration of zk+1, we have

Lμ

(
x̃k+1, zk, λ̃

k
)

− Lμ

(
x̃k+1, zk+1, λ̃

k
)

=
m∑

i=2

(

μi

∥
∥
∥zk − xk

i − λk
i /μi

∥
∥
∥

2 − μi

∥
∥
∥zk+1 − xk

i − λk
i /μi

∥
∥
∥

2
)

≥ 2Re

{

∇z Lμ

(
· · · , zk+1, · · ·

)H (
zk − zk+1

)}

+ mμ

∥
∥
∥zk − zk+1

∥
∥
∥

2

= mμ

∥
∥
∥zk − zk+1

∥
∥
∥

2
.

(4.8)

Besides, the iteration of λk+1
i leads to

Lμ

(
· · · ,λk+1

i−1 ,λk
i , · · ·

)
− Lμ

(
· · · ,λk+1

i ,λk
i+1, · · ·

)

=
(
λk

i

)H (
xk+1

i − zk+1
)

−
(
λk+1

i

)H (
xk+1

i − zk+1
)

= − 1

τiμi

∥
∥
∥λ

k
i − λk+1

i

∥
∥
∥

2
.

(4.9)

Thus,

Lμ

(
x̃k+1, zk+1, λ̃

k
)

− Lμ

(
x̃k+1, zk+1, λ̃

k+1
)

= −
m∑

i=2

1

τiμi

∥
∥
∥λ

k
i − λk+1

i

∥
∥
∥

2
. (4.10)

By summing (4.7), (4.8) and (4.10), we can derive that

Lμ

(
x̃k, zk, λ̃

k
)

− Lμ

(
x̃k+1, zk+1, λ̃

k+1
)

≥
m∑

i=2

(
tk
i − Lk

i

) ∥
∥
∥xk+1

i − xk
i

∥
∥
∥

2 + mμ

∥
∥
∥zk+1 − zk

∥
∥
∥

2 −
m∑

i=2

1

τiμi

∥
∥
∥λ

k+1
i − λk

i

∥
∥
∥

2
,

(4.11)

and the result is proven. ��
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Theorem 4.2 Suppose Assumption 4.1 holds, tk
i ≥ (1 + ω)

∥
∥
∥Ak


=i

∥
∥
∥

2

2
+ ω̂ for some ω, ω̂ > 0, then all limit points

of the sequence
{

x̃k, zk, λ̃
k
}

generated by Algorithm 1 satisfy the KKT conditions.

Proof We only need to prove that

⎧
⎪⎨

⎪⎩

AH
=i,k

(
A
=i,kxk

i − b
)+ λk

i → 0, i = 2, 3, . . . , m,

xk
i − zk → 0, i = 2, 3, . . . , m,
∑m

i=2 λk
i → 0.

Let τ = min
i

τi . From Theorem 4.1, we have

Lμ

(
x̃k, zk, λ̃

k
)

− Lμ

(
x̃k+1, zk+1, λ̃

k+1
)

≥
m∑

i=2

(
tk
i − Lk

i

) ∥
∥
∥xk+1

i − xk
i

∥
∥
∥

2 + mμ

∥
∥
∥zk+1 − zk

∥
∥
∥

2 −
m∑

i=2

1

τiμi

∥
∥
∥λ

k+1
i − λk

i

∥
∥
∥

2

≥
m∑

i=2

(
ωLk

i + ω̂
) ∥
∥
∥xk+1

i − xk
i

∥
∥
∥

2 + mμ

∥
∥
∥zk+1 − zk

∥
∥
∥

2 − 1

τmμ

∥
∥
∥̃λ

k+1 − λ̃
k
∥
∥
∥

2
.

(4.12)

{
Lμ

(
x̃k, zk, λ̃

k
)}

is bounded by Property 4.1. Let
∣
∣
∣Lμ

(
x̃k, zk, λ̃

k
)∣
∣
∣ ≤ M . We sum both sides of the inequality

(4.12),

+∞∑

k=1

(
m∑

i=2

(
ωLk

i + ω̂
) ∥
∥
∥xk+1

i − xk
i

∥
∥
∥

2 + mμ

∥
∥
∥zk+1 − zk

∥
∥
∥

2 − 1

τmμ

∥
∥
∥̃λ

k+1 − λ̃
k
∥
∥
∥

2
)

≤Lμ

(
x̃1, z1, λ̃

1
)

− lim
k→∞

Lμ

(
x̃k, zk, λ̃

k
)

≤
∣
∣
∣Lμ

(
x̃1, z1, λ̃

1
)∣
∣
∣+

∣
∣
∣
∣ lim
k→∞

Lμ

(
x̃k, zk, λ̃

k
)∣∣
∣
∣

≤2M.

From Assumption 4.1(b), we deduce that

+∞∑

k=1

(
m∑

i=2

(
ωLk

i + ω̂
) ∥
∥
∥xk+1

i − xk
i

∥
∥
∥

2 + mμ

∥
∥
∥zk+1 − zk

∥
∥
∥

2
)

< +∞.

So we have
∥
∥
∥xk+1

i − xk
i

∥
∥
∥ → 0 and

∥
∥zk+1 − zk

∥
∥ → 0 for i = 2, 3, . . . , m. Moreover,

lim
k→∞

∥
∥
∥
∥

(
Ak


=i

)H (
Ak


=i x
k
i − b

)
+ λk

i

∥
∥
∥
∥

= lim
k→∞

∥
∥
∥

(
tk
i + μi

) (
xk+1

i − xk
i

)
+
(
λk

i − λk−1
i

)
/τi

∥
∥
∥

≤ lim
k→∞

∥
∥
∥

(
tk
i + μi

) (
xk+1

i − xk
i

)∥
∥
∥+ lim

k→∞

∥
∥
∥λ

k
i − λk−1

i

∥
∥
∥ /τi

= 0.

