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Abstract In this paper, we discuss a finite-buffer and multi-server queue wherein a batch of customers of random
size arrive according to a Poisson process. Service time follows the deterministic distribution, and the queue
capacity is N, excluding the number of customers with the servers. The probability generating function (pgf) of
queue-length and system-length distribution at a random epoch has been derived using embedded Markov chain.
The Laplace-Stieltjes transform (LST) of the waiting time of a random customer in a batch has been derived
using the LST of the waiting time of the first customer of a batch. We also derive the probability density function
(pdf) for the waiting-time distribution of a random customer in a batch. Performance measures, like mean queue
length, mean waiting time, and the probability of blocking have been obtained. Such queueing systems find
applications in the performance analysis of communication, manufacturing, and transportation systems.
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1 Introduction

In most of the theoretical studies on queueing models, it has been assumed that customers arrive individually.
But there are many practical instances where customers arrive in batches of random sizes. Example include
letters arriving at a post office, ships arriving at a shipyard, and people going to a theater or restaurant. This
type of queueing model is called bulk-arrival queueing model. For more details, see Chaudhry and Templeton
[1]. The bulk-arrival queueing model has been discussed in detail by Armero and Conesa [2]. The batch-arrival
queueing model was first considered by Neuts [3]. Many variations of this model have been investigated by several
researchers. In the past, several researchers have developed a large number of results on the tail probabilities using
characteristic roots, see Feller [4, p. 276] who presented analytic results on the tail probability in terms of roots of
a characteristic equation. Several analytic results on an M/GY /1, G I (K )/M/1, and M/EK /1 queueing models
have been analyzed by Brière and Chaudhry [5] and Chaudhry et al. [6] using roots of a characteristic equation.
In this direction, Q RO OT algorithms have been developed by Chaudhry [7] which is capable of computing
a large number of roots of a high degree characteristic equation with desired accuracy. Presently, the software
packages, such as MATHEMATICA and MAPLE are capable of getting a large number of roots including
repeated roots. Recently, Banik et al. [8] analyzed the queue-length distribution and system-length distribution
in multi-server G I X/D/c and B M AP/D/c queueing models. Franx [9] obtained an explicit expression for
the waiting-time distribution of an M X/D/c batch arrival queue using a full probabilistic analysis, requiring
neither generating functions nor Laplace transforms. A sojourn-time analysis for the M AP/D/s queue using
a matrix-analytic approach has been performed by Takine [10]. Recently, Kim et al. [11] have analyzed the
discrete-time G I X/Geo/c/N queue and presented a detailed analysis of the complete solution for stationary
queue-length distributions in explicit form. Also, Vijaya Laxmi and Gupta [12] analyzed the G I X/M/c/N queue
and presented queue-length distributions and mean waiting time of the first customer, a random customer and
the last customer of a batch. The batch arrival finite waiting-space queueing model was discussed by Baba [13].
Chaudhry et al. [14] analyzed the queue-length distribution for M/G/1/N + 1 and G I/M/1/N + 1 queueing
models using roots. In this direction Nobel [15] analyzed partial- as well as total-batch rejection policy for a
finite-buffer, batch-arrival and single-server queueing model. Manfield and Tran-Gia [16] discussed the finite
storage system with batch input. The batch arrival queueing system with deterministic service time distribution
is quite well studied, see e.g., Banik et al. [8] and references therein. In recent years, the analysis of batch-arrival
and batch-service queueing inventory system has drawn a great attention to the researchers, see Krishnamoorthy
et al. [17]. Recently, the analysis of waiting-time distribution (in the queue) for a finite-buffer queue with Poisson
input draws quite a bit attention of the researchers, see Chaudhry et al. [18].

In this paper, we discuss an efficient computing procedure for finding the steady-state random epoch proba-
bility of the M X/D/c/N queueing model using the method of roots. As stated before, the service time follows
the deterministic distribution, and there are multiple servers giving service to the incomming customers who
arrive in batches of random size according to a Poisson process. Here, N is the capacity of the queueing system
excluding the number of customers with the servers. We obtain the steady-state queue-length distribution at
random epoch. In this finite buffer batch arrival queueing model, we choose partial batch rejection policy, i.e.
a batch of arriving customers is partially lost because the entire batch cannot fit in the available buffer space.
There are many papers which discuss batch arrival finite-buffer queueing model under different batch accep-
tance/rejection policies. For, more details see Banik et al [19] and Banik and Gupta [20] and references therein.
Finally, we discuss the moments of the waiting-time distribution as well as approximate waiting-time distribution
of a random customer in a batch for this queueing model.

2 Formulation of M X/D/c/N queue under the roots’ paradigm

Let us consider a multi server finite-buffer queue wherein customers arrive in batches of random size X with
P(X = i) = gi , i = 1, 2, 3, . . . , ∞, and mean batch size E(X) = ∑∞

i=1 igi = g. The probability
generating function (pgf) of the batch-size distribution gi is denoted by G(z) = ∑∞

j=1 gi zi . The inter-batch
arrival times are independent and identically distributed (i.i.d.) random variables with a probability density
function b(x) = λe−λx , x ≥ 0, λ > 0, and distribution function (DF) B(x) = 1 − e−λx , x > 0. The Laplace-
Stieltjes transform (LST) of the inter-batch arrival time is b∗(s) = λ

λ+s where �(s) ≥ 0 and 1
λ

= −b∗(1)(0) is
the average inter-batch arrival time, that is, λ is the average batch arrival rate. All c servers are identical with
service time of each customer is equal to a constant time D units by any one of the c servers. Let f ∗

D(s) be
the LST of the service-time distribution and is given by f ∗

D(s) = e−s D with �(s) ≥ 0. The average service
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rate equal to 1
D = μ (say), so that the offered load ρ = λgD

c = λg
cμ and the buffer capacity of this system is

N which includes the numer of customers in the queue only. Let us assume the probability that j customers
enter in the duration of a service time (equal to D time units) be π j (D) ( j ≥ 0). The pgf of π j (D) is given by
π∗(z, D) = f ∗

D(λ − λG(z)) = e−D(λ−λG(z)), which is derived in Equation (5.3.4) of Chaudhry and Templeton
[1, Ch. 5, p. 255].

