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Abstract In this study, we consider the complex tensor equation. We propose a linearized alternating direction
method of multipliers (LADMM) through the Wirtinger calculus technique. Compared to the alternating direction
method of multipliers (ADMM), our LADMM algorithm is more robust and does not need to solve the linear
equation in each iteration. By applying the tensor-train (TT) decomposition, we only need to compute matrix
products and third-order tensor products instead of high-order tensor products. Under mild assumptions, we
prove that all limit points of the sequences generated by our LADMM algorithm satisfy the corresponding
Karush-Kuhn-Tucker (KKT) conditions, and the residuals of the sequences converge to 0. Moreover, we solve
US-eigenvalue problems, higher-order Markov chain problems, and general constrained tensor equations by
using our LADMM algorithm. Finally, we conduct some numerical experiments to illustrate the effectiveness of
our LADMM algorithm.
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1 Introduction

Tensor equations have various applications in many fields, such as image processing Han et al. [1] Qiu et
al. [2], higher-order Markov chains Ding et al. [3], Li et al. [4], data fitting Papy et al. [5], multikernel-based
approximation Lin et al. [6], and quantum entanglement theory Zhang et al. [7]. In quantum entanglement theory,
we can represent a quantum pure state as a tensor. For example, we consider a symmetric third-order pure state
defined in Wei and Goldbart [8],

IGW(s, ¢)) = V/s|GHZ) + v1 —5¢'?|W), 5 € [0, 1], ¢ € [0, 27], (1.1)
which corresponds to a symmetric complex tensor S € C*2?! with entries
S111 = $222 = “/727
S112 = S121 = 8211 = V3;3Se‘¢, 1 =+—1; (1.2)

sjk = 0, elsewhere.

As stated in Zhang et al. [7], Che et al. [9,10], the geometric measure of entanglement (GME) of the quantum
pure state can be computed by the largest U-eigenvalue of the corresponding tensor. Therefore, it is significant
to propose an effective algorithm for solving the complex tensor problem.

First, we give the definition of the complex tensor equation Wang et al. [11,12] as follows,

Ax"" ! =, (1.3)

where x € C", b € C" are complex vectors, and A = (a,-l i2~»-im) e Cl"1 is a complex tensor of order m and
dimension 7. The definition of the tensor product Ax"~! € C" is

n

(Ax’”_1> = Z Ajis.ipgXin =+ * Xipy» (1.4)

J .o !
12,13,.+s im=1

where x j represents the j-th component of the vector x. Throughout the paper, scalars are denoted by lower-case
letters, and vectors are denoted by boldface lower-case letters. When m = 2, the tensor equation (1.3) degenerates
into a linear equation. Therefore, in this paper, we only consider the case when m > 2.

Many studies have been conducted on tensor equation problems. For instance, Ding and Wei [13] established
a Newton-type method to find the unique positive solution of the M-tensor equation with b > 0. After that, Li
et al. [14] proposed the splitting method for tensor equations. In addition, Liu et al. [15] extended the sufficient
descent nonlinear conjugate gradient method for solving M-tensor equations. For the general tensor equations,
Liang et al. [16] proposed an ADMM-type method to solve tensor equations. Lv and Ma [17] established the
Levenberg-Marquardt method to solve semi-symmetric tensor equations. Wang et al. [12] proposed a neural
network method to solve nonsingular tensor equations. Moreover, Yu et al. [18] extended the accelerating power
methods for higher-order Markov chain problems. Zhang et al. [7] proposed the iterative method for computing
the U-eigenvalues of non-symmetric complex tensors with applications in quantum entanglement. Li et al. [19]
proposed the Newton Hard-Threshold Pursuit algorithm to find the sparse least squares solutions of tensor
equations. Other related works can be found in Li et al. [4,8,20-27].

It is difficult for classical algorithms to solve the complex tensor equation directly, so we transform problem
(1.3) into the equivalent complex tensor least squares (CTLS) problem,
min f(x) = H.Axm_1 - b‘ ? ,

xeCn

(1.5)

where || - || denotes the 2-norm for vectors.

The CTLS problem is a generalization of the complex linear least squares (CLS) problem. In this paper, we
consider the case that m > 2, so the CTLS problem may be highly nonconvex. For the complex optimization
problem, we need to choose a suitable derivative and redefine the gradient and Hessian matrix of the objective
function. Besides, the Hessian matrix of the objective function f(x) may be singular near the solution, even if
the tensor A is nonsingular. Therefore, the traditional second-order optimization algorithms, such as Newton’s
method and the Levenberg-Marquardt method, may not be effective. Moreover, the computational cost of Ax" !
isO (n’"‘l), which leads to the curse of dimensionality when m is large. In order to overcome these difficulties,
inspired by Li et al. [28], we propose the LADMM algorithm. The main contributions of this paper are as follows.

=\
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932 S. Feng et al.

e We establish the LADMM algorithm by using Wirtinger calculus to solve the CTLS problem. By adding
additional equality constraints, the CTLS problem is transformed into a multi-convex problem. In the iteration
of our LADMM algorithm, we compute the tensor product by the tensor-train (TT) decomposition Oseledets
[29] to resolve the curse of dimensionality, which greatly reduces the computational cost.

e Under mild assumptions, we prove that all limit points of the sequences generated by our LADMM algorithm
satisfy the KKT conditions and establish the convergence theorems. Even if A is a singular tensor, the
convergence theorems of our LADMM algorithm still hold.

e We use the LADMM algorithm to solve US-eigenvalue problems, higher-order Markov chain problems,
and general constrained tensor equation problems. Some numerical experiments are conducted to compare
the LADMM algorithm with other algorithms, and the numerical results illustrate the effectiveness of our
LADMM algorithm.

2 Preliminaries
2.1 Basics of tensors

In this subsection, we provide some important definitions of tensors. The details can be found in Qi et al. [30].

Definition 2.1 Let IT,, be the permutation group of m indices {iy, i2, ..., iy} and flm, 1 be the permutation
group of (m — 1) indices {i, ..., i }. A tensor A = (ailiz...im) € Clmnl s called a semi-symmetric tensor if

,
iri.iyy = iy (in.i)s VT € 1.
Moreover, a tensor A is called a symmetric tensor if
Qijin.im = A (iyin.ip)> VT € .

Definition 2.2 Assume that A = (a,-,_”,-m) e Clr<xIn i a complex tensor and X = (x,-k) € C'* is a complex
vector. The definition of the (m — 1)-th order complex tensor A x ;x € Cl< > etk xln g

Iy

(A X kX)il..Aik_lik_H...im = z Aiy iy Xig -

ir=1

Let X = (xj,;,) € C/**/k be amatrix for k € {1,2,...,m}. A x; X € Cl>l=Jioxclirr=xln jg defined as

Ik
(A S kX)il.,.ik,ljkik+1...im = 2 iy g X iy -

ir=1

Remark 2.1 For A € C™"1 the tensor product Ax"=2 is defined as follows,
n
(Axm’2>jq = Z Ajgi...imXiz " Xiy -

Moreover, if A is a symmetric tensor, then Ax" 2 isa symmetric complex matrix.

Definition 2.3 (Oseledets [29]) The TT-decomposition of the tensor A € C”-" can be expressed as

irigeiy = D Gi (@0, i1, 00) G2 (@1, 82, 02) -+ G (A1 i ) - 2.1)
A, ., Oy
The TT-cores Gy € C*=1>*"*"% (k. = 1,2, ..., m) are the third-order complex tensors, where ry is the TT-rank of
A satistying the boundary condition ro = r,, = l and oy = 1, 2, ..., ry. Let the maximal TT-rank » = maxr;,
1

and the computational cost of the TT-format is only O (mnr3). For the given tensor, the TT-format only needs
(0] (dnrz) memory to store O (nd ) elements of the tensor, which greatly frees up the storage space of the tensor.
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Definition 2.4 We call A € C an eigenvalue of A € C"" if there is a nonzero vector x € C" satisfying the
following polynomial equations,

(A=) =apl =12 &2

The vector x is called an eigenvector of A associated with the eigenvalue A. If A has the eigenvalue 0, i.e., the
tensor equation Ax"~! = 0 has a nonzero solution, then A is called a singular tensor. It is an extension of the
singular matrix. Otherwise, A is called a nonsingular tensor.

Definition 2.5 (Ding et al. [22]) A tensor A € C"" is called a complex H-tensor if it can be written as
A=sT—-B, s> p(B), (2.3)

where Z € R jg an identity tensor, B € Clmnl g a complex tensor, and |B| € RI™n] s a real tensor whose
entries satisfy (|1B|);, i, = |(B),-1mim } The spectral radius p(B) is defined as

p(B) = max{|A| : A is an eigenvalue of }.