(4.13)
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It follows that
(

Ak

=i

)H (
Ak


=i x
k
i − b

)
+ λk

i → 0. Note that A
=i,k = A •2 xk
2 · · · •i−1 xk

i−1 •i+1 xk
i+1 · · · •m xk

m ,

and it is not difficult to prove that A
=i,k − Ak

=i → On since xk+1

i − xk
i → 0. Furthermore

lim
k→∞

∥
∥
∥AH
=i,k

(
A
=i,kxk

i − b
)

+ λk
i

∥
∥
∥

≤ lim
k→∞

∥
∥
∥
∥

(
A
=i,k − Ak


=i

)H (
A
=i,kxk

i − b
)∥∥
∥
∥+ lim

k→∞

∥
∥
∥
∥

(
Ak


=i

)H (
A
=i,k − Ak


=i

)
xk

i

∥
∥
∥
∥

+ lim
k→∞

∥
∥
∥
∥

(
Ak


=i

)H (
Ak


=i x
k
i − b

)
+ λk

i

∥
∥
∥
∥

=0.

(4.14)

Thus, AH
=i,k

(
A
=i,kxk

i − b
)+λk

i → 0, which means that all limit points of the sequence generated by Algorithm
1 satisfy the first equation of the KKT conditions.

From Assumption 4.1(b), we can derive that λk
i − λk−1

i → 0, which implies that xk
i − zk → 0, and the

second equation of the KKT conditions is satisfied. Moreover, by Property 3.1,
∑m

i=2 λk
i = 0 for all k > 0,

which implies that lim
k→∞

∑m
i=2 λk

i = 0, and the third equation of the KKT conditions is satisfied. Thus, we can

conclude that all limit points of the sequence
{

x̃k, zk, λ̃
k
}

satisfy the KKT conditions.
��

Remark 4.2 In the convergence theorem of the LADMM algorithm, we need to choose tk
i = δi

∥
∥
∥Ak


=i

∥
∥
∥

2

2
and

δi > 1. In practice, we can set the step size parameters δi ∈ (0, 1] for i = 2, 3, . . . , m to accelerate the
algorithm. For example, we choose δi = 0.7 in some numerical experiments in Section 6, and the iteration can
be greatly improved.

Theorem 4.3 If A is semi-symmetric, the sequence generated by Algorithm 1 satisfies Assumption 4.1, and there
exists one limit point z∗ of

{
zk
}

such that A (z∗)m−2 is nonsingular, then the residuals r̃K = min
k≤K

rk → 0 and

R̃K = min
k≤K

Rk → 0.

Proof Since xk
i − zk → 0, z∗ is a limit point of

{
xk

i

}
, and A∗
=i := A •2 z∗ · · · •i−1 z∗ •i+1 z∗ · · · •m z∗ is a limit

point of
{

Ak

=i

}
. From Theorem 4.2, any limit point of the sequence

{
x̃k, zk, λ̃

k
}

satisfies the KKT conditions.

Therefore, for the chosen limit point
{

x̃∗, z∗, λ̃∗}
, A (z∗)m−2 is nonsingular, and

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(
A∗
=i

)H (
A∗
=i x

∗
i − b

)
+ λ∗

i = 0, i = 2, 3, . . . , m,

x∗
i − z∗ = 0, i = 2, 3, . . . , m,
m∑

i=2
λ∗

i = 0.

(4.15)

Let z p represent the p-th component of the vector z. Since A is semi-symmetric and x∗
i = z∗ for i = 2, 3, . . . , m,

for j, q ∈ {1, 2, . . . , n},
(

A∗
=i

)

jq
= (A •2 z∗ · · · •i−1 z∗ •i+1 z∗ · · · •m z∗)

jq

=
n∑

p2,p3,...,pi−1,pi+1,...,pm=1

a jp2 p3···pi−1qpi+1···pm z∗
p2

z∗
p3

· · · z∗
pi−1

z∗
pi+1

· · · z∗
pm

=
n∑

p2,p3,...,pi−1,pi+1,...,pm=1

a jqp3···pi−1 p2 pi+1···pm z∗
p3

· · · z∗
pi−1

z∗
p2

z∗
pi+1

· · · z∗
pm

=
n∑

p3,...,pi−1,pi ,pi+1,...,pm=1

a jqp3···pi−1 pi pi+1···pm z∗
p3

· · · z∗
pi−1

z∗
pi

z∗
pi+1

· · · z∗
pm

=
(
A (

z∗)m−2
)

jq
. (We need to substitute the index p2 withpi .)
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Therefore, A∗
=i = A (z∗)m−2 for i = 2, 3, . . . , m. Summing the indicator i of the first equation in (4.15), we
have

m∑

i=2

(
A∗
=i

)H (
A∗
=i x

∗
i − b

)
+

m∑

i=2

λ∗
i = 0.

Since
∑m

i=2 λ∗
i = 0 and A∗
=i = A (z∗)m−2 for i = 2, 3, . . . , m, we can derive that

(m − 1)
[
A (

z∗)m−2
]H [A (

z∗)m−1 − b
]

= 0.

As A (z∗)m−2 is a nonsingular matrix, we have

A (
z∗)m−1 − b = 0. (4.16)

Choose the subsequence zkl → z∗ and consider the residual sequence r̃K , we obtain

lim
K→∞ r̃K = lim

K→∞ min
k≤K

∥
∥
∥Azm−1

k − b
∥
∥
∥

≤ lim
K→∞ min

kl≤K

∥
∥
∥Azm−1

kl
− b

∥
∥
∥

≤ lim
kl→∞

∥
∥
∥Azm−1

kl
− b

∥
∥
∥

=
∥
∥
∥A (

z∗)m−1 − b
∥
∥
∥

= 0.