2.1 Stationary distributions using the roots’ method

Let us assume that the probability that there are ( j ≥ 0) customers in the system including the customers in
the queue as well as with the server at time t be p j (t) with j = 0, 1 , 2 , . . . , c + N . Also, we assume that
p j (t + D) ( j = 0, 1 , 2 , . . . , c + N ) denotes the probability that there are j customers in the system including
the customers in the queue as well as with the server at time t + D. Now, we consider the system at time t + D
and use the probabilistic argument proposed by Tijms [21], we obtain certain recurrence relations as follows:

p j (t + D) =
c∑

i=0

pi (t)π j (D) +
min{c+ j,c+N }∑

i=c+1

pi (t)π j−i+c(D),

j = 0, 1, . . . , c + N − 1. (1)

pc+N (t + D) =
c∑

i=0

pi (t)πc+N (D) +
c+N∑

i=c+1

pi (t)πc+N−i+c(D), (2)

where π j (D) represents the probability that j ( j = 0, 1, 2, · · · ) customers arrive during the time interval (0, D]
and πk(D) = ∑∞

l=k πl(D). Now, letting pi = limt→∞ pi (t), pi = limt→∞ pi (t + D), i = 0, 1, 2, · · · , c+ N .
Then, Eq. (1) and (2) become

p j =
c∑

i=0

piπ j (D) +
min{c+ j,c+N }∑

i=c+1

piπ j−i+c(D), j = 0, 1, . . . , c + N − 1. (3)

pc+N =
c∑

i=0

piπc+N (D) +
c+N∑

i=c+1

piπc+N−i+c(D). (4)

Here, it may be noted that we can find the pgf of {pi }c+N
0 using (3) and (4). By multiplying (3) by z j , summing

over j from 0 to c + N − 1, and adding (4) after multiplying with zc+N , we get, after simplification,

p∗(z) =
c∑

i=0

pi

[

π∗(z, D) −
∞∑

j=N+c+1

π j (D)z j
]

+ 1

zc

[ c+N∑

j=c+1

p j z
j
{

π∗(z, D) −
∞∑

i=N+ j−1

πi (D)zi
}]

, (5)

where p∗(z) = ∑N+c
i=0 pi zi and π∗(z, D) = ∑∞

j=0 π j (D)z j . Simplifying (5) by replacing
∑c+N

j=c+1 p j z j =
p∗(z) − ∑c

i=0 pi zi in the right-hand side, we obtain:

p∗(z) = π∗(z, D)
∑c−1

i=0 pi (zc − zi )

zc − π∗(z, D)

−
[∑c

i=0 pi zc ∑∞
j=N+c+1 π j (D)z j + ∑c+N

j=c+1 p j z j ∑∞
i=N+ j−1 πi (D)zi

zc − π∗(z, D)

]

. (6)

Note that the lowest degree of z in the second term of Eq. (6) is given by (N + c + 1). On the other hand the
maximum degree of z in p∗(z) is N + c. Thus, one may evaluate pi as the coefficient of zi in Eq. (6) using
following pgf:

p∗(z) = π∗(z, D)
∑c−1

i=0 pi (zc − zi )

zc − π∗(z, D)
, (7)
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where π∗(z, D) = ∑∞
i=0 πi (D)zi with |z| ≤ 1. It can be immediately observed that the pgf in Eq. (7) is the same

pgf of the random epoch probabilities for the corresponding infinite-buffer G I X/D/c queueing model under the
stability criteria ρ < 1, see [8, Eq. (6), p. 3]). The pgf in (7) is the same as that of the pgf derived for an infinite-
buffer M X/D/c queue, see Chaudhry and Templeton, [1, Eq. (5.3.4), p. 255], where π∗(z, D) = eλ(G(z)−1)D

and here customers arrive in batches of random size according to a Poisson process. Note that here p∗(z) is
analytic in |z| ≤ 1, then the zeros of the numerator π∗(z, D)

∑c−1
i=0 pi (zc − zi ) and the zeros of the denominator

zc −π∗(z, D) in the right hand side of Eq. (7) should match. If we consider the offered load criteria ρ < 1, then
the denominator (zc − π∗(z, D) ) in the right hand side of Eq. (7) has exactly c zeros in the region |z| ≤ 1, see
Gail et al. [22] for a rigorous proof. Thus, one may consider the characteristic equation (CE) as follows:

zc − π∗(z, D) = 0, with π∗(z, D) ≈ lim
N1→∞

N1∑

i=0

πi (D)zi , (8)

where a possible truncation criteria for π∗(z, D) may be proposed as limz→1 π∗(z, D) = limN1→∞
∑N1

n=0 πn(D)

→ 1 ↑. Let the roots of the CE (8) be denoted by η1 (= 1), η2, . . . , ηc−1, ηc. It may also be mentioned here that
π∗(z, D) may be computed for any chosen positive integer N1 using the truncation criteria just mentioned before.
Since a finite buffer queueing model is considered here, we may observe the possible offered load conditions :
ρ >=< 1.

• Case 1 (ρ < 1): The characteristic Eq. (8) has c roots inside and on the unit circle |z| = 1, for details of
the proof see Gail et al. [22] and the remaining m roots: ηi (i = c + 1, c + 2, · · · , c + m) are in the
region |z| > 1. For the remaining m roots, in the context of G I X/D/c, it has been shown in a recent paper
by Banik et al. [8] (see Theorem A1) that the characteristic equation has one positive simple real root ηc+1
(say) greater than 1 and the magnitude of this root is smaller than all other roots whose absolute values are
grater than 1. However, since for ρ < 1, the pgf p∗(z) for the M X/D/c/N on the right-hand side of Eq. (7)
exists, it is necessary to have such a positive simple real root ηc+1.