Definition 2.6 Let S € CI""l denote a complex tensor. We call ¢ € R a unitary symmetric eigenvalue (US-
eigenvalue) of S and y € C" a US-eigenvector of S if the following equations are satisfied,

Eym—l — 0_5,7
Symfl = oy, 2.4)
yly=1,ye C", 0 eR,

where ¥ is the complex conjugate of y and S is the complex conjugate of S. Besides, (o, y) is called a US-eigenpair.

Theorem 2.1 IfS € C'"" is a symmetric tensor and m is an odd number; (2.4) can be equivalently transformed
into
Sy" ' =3, y#0. 2.5)

For each solution of (2.4), + (||y||_(d_2) , ||y||_1 y) are the US-eigenpairs. If S € C"" is a symmetric tensor
and m is an even number, fory # 0, (2.4) can be equivalently transformed into

Sy" ! = +y. (2.6)

If the sign on the right of (2.6) is positive, the US-eigenpairs can be computed by (IIyII*(d*Z) Ayl ! y). If the
sign on the right of (2.6) is negative, the US-eigenpairs can be computed by (— Iy~ =2 iyl ! y).

2.2 Basics of Wirtinger calculus

Wirtinger calculus is an important technique in complex analysis. In this subsection, we provide some significant
results about Wirtinger calculus. The details can be found in Li et al. [31], Bouboulis [28], Li et al. [32].

Definition 2.7 Let f (z) : C" — R be a complex-to-real function where z = u+ vz, u, v € R". The Wirtinger’s

derivatives gf and ! are defined as
0 1 /9 8 0 1/9
af _1 _f N A _ (3, 9 2.7)
oz~ 2 av 0z 2 \ du av

Property 2.1 Let z, := (u',v )T € R,z := (z",2")T e C?". Next, we try to find an isomorphism

map between { z, = (u', v e RZ"} and {z. = (z",z")" € C*"}. Let the linear map J, have the entries as

o I, 11, 2nx2n
J"_<In—zl,,>€(c .

z. = Juz,, 7, = —JHZC. (2.8)

follows,

Then we have
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934 S. Feng et al.

Since J, JnH = JnH Jn = 21D, Jy, is an isomorphism map from R2" to C2" with the inverse map %JnH Therefore,
the complex-to-real function f(z) can be rewritten as

f@=fu+wv)=fu,v)=f(z)=f(z)=f(z2).

The Wirtinger’s derivatives %, g—z’z and % are defined as
T T
of | (afr\" [ar\" of | (afr\" [ar\"
oz, ~ | \du) ~\ov "oz, | \oaz) '\ oz ’
- (2.9)
of | (afr\" [ar\"
0z, |\oz) ~\ oz '
Moreover, we have 5 5 5 5
O _ 7 3 _ mdf (2.10)

9z, "oz, 0z, "oz
Definition 2.8 We denote H,, as the real Hessian, and H¢,. as the complex Hessian. H,, is defined as
ANT ANT
3 (df 3 (df
i % T | ou (%) ou (W) _ ( Huu Huy (2.11)
o HVll HVV ’ '

rr = 8Zr az, i(%)T i(%)T =
av \ Ju av \ Iv

H,, is symmetric if f(z,) has the second partial derivative. The definition of the complex Hessian H,. is

o (ar\" a8 faf\"
0Zs \ 0Z, 0Z; \ 0Z,
The relationship between H,, and H,. is
. 1
H., = JUHE J,, HE, = 3t JH, (2.13)

Moreover, we can also define the following Hessian matrices,

3 [of\H 3 [of\H A 3 [aF\H
Hy=——) Hzg=—(=2) Hyp=—|(=) Hz=—(=) . 2.14
“ 8z<8z> “ az<az> T 97\ 0z T 97\ 07 214

Then, the complex Hessian Hf, can be expressed as HS, = <gfz fo) .
77 77
Lemma 2.1 Li et al. [28] Let f (z,) : R — Roand f (z.) : C*" — R. Applying the first-order real Taylor

series expansion, we can derive that

ar\"
f @+ Az) ~ f(z) + (3 > Az,. (2.15)

2

Since {Zr = (uT, VT)T € RZ”} is isomorphic to {ZC =@z",zN)" € (CZ”} and 2L = (%) we can deduce the

first-order complex Taylor series expansion as follows,

aFN\
[t bz~ f @)+ |5 -) Indy Az

.
= f(ze) + <%> Az, (2.16)

-
= f(z)+2Re{(g—J;) Az}.
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Lemma 2.2 Li et al. [28] The second-order real Taylor series expansion of f (z,) : R — Ris

af\ " 1 -
f (@ +Az) =~ f(z) + (37) Az, + 5 (Azy) " HypAzy. (2.17)

Since (Az,)T H, Az, = (Az,)H H. Az, = (Az,)H (J,,HHCCCJ,,) Az, = (Azc)H H{. Az, the second-order
complex Taylor series expansion of f(z) is

F e+ B2 ~ f (@) + (aaf

T

1 H zyc
—) Aze + = (Aze)” H. Az,
Z. 2

T (2.18)
— f(z) +2Re { (3-2) Az} +Re {(Az)HszAz + (AZ)HHﬁE} .

2.3 The complex ADMM algorithm for the convex separable optimization problem

We will recall the complex ADMM algorithm in this subsection. Assume that g : C* — R U {400} and
h : C" — R U {+o00} are proper, closed, and convex functions, and consider the following convex separable
optimization with complex variables Li et al. [32],

min g (%) +h ().
ZXE‘CC,;, (2.19)
st. AX+Bz=c¢,X€ x1,Z € X,

where A € CP*", B € CP*™ and ¢ € CP are given. Besides, x; C C" and o C C™ are given closed convex
sets. The augmented Lagrangian function of problem (2.19) is

L, (X.2.X) = g (X) + / (2) + 2Re (xH (AX + Bz — c)) + ullAx + Bz —c|?,
where A € C? is the dual variable and p« > 0 is the penalty parameter. The iterative scheme of complex ADMM

to solve problem (2.19) is

X! = argmin L, (x, Z~, xk) ,
XEX1

7t = argmin L, (ka, z, x") , (2.20)

z€x2

Aﬁ4=ﬁ+u@ﬁH+B#H_Q'

Lu et al. [32] proved the convergence of complex ADMM for problem (2.19) and applied it to solve the /;
minimization problem with a linear equality constraint.

3 The LADMM algorithm for the complex tensor equation
3.1 The LADMM algorithm

In this subsection, we will propose our LADMM algorithm to solve the complex tensor equations. Inspired by
Li et al. [28], we introduce the central variable z and its complex conjugate Z as follows,

min - f (X2, ... %) = [AerX2 03X3- - @ Xy — b|1%,
x;,zeC",
i2,m (3.1
s.t. (X29 i2) = (X37 i3) == (Xm’ im) = (Z, i)
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936 S. Feng et al.

After that, we transform the highly nonconvex CTLS problem into a multi-convex optimization problem with

linear constraints. Let A; := A ey Xy - ;_1 X;_1 ®;11 Xj+1--- o, X,, € C"". The augmented Lagrange
multiplier function L, (X2, ..., Xy, Z, A2, ..., A;y) can be deduced by Wirtinger calculus. We have
2 2\ X; — Z “ X, —Z
S oo (1) N ot )
i=2 =2
) o -H
=[Azxi =b|"+ > M-+ ) L & —2)
i=2 i=2 (32)
+Z— Ix; — z* +Z— I%; — z|)?
) m
= [Azixi —b[" +2Re (Z A (i — z)) + )i lxi 2l
i=2 i=2
where p; > 0 are penalty parameters for i = 2, 3, ..., m. The KKT conditions of problem (3.1) are
AL (Azixi —=b) +1; =0, i=23,....m,
X=X3=...=X, =2 =0,
m (3.3)
> a0
i=2
Let 7; > 0, the iterative format of the classical ADMM is
xf‘*l =argmin L, ( ..,xfffll,x,-,xﬁr], ...,x],;,zk, Ak, ...,X’fn) ,
X;
7kt —argmm L, ( kH, xR g A, ...,)an) , (3.4)

)\fﬂ =fo T (X{;H _ Zk-H) '

For simplicity, we denote that

3 T N . %= (3T ny
X : (xz,...,]i(ml) ,X._(kle,...,lm)
L= A xy e X ey X ey XK
k k .
A#,k —A02X2-'-0i,1Xi loi+1xi+1-~~omxk
2
k+1 k+1 g gk _ |l Ak
/i (Xt)-—f(X2 s X1 Xin Xpp g5 5 X m) HA - H .
k+1

The iterations of x;

in the classical ADMM algorithm need to solve a complex linear equation for i =
2,3,.