(4.17)

Besides,

lim
K→∞ R̃K = lim

K→∞ min
k≤K

{

max

(∥
∥
∥Ak−1


=m xk
m − b

∥
∥
∥ , max

i

∥
∥
∥xk

i − zk
∥
∥
∥

)}

≤ lim
K→∞ min

kl≤K

{

max

(∥
∥
∥Akl−1


=m xkl
m − b

∥
∥
∥ , max

i

∥
∥
∥xkl

i − zkl

∥
∥
∥

)}

≤ lim
kl→∞

{

max

(∥
∥
∥Akl−1


=m xkl
m − b

∥
∥
∥ , max

i

∥
∥
∥xkl

i − zkl

∥
∥
∥

)}

≤ max

(∥
∥
∥A (

z∗)m−1 − b
∥
∥
∥ , max

i

∥
∥x∗

i − z∗∥∥
)

= 0,

(4.18)

and the result is proven. ��
Remark 4.3 r̃K → 0 and R̃K → 0 only need one limit point z∗ of zk satisfying that A (z∗)m−2 is nonsingular,
instead of all the limit points of zk . Let Hrr (z) be the real Hessian of f (z) = ∥

∥Azm−1 − b
∥
∥2

. If A is not a
semi-symmetric tensor, the sequence generated by Algorithm 1 satisfies Assumption 4.1, and there exists one
limit point z∗ of

{
zk
}

where Hrr (z∗) is nonsingular, then we deduce that the residuals r̃K → 0 and R̃K → 0
similarly, and we omit its proof.

5 Extensions

5.1 Solve the US-eigenpairs of the symmetric complex tensor

In this subsection, we consider solving the US-eigenpairs of the symmetric tensor. We only need to discuss the
case when m is odd, and the case when m is even can be derived similarly. When m is odd, we need to solve
(2.5) to obtain the US-eigenpairs. For y 
= 0, by introducing the central variable z, (2.5) can be equivalently
transformed into the following problem:

⎧
⎪⎨

⎪⎩

min
yi ,z∈Cn ,

i=2,...,m

∥
∥Sy2 · · · ym − z̄

∥
∥2

,

s.t. y2 = y3 = · · · = ym = z.
(5.1)
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Let ỹ := (
y


2 , . . . , y

m

)

. The augmented Lagrangian function is

Lμ(̃y, z, λ̃) = ∥
∥Sy2 · · · ym − z̄

∥
∥2 +

m∑

i=2

2Re
{
λH

i (yi − z)
}

+
m∑

i=2

μi ‖yi − z‖2 .

Let Ŝk

=i := S •2 yk+1

2 · · · •i−1 yk+1
i−1 •i+1 yk

i+1 · · · •m yk
m . For the LADMM algorithm, we have the iteration

yk+1
i = argmin

yi

2Re

{(
Ŝk
=i y

k
i − z̄k

)H (
Ŝk
=i

) (
yi − yk

i

)}

+ tk
i

∥
∥
∥yi − yk

i

∥
∥
∥

2

+
m∑

i=2

2Re

{(
λk

i

)H (
yi − zk

)}

+
m∑

i=2

μi

∥
∥
∥yi − zk

∥
∥
∥

2
.

After some manipulation, we can derive that

yk+1
i = argmin

yi

t k
i

∥
∥
∥
∥yi − yk

i +
(

Ŝk
=i

)H (
Ŝk
=i y

k
i − z̄k

)
/tk

i

∥
∥
∥
∥

2

+ μi

∥
∥
∥yi − zk + λk

i /μi

∥
∥
∥

2
.

Therefore,

yk+1
i =

(
tk
i + μi

)−1
(

−
(

Ŝk

=i

)H (
Ŝk


=i y
k
i − z̄k

)
− λk

i + μi zk
)

. (5.2)

Besides, the iteration of zk+1 is

zk+1 =

⎛

⎜
⎜
⎝

Syk+1
2 · · · yk+1

m +
m∑

i=2

(
μi y

k+1
i + λk

i

)

1 +
m∑

i=2
μi

⎞

⎟
⎟
⎠ . (5.3)

Next, we provide the framework of the LADMM algorithm for solving the US-eigenpairs of the symmetric
complex tensor. We also provide its convergence theorem but omit its proof.

Algorithm 2 The LADMM algorithm for solving the US-eigenpairs of the odd order symmetric complex tensor

Step 1: Input the tensor S ∈ C
[m,n], ε > 0, the maximum iteration number kmax. Set the step size parameters τi > 0, δi > 0, and

the penalty parameters μi > 0 for i = 2, 3, . . . , m. Set the initial values y0
i ∈ C

n , λ0
i = λ−1

i = 0. Compute z0 by (5.3) and the
TT-decomposition of S.
Step 2: Update the original variable sequences iteratively. For i = 2, 3, . . . , m, compute the matrix Ŝk


=i by TT-format and

tk
i = δi

∥
∥
∥Ŝk


=i

∥
∥
∥

2

2
, and update the original variable yi as follows:

yk+1
i =

(
tk
i + μi

)−1
(

−
(

Ŝk

=i

)H (
Ŝk


=i y
k
i − z̄k

)
− λk

i + μi zk
)

.

Step 3: Update the central variable z by (5.3):

zk+1 =

⎛

⎜
⎜
⎝

Syk+1
2 · · · yk+1

m +
m∑

i=2

(
μi y

k+1
i + λk

i

)

1 +
m∑

i=2
μi

⎞

⎟
⎟
⎠ .

Step 4: Update λi for i = 2, 3, . . . , m. λk+1
i = λk

i + τi μi

(
xk+1

i − zk+1
)

.

Step 5: If
∥
∥
∥S

(
zk+1

)m−1 − zk+1
∥
∥
∥ < ε or k > kmax, output zk+1. Then, we compute the US-eigenpairs of the given tensor by

±
(∥
∥zk+1

∥
∥−(d−2)

,
∥
∥zk+1

∥
∥−1

zk+1
)

. Otherwise, return to Step 2.

Theorem 5.1 Suppose that the sequence
{

ỹk, zk, λ̃
k
}

generated by Algorithm 2 satisfies Assumption 4.1, then

any limit point of the sequence satisfies the KKT conditions of problem (5.1).
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5.2 Higher-order Markov chain problems and multilinear PageRank problems

In this subsection, we consider finding the stationary probability vector of a transition probability tensor arising
from the higher-order Markov chain. As stated in Li et al. [4], the higher-order Markov chain is a stochastic
process with a random variable’s sequence as follows,

{Xt , t = 0, 1, 2 . . .} ,

which takes on values in a discrete finite state space 〈n〉 = {1, . . . , n}. The time-independent probability of Xt is

pi1i2...im = Prob (Xt = i1 | Xt−1 = i2, . . . , Xt−m+1 = im) ,

where i1, i2, . . . , im ∈ 〈n〉 and

0 ≤ pi1i2...im ≤ 1,

n∑

i1=1

pi1i2...im = 1.