• Case 2 (ρ = 1) : Among the remaining m roots, a root ηc+1=1, and the other roots: ηi (i = c + 2, c +
3, · · · , c + m) belong to the region |z| > 1. It has been observed that as ρ increases to 1 from below the
one positive simple real root ηc+1 mentioned in Case 1 decreases to 1 from above, that is ηc+1 → 1+ as
ρ → 1−. Finally, when ρ = 1, one positive simple real root zc = ηc+1 = 1 for the Eq. (7) with multiplicity
2.

• Case 3 ρ > 1: Among the remaining m roots, a root ηc+1 ∈ (0, 1), and the other roots: ηi (i = c + 2, c +
3, · · · , c + m) belong to the region |z| > 1. That is, the one positive simple real root ηc+1 → 1− as
ρ → 1+
It may be remarked here that as ρ (> 0) increases from the right hand limit of 1 to the left hand limit of 1, the
remaining m roots of the CE (8), one positive simple real root gets closer to the origin from the right hand
limit of 1 to the left hand limit of 1. Further, a detailed discussion on the number of roots for possible offered
load ρ >=< 1 has been discussed in three theorems, see the appendix in the last few pages. One may be
able to determine each element of the pgf p∗(z) for the above three cases and those three slightly different
procedures have been discuss below.

• When ρ < 1, the pgf given in Eq. (7) may be used for finding the random-epoch probabilities. The unknowns
{

pi
}c−1

i=0 in the Eq. (7) may be derived using the roots in the region |z| ≤ 1 of (8), i.e., η1 = 1 and
η2, η3, . . . , ηc. Since the pgf in Eq. (7) is analytic in the region |z| ≤ 1, the zeros of the denominator
polynomial and the zeros of the numerator polynomial in Eq. (7) must be equal. This leads to:

c−1∑

i=0

pi (η
c
j − ηi

j ) = 0, with j = 2, 3, · · · c, (9)

which gives c − 1 simultaneous linear system of equations with c unknowns: (p0, p1, p2, · · · , pc−1). The
set of Eq. (9) are insufficient to yield a set of non-zero solution for the unknowns. Therefore, we use of the
normalizing condition and it is given by

p∗(1) =

[
d
dz [π∗(z, D)

∑c−1
i=0 pi (zc − zi )]

]

z=1[
d
dz [zc − π∗(z, D)]

]

z=1

= 1. (10)
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Thus, Eq. (9) along with the normalizing condition (10) become c non-homogeneous system linear equations
which is a consistent system (since the associated Markov chain is an ergodic one) of equations and is
capable of giving c non-zero unknowns: {p0, p1, p2, · · · , pc−1}. Using the above procedure, we obtain
the unknowns {p0, p1, p2, · · · , pc−1}. After that probabilities pi (0 ≤ i ≤ c + N ) can be obtained using
the coefficient of zi in Eq. (7). Finally, the probabilities pi (0 ≤ i ≤ c + N ), need to be normalized using
the fact that

∑c+N
i=0 pi = 1.

• When ρ = 1, exactly the above procedure is followed with a slightly different way which is described below.
We assume ηc+1 = 1, and in this case Eq. (9) is valid. The normalization condition (10) is not valid when
the offered load ρ = 1 as the CE (8) has a repeated root z = 1 of multiplicity two. Therefore, the following
normalization condition for ρ = 1 may be derived using Eq. (7) and it is given below.

p∗(1) =

[
d2

dz2 [π∗(z, D)
∑c−1

i=0 pi (zc − zi )]
]

z=1[
d2

dz2 [zc − π∗(z, D)]
]

z=1

= 1. (11)

The unknowns {p0, p1, p2, · · · , pc−1}, are obtained by solving Eq. (9) along with the normalizing condition
(11). After this, the coefficient of zi on the right-hand side of Eq. (7) gives the probability pi (0 ≤ i ≤ c+ N ).
Finally, the probabilities pi (0 ≤ i ≤ c + N ) derived using above procedure should be normalized by the
fact that

∑c+N
i=0 pi = 1.

• When ρ > 1, the radius of convergence for p∗(z) is further reduced and the domain of convergence is given
by |z| ≤ ηc+1 with ηc+1 < 1. The numerator polynomial in Eq. (7) must have zeros coincide with the roots
ηi (i = 2, 3, . . . , c) of the CE (8) inside the region |z| < ηc+1. The unknown probabilities

{
pi

}c−1
i=0 can be

derived using Eq. (9). For ρ > 1, the normalizing condition may be used as follows:

lim
z→ηc+1

N+c∑

j=1

p j (z) = lim
z→ηc+1

[
d
dz [π∗(z, D)

∑c−1
i=0 pi (zc − zi )]

]

[
d
dz [zc − π∗(z, D)]

] = 1. (12)

The unknowns {p0, p1, p2, · · · , pc−1}, are obtained by solving Eq. (9) along with the normalizing
condition (12). After this, the coefficient of zi on in Eq. (7) gives the probability pi (0 ≤ i ≤ c + N ). Finally,
the probabilities pi (0 ≤ i ≤ c + N ), need to be normalized using the fact that

∑c+N
i=0 pi = 1.

It may be remarked here that the correctness of the obtained random-epoch probabilities can always be
checked using the original embedded Markov chain Eq. (1)-(2). As we obtain the random-epoch probabili-
ties for the finite-buffer M X/D/c/N queue using the generating function corresponding to an infinite-buffer
M X/D/c/∞ queue, we get the proportional probabilities which may not exactly satisfy the original embed-
ded Markov chain Eq. (1)-(2). Thus, we need to run the following iterative scheme to get an εn = 10−n order
of accuracy in the following manner, where n is a positive integer.

p j (k + 1) =
c∑

i=0

pi (k)π j (D, k) +
min{c+ j,c+N }∑

i=c+1

pi (k)π j−i+c(D, k),

j = 0, 1, . . . , c + N − 1. (13)

pc+N (k + 1) =
c∑

i=0

pi (k)πC
N+c(D, k) +

c+N∑

i=c+1

pi (k)πC
c+N−i+c(D, k), (14)

where k ≥ 1 and {p j (1)}N+c
j=0 denotes the initial probabilities as obtained using the above procedure of roots’

method in the first iteration. The successive iterations are defined by the above Eq. (13)-(14). The stopping
criteria is defined as |p j (k + 1) − p j (k)| < εn , for j = 0, 1, 2, . . . , N + c, and then we obtain the
probabilities correct up to n decimal places. We give a detailed demonstration about it in the section on
numerical results.
Finally, queue-length probabilities may be derived using system-length probabilities. Let qi (i ≥ 0) denote
the probability that there are i customers in the queue without considering the customers with the servers.
One can obtain q0 = ∑c

i=0 pi and qi = pi+c, ( 1 ≤ i ≤ N ).