X5<+1 _ ((Aki>HAki +Mi1n>1 ((Ak,-)HbJr/qu _ xj‘) '

In each iteration, the computational cost of xk+1 is O(n?). To reduce the cost of computations and make the

algorithm more robust, we propose our LADMM algorithm. First, we approximate fl.k +l (x;) by the second-order
Taylor series expansion.

) ~ i (xf) +2Re {(A;‘élxl — b) A];l (xi — xf)} + ‘xl
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in which t* > O withi = 2,3, ..., m. The iteration of x* is
1 o AT (k) 4o Ak <k Tk k k k|2
X, = arngpm f; (xi> + 2Re ( %iXi — b) %i (Xi - Xi) +1 X —X;
m H m 5 (3.5)
+Z2Re{(kf) (X,-—zk)}—i—z,ui xi—zkH
i=2 i=2

Since w; IIx; — zlI> +2Re {AF (x; —2)} = i IIxi — 2+ i /pill> — 11 |hi /i | for each i, we can deduce that

2

H 2
xf,“rl = argmin tik X; — xf + (A;i) (A;‘éixf — b) /tl-k + i 3.6)

Xi

’Xi — 2"+ A i

In contrast to ADMM, LADMM does not take the exact minimum point in the subproblem of xf.‘ﬂ, which makes
the algorithm more robust for the CTLS problem. Each iteration of xf +lis equivalent to implementing a gradient
descent with an appropriate step size. Moreover, the subproblem of computing Xf“ also has an explicit solution

= () (- ()" () i ) an

Denote that HA’;H H , is the 2-norm for A];i. We will show that if tik > (1 +w) ”A];éi Hz + o for some w, ® > 0, the
Lagrangian function is decreasing for the original variable x. Compared with the classical ADMM, LADMM is
more robust to obtain the exact optimal solution instead of a local minimum. Moreover, the LADMM algorithm
does not need to solve linear equations in each iteration, so the computational cost of xf“ is reduced from O (n?)
to 0(n?).

Next, we consider the iteration

m H ’” 2
7! = argmin 2Re ( (Xf) (xf“ - z)) + ZM;‘ z— xf“ H
z i=2 i=2
. Lo (3.8)
. k+1 k
= argmin wilz—\x; +—X.>
After some simple manipulation, we can derive that
m
2 (Mixfﬂ +)~f)
k+1 _ i=2
z = m . 3.9)
> Wi
i=2
Then, we consider the iteration of Af. We set X? = 0fori = 2,3, ..., m,whichis significant for the dual variable

sequence to satisfy the third equality of the KKT conditions.

Property 3.1 If the initial value of the dual sequence satisfies that ) 1 , k? = 0, then the dual variable sequence
satisfies the third equality of the KKT condition for all integers k > 0, i.e., > i, )\i.‘ =0.

k+1

Proof From the iteration of z“™', we can directly obtain that

m m
_ Z)‘f + ZIM (zk+1 _ Xfﬂ) -0
i=2 i=2

Since Xf“ = Xi.‘ + T (ng+1 - zk+1), the equality above is equivalent to
m X;(-‘rl _ X{c

m
_ k_ it S S
Y- e

i=2
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938 S. Feng et al.

If 7; = 1, we can directly obtain that ) /., Xf“ = 0. Otherwise,

m m m

fo“ =(1-1) Zx{? = (1 — ;)**! Zx? =0.

i=2 i=2 i=2
Thus, the dual variable sequence satisfies the third equality of the KKT conditions for all integers k > 0. O
Corollary 3.1 If we set X? =0fori = 2,3,...,m, then Z*T" is the weighted average of xf"'l. If we set
wi=u>0fori =2,3,...,m, then 2t s the average ofoH.

3.2 Accelerate the LADMM algorithm

In this subsection, we further consider reducing the computational cost of the LADMM algorithm. It is really
significant for solving the CTLS problem because the cost of the tensor product Ax"~! is O (n'"_l) and A';i

is O (nm_2), which leads to the curse of dimensionality. To overcome this difficulty, we compute these tensor
products using the tensor train (TT) decomposition Oseledets [29]. If we obtain the TT-cores G; of the tensor A,
the matrix A’;i can be computed by

Ak;,g,- =0 (gz ) Xg“) e (gi—l ) Xffll) Gi (gi+1 %) Xfﬁrl) S <gm o X,’;) . (3.10)

Thus, we only need to compute the third-order tensor products and the matrix products instead of the high-order
tensor products. The computational cost of A];i is reduced from O (n’”_z) to O ((m — 53+ (m — 3)nr2) +

0 (nzrz).

The stopping criterion is usually chosen as ry = H.A (Zk)m_l - bH < € or k > kmax, where € > 0 is
sufficiently small and the positive integer kmgax is the maximum iteration number. We can compute the tensor
product A (zk)m_1 by TT-format as follows:

A (Zk)mil =0 <g2 = Zk) o (gi—l *2 Zk) (gi * Zk) <gi+1 * Zk) e (gm ) Zk) . (3.11)

After that, the computational cost of A (zk )m_1 is reduced from O (n’”_l) to O ((m — &34+ (m— 2)nr2) +
o (nzrz).

Moreover, if ”x{‘ —zF || is sufficiently small for i = 2,3, ..., m, then ARTIxK

m Xm is a good approximation for

-1 . o
the tensor product A (zk )m . Therefore, we can choose the stopping criterion as

R; = max (HAklxk —b

#m “m

, max Hx{‘ — 7 H) < €. (3.12)
1

Here Ry is another residual of problem (3.1), which does not need to compute the third-order tensor products.
The computational cost of Ry is only O (nz) if we obtain AX > Which is much less than ry. Besides, we can
prove that if Ry — 0, then ry — 0. Thus, Ry < € is a more effective stopping criterion.

Finally, we briefly introduce the framework of the accelerated LADMM algorithm. Inspired by Ouyang et
al. [33], we introduce the auxiliary variables (xf)md and (xf.‘)ag satisfying (x?)ag =xV fori =2,...,m,and
change the iteration of xf.‘ to

(x)™ = (1 = 0 (x)* + e,

B H
XiT = (k4 ) 1 <— (A];ét) (A];éi (Xf‘{)md - b) +if (Xf)md =M+ “izk> ’
(1) = (1= 0 ()™ + a1,

The acceleration parameter y; can be chosen in many ways, such as the well-known Nesterov acceleration
parameter. In this paper, we choose y; = m to accelerate the LADMM algorithm for the general convex
constrained tensor equation in numerical experiments, where y € (0, 1]. Besides, we do not need to change the

iterations of ki.‘ and z*.
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3.3 The algorithmic framework of the LADMM algorithm

In this subsection, we give the algorithmic framework of our LADMM algorithm for CTLS problems.

Algorithm 1 The LADMM algorithm for CTLS problems

Step 1: Input the tensor A € Clmnl p e C", e > 0, and the maximum iteration number kpmax. Set the step size parameters t; > 0,

8; > 0, and the penalty parameters u; > 0 fori = 2,3, ..., m. Set the initial values x? e C", l? = X;' = 0. Compute 20 by
(3.9) and the TT-decomposition of .A.
2

Step 2: Update the original variable sequences iteratively. Fori = 2,3, ..., m, compute the matrix A ; by (3.10), tl.k =4; HAk il,
and then update

—1 H

X () (7 (%) (ALt =) o =2 4 ,,L,-zk> .
5 !

Step 3: Update the central variable z. z¢t! = =2
> i
i=2

Step 4: Update A; fori =2,3,...,m. lﬁ“’l = Xf + Tl (xf."*'l — z"“) .

Step 5: If the stopping criterion is satisfied, then output zF*!. Otherwise, return to Step 2.

4 Convergence analysis

In this section, we will establish the global convergence theorem of our LADMM algorithm. We make the
following mild assumptions,

Assumption 4.1 The variable sequence {ﬁk, 7~ I"} satisfies:

(a) The central variable sequence {zk } is bounded.

(b) The dual variable sequence |I"} is a 2-bounded variation sequence stated in Basar et al. [34], i.e.,
~ (12
Y reo ”XHI 3 H < 0.

Property 4.1 If Assumption 4.1 holds, then the variable sequences {xf‘}, {Xﬁ.‘}, iAk ; }, [ R (xk)} fori =

1 1

2,3, ..., m generated by Algorithm 1 are bounded.