We denote P = (
pi1...im

)
as the transition probability tensor. A nonnegative vector x = (x1, . . . , xn)
 ∈ R

n

with entries summing up to 1 is a stationary probability distribution vector if

x j =
∑

1�i2,...,im�n

p ji2...im xi2 · · · xim , j = 1, . . . , n. (5.4)

The problem of finding the stationary probability vector of the transition probability tensor P can be expressed
as the following convex constrained tensor equation:

{
Pxm−1 = x,

s.t. e
x = 1, x � 0.
(5.5)

Besides, many researchers employed the higher-order Markov chain model to explore some applications, such
as the multilinear PageRank problem Gleich et al. [35].

x = αP̂xm−1 + (1 − α)v, x ≥ 0, ‖x‖1 = 1,

where P̂ is a transition probability tensor, v is a transition probability vector, and α ∈ (0, 1) is a damping
parameter. We can rewrite the multilinear PageRank problem as follows,

x = Pxm−1, ‖x‖1 = 1,P = αP̂ + (1 − α)V ,

where V = (
vi1i2...,im

)
with vi1i2...,im = vi1 ,∀i2, . . . , im . P is also a transition probability tensor.

By introducing the central variable z, problem (5.5) is equivalent to

⎧
⎪⎪⎨

⎪⎪⎩

min
xi ,z∈Rn ,

i=2,...,m

1
2 ‖Px2 · · · xm − z‖2 ,

s.t. x2 = x3 = · · · = xm = z,
e
z = 1, z � 0.

(5.6)

Let N1 = {
z ∈ R

n | e
z = 1, z � 0
}
. The augmented Lagrangian function of (5.6) is chosen as

Lμ

(
x̃, z, λ̃

) = 1

2
‖Px2 · · · xm − z‖2 +

m∑

i=2

λ

i (xi − z) + 1

2

m∑

i=2

μi ‖xi − z‖2 + 1N1 (z) ,

where 1N1 (z) is the indicator function over the convex set N1. Denote that Pk

=i := P •2 xk+1

2 · · · •i−1 xk+1
i−1 •i+1

xk
i+1 · · · •m xk

m . The matrix Pk

=i can be computed by TT-format. Then, the iteration of the LADMM algorithm is
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948 S. Feng et al.

presented as follows,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

xk+1
i = argmin

xi

(
Pk


=i x
k
i − zk

)
 (
Pk


=i

) (
xi − xk

i

)

+ tk
i
2

∥
∥xi − xk

i

∥
∥+

m∑

i=2

(
λk

i

)
 (
xi − zk

)+ 1
2

m∑

i=2
μi
∥
∥xi − zk

∥
∥2

,

zk+1 = argmin
z

Lμ

(
x̃k+1, z, λ̃k

)
,

λk+1
i = λk

i + τiμi

(
xk+1

i − zk+1
)

.

(5.7)

The iteration of xk+1
i is

xk+1
i =

(
tk
i + μi

)−1
(

−
(

Pk

=i

)
 (
Pk


=i x
k
i − zk

)
+ tk

i xk
i − λk

i + μi zk
)

. (5.8)

Next, we consider the subproblem of computing zk+1:

zk+1 = argmin
z∈N1

1

2

∥
∥
∥z − Pxk+1

2 · · · xk+1
m

∥
∥
∥

2 +
m∑

i=2

(
λk

i

)
 (
xk+1

i − z
)

+
m∑

i=2

μi

2

∥
∥
∥z − xk+1

i

∥
∥
∥

2
. (5.9)

(5.9) can be equivalently transformed into

zk+1 = argmin
z∈N1

1

2

∥
∥
∥
∥
∥
∥
∥
∥

z −
Pxk+1

2 · · · xk+1
m +

m∑

i=2

(
μi x

k+1
i + λk

i

)

1 +
m∑

i=2
μi

∥
∥
∥
∥
∥
∥
∥
∥

2

. (5.10)

The iteration of zk+1 can be written as zk+1 = PN1

⎛

⎝
Pxk+1

2 ···xk+1
m +

m∑

i=2

(
μi xk+1

i +λk
i

)

1+
m∑

i=2
μi

⎞

⎠ , where PN1 (z) is the metric

projection of z onto the set N1. We have the following algorithm to compute the projection onto the set N1
Condat [36],

Algorithm 3 Compute the projection onto the simplex z = PN1 (y) by sorting
Step 1: Sort y into u : u1 ≥ · · · ≥ un .

Step 2: Set K := max1≤k≤n

{
k |

(∑k
r=1 ur − 1

)
/k < uk

}
.

Step 3: Set τ :=
(∑K

k=1 uk − 1
)

/K .

Step 4: For j = 1, . . . , N , set z j := max
{

y j − τ, 0
}
.

The algorithmic framework and the convergence theorem of the LADMM algorithm are presented as follows.

Theorem 5.2 Suppose that the sequence
{

x̃k, zk, λ̃
k
}

generated by Algorithm 4 satisfies Assumption 4.1, then

any limit point of the sequence satisfies the KKT conditions of problem (5.6).

5.3 General convex constrained real tensor equation problems

In this subsection, we consider the general convex constrained real tensor equation:

Axm−1 = b, x ∈ �. (5.11)
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Algorithm 4 The LADMM algorithm for solving the higher-order Markov chain problems

Step 1: Input the tensor P ∈ R
[m,n], ε > 0, and the maximum iteration number kmax. Set the step size parameters τi > 0, δi > 0,

and the penalty parameters μi > 0 for i = 2, 3, . . . , m. Set the initial values x0
i = z0 ∈ N1, λ0

i = 0 with i = 2, 3, . . . , m, and
compute the TT-decomposition of P .
Step 2: Update the original variable sequences iteratively. For i = 2, 3, . . . , m, compute the matrix Pk


=i by TT-format and

tk
i = δi

∥
∥
∥Pk


=i

∥
∥
∥

2

2
. Update the original variable as follows,

xk+1
i =

(
tk
i + μi

)−1
(

−
(

Pk

=i

)
 (
Pk


=i x
k
i − zk

)
+ tk

i xk
i − λk

i + μi zk
)

.