123



978 S. Barik et al.

3 Performance measure and waiting-time distribution

As the steady-state probabilities at random epoch are known, various performance measures of the system can
be obtained. Here we list some useful performance measures along with their formulae.

• The fraction of time the customers are lost: The fraction of time the customers are lost, denoted by ς , is given
by

ς = pN+c. (15)

• The probability that all server are busy: The fraction of time the server is busy (Pbusy) is given by

Pbusy =
N+c∑

i=c

pi . (16)

• Average queue length: The average number of customers in the queue and system at any arbitrary epoch is
denoted by (Lq) and (Ls), respectively. They are given by

Lq =
N+c∑

i=0

iqi , Ls =
N+c∑

i=0

i pi (17)

• Loss probability of the first customer of a batch: Since pre-arrival epoch probabilities are known (due to the
PASTA property, which states that random and pre-arrival epoch probabilities are identical), the blocking
probability of the first customer of a batch is given by

Ploss F = pN+c. (18)

• Loss probability of a random customer in a batch: Here, the pre-arrival epoch probabilities are known.
Therefore, the loss probability of a random customer in a batch is given by

Ploss R =
N+c∑

i=0

∞∑

j=N+c−i

pi g
−
j , (19)

where g−
r = 1

g

∑∞
i=r+1 gi , r ≥ 0, with r representing the number of customers before the tagged customer

whose position is (r + 1)-th in an arriving batch.
• Mean waiting time of the random customer of a batch: The mean waiting time Wq (in the queue) of an

arbitrary customer can also be obtained using Little’s law, and it is given by Wq = Lq
λ′g , where λ′ is the

effective batch arrival rate and is given by λ′ = λ(1 − Ploss R).
• Let q∗(z) be the pgf of the probability of the number of customers in the queue excluding those customers

who are with the servers. Now, using distributional form of Little’s law (see Keilson and Servi [23] for
details), we obtain

q∗(z) =
N∑

i=0

qi z
i = W ∗

q (λ′ − λ′G(z)), (20)

where W ∗
q (s) with �(s) ≥ 0 is the LST of the waiting-time distribution in the queue of a random customer

in a batch.
• Moments: The first moment of the waiting-time distribution is given by

q∗(1)(z)

∣
∣
∣
∣
z=1

= d

dz

[

W ∗
q (λ′ − λ′G(z)

]∣
∣
∣
∣
z=1

= −W ∗(1)
q (0)λ′G ′(1) = E(Vq)λ′g, (21)

where Vq is the waiting time in queue of a random customer in a batch, W ∗(k)
q (z) be the k-th derivative

of the W ∗
q (z), and q∗(k)(z) be the k-th derivative of the q∗(z) . Also, the second moment for waiting time

distribution is given by

E(V 2
q ) = q∗(2)(1)

λ′ − E(Vq). (22)
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Fig. 1 Schematic diagram of M X /D/c/N and M/DX /1/N queueing models

Similarly in this way, we can find the higher order moments of the waiting-time distribution. In general the
higher order (k ≥ 3) moments are given by

E(V k
q ) = (−1)k

{
dk

dzk

[

W ∗
q (λ′ − λ′G(z))

]}

z=1
. (23)

3.1 Approximate waiting-time distribution for a random customer in a batch

Let Vq be a random variable which represent the limiting waiting time (in the queue) of a randomly selected
customer from a group. Then, cumulative distribution function (CDF) of the waiting-time distribution is given
by Wq(t) = P(Vq ≤ t) and the LST of the waiting time distribution is given by W ∗

q (s) = ∫ ∞
0 e−st dWq(t)

with �(s) ≥ 0. To find the waiting time of an arbitrary customer, we first consider a batch as a single customer.
Also, we divide the deterministic service time D by the number of server c. Then M X/D/c/N queueing model
reduces to M/DX/1/N queueing model. Following schematic diagram in Figure 1 may be helpful to describe
the queueing models.

Thus, the LST of the service-time distribution is given by S∗
g(s) = G(e− s D

c ) = g1e− s D
c +g2

(
e− s D

c

)2 +· · ·+
gr

(
e− s D

c

)r
, where r is the maximum size of a batch arrival such that gr �= 0,

∑r
i=1 gi = 1, and gi = 0, i > r .

Thus, one may note that the offered load ρ = λDg
c remains the same for the both M X/D/c/N and M/DX/1/N

queueing models. To calculate the waiting time of the first customer of a batch in an M/DX /1/N queueing model,
we need the random-epoch probabilities. Also, the random-epoch probabilities derive using the post-departure
epoch probabilities. Let Q+

0 , Q+
1 , Q+

2 , . . . , Q+
N be the post-departure epoch probabilities, where Q+

j denotes
the probability that j customers in the queue at a post-departure epoch of a customer. Let Q0, Q1, Q2, . . . , QN
be the random-epoch probabilities, where Q j denotes the probability that j customers in the queue at a random
epoch when the server is busy and ν0 be the random-epoch probability that there are no customers in the system
when the server is idle. First, we find the post-departure epoch probabilities for the finite-buffer M/DX/1/N
queueing model using the generating function approach as discussed by Chaudhry et al. [18]. Let Q+∗(z) be the
pgf of the post-departure epoch probabilities. It is denoted by Q+∗(z) = ∑N

i=0 q+
i zi . Following [23], Q+∗(z) is
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given by