Proof From Assumption 4.1, we can deduce that {zk+] } and [lf“ — Xf} are bounded fori = 2,3, ..., m.
Since
XI_H‘I _ xk )‘/_H-l _ ),k
‘Xf-(—H H — i i +Zk+l < i L sz-l-l ) ,
Ti Wi Ti i
we derive that {xf‘} are bounded fori = 2, 3, ..., m. For the complex case, the Frobenius tensor norm || - || is

also compatible with the 2-norm of the vector, so

k

m

|

2
k+1 k+1 k
F=HA02X2 e 1X; | &1 X ey X

2 2
k+1 k+1 k k k
< HA X, e X e X ey X’"_1”F me ”

2 2 2
k+1 k+1 k k k k
R = R e MY
S .
2 2 2 2 2 2
2 k+1 k+1 k+1 k k k
B Tl = e
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Since {xk} are bounded fori = 2,3, ..., m, {A';i} and {fik“ (xk)} are bounded.

i i
k+1.
;-

H
) (47 )~ (05)" (3t <) (4,

Since {xf} {zk}, {A;‘éi} are bounded fori =2,3,...,m, {Xf‘} are bounded, and the result is proven. m|

In the end, we can derive the following equation from the iteration of x

Remark 4.1 A bounded and 2-bounded variation sequence may not be convergent. We choose [l jau j] satisfying
uj —I(/’ > lf)t(; —lj>1l,andlj <ujforj=1,2,..., N, Wherex]; denotesthej-thcomponentofik e RV,
Consider the sequence [xk} defined by

ok
~ ~ —1)7i
N 3k 4 by 4.1

! Tk

where ,Bj? € (%, 1], the sequences {9;‘} satisfy 9;.) =0forj=1,2,...,N,and

gt _ |05+t it X g [ uy] and X5 € [1.u].
J 9}‘, otherwise.

~k+1 ~k

~ o 2 o0 k
We can show that (I; — 1) < X]; < (uj+1)and Y ‘Aj — xj‘ = > (k+ 1) < oo forall j. Thus,
k=0 k=0

[ik} is a bounded and 2-bounded variation sequence. However, if we choose the subsequence {’X’;'" } satisfying

Thkm+1 km
(X 1) (X = 1;) = 0, then

I
=] = gim ———— =0

tim |3 -
ki — 00 (km + 1)/3!

ky— 00

Similarly, if we choose the subsequence {i”;"} satisfying (X];"H —u j) (X’;” —u j) < 0, then
. ~kn . 1
khm ‘kj —uj‘fkhm —k,,:O'
n—> 00 n—> 00 (ky + l)ﬂf
Thus, /; and u; are the limit points of the sequence {X’;] for j = 1,2,..., N, which means that {’i’;] is not

~

convergent. Therefore, the bounded and 2-bounded variation sequence s not convergent. In this section, we
consider proving that all the limit points of the sequence generated by Algorithm 1 satisfy the KKT conditions.

Theorem 4.1 Suppose Assumption 4.1 holds, the sequences generated by Algorithm I satisfy

L (%A ) — 1y (31,454
k k
(= })

where m,, = min ji;, L¥ = HAki
L

2 2 T
+my, sz+1_ZkH _Z

k+1 —A,k 2
e i
i=2

= X x

’

m
i=2

5
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Proof Letof ' (x;) = 2Re {(xf‘)H (xi — zk)} + i |xi — 2 HZ . By the complex Taylor theorem, we have

T ———— T
(A%) ALx—m) [axt
fik+l (X + Ax ) fzkH< ) " A_;{
( ) (kx5 —b) X;
H
S0 e ) (30
2 k k AxF
On (A i) A ’ 4.2)
_ () +2Re{<A];l X! —b) AL, Axt }
4 Re {(Ax’f)“ (Ak )H (Ak ) Ax’f}
i #i #i i
2
< £ (xF) +2Re {(A’;,xl ~b) A’;,.Ax{.‘} + ¥ |axt|",
where O, € R"*" is the zero matrix. Let Axf.‘ = xf“ — xf.‘ , we obtain
2
fik+1 <X§+1> < fl_k—H (xf‘) +2Re{(A];l X! —b) Ak ( k1 )} +Lk k+1 xf) 423)
From the iteration of Xf“ and (3.6), we deduce that
2 2
ik xf“ —xf+ (A’;é ) (A’;l X; —b) JtE| + ‘xf“ — 2 +kf-‘/u,~‘
5 4.4)
O\ Ak ok k k .k k 2
(A ,.) (A X —b)/t,» + o ||xE = 2k Ak
Since
2 2
Eloaxt + (AL, ) (AL Xt —b) /e~ (A/;) (ALxt = b) ik
_tk ||Axk|| +2Re{(A X —b) A;‘éi Axf‘ ,
2
Wi ||x —z +Xk//Ll|| k'H zk+xf/ul~
2 H
e =2 e e ) o )]
The inequality (4.4) can be transformed equivalently into
2
|5t = x| +2Re{(A’;, x! —b) AL, (- xf)}
4.5)
2 2 H
< Wi xf-‘ —F H — Wi xf“ — H —2Re {(Xf) (xf‘H — Xf)} .

Note that

Ul_k-H (xf“) _ Oik+l (xf‘)
H 2
=2Re {(xf‘) (xf.chl - xf‘)} + Wi fo‘“ — ¢ H — Wi

we rewrite (4.5) into

2

3

X - 7|

L k) k] gk
op (X)) — (x;) < — i i

) a Xf“z—ZRe{(A’;le—b)HA’;i (x’f+1 —x’f)}. (4.6)
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Summing the inequalities (4.3) and (4.6), we obtain that

k+1 k+1 k k+1 k+1 k+1 k+1 k k
) ) 1 (4) = )= (-0

Since fl.kJrl (xf‘“) = f[.kJrl (x’.‘), we can deduce that

k+1 _ gk

+1 X
fk+1 ( ) _ frﬁﬂ (Xf+]) _ f2k+1 ( ) k+l k+l (X;chl) _ f’ﬁﬂ (Xf+l)
+1

()
) ) ) )
S0 () )

X+1

Therefore,

L& 253 — L, &, 27

= () = () + [ () e ()]

i=2

) i [f,-k“ (Xf‘) _ e (Xf_ch]) gkt (X;«) — oft! (x§+1>] (4.7)
k_pk) gkl _ gk ’
> g (sf =) it =]

Because of the strong convexity of L, over z, through the iteration of z

~ ~k ~ ~k
L, (Xk+1’ ~ % ) ~L, (Xk+l’zk+]’ 3 )

k+1 we have

= kK ok a1k 2 k1 ok 2k 2
ZZ l/«i‘z —X; — A /il — i ||z —X; — A /i
i=2 (4.8)
H 2
> 2Re{VzLM ( ,zk+1,~-~) (zk _Zk+1)} +my, sz _Zk+1”
2
T

Besides, the iteration of Xf.‘H leads to
L ( xf(+11’xk . )_L ( Xk‘l*l )"z+1’.”)

= ()" (e ) () (e ) 49
2

1

L P X/;HH
Ti i ! !
Thus,
ket okl Tk Gkl okl Tk IR VAT
Ly (R 2T —py (R AT = -3 — k- H . (4.10)
— Tii
By summing (4.7), (4.8) and (4.10), we can derive that
L, (i«k Zk’xk) ~L, (ik+1’ Zk+1’i’k+1>
(k) [k k]2 k1 k1 k| @10
S S | e T S Y
i i i
and the result is proven. O
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2
Theorem 4.2 Suppose Assumption 4.1 holds, tik > 1+ w) HAk ; ‘ ) + @ for some w, @ > 0, then all limit points

of the sequence H?ik, z~, Ik] generated by Algorithm 1 satisfy the KKT conditions.

Proof We only need to prove that

AL (Agiaxf —=b) +1f >0, i=2,3,....m,
Xk -2k >0, i=23...,m,
DI LY 1)

Let © = min 7;. From Theorem 4.1, we have
1

-~ ~k ~ ~k+1
L (Xk’zk’x ) — L, (Xk+l’zk+1’l + )

"
>§:<t?‘—L’?> SR [ szﬂ_zkHz_i_l )
— 4\ L) i " gy 17 i (4.12)
i=2 i=2
" 2 2 I ekl o~k 2
2 Y (wrh +0) [ -t [ - - [
rmﬂ

L, (ik, 7~ K") } is bounded by Property 4.1. Let ‘L P (ik, 7~ 1”‘) ) < M. We sum both sides of the inequality

4.12),

+00 m )
3 (Z (@Lf +0) X x4+ m,

k=1 \i=2
<L, (il,zl,xl) — lim L, (ik,zk,ik>

k— 00

2 1 ~ ~ 1|2
R e e )
Tmy

e (08 4

lim L, ('ik,zk,xk>

k— o0

<2M.

