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Abstract This study obtains several representations and properties of the generalized core-EP inverse (GCEP
inverse). A novel canonical representation of the generalized core-EP inverse is obtained using the singular value
decomposition (SVD). To accomplish this, a canonical representation of the A(2)

T,S is also obtained. Further, utiliz-

ing the full-rank decomposition of A(2)
T,S , some full-rank representations of the GCEP inverse are obtained, which

in turn gives some new integral representations of the GCEP inverse. Additionally, algorithms and numerical
examples are given using the representations obtained. Algorithms are implemented in Matlab R2024a, and it
concluded that our algorithms are reliable and give more accurate results than the existing one in [1].
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1 Introduction

The collection of all complex matrices of size m × n is denoted by C
m×n . The subset of m × n complex matrices

with rank r is represented by C
m×n
r . The identity matrix of order n is denoted by In . For a matrix A ∈ C

m×n ,
the symbols r(A), A∗, N (A), and R(A) represent the rank, conjugate transpose, null space and range space
of A, respectively. For any set S, S⊥ denotes the orthogonal complement of S. For A ∈ C

n×n , A−1 represents
the inverse of the matrix A and the index of the matrix A is the smallest non-negative integer k such that
N (Ak) = N (Ak+1) and is denoted by ind(A).
For A ∈ C

m×n , X ∈ C
n×m the four Penrose equations are [2]:

1. AX A = A;
2. X AX = X ;
3. (AX)∗ = AX ;
4. (X A)∗ = X A.

For A ∈ C
m×n , if X ∈ C

n×m satisfies all the four Penrose equations, then it is known as the Moore-
Penrose inverse of A, denoted by A†. The matrix X is known as the {l, m, n, . . .}-inverse of A if it satisfies the
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(l), (m), (n), . . . equations. The notation A{l, m, n, . . .} denotes the collection of all {l, m, n, . . .}-inverses of
A. The individual elements of the set are typically written as A(l,m,n,...). If X ∈ A{2}, then it is known as an
outer inverse of A. Outer inverses with a specified null space S and range T are often represented as A(2)

T,S . The

set of matrices A ∈ C
m×n for which A(2)

T,S exists is denoted by C
m×n
T,S . Key generalized inverses, such as the

Moore-Penrose inverse [2], the weighted Moore-Penrose inverse [3], the group inverse [4], the Drazin inverse
[4], the Bott-Duffin inverse [5], and the generalized Bott-Duffin inverse [6], are all examples of outer inverses
with a specified range and null space.
The following lemma gives the existence criteria for the outer inverse with a specified range and a null space.

Lemma 1.1 [7] Let A ∈ C
m×n
r , T be subspace of C

n of dimension t ≤ r and S be a subspace of C
m of dimension

m − t . Then, A admits a {2}-inverse X with R(X) = T and N (X) = S if and only if AT ⊕ S = C
m. Moreover,

when this condition holds, X is unique.

Additionally, the concept of the core inverse was introduced for square matrices in [8]. For A ∈ C
n×n , the

unique matrix X ∈ C
n×n is the core inverse of A if

AX = AA†, R(X) ⊆ R(A).

The core inverse exists for index one matrices and is unique. It is denoted as A #©. Further, for square matrices
of arbitrary index, the concept of core-EP inverse was introduced in [9]. It is a generalization of the core inverse.
For A ∈ C

n×n having index k, the matrix X ∈ C
n×n is known as the core-EP inverse of A (denoted by A †©) if it

satisfies

X AX = X, R(X) = R(X∗) = R(Ak)

and the matrix X is the dual core-EP inverse(denoted by A †©) [9] of A if

X AX = X, R(X) = R(X∗) = R((Ak)∗).

The generalized Core-EP (GCEP) inverse [10] extends the core-EP inverse to rectangular matrices. For
A ∈ C

m×n
T,S , the GCEP inverse of A is defined as

A
2©

T,S := A(2)
T,S(AA(2)

T,S)†. (1)

Further, the dual GCEP inverse [10] is defined as

AT,S
2© := (A(2)

T,S A)† A(2)
T,S . (2)

It is noted in [10] that the GCEP inverse reduces to the core-EP inverse if m = n, ind(A) = k and A(2)
T,S = AD ,

where AD represents the Drazin inverse of A. Further, if ind(A) = 1, the GCEP inverse reduces to the core
inverse. If T = R(A∗) and S = N (A∗) then A

2©
T,S = A†. Moreover, a generalized Moore-Penrose inverse(gMP)

and dual gMP inverse were introduced in [11]. For A ∈ C
m×n , the gMP inverse is defined as

A	 := (A †© A)† A †©,

and the dual gMP inverse is defined as

A	 := A †©(AA †©)†.

Furthermore, it is well known from [1] that the gMP inverse (resp. the dual gMP inverse) is a particular case of
the dual GCEP inverse(resp. GCEP inverse), for A(2)

T,S = A †©(resp. A(2)
T,S = A †©).