Step 3: Update the central variable z:

zk+1 = PN1

⎛

⎜
⎜
⎝

Pxk+1
2 · · · xk+1

m +
m∑

i=2

(
μi x

k+1
i + λk

i

)

1 +
m∑

i=2
μi

⎞

⎟
⎟
⎠ .

Step 4: Update λi for i = 2, 3, . . . , m. λk+1
i = λk

i + τi μi

(
xk+1

i − zk+1
)

.

Step 5: If
∥
∥
∥P

(
zk+1

)m−1 − zk+1
∥
∥
∥ < ε or k > kmax, output zk+1. Otherwise, return to Step 2.

In (5.11), � is a real general convex set, A ∈ R[m,n], b ∈ R
n . Similarly, we introduce the central variable z and

transform the problem equivalently into the following multi-convex problem,
⎧
⎨

⎩

min
xi ,z∈Rn ,

i=2,...,m

1
2 ‖Ax2 · · · xm − b‖2 + 1� (z) ,

s.t. x2 = x3 = · · · = xm = z,
(5.12)

where 1� (z) is the indicator function over the convex set �. We can deduce the following iterations of the
LADMM, ⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

xk+1
i = argmin

xi

(
Ak
=i x

k
i − b

)
 (
Ak
=i

) (
xi − xk

i

)+ tk
i
2

∥
∥xi − xk

i

∥
∥

+
m∑

i=2

(
λk

i

)
 (
xi − zk

)+ 1
2

m∑

i=2
μi
∥
∥xi − zk

∥
∥2

,

zk+1 = argmin
z

Lμ

(
x̃k+1, z, λ̃k

)
,

λk+1
i = λk

i + τiμi

(
xk+1

i − zk+1
)

.

(5.13)

where Lμ

(
x̃, z, λ̃

) = 1
2 ‖Ax2 · · · xm − b‖2 + ∑m

i=2 (λi )

 (xi − z) + ∑m

i=2
μi
2 ‖xi − z‖2 + 1� (z) . Each sub-

problem of our LADMM algorithm for the general convex constrained tensor equation has an explicit solution
as follows, ⎧

⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

xk+1
i = (

tk
i + μi

)−1
(

−
(

Ak

=i

)
 (
Ak


=i x
k
i − b

)
+ tk

i xk
i − λk

i + μi zk
)

,

zk+1 = P�

⎛

⎝

m∑

i=2

(
μi xk+1

i +λk
i

)

m∑

i=2
μi

⎞

⎠ ,

λk+1
i = λk

i + τiμi

(
xk+1

i − zk+1
)

.

(5.14)

In the end, we give the algorithmic framework and the convergence theorem.

Theorem 5.3 If the sequence
{

x̃k, zk, λ̃
k
}

generated by Algorithm 5 satisfies Assumption 4.1, then any limit

point of the sequence satisfies the KKT conditions of problem (5.12).

Remark 5.1 If we choose the convex set � = R
n , we can derive the LADMM’s iteration format for the uncon-

strained real tensor equation problems.
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Algorithm 5 The LADMM algorithm for solving the convex constrained real tensor equation problem

Step 1: Input the tensor A ∈ R
[m,n], ε > 0, and the maximum iteration number kmax. Set the step size parameters τi > 0, δi > 0,

and the penalty parameters μi > 0 for i = 2, 3, . . . , m. Set the initial values x0
i = z0 ∈ �, λ0

i = 0. Compute the TT-decomposition
of the given tensor A.

Step 2: Update the original variable sequences iteratively. For i = 2, 3, . . . , m, compute the matrix Ak

=i and tk

i = δi

∥
∥
∥Ak


=i

∥
∥
∥

2

2
.

Update the original variable xi as follows:

xk+1
i =

(
tk
i + μi

)−1
(

−
(

Ak

=i

)
 (
Ak


=i x
k
i − b

)
+ tk

i xk
i − λk

i + μi zk
)

.

Step 3: Update the central variable z:

zk+1 = P�

⎛

⎜
⎜
⎝

m∑

i=2

(
μi x

k+1
i + λk

i

)

m∑

i=2
μi

⎞

⎟
⎟
⎠ .

Step 4: Update λi for i = 2, 3, . . . , m. λk+1
i = λk

i + τi μi

(
xk+1

i − zk+1
)

.

Step 5: If
∥
∥
∥A

(
zk+1

)m−1 − b
∥
∥
∥ < ε or k > kmax, output zk+1. Otherwise, return to Step 2.

6 Numerical Experiments

In this section, we demonstrate the numerical performance of the LADMM algorithm in solving semi-symmetric
complex tensor equations, US-eigenvalue problems, higher-order Markov chain problems, and box-constrained
singular M-tensor equations. All the numerical tests are carried out by MATLAB R2022a on a PC with an
Intel(R) Core(TM) i5-1035G1 CPU @ 1.00 GHz. In this section, “IT” denotes the number of iterations, “Time”
denotes the CPU time for the iterations, and "RES" represents the residual. All the numerical examples are
conducted over 10 runs with different parameters. For simplicity, we set the parameters μ2 = μ3 = . . . = μm .
For computing the TT-format of the tensor, we use the function “TT-tensor" in the TT-toolbox, and its accuracy
is chosen as 10−14.

For general complex optimization problems, the conjugate gradient (CG) method is really effective. Besides,
the convergence rate of the CG method is superlinear near the solution of the tensor equation. Thus, we extend the
CG method stated in Liu et al.[15] to the complex case and compare our LADMM method with it. Moreover, the
proximal alternating linearized method based on TT-decomposition (PALM-TT) stated in Liang et al. [37] can
be extended to solve the complex tensor equation problem. With the use of TT-format, the PALM-TT method can
solve complex tensor equations efficiently. Therefore, we also compare the LADMM method with the PALM-TT
method.

6.1 Solve complex semi-symmetric tensor equations

Example 6.1 We construct a semi-symmetric nonsingular H-tensor. Let B ∈ C
[m,n] whose entries are

Bi1i2i2...i2 = cos (i1 + (m − 1) i2) + sin (i1 + (m − 1) i2) ı.