From Assumption 4.1(b), we deduce that

> (32 ot ) 1 =] e e ) <

k=1 \i=2

So we have fo“ — xf? H — 0 and ||zk+1 -zt || — Ofori =2,3,...,m. Moreover,

H
lim H (AL)" (ALxE —b) +af

k—00
. k K1k k4 k—1
= lim H (ti + m) (X,- - X,-) + ()“i —A; )/Ti (4.13)
< lim H (t,k + ll«i) (XfH - Xf)H + lim ‘)‘f - )‘f'{_lﬂ /i
k—o00 k— 00
=0.

@ Springer



944 S. Feng et al.

H
It follows that (A%, )" (%Xt = b) +4f — 0. Note that Aix = Aoy Xk o1 X wipr Xy o o X,

and it is not difficult to prove that A_; » — A’;i — Oy, since xf.‘+1 — xf.‘ — 0. Furthermore
Jim ALk (A;«éi,ka‘ - b) +Af
[ (s ) i [0 (1 )
koo | NPT A - oo |\ kT A ) Xi (4.14)

H
+ lim | (A%)" (ALxE —b) +af

k— 00

=0.
Thus, Aii, K (A#,kxff - b) + Xi.‘ — 0, which means that all limit points of the sequence generated by Algorithm
1 satisfy the first equation of the KKT conditions.
From Assumption 4.1(b), we can derive that X;‘ — Xi.‘_l — 0, which implies that xf‘ — 7k > 0, and the
second equation of the KKT conditions is satisfied. Moreover, by Property 3.1, Y7 , Xf.‘ = 0 for all k > 0,
which implies that klggo Y, Xf? = 0, and the third equation of the KKT conditions is satisfied. Thus, we can

conclude that all limit points of the sequence ['ik ,zk, ik} satisfy the KKT conditions.
O
2
Remark 4.2 In the convergence theorem of the LADMM algorithm, we need to choose tik =4 A';i Hz and
8; > 1. In practice, we can set the step size parameters §; € (0, 1] for i = 2,3,...,m to accelerate the

algorithm. For example, we choose §; = 0.7 in some numerical experiments in Section 6, and the iteration can
be greatly improved.

Theorem 4.3 If A is semi-symmetric, the sequence generated by Algorithm 1 satisfies Assumption 4.1, and there
exists one limit point 7* of {zk} such that A (z*)" 2 is nonsingular, then the residuals rg = lr(nin ry — 0and
<K

RK = min Rk — 0.
k<K

k

Proof Since x; — zZF — 0, z* is a limit point of {xf}, and A*#l. =Aeyz* -0, _172"0; 112 -0, 2*isalimit

point of {A];i } From Theorem 4.2, any limit point of the sequence {ik, z~, i”‘} satisfies the KKT conditions.

Therefore, for the chosen limit point {i*, z*, . }, A @™ 2is nonsingular, and

H
(A%) (Anx—b)+ar =0, i=23...m,

X' —2z"=0, i=23,...,m, (4.15)
m
YA =0.
i=2
Let z, represent the p-th component of the vector z. Since A is semi-symmetric and x} = z* fori =2,3,...,m,

for j,q €{1,2,...,n},

(A;két) = (,A ) VARES o | z" o1 VARED o Z*) ;
J4

jq
n
== H * * PN * * “e . *
= E Ajp2p3--pi-1qpi+1PmZprZps " Zpi1Zpiy T Lpy
P2, P35 Pi—1s Pit 1y Pm=1
n
= i * P * * * ce . *
= §: jgps-pi-1papivi=PmZps " Zpi1ZpaZpis1 T Lpm
DP2:D3sves Pi—1sPit1seees Pm=1
n
- a]qp3"‘Pi71piPi+1“‘szp3 Zpiflzpizp,ur] me

D3seees Di—15Dis Dit1seees Pm=1

(A (z*)miz) . (We need to substitute the index py withp;.)
ja
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Therefore, A;i =A@)" > fori =2,3,...,m. Summing the indicator i of the first equation in (4.15), we
have

m m

> (%) (Aux —b) + 3 n; =0

i= i=2
Since Y 7, Af=0and A%, = A (z*)’”_2 fori =2,3,...,m, we can derive that

m— H K\ M—
n=D[A@E)"] [AE)"" ~b] =0.
As A (z*)" “Zisa nonsingular matrix, we have
A@@)" ' =b=0. (4.16)

Choose the subsequence z — z* and consider the residual sequence 7', we obtain

lim 7% = lim min HAzzH—bH
K—oo K—oc0 k<K
< lim min HAZZ’_I —bH
K—ocokj<K 1
T k>0 ki
Jaer o
=0
Besides,
R . =1k k _ ok
Jim R = tim i s ([, =] s [ =]}
< lim min {max HAkl Ikt , max Hx]." —zkl‘
~ K—ook <K #m X i i
(4.18)
. ki—1_k k k
§klh_)moo {max(HA?im X, — ,m’ax Hxil_ZIH)}
< max <HA (z"‘)m*1 , max |x} —z* ||> =0,
1
and the result is proven. O

Remark 4.3 ix — 0and Ry — 0 only need one limit point z* of z* satisfying that A (z*)™ “2is nonsingular,

instead of all the limit points of zF. Let H,, (z) be the real Hessian of f(z) = ||,Az’"_1 b||2 If Ais not a
semi- symmetrlc tensor, the sequence generated by Algorithm 1 satisfies Assumption 4.1, and there exists one
limit point z* of { } where H,, (z*) is nonsingular, then we deduce that the residuals rg — 0 and Rxk — 0
similarly, and we omit its proof.

5 Extensions

5.1 Solve the US-eigenpairs of the symmetric complex tensor

In this subsection, we consider solving the US-eigenpairs of the symmetric tensor. We only need to discuss the
case when m is odd, and the case when m is even can be derived similarly. When m is odd, we need to solve

(2.5) to obtain the US-eigenpairs. For y # 0, by introducing the central variable z, (2.5) can be equivalently
transformed into the following problem:

o (5.1)
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Lety:= (y;— ey y;'n—)T. The augmented Lagrangian function is

m m
Lu§.2.0) = Sy vn =2+ Y 2Re (M i =)} + D" i Ivi — 21,
i=2 i=2

Let S];él =S e y’2‘+1 ] yf.‘fll ®i yf L1 em y’,fr For the LADMM algorithm, we have the iteration

R H .
yf_‘“ = argmin 2Re {(Sk i - ik) (Sk i) (yi B yf{>} e
Vi

2

)yi — ¥

i H i 2
+22Re{(xf‘) (y,'—zk)}—i-ZMi )yl'—zkH .
=2 =2
After some manipulation, we can derive that
k+1 -k k ok \H(ak &k -k k2 k k 2
y; =argminf |ly; —y; + (S l-) (S Y —Z )/ti + i |yi — 2"+ A/
Yi
Therefore,
—1 ~. \H /. ~
it = () <— (8%) (Shvl—7) -2+ mzk> . (5.2)

Besides, the iteration of z¥t! is

T Y m
ST b 3 (k)
2 = i=2 . (5.3)

m
T4+ i
i=

Next, we provide the framework of the LADMM algorithm for solving the US-eigenpairs of the symmetric
complex tensor. We also provide its convergence theorem but omit its proof.

Algorithm 2 The LADMM algorithm for solving the US-eigenpairs of the odd order symmetric complex tensor

Step 1: Input the tensor S € Clm-nl ¢ > 0, the maximum iteration number kmax. Set the step size parameters 7; > 0, §; > 0, and

the penalty parameters u; > 0 fori = 2,3, ..., m. Set the initial values y? e C", l? = )‘;1 = 0. Compute z° by (5.3) and the

TT-decomposition of S.

Step 2: Update the original variable sequences iteratively. For i = 2,3, ..., m, compute the matrix S’;i by TT-format and
A |12

tik =4; S’;i ) and update the original variable y; as follows:

Yf-H = <’,k +Mi)_l <— (éki)H (Skiyi_c - ik) - X{'( +Mizk> :

Step 3: Update the central variable z by (5.3):

e E—— m
Syttt ey (ufyf“l +>»f-‘)
i=2

m
L+ Y wi
i=2

Step 4: Update & fori =2,3,...,m. A = Ak 4 zipy; (xH! = 241).
Step 5: If Hg (zk“)mf] — zk+1 H < € ork > kmax, output zZ*+1. Then, we compute the US-eigenpairs of the given tensor by

+ (”zk+1 Hf(dfb , sz+1 H71 zk+l). Otherwise, return to Step 2.