In the theory of generalized inverses, representations and characterization-based approaches are crucial. A key
tool in this area is the well-known Singular value decomposition(SVD) of matrices, which provides useful
representations of different generalized inverses (refer to [7,8,12–15]). Additionally, full-rank factorizations
of the generalized inverse are an important area in the theory of generalized inverses [16–21]. Moreover, the
compact SVD, which provides a full-rank factorization of a matrix, is often used in literature to compute the
generalized inverses, for instance, in [22].
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962 G. Chowdhry, F. Roy

In this work, we focus on presenting useful representations of the GCEP inverse. Moreover, algorithms and
numerical examples are provided to verify the results and check their reliability. The algorithms were implemented
on Matlab R2024a.
The framework of this paper is as follows. In Section 2, we gave a representation of the GCEP inverse using
SVD. First, a canonical representation of the A(2)

T,S is given, and further, it has been used to get the canonical
representation of the GCEP inverse using the SVD. Additionally, some properties of the GCEP inverse are
obtained. Section 3 provides full-rank representations of the GCEP inverse using the full-rank factorization of
A(2)

T,S , which in turn gives some integral representations of the GCEP inverse. Finally, in Section 4, we present
algorithms and numerical examples based on the previously obtained representations. We also include comparison
tables to assess the reliability of the algorithms.

2 Representation of the GCEP inverse using SVD

This section gives canonical representations of the outer and GCEP inverse for a rectangular matrix. Moreover,
some properties of the GCEP inverse are also obtained. First, we will give a canonical representation of the outer
inverse with a specified range and null space using SVD. For A ∈ C

m×n
T,S , suppose that dim(T ) = t , then by using

the basis vectors of T as columns, a matrix B ∈ C
n×t can be constructed such that R(B) = T . Further, using

the basis vectors of the orthogonal complement of S as columns, a matrix C∗ ∈ C
m×t can be constructed such

that N (C) = S, and hence there exists a matrix G = BC such that R(G) = T and N (G) = S. The existence of
such a matrix G will be assumed throughout the paper. The following lemma will be required in the subsequent
results.

Lemma 2.1 [18] Let A ∈ C
m×n
r , T be a subspace of C

n with dimension t ≤ r , and S be a subspace of C
m with

dimension m − t . Additionally, let G ∈ C
n×m satisfies R(G) = T and N (G) = S. If A(2)

T,S exists, then

ind(AG) = ind(G A) = 1

and the A(2)
T,S is given by

A(2)
T,S = G(AG)# = (G A)#G,

where A# denotes the Group inverse of A.

Theorem 2.1 Let A ∈ C
m×n
r and G ∈ C

n×m
t satisfies the conditions of Lemma 2.1. Consider the SVD of A, G

as follows:

A = U

[
�1 0
0 0

]
V ∗, and G = P

[
�2 0
0 0

]
Q∗, (3)

where U, Q ∈ C
m×m and V, P ∈ C

n×n are unitary matrices, while �1 ∈ C
r×r and �2 ∈ C

t×t are invertible
diagonal matrices with positive diagonal entries. Let

Q∗U =
[

U1 U2
U3 U4

]
, V ∗ P =

[
P1 P2
P3 P4

]
, U1 ∈ C

t×r , and P1 ∈ C
r×t . (4)

Then a canonical form of A(2)
T,S using SVD is as follows

A(2)
T,S = P

[
(�2U1�1 P1)

#�2 0
0 0

]
Q∗. (5)

Proof From Lemma 2.1 , it is known that A(2)
T,S = (G A)#G. Using the representations given in equations (3)

and (4), one has G A = P

[
�2U1�1 0

0 0

]
V ∗. Let

Y = (G A)# = P

[
Y1 Y2
Y3 Y4

]
P∗,
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where Y1 ∈ C
t×t . Then similarly as in [13, Theorem 2.4], to find Y , we need to solve the equations G AY 2 =

Y, Y (G A)2 = G A and G AY = Y G A. First, we compute G AY as follows:

G AY = P

[
�2U1�1 0

0 0

]
V ∗ P

[
Y1 Y2
Y3 Y4

]
P∗

= P

(
�2U1�1 P1Y1 + �2U1�1 P2Y3 �2U1�1 P1Y2 + �2U1�1 P2Y4

0 0

)
P∗.

Hence, G AY 2 = Y gives Y3 = 0, Y4 = 0, (�2U1�1 P1)Y 2
1 = Y1 and (�2U1�1 P1)Y1Y2 = Y2. Additionally, on

solving G AY = Y G A, we obtain (�2U1�1 P1)Y1 = Y1(�2U1�1 P1) and (�2U1�1 P1)Y2 = Y1(�2U1�1 P2).
Furthermore, Y (G A)2 = G A gives Y1(�2U1�1 P1)

2 = �2U1�1 P1. Hence clearly Y1 = (�2U1�1 P1)
#. More-

over, from the equations obtained, we conclude

Y2 = (�2U1�1 P1Y1)Y2 = (Y1�2U1�1 P1)Y2 = Y1(Y1�2U1�1 P2).