Q+∗(z) = Q+
0 K (z)(z − 1)

z − K (z)
−

[∑∞
r=N+1 Q+

0 kr zr+1 + ∑N
j=1 Q j z j ∑∞

i=N− j+2 ki zi

z − K (z)

]

, (24)

where k j ( j ≥ 0) is the probability that j customers enter during the full-service time of a customer. These
probabilities k j ( j ≥ 0) may be derived using the coefficient of z j from the probability generating function
K (z) = ∑∞

i=0 ki zi = S∗
g(λ − λz). Thus, we get the post-departure epoch probabilities using the procedure,

which is discussed by Chaudhry et al. [18]. The post-departure epoch probabilities may not exactly satisfy the
original embedded Markov chain equations. To find the exact post-departure epoch probabilities, we need to run
the following iterative scheme. In order to get the post-departure epoch probabilities up to εn = 10−n order of
accuracy in the following manner, where n is the positive integer.

Q+
i (m + 1) = Q+

0 (m)ki +
i+1∑

j=1

Q+
j (m)ki− j+1, 0 ≤ i ≤ N − 1, (25)

Q+
N (m + 1) = Q+

0 (m)k N +
N∑

j=1

Q+
j (m)k N− j+1, (26)

where m ≥ 1 and {Q+
j (1)}N

j=0 are initial probabilities as obtained using the above procedure of roots’ method
in the first iteration. The successive iteration are defined by the above Eq. (25)-(26). The stopping criteria is
defined as |Q+

j (m +1)− Q+
j (m)| < εn for ∀ j = 0, 1, · · · , N , and we get probabilities correct up to n decimal

places. Let k̂ j ( j ≥ 0) be the probability that j customers arrive in the queue during stationary elapsed service
time. Therefore, this probabilities k̂ j ( j ≥ 0) may be derived using the coefficient of z j from the probability

generating function K̂ (z) = c
D

1−S∗
g (λ−λz)

(λ−λz) . Now, we find the random-epoch (or arbitrary-epoch) probabilities in
terms of post-departure-epoch probabilities and they are connected by the relation which is given below.

ν0 = Q+(0)

λT
, (27)

Q j = 1

μT

⎡

⎣
1∑

i=0

Q+
i k̂ j +

min{ j,N−1}∑

r=1

Q+
r+1k̂ j−r

⎤

⎦ , 0 ≤ j ≤ N − 1, (28)

QN = 1

μT

[
1∑

i=0

Q+
i k̂

+
N

N−1∑

r=1

Q+
r+1k̂ N−r

]

, (29)

where T = D
c + Q+

0
λ

is the mean inter-departure time of service batches (for more details see, Chaudhry et al.
[18]). Now, using distributional form of Little’s law (see Keilson and Servi [23] for details), we obtain

ν0 +
N∑

i=0

Qi z
i = W ∗

q1
(λ′ − λ′z), (30)

where λ′ = λ(1 − QN ) which is the customers actual arrival rate due to finite-buffer capacity and W ∗
q1

(s) with
�(s) ≥ 0 is the LST of the waiting-time distribution in queue of the first customer of a batch. We note that,
differentiating (30) with respect to z and setting z = 1, we obtained

Lq =
N∑

i=1

i Qi = λ′[W ∗(1)
q1

(0)], (31)

where W ∗(k)
q1 (z) be the k-th derivative of W ∗

q1
(z). From Eq. (30) using (s = λ′ − sλ′), after little algebraic

calculation, we obtain

W ∗
q1

(s) = ν0 +
N∑

i=0

Qi

(
1 − s

λ′
)i

, (32)
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Now, using the Padé approximation on the right-hand side of Eq. (32), one can approximate W ∗
q1(s) by the

rational function of the form P̂(s)
Q̂(s)

. Let the degree of the polynomial P̂(s) be m − 1 and that of the polynomial

Q̂(s) be m. Accuracy of the Padé approximation may be verified using the fact that P̂(0)

Q̂(0)
= ∑N

i=0 Qi = 1

and − d
ds { P̂(s)

Q̂(s)
}|s=0 =

∑N
i=1 i Qi
λ′ = Lq

λ′ . Above Padé approximation procedure may be improved using those two

criteria. Since W ∗
q1

(s) = P̂(s)
Q̂(s)

, where Q̂(s) and P̂(s) are polynomials of degree m̃ and m̃ −1, respectively, where

m̃ is a positive integer. The denominator Q̂(s) has m̃ roots, they are s1, s2, · · · , sm̃ with �(si ) < 0. Using the
partial fraction, the right-hand side of Eq. (32) may be written as follows:

W ∗
q1

(s) ≈ P̂(s)

Q̂(s)
=

m̃∑

i=1

Ai

s − si
. (33)

Therefore, from Eq. (33) taking inverse Laplace transform, we get

wq1(t) =
m̃∑

j=1

A j e
s j t , t > 0 with �(s j ) < 0, (34)

where A j = P̂(s j )[
d
ds [Q̂(s)]

]

s=s j

. Eq. (34) is the pdf of the waiting time of the first customer of a batch. Now, following

Chaudhry and Templeton [1, Ch. 3], the LST of waiting-time distribution of a random customer in a batch is
given by

W ∗
q (s) = Wq∗

1 (s)

g
(

1 − ∑N
k=1 g−

k−1

)
N∑

j=1

⎡

⎣1 −
j−1∑

i=1

gi

⎤

⎦
[

f ∗
D(s)

] j−1
, (35)

where g−
k = 1

g

∑∞
i=k+1 gi , k ≥ 0, with k representing the number of customers before the tagged customer

whose position is (k + 1)-th in an arriving batch. We find the density function of the waiting time of the random
customers of a batch by inverting the LST as given in Eq. (35). To invert W ∗

q (s), we first invert

1

g
(

1 − ∑N
k=1 g−

k−1

)
N∑

j=1

⎡

⎣1 −
j−1∑

i=1

gi

⎤

⎦
[

f ∗
D(s)

] j−1

to obtain wq2(t) (say). Let

W ∗
q2

(s) = 1

g
(

1 − ∑N
k=1 g−

k−1

)
N∑

j=1

⎡

⎣1 −
j−1∑

i=1

gi

⎤

⎦
[

f ∗
D(s)

] j−1
.