It is not difficult to prove that ρ (|B|) ≤ n2. Let s = 1.1n2, then A = sI − B is a semi-symmetric nonsingular
H-tensor where I ∈ R

[m,n] is an identity tensor. Next, we consider the H-tensor equation Axm−1 = b.

The exact solution is chosen as x∗ = (0.5 − 0.5ı) ∗ ones(n, 1) and b = A (x∗)m−1. The maximum iteration
number kmax = 5000, and ε = 10−9. The initial points x0

i = x0 = (1 − ı)∗ ones(n, 1) and λ0
i = zeros(n, 1) for

i = 2, 3, . . . , m. We choose suitable parameters τi , μi , and δi with i = 2, 3, . . . , m for the LADMM algorithm.
For the CG method, we set σ1 = 0.2, σ2 = 0.4, ρ = 0.5 and μ = 0.5 + 0.1 ∗ rand(1). For the PALM-TT

algorithm, we choose αk
i =

(

1.01
∥
∥
∥Ak


=i

∥
∥
∥

2
)−1

. We take different [m, n] to evaluate the proposed LADMM

algorithm, and the results are presented in Table 1.
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Table 1 Numerical results for the multi-linear systems in Example 6.1

Algorithms [m, n] [5, 10] [5, 20] [5, 30] [6, 10] [6, 20] [7, 10] [8, 10]
LADMM IT 33 36 37 33 36 37 37

TIME 0.08 0.14 0.27 0.10 0.31 0.15 0.31
RES 7.51e-10 9.50e-10 9.89e-10 8.83e-10 3.68e-10 9.40e-10 4.66e-10

CG IT 90 93 74 38 32 132 47
TIME 0.26 13.32 87.57 1.70 99.46 67.25 210.91
RES 8.77e-10 8.81e-10 7.11e-10 6.94e-10 9.24e-10 8.57e-10 4.68e-10

PALM-TT IT 1624 1713 1752 2107 2357 2901 3710
TIME 5.02 7.77 12.17 8.13 13.49 13.18 21.91
RES 9.87e-10 9.94e-10 9.87e-10 9.96e-10 9.99e-10 9.87e-10 9.87e-10

Table 2 Numerical results for the multi-linear systems in Example 6.2

Algorithms [m, n] [3, 50] [3, 75] [3, 100] [3, 200] [4, 50] [4, 75] [4, 100]
LADMM IT 25 29 30 45 30 62 43

TIME 0.04 0.07 0.10 0.47 0.19 0.46 0.82
RES 7.34e-8 7.51e-8 6.30e-8 8.54e-8 5.22e-8 8.11e-8 9.48e-8

CG IT 80 66 60 85 65 77 57
TIME 0.19 0.47 1.19 12.02 6.88 100.19 258.91
RES 8.29e-8 7.67e-8 9.70e-8 9.93e-8 8.00e-8 8.69e-8 8.05e-8

PALM-TT IT 515 618 571 620 562 884 740
TIME 1.16 1.71 2.13 6.96 1.98 6.64 11.92
RES 9.97e-8 9.85e-8 9.85e-8 9.99e-8 9.16e-8 9.98e-8 9.94e-8

Example 6.2 (Exponential data fitting) We consider two symmetric tensors A1 ∈ C[3,n] and A2 ∈ C[4,n] stated
in Papy et al. [5], whose entries are

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(A1)i1i2i3
= exp [(−0.01 + 0.40π ı) (i1 + i2 + i3 − 2)]

+ exp [(−0.02 + 0.44π ı) (i1 + i2 + i3 − 2)] + ei1+i2+i3−2,

(A2)i1i2i3i4
= exp [(−0.01 + 0.40π ı) (i1 + i2 + i3 + i4 − 3)]

+ exp [(−0.02 + 0.44π ı) (i1 + i2 + i3 + i4 − 3)] + ei1+i2+i3+i4−3,

where ei1+i2+i3−2 and ei1+i2+i3+i4−3 are two different complex white Gaussian noises.

We set the solution x∗ = (1 − ı) ∗ ones(n, 1), kmax = 1000, and ε = 10−7. The initial points x0
i = x0 =

(1 − ı) ∗ (rand (1) + 1) ∗ ones(n, 1) and λ0
i = zeros(n, 1) for i = 2, 3, . . . , m. We choose suitable parameters

τi , μi , and δi with i = 2, 3, . . . , m for the LADMM algorithm. For the CG method, we set σ1 = 0.1, σ2 = 0.3,

ρ = 0.5, and μ = 0.5 + 0.1 ∗ rand(1). For the PALM-TT algorithm, we choose αk
i =

(

1.01
∥
∥
∥Ak


=i

∥
∥
∥

2
)−1

. The

results are in Table 2.

6.2 Solve the US-eigenpairs problem of the complex symmetric tensor

Example 6.3 We consider the symmetric third-order pure state defined in Wei and Goldbart [8]

|GW(s, φ)〉 ≡ √
s|GHZ〉 + √

1 − seıφ |W〉, s ∈ [0, 1] , φ ∈ [0, 2π ] .

The corresponding tensor S is provided in (1.2), whose entries are
⎧
⎪⎨

⎪⎩

s111 = s222 =
√

2s
2 ,

s112 = s121 = s211 =
√

3−3s
3 eıφ,

s jkl = 0, elsewhere.