Hence

(G A)# = P

[
(�2U1�1 P1)

# ((�2U1�1 P1)
#)2�2U1�1 P2

0 0

]
P∗. (6)

Then, the required representation in Eq. (5) can be easily followed. 
�
As mentioned in the introduction, it is well known that many generalized inverses, including the key gen-

eralized inverses, are outer inverses with specified range and null space. Hence, they can be derived as specific
instances of the aforementioned result by appropriately selecting G.

Utilizing the canonical representation obtained for the outer inverse with a specified range and a null space,
we present a canonical representation of the GCEP inverse using the SVD representations of A and G as given
in Eq. (3).

Theorem 2.2 Assume that Theorem 2.1 conditions are satisfied. Then, a canonical representation of the GCEP
inverse is as follows

A
2©

T,S = P

[
�(�1 P1�)† 0

0 0

]
U∗, (7)

where � = (�2U1�1 P1)
#�2.

Proof Utilizing the representations in equations (3), (4), (5), we derive

AA(2)
T,S = U

[
�1 0
0 0

] [
P1 P2
P3 P4

] [
(�2U1�1 P1)

#�2 0
0 0

]
Q∗

= U

[
�1 P1(�2U1�1 P1)

#�2 0
0 0

]
Q∗.

Thus

(AA(2)
T,S)† = Q

[
(�1 P1(�2U1�1 P1)

#�2)
† 0

0 0

]
U∗. (8)

Since A
2©

T,S = A(2)
T,S(AA(2)

T,S)†, by using the representations obtained in equations (5) and (8), we get the required
representation as in Eq. (7). 
�

Using the representation derived in Eq. (7), an algorithm for computing the GCEP inverse is presented in
Section 4. Let A ∈ C

m×n such that A(2)
T,S exists with S = N (G) and T = R(G) for G ∈ C

n×m . It is known

that A
2©

T,S reduces to A †© if we consider m = n, ind(A) = k and G = Ak . Additionally, if k = 1, it reduces to
the core inverse of A. The following corollaries gives canonical representation of A †© and A #© using SVD of A.
Also, the canonical representations of A †© and A #© can be obtained following [12, Theorem 2.4]. The following
results are a consequence of the representation of the GCEP inverse obtained in Theorem 2.2.
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964 G. Chowdhry, F. Roy

Corollary 2.1 For A ∈ C
n×n with ind(A) = k having representation as in Eq. (3), such that

V ∗U =
[

V1 V2
V3 V4

]
.

Following is a canonical representation of A †©,

A †© = U

[
�(�1V1�)† 0

0 0

]
U∗,

where � = ((�1V1)
k+1)#(�1V1)

k−1�1.

Proof It is well known that A(2)
T,S exists for G = Ak such that S = N (G) and T = R(G). Hence G = Ak =

U

[
�1(V1�1)

k−1 0
0 0

]
V ∗. Hence, by following the proof of Theorem 2.2, we obtain

A †© = A
2©

R(Ak),N (Ak )
= U

[
�(�1V1�)† 0

0 0

]
U∗,

where � = ((�1V1)
k+1)#(�1V1)

k−1�1. 
�
Corollary 2.2 Let the Corollary 2.1 assumptions hold, and k = 1, then a canonical representation of the core
inverse of A is as follows

A #© = A
2©

R(A),N (A) = U

[
�(�1V1�)† 0

0 0

]
U∗,

where � = ((�1V1)
2)#�1.

If we consider G = A∗ in Theorem 2.2, A
2©

T,S reduces to A† and we get a canonical representation of A†

using SVD [7]. More generally, we wish to know conditions for which the GCEP inverse A
2©

T,S coincides with

the A(2)
T,S . We begin by giving an auxiliary lemma.

Lemma 2.2 [7] Let A ∈ C
m×n be an arbitrary matrix, then:

1. APT,M = A if and only if M ⊂ N (A);
2. PT,M A = A if and only if R(A) ⊂ T ,

where PT,M denotes the projection onto space T along M.

Theorem 2.3 For A ∈ C
m×n
r , let T and S be subspaces of C

n, and C
m respectively such that A(2)

T,S exists, then
the following are equivalent:

1. A
2©

T,S = A(2)
T,S.

2. S ⊃ R(AA(2)
T,S)⊥.

3. A(2)
T,S is a {2, 3}-inverse of A.

Proof 1 ⇐⇒ 2. Since A
2©

T,S = A(2)
T,S(AA(2)

T,S)† = A(2)
T,S P

R(AA(2)
T,S)

, hence by Lemma 2.2, A
2©

T,S = A(2)
T,S if and

only if N (A(2)
T,S) ⊃ R(AA(2)

T,S)⊥, i.e. S ⊃ R(AA(2)
T,S)⊥.