Theorem 5.1 Suppose that the sequence {?k z~, Xk} generated by Algorithm 2 satisfies Assumption 4.1, then
any limit point of the sequence satisfies the KKT conditions of problem (5.1).
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5.2 Higher-order Markov chain problems and multilinear PageRank problems

In this subsection, we consider finding the stationary probability vector of a transition probability tensor arising
from the higher-order Markov chain. As stated in Li et al. [4], the higher-order Markov chain is a stochastic
process with a random variable’s sequence as follows,

{X;,t=0,1,2...},
which takes on values in a discrete finite state space (n) = {1, ..., n}. The time-independent probability of X; is
Piyiz..iy = Prob (X =iy [ Xe—1 =i, ..., Ximmt1 = im)
where iy, i2,...,i, € (n) and

n
0 < pijigciy < 1, Z Divig.iyy = 1.

i1=1

We denote P = (p,-l,__,-m) as the transition probability tensor. A nonnegative vector X = (x, ..., )c,,)T e R?
with entries summing up to 1 is a stationary probability distribution vector if

Xj = Z pjiZ--»imxiZ.'.xim’ -] = 1""’”' (54)

1<i,.sim <

The problem of finding the stationary probability vector of the transition probability tensor 7P can be expressed
as the following convex constrained tensor equation:

Px"! =x,

5.5
st. elx=1,x>0. (5-3)

Besides, many researchers employed the higher-order Markov chain model to explore some applications, such
as the multilinear PageRank problem Gleich et al. [35].

x=aPx" '+ (1 -, x>0, x| =1,

where P is a transition probability tensor, v is a transition probability vector, and o € (0, 1) is a damping
parameter. We can rewrite the multilinear PageRank problem as follows,

x=Px" x| =1,P =aP + (1—-a)V,

where V = (viliZ»--,im) with vy, i, = Vi;, Yi2, ..., in. P is also a transition probability tensor.
By introducing the central variable z, problem (5.5) is equivalent to

min % 1Pxs - X — z||%,

x;,zeR",

(5.6)

Let N} = {z eR"|elz=1,z> 0}. The augmented Lagrangian function of (5.6) is chosen as
1 m 1 m
Ly (R X) = SIPxa-xn =2l + 3 A (i =0+ 2 ) i llxi =2l + 1y, @),
i=2 i=2

where 1)/, (2) is the indicator function over the convex set ;. Denote that P;‘éi =Pe x’z"H YN xffll LY

RNy x’,j1 The matrix PI; ; can be computed by TT-format. Then, the iteration of the LADMM algorithm is
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presented as follows,

.
k+1 : k ok k k
X+ = argmin (P#ixi - z") (P#) (xi —xF)

i 4 S (k)T ol oy 2
5 =+ 2 () (o =)+ 5 3 =2
1= i=

= (5.7
7' = argmin L, (’i’“‘l, z, ik) ,
z
).f-(+l = x{c + T (Xer] — Zk+1> .
The iteration of x?‘“ is
k+1 k -1 k T k ok k kk k k
= () (= (Ph) (Plaxt = 2) + el = a4 ). (5.8)
Next, we consider the subproblem of computing z**!:
1 2 " T m Wi 2
k+1 : k+1 k+1 k k+1 ! k+1
zZ :argmm—Hz—’Px2 - X H + (l) (x —z)—i— —)Z—X H . 5.9)
zeNq 2 " ; l l ; 2 l
(5.9) can be equivalently transformed into
2
m
ek 3 ()
2! = argmin = ||z — i=2 ) (5.10)
g m
ZEN] 1 + Z Ml
i=2

m
PR3 (ix )
The iteration of zF*! i=2

can be written as z¥t1 = Py, , where P/, (2) is the metric

1+ f i
i=2
projection of z onto the set Nj. We have the following algorithm to compute the projection onto the set N

Condat [36],

Algorithm 3 Compute the projection onto the simplex z = Py, (y) by sorting

Step 1: Sortyintou : ug > -+ > uy,.
Step 2: Set K := max|<x<p {k | (ZI,;I u, — 1) /k < uk}.

Step 3: Set t := (Z,le ug — 1> /K.
Step4:For j =1,..., N,setz; := max{yj—r,O},

The algorithmic framework and the convergence theorem of the LADMM algorithm are presented as follows.

Theorem 5.2 Suppose that the sequence {')Z'k, z~, P generated by Algorithm 4 satisfies Assumption 4.1, then
any limit point of the sequence satisfies the KKT conditions of problem (5.6).

5.3 General convex constrained real tensor equation problems
In this subsection, we consider the general convex constrained real tensor equation:

AX" 1 =b, xe Q.
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Algorithm 4 The LADMM algorithm for solving the higher-order Markov chain problems

Step 1: Input the tensor P € RI™1] ¢ = 0, and the maximum iteration number kmax- Set the steg size parameters 7; > 0, §; > 0,

and the penalty parameters u; > 0 forz = 2,3, ..., m. Set the initial values XO =20 e NV, 1, =0withi =2,3,...,m, and
compute the TT-decomposition of P.
Step 2: Update the original variable sequences iteratively. For i = 2,3, ..., m, compute the matrix P;‘éi by TT-format and

k=

1

2
;|- Update the original variable as follows,
2

—1
xf.‘“ = (t,k + Mi) (f (P]; ) <P’;lxl - zk> + tlkxf‘ — x{? + ,u,izk> .

Step 3: Update the central variable z:

m
k+1 k+1
Pxit ~~~Xﬁ+1+2(ﬂixi+ +)~f-‘)
i=

241 — Py,

m
T+ w
i=

Step 4: Update A; fori =2,3,...,m. lf-‘*' :)»ff + Ti i (x{f“ —zk+1>.

Step 5: If HP (zk“)m_l — gkt1 H < € ork > kma, output z+1, Otherwise, return to Step 2.

In (5.11), Q is a real general convex set, A € Rmnl b e R, Similarly, we introduce the central variable z and
transform the problem equivalently into the following multi-convex problem,

min 34X X = bIP +1a (@),
o (5.12)
st. Xo=X3=--- =X, =Z,
where 1 (z) is the indicator function over the convex set 2. We can deduce the following iterations of the
LADMM,
T K
xf,‘+1 = argmin (A/;l X; — b) (Al;l.) (xl- - xf‘) + % Hxi - xf.‘ ||

S Xik T YRR k|2
+X (M) (=2 3 X xi -2,
i=2 i=2
7" = argmin L, (i"“, z, X") ,
Z

ki‘c+l = Xf + Tl (X]-(+1 — Zk+l> .

(5.13)

1

where L, (X,2,X) = 1 [Ax2- % —bII> + X7, )T (xi —2) + 37, 4 |Ix; — z||? + 1g (2) . Each sub-
problem of our LADMM algorithm for the general convex constrained tensor equation has an explicit solution

as follows,
1 T
K = (¢ 4 ) (— (A%) (Alxt—b) +oixb - ok + pLizk) ,
5 (et
751 = pg, # (5.14)
;2“"
Xf“ _ Xf-‘ + T (le+1 _ Zk—H) _

l

In the end, we give the algorithmic framework and the convergence theorem.

Theorem 5.3 If the sequence {ik, -, 'X"} generated by Algorithm 5 satisfies Assumption 4.1, then any limit
point of the sequence satisfies the KKT conditions of problem (5.12).

Remark 5.1 1If we choose the convex set 2 = R”, we can derive the LADMM’s iteration format for the uncon-
strained real tensor equation problems.
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Algorithm 5 The LADMM algorithm for solving the convex constrained real tensor equation problem

Step 1: Input the tensor A € R ¢ = 0, and the maximum iteration number kmax - Set the step size parameters 7; > 0, §; > 0,
and the penalty parameters u; > Ofori = 2,3, ..., m. Set the initial values x? =20¢Q, l? = 0. Compute the TT-decomposition
of the given tensor .A.

2
Step 2: Update the original variable sequences iteratively. For i = 2,3, ..., m, compute the matrix Al;éi and tik =& HA" il
Update the original variable x; as follows:

—1 T
A (_ (A%) " (Aot —b) + it + ,u,,-zk> .

Step 3: Update the central variable z:
m
Z <M,‘X{F+I +)»i~(>
K1 — Po i=2

m
D i
i=2

Step 4: Update A; fori = 2,3, ..., m. lf."H = Af + Tipi (}l{f‘"’1 — zkH) .

Step 5: If HA (zk+1)m71 - b” < €ork > kmax, output zZ€*t1. Otherwise, return to Step 2.