Using the Padé approximation, one may write W ∗
q2

(s) by a rational function of the form P̂1(s)
Q̂1(s)

. Let the degree of

the numerator P̂1(s) be r̃ − 1 and that of the denominator be r̃ . Since W ∗
q2

(s) = P̂1(s)
Q̂1(s)

, where Q̂1(s) and P̂1(s)

are polynomials of degree r̃ and r̃ − 1, respectively, where r̃ is a positive integer. The denominator Q̂1(s) has
r̃ roots, they are s1, s2, · · · , s̃r with �(si ) < 0. Using partial fractions, the right-hand side of W ∗

q2
(s) may be

written as the following form:

W ∗
q2

(s) ≈ P̂1(s)

Q̂1(s)
=

r̃∑

i=1

Bi

s − si
. (36)

Therefore, from Eq. (36) taking inverse Laplace transform, we get

wq2(t) =
r̃∑

j=1

B j e
s j t t > 0, (37)
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where B j = P̂1(s j )[
d
ds [Q̂1(s)]

]

s=s j

. Finally, the pdf of the waiting time wq(t) of a random customer in a batch is given

by using the convolution of function wq1(t) and wq2(t), and is given by

wq(t) =
∫ t

0
wq1(u)wq2(t − u)du. (38)

Eq.(38) is the pdf of waiting time of a random customer in a batch. Hence, the CDF of the waiting time of a
random customer in a batch is given by

W (x) =
∫ x

0
wq(t)dt. (39)

4 Numerical demonstrations

In this section, We have carried out a few numerical experiments taking different model parameters. A few of
the numerical examples are presented here. Numerical computations have been carried out using MAPLE 2015
application for Windows 10 (64-bit) OS. The results have been obtained up to a very high precision but presented
only six decimal places in this paper. Authors may be able to provide high-precision numerical MAPLE coding
whenever they receive any such requests.

Example 1 In this example we have taken ρ less than 1. Let us take the deterministic service-time distribution
having the LST representation f ∗

D(s) = e−s D with �(s) ≥ 0, where D = 2 so that the mean service time 1
μ

= D.

The batch arrival rate of customers λ = 5, and c = 19. Therefore, the offered load ρ = λgD
c = 0.894736,

where the customers arrive in batches with G(z) = 0.3z + 0.7z2 and mean batch size g = 1.7. The queue-
length distribution at random epoch (using roots of a characteristic equation) of an M X/D/c/N queue has been
represented in Table 1 for different values of N. The roots used to calculate the stationary probability for the
above Table 1 are presented as follows. The c = 19 roots of the characteristic equation are used to calculate the
random epoch probability for the above Table 1 and those roots are given by η1 = 0.999999, η2 = −0.072456+
0.523916i, η3 = −0.072456−0.523916i, η4 = −0.213857+0.487342i, η5 = −0.213857−0.487342i, η6 =
0.072607 + 0.534104i, η7 = 0.072607 − 0.534104i, η8 = −0.353704 + 0.419072i, η9 = −0.353704 −
0.419072i, η10 = 0.225645+0.518060i, η11 = 0.225645−0.518060i, η12 = −0.489565+0.305587i, η13 =
−0.489565 − 0.305587i, η14 = −0.597825 + 0.120879i, η15 = −0.597825 − 0.120879i, η16 = 0.394722 +
0.470107i, η17 = 0.394722 − 0.470107i, η18 = 0.600049 + 0.370264i, η19 = 0.600049 − 0.370264i. For
N = 28, the loss probability for the first customer of a batch is PlossF = p47 = 0.010074, while the loss
probability for a random customer in a batch is PlossR = 0.0603294. When we consider a batch as a single
customer and the deterministic service time D divided by the number of server c, then M X/D/c/N queueing
model reduce to M/DX/1/N queueing model. Therefore, using the procedure discussed in the Subsection 3.1,
the CDF of approximate waiting-time distribution of the first customer of a batch in an M/DX/1/N queueing
model is given by

Wq1(t) = 0.999880 − 1.84426e−2.82108t + 0.844384e−1.41804t cos(0.83125t)

− 1.81288e−1.41804t sin(0.83125t), t > 0.

Therefore, using the procedure discussed in the Subsection 3.1, the CDF of approximate waiting time of a random
customer in a batch in the M X/D/c/N queue is given by

W (t) = 0.999999 + 0.0457084e−45.9231t + 0.346384e−0.477624t cos(1.00118t)

− 0.434186e−0.477624t sin(1.00118t) − 2.02455e−2.82108t

+ 0.632580e−1.41804t cos(0.83125t)

− 2.57028e−1.41804t sin(0.83125t), t > 0.
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Table 1 Exact distribution of the queue length for the M X /D/c/N queue at a random epoch after two hundred iterations using roots
with parameters D = 2, λ = 5, c = 19, ρ = 0.894736, g = 1.7