2 ⇐⇒ 3. Let S ⊃ R(AA(2)
T,S)⊥ which implies N (A(2)

T,S) ⊃ N ((AA(2)
T,S)∗). Let X = A(2)

T,S , then r(X) =
r(AX) = r((AX)∗) and hence, by the rank-nullity theorem, the nullity of X is the same as that of (AX)∗. Thus
N (A(2)

T,S) = N ((AA(2)
T,S)∗). Therefore AA(2)

T,S is an orthogonal projection and hence it gives 3.

Conversely, if AA(2)
T,S is an orthogonal projection, where it is known that AA(2)

T,S = PR(AA(2)
T,S),N (A(2)

T,S)
. Hence

N (A(2)
T,S) = R(AA(2)

T,S)⊥.

�
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The above theorem entails that whenever A(2,3)
T,S exists, A(2,3)

T,S = A
2©

T,S . Hence, the following corollary is a
consequence of the above theorem.

Corollary 2.3 For A ∈ C
m×n, let T and S be subspaces of C

n, and C
m respectively such that A(2)

T,S exists. Then,
the following equalities hold:

1. A
2©

T,S = A
2©

T,S(AA
2©

T,S)†;

2. A 2©,� = A 2©,�(AA 2©,�)†;

3. A
2©,(1)

T,S = A
2©,(1)

T,S (AA
2©,(1)

T,S )†;

4. A
2©,(2)

T,S = A
2©,(2)

T,S (AA
2©,(2)

T,S )†;

where A 2©,�, A
2©,(1)

T,S and A
2©,(2)

T,S are extensions of the GCEP inverse as defined in [1].

Remark 2.1 Note that a particular instance of the above result has been observed in [11] for the core-EP inverse
while defining the gMP inverse. They have shown A †© = A †©(AA †©)†. Also, we conclude that A	 = A	(AA	)†.

3 Full-rank representations of the GCEP inverse

In this section, some full-rank representations of the GCEP inverse are obtained. Further, other representations,
including integral representations of the GCEP inverse, are obtained by utilizing the obtained representations.
Since the GCEP inverse involves an outer inverse with a specified range and null space, first, we restate the
representation given in [16] using an arbitrary full-rank representation as an auxiliary lemma.

Lemma 3.1 [16] Assume that A ∈ C
m×n
r and G ∈ C

n×m
t satisfies the conditions of Lemma 2.1. Let the full-rank

factorization of G be G = P Q, then A(2)
T,S = P(Q AP)−1 Q.

Following is a full-rank representation of the GCEP inverse using the full-rank factorization of A(2)
T,S .

Theorem 3.1 For A ∈ C
m×n, let G ∈ C

n×m satisfies N (G) = S and R(G) = T such that A(2)
T,S exists. Let the

full-rank factorization of G be G = P Q, then the following are full-rank factorizations of A
2©

T,S:

1. A
2©

T,S = P(Q AP)−1 Q((Q AP)−1 Q)†(AP)†;

2. A
2©

T,S = P(AP)†;

3. A
2©

T,S = P((AP)∗ AP)−1(AP)∗.

Proof 1. By Lemma 3.1, A(2)
T,S = P(Q AP)−1 Q is its full-rank representation. Now AA(2)

T,S = AP(Q AP)−1 Q.

Since Q AP is invertible, r(AP) = r(P) and r(AA(2)
T,S) = r(A(2)

T,S) whence the obtained representation of

AA(2)
T,S is its full-rank representation. Furthermore, by reverse order property of the Moore-Penrose inverse,

(AA(2)
T,S)† = ((Q AP)−1 Q)†(AP)†, hence

A
2©

T,S = A(2)
T,S(AA(2)

T,S)† = P(Q AP)−1 Q((Q AP)−1 Q)†(AP)†. (9)

Moreover, since

r(P(Q AP)−1 Q) ≥ r(P(Q AP)−1 Q((Q AP)−1 Q)†)

≥ r(P(Q AP)−1 Q((Q AP)−1 Q)†(Q AP)−1 Q),
(10)

thus r(P(Q AP)−1 Q) = r(P(Q AP)−1 Q((Q AP)−1 Q)†), therefore P(Q AP)−1 Q((Q AP)−1 Q)† is a full
column rank matrix. Therefore, the obtained representation in Eq. (9) is a full-rank representation.
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966 G. Chowdhry, F. Roy

2. From Eq. (9), we get A
2©

T,S = P(Q AP)−1 Q((Q AP)−1 Q)†(AP)†. Now, by the reverse order rule of the

Moore-Penrose inverse, it reduces to A
2©

T,S = P(Q AP)−1 Q(Q)†((Q AP)−1)†(AP)† = P(AP)†.

3. It follows from part 2.

�

In the following result, we give a representation of the GCEP inverse that relates the GCEP inverse with the
{2, 3}-inverse with a specified range and null space.