6 Numerical Experiments

In this section, we demonstrate the numerical performance of the LADMM algorithm in solving semi-symmetric
complex tensor equations, US-eigenvalue problems, higher-order Markov chain problems, and box-constrained
singular M-tensor equations. All the numerical tests are carried out by MATLAB R2022a on a PC with an
Intel(R) Core(TM) i5-1035G1 CPU @ 1.00 GHz. In this section, “IT” denotes the number of iterations, “Time”
denotes the CPU time for the iterations, and "RES" represents the residual. All the numerical examples are
conducted over 10 runs with different parameters. For simplicity, we set the parameters o = U3 = ... = Upy.
For computing the TT-format of the tensor, we use the function “TT-tensor" in the TT-toolbox, and its accuracy
is chosen as 10714,

For general complex optimization problems, the conjugate gradient (CG) method is really effective. Besides,
the convergence rate of the CG method is superlinear near the solution of the tensor equation. Thus, we extend the
CG method stated in Liu et al.[15] to the complex case and compare our LADMM method with it. Moreover, the
proximal alternating linearized method based on TT-decomposition (PALM-TT) stated in Liang et al. [37] can
be extended to solve the complex tensor equation problem. With the use of TT-format, the PALM-TT method can
solve complex tensor equations efficiently. Therefore, we also compare the LADMM method with the PALM-TT
method.

6.1 Solve complex semi-symmetric tensor equations
Example 6.1 We construct a semi-symmetric nonsingular H-tensor. Let B € CI" whose entries are
Bi,iziy..in =c0s (i1 + (m — 1)i2) +sin (i1 + (m — 1) i) 1.

It is not difficult to prove that p (|[B|) < n?. Let s = 1.1n?, then A = sZ — B is a semi-symmetric nonsingular
H-tensor where Z € RI”-"1 is an identity tensor. Next, we consider the H-tensor equation Ax”~! = b.

The exact solution is chosen as x* = (0.5 — 0.51) x ones(n, 1) and b = A (x*)m_l. The maximum iteration
number kpmax = 5000, and € = 10~7. The initial points X? =x% = (1 —1)*ones(n, 1) and X? = zeros(n, 1) for
i =2,3,...,m. We choose suitable parameters t;, u;, and §; withi = 2, 3, ..., m for the LADMM algorithm.
For the CG method, we set o7 = 0.2, 0p = 0.14, p =05and u = 0.5 4+ 0.1 % rand(1). For the PALM-TT
)

algorithm, we choose af = (1.01 ”A];i . We take different [m, n] to evaluate the proposed LADMM

algorithm, and the results are presented in Table 1.
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Table 1 Numerical results for the multi-linear systems in Example 6.1

Algorithms [m,n] [5,10] [5,20] [5,30] [6, 10] [6,20] [7,10] [8, 10]
LADMM IT 33 36 37 33 36 37 37
TIME 0.08 0.14 0.27 0.10 0.31 0.15 0.31
RES 7.51e-10 9.50e-10 9.89%e-10 8.83e-10 3.68e-10 9.40e-10 4.66e-10
CG IT 90 93 74 38 32 132 47
TIME 0.26 13.32 87.57 1.70 99.46 67.25 210.91
RES 8.77e-10 8.81e-10 7.11e-10 6.94e-10 9.24e-10 8.57e-10 4.68e-10
PALM-TT IT 1624 1713 1752 2107 2357 2901 3710
TIME 5.02 777 12.17 8.13 13.49 13.18 21.91
RES 9.87e-10 9.94e-10 9.87e-10 9.96e-10 9.99¢-10 9.87e-10 9.87e-10

Table 2 Numerical results for the multi-linear systems in Example 6.2

Algorithms [m, n] [3,50] [3,75] [3, 100] [3,200] [4,50] [4,75] [4, 100]
LADMM IT 25 29 30 45 30 62 43
TIME 0.04 0.07 0.10 0.47 0.19 0.46 0.82
RES 7.34e-8 7.51e-8 6.30e-8 8.54e-8 5.22e-8 8.11e-8 9.48¢-8
CG IT 80 66 60 85 65 77 57
TIME 0.19 0.47 1.19 12.02 6.88 100.19 258.91
RES 8.29e-8 7.67e-8 9.70e-8 9.93e-8 8.00e-8 8.69e-8 8.05e-8
PALM-TT IT 515 618 571 620 562 884 740
TIME 1.16 1.71 2.13 6.96 1.98 6.64 11.92
RES 9.97e-8 9.85e-8 9.85e-8 9.99e-8 9.16e-8 9.98e-8 9.94e-8

Example 6.2 (Exponential data fitting) We consider two symmetric tensors A; € C3"! and A, € C*1 stated
in Papy et al. [5], whose entries are

(ADi iz = exp[(=0.01 +0.4071) (iy + iz + i3 — 2)]

+exp[(—=0.02 +0.4471) (i1 + iz + i3 — 2)] + € 4ir+i3—2,
(A2)i,iyiziy = €xp [(=0.01 +0.407r1) (i) + iz + i3 + iy — 3)]

+exp[(—0.02 4+ 0.4471) (i1 + iz + i3 + is — 3)] + €i)+ip+iz+is—3

where e;, 1i,4i,—2 and e;, 1i,+iy+i,—3 are two different complex white Gaussian noises.

We set the solution x* = (1 — 1) % ones(n, 1), kmax = 1000, and € = 10~7. The initial points x? = x* =

(1 —1)*(rand (1) + 1) * ones(n, 1) and A? = zeros(n, 1) fori = 2,3, ..., m. We choose suitable parameters
Ti, Ui, and §; withi = 2,3, ..., m for the LADMM algorithm. For the CG method, we set o1 = 0.1, 0 = 0.3,

o 1
) . The

p=0.5,and u = 0.5+ 0.1 % rand(1l). For the PALM-TT algorithm, we choose oz{c = (1.01 HA" l.‘

results are in Table 2.

6.2 Solve the US-eigenpairs problem of the complex symmetric tensor

Example 6.3 We consider the symmetric third-order pure state defined in Wei and Goldbart [8]

IGW (s, ¢)) = +/s|GHZ) + /1 — se'?|W), s € [0, 1], ¢ € [0, 27].
The corresponding tensor S is provided in (1.2), whose entries are

/2
si1 = s = 5,

§112 = 8121 = 8211 =
sjki = 0, elsewhere.

«/3—3s l¢
3¢

In order to find the US-eignepairs, we need to solve the following tensor equation:

Sy" =3,y #0.
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Table 3 Numerical results for the multi-linear systems in Example 6.3

Algorithms [s, @] [0.25, 0] [0.25,0.757] [0.50, Or] [0.50, 0.1257] [0.75, 0r] [0.75,0.57]

LADMM IT 61 46 76 139 62 61
TIME 0.07 0.05 0.08 0.15 0.06 0.06
RES 4.83e-10 2.14e-10 9.99e-10 2.63e-10 6.13e-10 7.37e-10

CG IT 114 50 1000 160 74 75
TIME 0.17 0.06 2.87 0.17 0.06 0.07
RES 7.68e-10 3.89%e-10 2.37e-6 9.27e-10 7.47e-10 9.55e-10

PALM-TT IT 691 748 773 762 882 784
TIME 0.87 0.95 1.05 1.00 1.14 1.04
RES 9.91e-10 9.94e-10 9.95e-10 9.92e-10 9.95e-10 9.94e-10

We set kmax = 1000 and € = 10~°. The initial points x? =x"= 2xrand (1) = 1)+ (2.5 rand (1) — 1.5)1
and X? = zeros(n, 1) fori = 2,3, ..., m. We choose suitable parameters t;, u;, and §; withi = 2,3,...,m
for the LADMM algorithm. For the CG method, we set o7 = 0.3, 0o = 0.5, p = 0.5 + 0.3 * rand(1), and

o2\ !
i = 0.5+ 0.5 % rand(1). For the PALM-TT algorithm, we choose af = (1.01 Hski ) > . The numerical

results are presented in Table 3.

The number of the LADMM’s iterative steps is much less than that of the CG method and the PALM-TT
algorithm, even if the CG method has a superlinear rate of convergence. This is because the LADMM algorithm
transforms the nonconvex tensor optimization problem into a multi-convex matrix optimization problem. Besides,
the CPU time of our LADMM algorithm is also less than that of the CG method and the PALM-TT algorithm.
Thus, our LADMM algorithm is more effective than the CG method and the PALM-TT algorithm.

6.3 Higher-order Markov chain problems and multilinear PageRank problems

The numerical examples in subsections 6.3 and 6.4 are convex constrained real optimization problems. Since the
Frank-Wolfe method is more efficient than other classical optimization algorithms, we compare the LADMM
algorithm with the Frank-Wolfe method proposed in ?