i qi qi qi qi qi
N = 20 N = 22 N = 24 N = 26 N = 28

0 0.467223 0.463087 0.464252 0.457387 0.455443
1 0.052380 0.051918 0.051558 0.051278 0.051060
2 0.050073 0.049634 0.049291 0.049023 0.048815
3 0.047205 0.046792 0.046469 0.046217 0.046020
4 0.043891 0.043508 0.043211 0.042977 0.042794
5 0.040396 0.040039 0.039766 0.039551 0.039383
6 0.036823 0.036493 0.036245 0.036051 0.035898
7 0.033346 0.033032 0.032803 0.032629 0.032491
8 0.030007 0.029715 0.029505 0.029349 0.029227
9 0.026902 0.026628 0.026429 0.026286 0.026176
10 0.024015 0.023775 0.023589 0.023459 0.023362
11 0.021389 0.021192 0.021017 0.020891 0.020802
12 0.018972 0.018842 0.018690 0.018572 0.018491
13 0.016782 0.016737 0.016615 0.016502 0.016423
14 0.014760 0.014821 0.014748 0.014651 0.014576
15 0.012919 0.013098 0.013088 0.013012 0.012940
16 0.011214 0.011515 0.011585 0.011546 0.011483
17 0.009659 0.010077 0.010237 0.010245 0.010197
18 0.008228 0.008747 0.009000 0.009068 0.009048
19 0.006937 0.007535 0.007877 0.008014 0.008030
20 0.026870 0.006420 0.006838 0.007046 0.007109
21 — 0.005413 0.005892 0.006168 0.006283
22 — 0.020972 0.005020 0.005355 0.005525
23 — — 0.004233 0.004614 0.004836
24 — — 0.016402 0.003931 0.004199
25 — — — 0.003315 0.003618
26 — — — 0.012847 0.003083
27 — — — — 0.002600
28 — — — — 0.010074
sum 0.999999 0.999999 0.999999 0.999999 0.999999

Example 2 Here, we will examine the case of offered load ρ greater than 1. Let us take the deterministic service-
time distribution having the LST representation f ∗

D(s) = e−s D with �(s) ≥ 0, where D = 2, λ = 11, and
c = 29. Here the customers arrive in batches with G(z) = 0.3z + 0.7z2 and mean batch size g = 1.7 is the
probability generating function of the batch size probability distribution. Thus, the offered load is given by
ρ = λgD

c = 1.289655. The stationary distributions (using roots of a characteristic equation) of an M X/D/c/N
queue has been represented in Table 2 for different values of N . The roots used to calculate the stationary
probability for the above Table 2 are presented as follows. The c = 29 roots of the characteristic equation are used
to calculate the random epoch probability for the above Table 2 and those roots are given by η1 = 0.999999, η2 =
−0.090502 + 0.411332i, η3 = −0.090502 − 0.411332i, η4 = −0.164366 + 0.389000i, η5 = −0.164366 −
0.389000i, η6 = −0.015075 + 0.42399i, η7 = −0.015075 − 0.42399i, η8 = −0.236843 + 0.355811i, η9 =
−0.236843 − 0.355811i, η10 = 0.062494 + 0.427447i, η11 = 0.062494 − 0.427447i, η12 = −0.307447 +
0.309640i, η13 = −0.307447−0.309640i, η14 = 0.143172+0.421438i, η15 = 0.143172−0.421438i, η16 =
−0.374252+0.247152i̊ , η17 = −0.374252−0.247152i̊ , η18 = −0.431933+0.164015i, η19 = −0.431933−
0.164015i, η20 = 0.228473 + 0.40487i, η21 = 0.228473 − 0.404874i, η22 = −0.468498 + 0.058446i, η23 =
−0.468498 − 0.058446i, η24 = 0.320923 + 0.375264i, η25 = 0.320923 − 0.375264i, η26 = 0.425358 +
0.327084i, η27 = 0.425358 − 0.327084i, η28 = 0.553786 + 0.24499i, η29 = 0.553786 − 0.24499i.
For N = 28, the loss probability for the first customer of a batch is PlossF = p57 = 0.82777, while the loss
probability for a random customer in a batch is PlossR = 0.499079. arrival customer can be obtained as we
consider a batch as a single customer and the deterministic service time D divided by the number of server
c, then M X/D/c/N queueing model reduce to M/DX/1/N queueing model. Therefore, using the procedure
discussed in the Subsection 3.1, the CDF of approximate waiting-time distribution of the first customer of a batch
in an M/DX/1/N queueing model is given by
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Table 2 Exact distribution of the queue length for the M X /D/c/N queue at a random epoch using roots after two hundred iterations
with parameters D = 2, λ = 11, c = 29, ρ = 1.289655, g = 1.7

i qi qi qi qi qi
N = 20 N = 22 N = 24 N = 26 N = 28

0 0.000890 0.000495 0.000276 0.000153 0.000085
1 0.000345 0.000191 0.000106 0.000059 0.000033
2 0.000471 0.000259 0.000144 0.000080 0.000044
3 0.000644 0.000352 0.000194 0.000108 0.000060
4 0.000878 0.000478 0.000263 0.000146 0.000081
5 0.001196 0.000650 0.000355 0.000196 0.000109
6 0.001624 0.000884 0.000481 0.000265 0.000147
7 0.002192 0.001201 0.000653 0.000357 0.000197
8 0.002937 0.001628 0.000887 0.000483 0.000265
9 0.003898 0.002196 0.001204 0.000654 0.000358
10 0.005112 0.002940 0.001630 0.000888 0.000483
11 0.006618 0.003900 0.002198 0.001205 0.000655
12 0.008445 0.005114 0.002942 0.001631 0.000888
13 0.010611 0.006619 0.003901 0.002198 0.001205
14 0.013121 0.008445 0.005115 0.002942 0.001631
15 0.015960 0.010611 0.006620 0.003901 0.002198
16 0.019092 0.013120 0.008445 0.005115 0.002942
17 0.022458 0.015959 0.010611 0.006619 0.003901
18 0.025979 0.019090 0.013120 0.008445 0.005115
19 0.029557 0.022456 0.015958 0.010610 0.006619
20 0.827961 0.025976 0.019089 0.013119 0.008445
21 — 0.029553 0.022454 0.015957 0.010610
22 — 0.827870 0.025974 0.019088 0.013119
23 — — 0.029551 0.022453 0.015957
24 — — 0.827819 0.025973 0.019087
25 — — — 0.029550 0.022453
26 — — — 0.827790 0.025973
27 — — — — 0.029550
28 — — — — 0.827775
sum 1.000000 1.000000 1.00000 1.00000 0.999999

Wq1(t) = 1.00000 − 1.28693e−0.675055t + 0.286922e−0.387097t cos(.642809t)

− 1.20188e−0.387097t sin(0.642809t), t > 0,

Therefore, using the procedure discussed in the Subsection 3.1, the CDF of approximate waiting time of a random
customer in a batch in the M X/D/c/N queue is given by

W (t) = 1.00003 + 0.238450e−1.13848t cos(0.933765t)

− 0.462014e−1.13848t sin(0.933765t) + 0.00354104e−0.341193t cos(2.95735t)

+ 0.00234936e−0.341193t sin(2.95735t) + 1.33470e−0.387097t cos(0.632809t)

− 0.822174e−0.387097t sin(0.632809t) − 2.57672e−0.675055t , t > 0.