In order to find the US-eignepairs, we need to solve the following tensor equation:

Sym−1 = ȳ, y 
= 0.
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Table 3 Numerical results for the multi-linear systems in Example 6.3

Algorithms [s, φ] [0.25, 0π ] [0.25, 0.75π ] [0.50, 0π ] [0.50, 0.125π ] [0.75, 0π ] [0.75, 0.5π ]
LADMM IT 61 46 76 139 62 61

TIME 0.07 0.05 0.08 0.15 0.06 0.06
RES 4.83e-10 2.14e-10 9.99e-10 2.63e-10 6.13e-10 7.37e-10

CG IT 114 50 1000 160 74 75
TIME 0.17 0.06 2.87 0.17 0.06 0.07
RES 7.68e-10 3.89e-10 2.37e-6 9.27e-10 7.47e-10 9.55e-10

PALM-TT IT 691 748 773 762 882 784
TIME 0.87 0.95 1.05 1.00 1.14 1.04
RES 9.91e-10 9.94e-10 9.95e-10 9.92e-10 9.95e-10 9.94e-10

We set kmax = 1000 and ε = 10−9. The initial points x0
i = x0 = (2 ∗ rand (1) − 1) + (2.5 ∗ rand (1) − 1.5) ı

and λ0
i = zeros(n, 1) for i = 2, 3, . . . , m. We choose suitable parameters τi , μi , and δi with i = 2, 3, . . . , m

for the LADMM algorithm. For the CG method, we set σ1 = 0.3, σ2 = 0.5, ρ = 0.5 + 0.3 ∗ rand(1), and

μ = 0.5 + 0.5 ∗ rand(1). For the PALM-TT algorithm, we choose αk
i =

(

1.01
∥
∥
∥Ŝk


=i

∥
∥
∥

2
)−1

. The numerical

results are presented in Table 3.
The number of the LADMM’s iterative steps is much less than that of the CG method and the PALM-TT

algorithm, even if the CG method has a superlinear rate of convergence. This is because the LADMM algorithm
transforms the nonconvex tensor optimization problem into a multi-convex matrix optimization problem. Besides,
the CPU time of our LADMM algorithm is also less than that of the CG method and the PALM-TT algorithm.
Thus, our LADMM algorithm is more effective than the CG method and the PALM-TT algorithm.

6.3 Higher-order Markov chain problems and multilinear PageRank problems

The numerical examples in subsections 6.3 and 6.4 are convex constrained real optimization problems. Since the
Frank-Wolfe method is more efficient than other classical optimization algorithms, we compare the LADMM
algorithm with the Frank-Wolfe method proposed in ?

Example 6.4 Consider finding the stationary probability vector of the stochastic tensor P provided in Liu et al.
[38]

P(:, :, 1) =

⎛

⎜
⎜
⎜
⎜
⎝

1/6 0 0 0 0 0
1/6 0 2/11 5/26 1/5 1/6
1/6 1/5 0 2/13 7/30 7/30
1/6 1/4 2/11 0 4/15 3/10
1/6 3/10 7/22 4/13 0 3/10
1/6 1/4 7/22 9/26 3/10 0

⎞

⎟
⎟
⎟
⎟
⎠

; P(:, :, 2) =

⎛

⎜
⎜
⎜
⎜
⎝

0 1/6 2/11 1/8 4/27 5/27
0 1/6 0 0 0 0

1/4 1/6 0 7/24 2/9 5/27
3/16 1/6 7/22 0 7/27 7/27
1/4 1/6 3/11 7/24 0 10/27
5/16 1/6 5/22 7/24 10/27 0

⎞

⎟
⎟
⎟
⎟
⎠

;

P(:, :, 3) =

⎛

⎜
⎜
⎜
⎜
⎝

0 2/11 1/6 1/4 2/17 1/7
2/11 0 1/6 1/16 3/17 5/21

0 0 1/6 0 0 0
4/11 1/11 1/6 0 5/17 2/7
2/11 3/11 1/6 5/16 0 1/3
3/11 5/11 1/6 3/8 7/17 0

⎞

⎟
⎟
⎟
⎟
⎠

; P(:, :, 4) =

⎛

⎜
⎜
⎜
⎜
⎝

0 1/4 1/5 1/6 1/13 1/15
1/3 0 1/5 1/6 1/13 1/5
1/3 1/4 0 1/6 3/13 1/5
0 0 0 1/6 0 0

1/6 1/8 3/10 1/6 0 8/15
1/6 3/8 3/10 1/6 8/13 0

⎞

⎟
⎟
⎟
⎟
⎠

;

P(:, :, 5) =

⎛

⎜
⎜
⎜
⎜
⎝

0 0 1/7 1/6 1/6 1/5
0 0 1/7 1/3 1/6 0

1/3 1/3 0 1/3 1/6 3/5
1/3 2/3 2/7 0 1/6 1/5
0 0 0 0 1/6 0

1/3 0 3/7 1/6 1/6 0

⎞

⎟
⎟
⎟
⎟
⎠

; P(:, :, 6) =

⎛

⎜
⎜
⎜
⎜
⎝

1/6 1/6 0 0 0 1/6
1/6 1/6 0 0 0 1/6
1/6 1/6 0 1/2 0 1/6
1/6 1/6 1 0 1 1/6
1/6 1/6 0 1/2 0 1/6
1/6 1/6 0 0 0 1/6

⎞

⎟
⎟
⎟
⎟
⎠

.

The optimization problem we need to solve is (5.5). We set ε = 1e − 11 and kmax = 1000. The initial point is
set as 1

6 e. Choose suitable parameters for the LADMM algorithm and the Frank-Wolfe method, and the results
are contained in Table 4.

Example 6.5 In this subsection, we use the real network with n nodes and l edges. As discussed in Gleich et al.
[35], the transition probability tensor can be generated from a directed network. For a directed graph G(N , E),
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Table 4 Numerical results for Example 6.4

Problem Algorithms IT TIME RES

P LADMM 66 0.10 8.81e-12
Frank-Wolfe 340 0.14 9.63e-12

Fig. 4 Comparison of the LADMM algorithm and the Frank-Wolfe method for Example 6.4

with |N | = n and |E | = l, the adjacency tensor A = (
ai jk

)
is given by the following third-order tensor,

ai jk =
{

1 there is a directed three-cycle between nodes i, j, k ∈ N ,

0 otherwise.

We denote the mode-1 unfolding matrix of the tensor A by Q ∈ R
n×n2

, and denote the matrix R by

R = Q + vd
,

where d ∈ R
n2

is the dangling correction vector of the matrix Q. The mode-1 folding tensor of R is the transition
probability tensor. Generally, the transition probability tensor can be defined as a combination of directed three-
cycles and directed edges of the original graph that varies with the parameter β such that β = 1 uses only three
cycles and β = 0 reduces to the traditional PageRank case.