Theorem 3.2 Let A ∈ C
m×n
r , T be a subspace of C

n with dimension t ≤ r , and S be a subspace of C
m with

dimension m − t . Additionally, let G ∈ C
n×m satisfies R(G) = T and N (G) = S such that A(2)

T,S exists. Let

full-rank factorization of G is G = P Q. If A has an outer inverse A(2)
T,S, then for W = P(AP)∗,

A
2©

T,S = A(2,3)

R(W ),N (W )
= A(2,3)

R(P),N (AP)∗ (11)

Proof From [10, Lemma 2.1], it is known that A
2©

T,S = A(2)

T,N ((AA(2)
T,S)∗)

. By Lemma 3.1, A(2)
T,S has a full-rank

factorization, A(2)
T,S = P(Q AP)−1 Q, hence

N ((AA(2)
T,S)∗) = N (AP(Q AP)−1 Q)∗ = N (((Q AP)−1 Q)∗(AP)∗) ⊇ N ((AP)∗).

Now since r((AP)∗) = r((AA(2)
T,S)

∗), hence by rank-nullity theorem r(N ((AP)∗)) = r(N (AA(2)
T,S)

∗). Thus

N (AA(2)
T,S)∗) = N ((AP)∗)). Therefore, since W = P(AP)∗, clearly R(W ) = R(P) = T and N (W ) =

N ((AP)∗) = N ((AA(2)
T,S)∗). Also, since it is known that AA(2)

T,S is an orthogonal projection hence Eq. (11) is
obtained. 
�
Utilizing the representation obtained in Eq. (11), an algorithm is written in Section 4 to compute the GCEP
inverse, which is motivated by the algorithm in [22].

The following result is a consequence of the representations obtained in [23] for {2, 3}-inverse with a specified
range and null space.

Theorem 3.3 Let A ∈ C
m×n
r , T be a subspace of C

n with dimension t ≤ r , and S be a subspace of C
m with

dimension m − t . Additionally, let G ∈ C
n×m satisfies R(G) = T and N (G) = S such that A(2)

T,S exists. Let

full-rank factorization of G is G = P Q. If A has an outer inverse A(2)
T,S, then a representation of the GCEP

inverse is as follows

A
2©

T,S = P(AP)(1,3) = P(AP)(1) PR(AP). (12)

Proof The proof follows directly by [23, Theorem 3.1] and [23, Theorem 3.3]. 
�
Next, we give some integral representations of the GCEP inverse.

Theorem 3.4 Let A ∈ C
m×n
T,S and G ∈ C

n×m such that R(G) = T and N (G) = S. Let a full-rank factorization
of G be G = P Q, then

A
2©

T,S =
∫ ∞

0
exp[−P((AP)∗ AP)2 P∗ P(AP)∗ Aτ ]P((AP)∗ AP)2 P∗ P(AP)∗ dτ. (13)

Proof The proof follows by Theorem 3.2 and the integral representation of A
2©

T,S from [10, Theorem 3.1]. 
�
Theorem 3.5 Let A ∈ C

m×n
T,S and G ∈ C

n×m such that R(G) = T and N (G) = S. Let a full-rank factorization
of G be G = P Q, then

A
2©

T,S =
∫ ∞

0
P(AP)∗ exp[−AP(AP)∗τ ] dτ

=
∫ ∞

0
P exp[−(AP)∗ APτ ](AP)∗ dτ.

(14)

Proof By Theorem 3.1, A
2©

T,S = P(AP)†. The proof follows by using the integral representation of the Moore-
Penrose inverse provided in [24, Corollary 2.3.3]. 
�
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4 Algorithms and numerical examples

This section gives algorithms to compute the GCEP inverse. The representations obtained in previous sections
are used to give the algorithms. Besides that, some numerical examples are given to illustrate the algorithms and
check the obtained representations’ reliability. The algorithms are implemented on the programming platform
Matlab R2024a environment on the system with Intel(R) Core(TM) i3-5005U CPU @ 2.00GHz 2.00 GHz
processor with 64-bit operating system and 8 GB of RAM running on the Windows 10 Home Single Language.

Algorithm 1 Computing the GCEP inverse using the canonical representation obtained using SVD. (Algorithm
GCEPSVD)
Input: A ∈ C

m×n , G ∈ C
n×m

Output: A
2©

T,S
Step 1: Compute SVD of A and G as given in Eq. (3).
Step 2: Compute Q∗U, V ∗ P and get U1 and P1 as in Eq. (4) .
Step 3: Compute D = �2U1�1 P1.
Step 4: Solve D3 X1 = D for X1.
Step 5: Compute X2 = DX1.
Step 6: Compute � = X2�2.
Step 7: Compute �(�1 P1�)†.