Example 6.4 Consider finding the stationary probability vector of the stochastic tensor P provided in Liu et al.
[38]
16 0 0 0 0 0 0 1/62/11 1/8 4/27 5/27
1/6 0 2/115/26 1/5 1/6 0 1/6 0 0 0 0
ey | /6 1/5 0 2/137/307/30 | | 14 1/6 0 7/24 2/9 527
GaD=11%6 174 2/11 0 4/153/10 | PCoD=|3/161/67/22 0 7/27 727

176 3/107/22 4/13 0 3/10 /4 1/63/117/24 0 10/27
1/6 1/4 7/22 9/26 3/10 0 5/16 1/6 5/22 7/24 10/27 0
0 2/111/6 1/4 2/17 1/7 0 1/4 1/5 1/6 1/13 1/15
2/11 0 1/6 1/16 3/17 5/21 13 0 1/5 1/61/13 1/5
oo o oo o o |, . 1314 0 16313 1/5
Peud=1gynynie o 517277 |5 PE=HD=10"0 0 16 0 0
2/113/111/65/16 0 173 1/61/83/101/6 0 8/15
3/115/11 1/6 3/8 7/17 0 1/6 3/8 3/10 1/6 8/13 0
0 0 1/71/61/61/5 1/61/60 0 01/6
0 0 1/71/31/6 0 1/61/60 0 01/6

e 1313 0 1/31/63/5 . o _|1e1/601/201/6
e e R S N
1/3 0 3/71/61/6 0 1/61/60 0 01/6

The optimization problem we need to solve is (5.5). We set € = le — 11 and kyax = 1000. The initial point is
set as %e. Choose suitable parameters for the LADMM algorithm and the Frank-Wolfe method, and the results
are contained in Table 4.

Example 6.5 In this subsection, we use the real network with n nodes and / edges. As discussed in Gleich et al.
[35], the transition probability tensor can be generated from a directed network. For a directed graph G\, £),
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Table 4 Numerical results for Example 6.4

Problem Algorithms IT TIME RES
P LADMM 66 0.10 8.81e-12
Frank-Wolfe 340 0.14 9.63e-12

0 T T T T T

N — LADMM
Frank-Wolfe

2 1

log, ,(RES)

0 50 100 150 200 250 300 350
Iteration steps

Fig. 4 Comparison of the LADMM algorithm and the Frank-Wolfe method for Example 6.4

with |[V| = n and |€| = [, the adjacency tensor A = (ai jk) is given by the following third-order tensor,

P 1 there is a directed three-cycle between nodes i, j, k € N,
k=10 otherwise.

We denote the mode-1 unfolding matrix of the tensor A by Q € R”X"Z, and denote the matrix R by
R=0+vd',

where d € R’ is the dangling correction vector of the matrix Q. The mode-1 folding tensor of R is the transition
probability tensor. Generally, the transition probability tensor can be defined as a combination of directed three-
cycles and directed edges of the original graph that varies with the parameter 8 such that 8 = 1 uses only three
cycles and B = 0 reduces to the traditional PageRank case.

R = B[Q + v dangling (Q)] + (1 — B)[P + v dangling (P)] ® eT,

where P = D~ A represents the random-walk describing G, while A represents its adjacency matrix and D
represents its degree matrix, 0 < 8 < 1, vis apositive stochastic vector, and dangling(.) is the dangling correction
vector. The real network we use is Harvard500 Moler [39] which has 500 nodes and 2636 edegs. The number
of cycles is 9003. The transition probability tensor P is the mode-1 folding tensor of the matrix R. We choose
the transition probability vector v = Slme and the transition probability tensor P = aP + (1 — )V, where
V = (Viyig..oiny) With vy i, = Viy, Viz, ..., im. We choose B = 0.05 and different o for Example 6.5. The
optimization problem we need to solve is (5.5). We set € = le — 5 and kpax = 1000. The initial point is set
as ﬁe. We compare the LADMM algorithm with the away-step Frank-Wolfe method (AFW) and the pairwise
Frank-Wolfe method (PFW) proposed in ?. Choose suitable parameters for the chosen algorithms, and the results
are contained in Table 5.

6.4 Box-constrained tensor equations

In this subsection, we consider the following box-constrained tensor least squares problem, which is the special
case of the convex constrained tensor equation,

AxX" 1 =p, st. 1<x<u,
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Table S Numerical results for Example 6.5

Problem Algorithms IT TIME RES
Harvard500(a = 0.3) LADMM 32 33.58 9.90e-6
AFW 1000 383.73 8.54e-5
PFW 1000 389.12 8.54e-5
Harvard500(a = 0.4) LADMM 90 93.38 9.90e-6
AFW 1000 389.23 1.14e-4
PFW 1000 391.42 1.14e-4
Harvard500(« = 0.5) LADMM 247 255.29 9.99¢-6
AFW 1000 390.76 1.42e-4
PFW 1000 399.11 1.42e-4

Table 6 Numerical results for the multilinear systems in Example 6.6

Variable Value Algorithms LADMM Frank-Wolfe
1 (0.5311,0.6237,0.6125) " IT 45 96

u (1.1123, 1.2346, 1.2551) T TIME 0.09 1.23
X} (0.8000, 0.8000, 0.8000) " RES 8.10e-7 9.20e-7
L, (1.2472,0.9728, 1.9132) T IT 64 286

w (3.5613, 1.9881, 4.0225) " TIME 0.12 432

X3 (1.9881, 1.9881, 1.9881) " RES 9.80e-7 9.90e-7
13 (0.4285,0.3201, 0.4273) T IT 75 108

w3 (1.2676, 1.2676, 1.5325) " TIME 0.14 1.46
X} (1.2676, 1.2676, 1.2676) T RES 9.78¢-7 9.01e-7
1 (—1.7111, —0.8837, —1.8372) T IT 72 147

w (=1.0121, —0.3551, —0.9294) T TIME 0.16 2.26
X (—1.2121, —0.5793, —1.6161) " RES 9.22¢-7 9.71e-7
15 (=2.0167, —3.1319, —2.5932) " IT 279 5000
us (—1.2181, —1.8672, —1.0362) " TIME 0.47 61.94
x: (=2.0167, —1.8672, —1.9531) " RES 9.99¢-7 6.88e-2
I (—3.9293, —4.2707, —5.3161) T IT 146 193

ug (—=2.0178, —0.3382, —1.2576) " TIME 0.30 3.14

X} (—=2.0178, —2.0178, —2.0178) " RES 5.79¢-7 9.98¢-7
1 (0.2113,0.6523, 1.1356) | IT 393 5000
u; (1.1453,2.5542, 1.5641) T TIME 0.66 55.32
x5 (0.8562, 1.6817, 1.5641) T RES 9.19¢-7 6.49¢-2
Ig (0.6210, 1.1764, 0.9271) " IT 413 5000
ug (1.3571,2.8513, 1.4243)T TIME 0.84 53.72
X} (1.3571, 1.8764, 1.4243) T RES 8.57e-7 7.32e-2

where 1, u € R" are the box-constrained vectors satisfying 1 < u. We assume the feasible set Q =
{x € R" : 1 <x < u} is not empty and the real solution x* € . In the following numerical examples, we
set € = le — 6 and kyax = 5000.

Example 6.6 We consider the Pierre-Simon Laplace tensor A4 = (ai jkl) € R*31 stated in Pearson and Zhang
[40] , whose entries are

aiil =3, a2 = aip) = api = a1 = —1,

2
agmon = 3,ax;33 = axxn3 = a3z = a3 = a3 = dpn = —3,
az33z =2, a;i =0  elsewhere.

A is a singular M-tensor proven in Pearson and Zhang [40]. We take different box-constrained vectors u;, v; and
choose different real solutions x;k satisfying I; < xf < u;. Then, we set the initial point x? =x"=05( +w).
The parameters are chosen suitably for the LADMM algorithm and the Frank-Wolfe method, and the numerical
results are contained in Table 6.

In Examples 6.4, 6.5, and 6.6, our LADMM algorithm is more effective than the Frank-Wolfe method.
Besides, if we choose appropriate I; and u; satisfying I; < X;" < w; in (6.1), we can find all the real solutions of
the tensor equation.
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7 Conclusions

In this paper, we consider the complex tensor equation problem and the CTLS problem, and propose the LADMM
algorithm by Wirtinger calculus. Under mild assumptions, we establish the convergence theorem of the LADMM
algorithm. Moreover, we use our LADMM algorithm to solve US-eigenvalue problems, higher-order Markov
chain problems, and general constrained tensor equation problems. Numerical experiments are conducted to
illustrate the efficiency of our LADMM algorithm.
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