R = β[Q + v dangling (Q)] + (1 − β)[P + v dangling (P)] ⊗ e
,

where P = D−1 A represents the random-walk describing G, while A represents its adjacency matrix and D
represents its degree matrix, 0 ≤ β ≤ 1, v is a positive stochastic vector, and dangling(.) is the dangling correction
vector. The real network we use is Harvard500 Moler [39] which has 500 nodes and 2636 edegs. The number
of cycles is 9003. The transition probability tensor P̂ is the mode-1 folding tensor of the matrix R. We choose
the transition probability vector v = 1

500 e and the transition probability tensor P = αP̂ + (1 − α)V , where
V = (

vi1i2...,im

)
with vi1i2...,im = vi1 ,∀i2, . . . , im . We choose β = 0.05 and different α for Example 6.5. The

optimization problem we need to solve is (5.5). We set ε = 1e − 5 and kmax = 1000. The initial point is set
as 1

500 e. We compare the LADMM algorithm with the away-step Frank-Wolfe method (AFW) and the pairwise
Frank-Wolfe method (PFW) proposed in ?. Choose suitable parameters for the chosen algorithms, and the results
are contained in Table 5.

6.4 Box-constrained tensor equations

In this subsection, we consider the following box-constrained tensor least squares problem, which is the special
case of the convex constrained tensor equation,

Axm−1 = b, s.t. l ≤ x ≤ u, (6.1)
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Table 5 Numerical results for Example 6.5

Problem Algorithms IT TIME RES

Harvard500(α = 0.3) LADMM 32 33.58 9.90e-6
AFW 1000 383.73 8.54e-5
PFW 1000 389.12 8.54e-5

Harvard500(α = 0.4) LADMM 90 93.38 9.90e-6
AFW 1000 389.23 1.14e-4
PFW 1000 391.42 1.14e-4

Harvard500(α = 0.5) LADMM 247 255.29 9.99e-6
AFW 1000 390.76 1.42e-4
PFW 1000 399.11 1.42e-4

Table 6 Numerical results for the multilinear systems in Example 6.6

Variable Value Algorithms LADMM Frank-Wolfe

l1 (0.5311, 0.6237, 0.6125)
 IT 45 96
u1 (1.1123, 1.2346, 1.2551)
 TIME 0.09 1.23
x∗

1 (0.8000, 0.8000, 0.8000)
 RES 8.10e-7 9.20e-7
l2 (1.2472, 0.9728, 1.9132)
 IT 64 286
u2 (3.5613, 1.9881, 4.0225)
 TIME 0.12 4.32
x∗

2 (1.9881, 1.9881, 1.9881)
 RES 9.80e-7 9.90e-7
l3 (0.4285, 0.3201, 0.4273)
 IT 75 108
u3 (1.2676, 1.2676, 1.5325)
 TIME 0.14 1.46
x∗

3 (1.2676, 1.2676, 1.2676)
 RES 9.78e-7 9.01e-7
l4 (−1.7111,−0.8837,−1.8372)
 IT 72 147
u4 (−1.0121,−0.3551,−0.9294)
 TIME 0.16 2.26
x∗

4 (−1.2121,−0.5793,−1.6161)
 RES 9.22e-7 9.71e-7
l5 (−2.0167,−3.1319,−2.5932)
 IT 279 5000
u5 (−1.2181,−1.8672,−1.0362)
 TIME 0.47 61.94
x∗

5 (−2.0167,−1.8672,−1.9531)
 RES 9.99e-7 6.88e-2
l6 (−3.9293,−4.2707,−5.3161)
 IT 146 193
u6 (−2.0178,−0.3382,−1.2576)
 TIME 0.30 3.14
x∗

6 (−2.0178,−2.0178,−2.0178)
 RES 5.79e-7 9.98e-7
l7 (0.2113, 0.6523, 1.1356)
 IT 393 5000
u7 (1.1453, 2.5542, 1.5641)
 TIME 0.66 55.32
x∗

7 (0.8562, 1.6817, 1.5641)
 RES 9.19e-7 6.49e-2
l8 (0.6210, 1.1764, 0.9271)
 IT 413 5000
u8 (1.3571, 2.8513, 1.4243)
 TIME 0.84 53.72
x∗

8 (1.3571, 1.8764, 1.4243)
 RES 8.57e-7 7.32e-2

where l, u ∈ R
n are the box-constrained vectors satisfying l ≤ u. We assume the feasible set � =

{x ∈ R
n : l ≤ x ≤ u} is not empty and the real solution x∗ ∈ �. In the following numerical examples, we

set ε = 1e − 6 and kmax = 5000.

Example 6.6 We consider the Pierre-Simon Laplace tensor A = (
ai jkl

) ∈ R
[4,3] stated in Pearson and Zhang

[40] , whose entries are
⎧
⎪⎨

⎪⎩

a1111 = 3, a1112 = a1121 = a1211 = a2111 = −1,

a2222 = 3, a2233 = a2323 = a2332 = a3223 = a3232 = a3322 = − 2
3 ,

a3333 = 2, ai jkl = 0 elsewhere.

A is a singular M-tensor proven in Pearson and Zhang [40]. We take different box-constrained vectors ui , vi and
choose different real solutions x∗

i satisfying li ≤ x∗
i ≤ ui . Then, we set the initial point x0

i = x0 = 0.5 (li + ui ).
The parameters are chosen suitably for the LADMM algorithm and the Frank-Wolfe method, and the numerical
results are contained in Table 6.

In Examples 6.4, 6.5, and 6.6, our LADMM algorithm is more effective than the Frank-Wolfe method.
Besides, if we choose appropriate li and ui satisfying li ≤ x∗

i ≤ ui in (6.1), we can find all the real solutions of
the tensor equation.
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958 S. Feng et al.

7 Conclusions

In this paper, we consider the complex tensor equation problem and the CTLS problem, and propose the LADMM
algorithm by Wirtinger calculus. Under mild assumptions, we establish the convergence theorem of the LADMM
algorithm. Moreover, we use our LADMM algorithm to solve US-eigenvalue problems, higher-order Markov
chain problems, and general constrained tensor equation problems. Numerical experiments are conducted to
illustrate the efficiency of our LADMM algorithm.
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