Step 8: Compute A
2©

T,S as in Eq. (7).
End

Algorithm 2 Computing the GCEP inverse using the full-rank representation. (Algorithm FullGCEP)
Input: A ∈ C

m×n
r , G ∈ C

n×m

Output: A
2©

T,S
Step 1: Compute a full-rank representation of G

G = P Q.

Step 2: Compute the matrix W = P(AP)∗.
Step 3: Compute full-rank representation of W = FG.
Step 4: Solve the following equation for X

G AF X = G.

Step 5: Compute the output A
2©

T,S = F X .
End

Next, we will use Matlab’s programming package to give numerical examples for the algorithms mentioned
above.

Example 4.1 Let A =

⎛
⎜⎜⎜⎜⎜⎝

1 2 3 4 1
1 3 4 6 1
2 3 4 5 3
3 4 5 6 4
4 5 6 7 6
6 6 7 7 8

⎞
⎟⎟⎟⎟⎟⎠

and G = AT . Then, the SVD of A is A = U N V T , where the matrices U ,

N , and V are:

U =

⎡
⎢⎢⎢⎢⎢⎣

−0.2075 −0.4369 0.6978 0.1707 0.0240 0.4994
−0.3042 −0.6253 −0.4032 −0.3223 0.4994 −0.0240
−0.3116 −0.2121 −0.0575 0.7775 −0.0240 −0.4994
−0.3984 −0.1304 0.2795 −0.4961 −0.5235 −0.4754
−0.5025 0.0943 −0.4757 0.1107 −0.4754 0.5235
−0.5967 0.5892 0.2069 −0.0631 0.4994 −0.0240

⎤
⎥⎥⎥⎥⎥⎦
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N =

⎡
⎢⎢⎢⎢⎢⎣

25.3110 0 0 0 0
0 4.1237 0 0 0
0 0 0.5757 0 0
0 0 0 0.1331 0
0 0 0 0 0.0000
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦

V =

⎡
⎢⎢⎢⎣

−0.3129 0.4935 0.6196 −0.1569 −0.5000
−0.3931 0.0241 −0.0095 −0.7713 0.5000
−0.4848 −0.1508 0.4209 0.5613 0.5000
−0.5649 −0.6203 −0.2082 −0.0530 −0.5000
−0.4398 0.5903 −0.6288 0.2503 0.0000

⎤
⎥⎥⎥⎦ .

And the SVD of G is G = P M QT , where

P =

⎡
⎢⎢⎢⎣

−0.3129 0.4935 0.6196 −0.1569 −0.5000
−0.3931 0.0241 −0.0095 −0.7713 0.5000
−0.4848 −0.1508 0.4209 0.5613 0.5000
−0.5649 −0.6203 −0.2082 −0.0530 −0.5000
−0.4398 0.5903 −0.6288 0.2503 0.0000

⎤
⎥⎥⎥⎦

M =

⎡
⎢⎢⎢⎢⎢⎣

25.3110 0 0 0 0 0
0 4.1237 0 0 0 0
0 0 0.5757 0 0 0
0 0 0 0.1331 0 0
0 0 0 0 0.0000 0
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦

Q =

⎡
⎢⎢⎢⎢⎢⎣

−0.2075 −0.4369 0.6978 0.1707 0.0240 0.4994
−0.3042 −0.6253 −0.4032 −0.3223 0.4994 −0.0240
−0.3116 −0.2121 −0.0575 0.7775 −0.0240 −0.4994
−0.3984 −0.1304 0.2795 −0.4961 −0.5235 −0.4754
−0.5025 0.0943 −0.4757 0.1107 −0.4754 0.5235
−0.5967 0.5892 0.2069 −0.0631 0.4994 −0.0240

⎤
⎥⎥⎥⎥⎥⎦

Clearly L1 = QT U = I6, V T P = I5. Hence U1 = P1 = I4 and

�1 = �2 =
⎡
⎢⎣

25.3110 0 0 0
0 4.1237 0 0
0 0 0.5757 0
0 0 0 0.1331

⎤
⎥⎦ .

Thus D = �2U1�1 P1 = �1
2. Now, the group inverse of D is required. Since it is well-known that

D# = A(2)

R(D),N (D)
, hence D# = DX1, where X1 is any solution of the equation D3 X1 = D [25]. Therefore,

D =
⎡
⎢⎣

640.6455 0.0000 0.0000 0.0000
0.0000 17.0053 −0.0000 −0.0000

−0.0000 −0.0000 0.3315 −0.0000
−0.0000 −0.0000 −0.0000 0.0177

⎤
⎥⎦ ,

D3 = 1.0 × 108

⎡
⎢⎣

2.6294 0.0000 0.0000 0.0000
0.0000 0.0000 −0.0000 −0.0000

−0.0000 −0.0000 0.0000 −0.0000
−0.0000 −0.0000 −0.0000 0.0000

⎤
⎥⎦ ,

X1 = 1.0 × 103

⎡
⎢⎣

0.0000 −0.0000 −0.0000 −0.0000
−0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0091 0.0000
0.0000 0.0000 0.0000 3.1835

⎤
⎥⎦ ,
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X2 = DX1 =
⎡
⎢⎣

0.0016 −0.0000 −0.0000 −0.0000
−0.0000 0.0588 0.0000 0.0000
0.0000 0.0000 3.0169 0.0000
0.0000 0.0000 0.0000 56.4227

⎤
⎥⎦ ,

A1 = X2�2 =
⎡
⎢⎣

0.0395 −0.0000 −0.0000 −0.0000
−0.0000 0.2425 0.0000 0.0000
0.0000 0.0000 1.7369 0.0000
0.0000 0.0000 0.0000 7.5115

⎤
⎥⎦ ,

Y = A1(�1 P1 A1)
† =

⎡
⎢⎣

0.0395 −0.0000 −0.0000 −0.0000
−0.0000 0.2425 0.0000 0.0000
−0.0000 0.0000 1.7369 0.0000
−0.0000 −0.0000 0.0000 7.5115

⎤
⎥⎦

and the output A
2©

T,S = A† is as follows:

A
2©

T,S =

⎡
⎢⎢⎢⎣

0.5000 −0.1250 −1.0000 0.8750 −0.6250 0.3750
−1.0000 1.8750 −4.5000 2.8750 −0.6250 0.3750
1.2500 −1.6250 3.2500 −1.8750 0.1250 −0.1250

−0.2500 0.3750 −0.2500 0.1250 0.1250 −0.1250
−0.5000 −0.2500 1.5000 −1.2500 0.7500 −0.2500

⎤
⎥⎥⎥⎦

which is the same as obtained by the Matlab function ‘pinv(A)’.

Further, we will take the same matrices A and G as in the previous example, but we will use the second
algorithm.

Example 4.2 Let A =

⎛
⎜⎜⎜⎜⎜⎝

1 2 3 4 1
1 3 4 6 1
2 3 4 5 3
3 4 5 6 4
4 5 6 7 6
6 6 7 7 8

⎞
⎟⎟⎟⎟⎟⎠

and G = AT . Full rank factorization of G is G = P Q, where

P =

⎡
⎢⎢⎢⎣

−0.3129 0.4935 0.6196 −0.1569
−0.3931 0.0241 −0.0095 −0.7713
−0.4848 −0.1508 0.4209 0.5613
−0.5649 −0.6203 −0.2082 −0.0530
−0.4398 0.5903 −0.6288 0.2503

⎤
⎥⎥⎥⎦

and

Q =
⎡
⎢⎣

−5.2528 −7.7003 −7.8882 −10.0837 −12.7190 −15.1024
−1.8017 −2.5787 −0.8747 −0.5379 0.3891 2.4298
0.4017 −0.2321 −0.0331 0.1609 −0.2739 0.1191
0.0227 −0.0429 0.1035 −0.0660 0.0147 −0.0084

⎤
⎥⎦ .

Now, the output for W = P(AP)∗ is as follows

W =

⎡
⎢⎢⎢⎣

1.0000 1.0000 2.0000 3.0000 4.0000 6.0000
2.0000 3.0000 3.0000 4.0000 5.0000 6.0000
3.0000 4.0000 4.0000 5.0000 6.0000 7.0000
4.0000 6.0000 5.0000 6.0000 7.0000 7.0000
1.0000 2.0000 3.0000 4.0000 6.0000 8.0000

⎤
⎥⎥⎥⎦
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and the full rank factorization of W is W = FG, where

F =

⎡
⎢⎢⎢⎣

−0.3129 0.4935 0.6196 −0.1569
−0.3931 0.0241 −0.0095 −0.7713
−0.4848 −0.1508 0.4209 0.5613
−0.5649 −0.6203 −0.2082 −0.0530
−0.4398 0.5903 −0.6288 0.2503

⎤
⎥⎥⎥⎦

and

G =
⎡
⎢⎣

−5.2528 −7.7003 −7.8882 −10.0837 −12.7190 −15.1024
−1.8017 −2.5787 −0.8747 −0.5379 0.3891 2.4298
0.4017 −0.2321 −0.0331 0.1609 −0.2739 0.1191
0.0227 −0.0429 0.1035 −0.0660 0.0147 −0.0084

⎤
⎥⎦ .

Thus,

U = G AF =
⎡
⎢⎣

640.6455 0.0000 −0.0000 −0.0000
−0.0000 17.0053 0.0000 −0.0000
0.0000 0.0000 0.3315 0.0000

−0.0000 −0.0000 0.0000 0.0177

⎤
⎥⎦ .

Since X is any solution of the equation U X = G, hence

X =
⎡
⎢⎣

−0.0082 −0.0120 −0.0123 −0.0157 −0.0199 −0.0236
−0.1059 −0.1516 −0.0514 −0.0316 0.0229 0.1429
1.2120 −0.7002 −0.0998 0.4855 −0.8263 0.3594
1.2825 −2.4211 5.8406 −3.7267 0.8314 −0.4742

⎤
⎥⎦ .

Therefore the output is F X = A
2©

T,S = A†

A
2©

T,S =

⎡
⎢⎢⎢⎣

0.5000 −0.1250 −1.0000 0.8750 −0.6250 0.3750
−1.0000 1.8750 −4.5000 2.8750 −0.6250 0.3750
1.2500 −1.6250 3.2500 −1.8750 0.1250 −0.1250

−0.2500 0.3750 −0.2500 0.1250 0.1250 −0.1250
−0.5000 −0.2500 1.5000 −1.2500 0.7500 −0.2500

⎤
⎥⎥⎥⎦ .

Example 4.3 In this example, we will compute the execution time and norm-2 errors for various algorithms and
matrices using Matlab. The ‘matrix’ function from the Matrix Computation Toolbox is utilized to select Matrix
A. The existing algorithm from [1, Algorithm 4.1] is referred to as GCEP, while the two algorithms developed
in this paper are named GCEPSVD and FullGCEP, as previously mentioned. The notation ‘matrix(k,n)’ refers to
the kth matrix in the toolbox, with n representing the size of the matrix. The matrix size has been set to 300×300.
Three tables are presented: Table 1 is for the computation of the Moore-Penrose inverse, Table 2 focuses on the
computation of the core-EP inverse, while Table 3 is for the computation of the dual gMP inverse.

Table 1 Results for error and execution time for the Moore-Penrose inverse

A/Cond(A) Method Time(sec) ||X − X AX || ||AX − (AX)∗||
matrix(6,300)/4.9329e+19 GCEP 0.0507 2.7635e-07 1.1228e-04

GCEPSVD 0.1337 9.4645e-17 1.1216e-14
FullGCEP 0.0763 1.4839e-17 1.7398e-15

matrix(9,300)/1.3365e+17 GCEP 0.0615 3.9614e-14 4.6047e-14
GCEPSVD 0.1295 2.4392e-14 5.1748e-14
FullGCEP 0.0775 3.1627e-15 2.7900e-14

matrix(12,300)/2.6140e+18 GCEP 0.0650 2.2546e-15 1.1531e-13
GCEPSVD 0.1437 4.2145e-15 9.8467e-13
FullGCEP 0.0960 2.7720e-16 1.6753e-12

matrix(43,300)/1.0047e+20 GCEP 0.0607 5.0194e-17 1.6202e-12
GCEPSVD 0.0829 1.6852e-19 9.3829e-14
FullGCEP 0.0644 1.5382e-19 6.5277e-14
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Table 2 Results for error and execution time for the core-EP inverse

A/Cond(A)/index(A) Method Time(sec) ||X − X AX || ||AX − (AX)∗||
matrix(1,300)/2.9672e+20/ GCEP 0.012644 0.13255 0.0033499
20 GCEPSVD 0.028659 9.6317e-16 9.175e-16

FullGCEP 0.023359 1.6277e-15 1.404e-15
matrix(2,300)/8.3978e+14/ GCEP 0.012794 5.7397e-07 0.0066762
17 GCEPSVD 0.03199 7.8003e-11 6.4132e-08

FullGCEP 0.023584 2.8243e-17 7.7033e-13
matrix(3,300)/ 4.7987e+17/ GCEP 0.013763 3526.9 0.0011198
25 GCEPSVD 0.030112 2.816e-06 4.8723e-05

FullGCEP 0.026747 7.627e-15 3.1573e-13
matrix(12,300)/1.9391e+18/ GCEP 0.011392 3.4678e-06 0.006137
16 GCEPSVD 0.031291 1.8772e-10 2.0289e-07

FullGCEP 0.022544 2.0233e-18 6.7121e-15

Table 3 Results for error and execution time for the dual gMP inverse

A/Cond(A)/index(A) Method Time(sec) ||X − X AX || ||AX − (AX)∗||
matrix(1,300)/2.9672e+20/ GCEP 0.012339 0.20455 0.0024856
20 GCEPSVD 0.027721 3.9447e-15 2.8258e-15

FullGCEP 0.026106 3.8267e-15 2.9899e-15
matrix(3,300)/4.7987e+17/ GCEP 0.013709 220.87 0.00096752
25 GCEPSVD 0.032297 2.7672e-14 5.3045e-13

FullGCEP 0.028515 7.6613e-17 1.6124e-15
matrix(9,300)/7.3925e+16/ GCEP 0.014382 0.00052609 0.00029863
21 GCEPSVD 0.031255 2.6564e-14 4.8523e-13

FullGCEP 0.023015 2.1046e-16 3.875e-15
matrix(30,300)/1.5395e+17/ GCEP 0.014882 1.6512e+07 0.0025513
7 GCEPSVD 0.030474 1.0894e-14 6.7995e-15

FullGCEP 0.027029 6.1522e-15 7.1175e-15
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