Example 3 Here, we will examine the case of traffic intensity ρ equal to 1. Let us take the deterministic service-
time distribution having the LST representation f ∗

D(s) = e−s D with �(s) ≥ 0, where D = 1.978609, λ = 11,
c = 37. Here, the customers arrive in batches with G(z) = 0.3z + 0.7z2 and mean batch size g = 1.7 is the
probability generating function of the batch size probability distribution. Thus, the traffic intensity is given by
ρ = λgD

c = 1.000000. The queue-length distribution at random epoch (using roots of a characteristic equation)
of a M X/D/c/N queue has been represented in Table 3 for different values of N .

The roots used to calculate the stationary probability for the above Table 3 are presented as follows. The
c = 37 roots of the characteristic equation are used to calculate the random epoch probability for the above
Table 3 and those roots are given by γ1 = 1.000000, γ2 = −0.088099 + 0.489156i, γ3 = −0.088099 −
0.489156i, γ4 = −0.156424+0.472510i, γ5 = −0.156424−0.472510i, γ6 = −0.018911+0.499197i, γ7 =
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Table 3 Exact distribution of the queue length for the M X /D/c/N queue at a random epoch using roots after two hundred iterations
with parameters D = 1.978609, λ = 11, c = 37, ρ = 1.000000, g = 1.7

n qi qi qi qi qi
N = 20 N = 22 N = 24 N = 26 N = 28

0 0.217890 0.204089 0.191952 0.181179 0.171546
1 0.027311 0.025558 0.024031 0.022684 0.021481
2 0.028557 0.026713 0.025110 0.023700 0.022443
3 0.029652 0.027729 0.026055 0.024587 0.023281
4 0.030596 0.028606 0.026870 0.025348 0.024000
5 0.031390 0.029352 0.027561 0.025991 0.024604
6 0.032036 0.029972 0.028138 0.026525 0.025103
7 0.032533 0.030475 0.028612 0.026964 0.025509
8 0.032883 0.030865 0.028994 0.027318 0.025835
9 0.033080 0.031144 0.029291 0.027600 0.026092
10 0.033120 0.031313 0.029509 0.027819 0.026295
11 0.032995 0.031367 0.029649 0.027984 0.026452
12 0.032698 0.031299 0.029708 0.028095 0.026571
13 0.032220 0.031099 0.029681 0.028154 0.026657
14 0.031557 0.030757 0.029557 0.028153 0.026709
15 0.030707 0.030262 0.029325 0.028086 0.026725
16 0.029672 0.029608 0.028971 0.027939 0.026696
17 0.028460 0.028788 0.028484 0.027699 0.026613
18 0.027086 0.027804 0.027854 0.027352 0.026461
19 0.025568 0.026659 0.027075 0.026884 0.026226
20 0.201150 0.025367 0.026144 0.026285 0.025893
21 — 0.023943 0.025066 0.025547 0.025448
22 — 0.188391 0.023850 0.024668 0.024880
23 — — 0.022511 0.023651 0.024182
24 — — 0.177161 0.022505 0.023351
25 — — — 0.021242 0.022389
26 — — — 0.167199 0.021304
27 — — — — 0.020110
28 — — — — 0.158302
sum 1.000000 1.000000 1.000000 1.000000 1.00000

−0.018911 − 0.499197i, γ8 = −0.224173 + .448691i, γ9 = −0.224173 − 0.448691i, γ10 = 0.051560 +
0.502881i, γ11 = 0.051560−0.502881i, γ12 = −0.291463+0.416734i, γ13 = −0.291463+0.416734i, γ14 =
0.123880 + 0.500158i, γ15 = 0.123880 − 0.500158i, γ16 = −0.358115 + 0.375135i̊ , γ17 = −0.358115 −
0.375135i̊ , γ18 = 0.198813+0.490654i, γ19 = 0.198813−0.490654i, γ20 = −0.423335+0.321640i, γ21 =
−0.423335 − 0.321640i, γ22 = −0.484929 + 0.253037i, γ23 = −0.484929 − 0.253037i, γ24 = 0.277437 +
0.473568i, γ25 = 0.277437−0.473568i, γ26 = −0.537554+0.165581i, γ27 = −0.537554−0.165581i, γ28 =
−0.570314 + 0.058390i, γ29 = −0.570314 − 0.058390i, γ30 = 0.361388 + 0.447436i, γ31 = 0.361388 −
0.447436i, γ32 = 0.453402 + 0.409577i, γ33 = 0.453402 − 0.409577i, γ34 = 0.558822 + 0.354539i, γ35 =
0.558822 − 0.354539i, γ36 = 0.691534 + 0.268025i, γ37 = 0.691534 − 0.268025i.

For N = 28, the loss probability for the first customer of a batch is PlossF = p65 = 0.158302, while the
loss probability for a random customer in a batch is PlossR = 0.101399. When we consider a batch as a single
customer and the deterministic service time D divided by the number of server c, then M X/D/c/N queueing
model reduce to M/DX/1/N queueing model.Therefore, using the procedure discussed in the Subsection 3.1,
the CDF of approximate waiting-time distribution of the first customer of a batch in an M/DX/1/N queueing
model with ρ = 1 is given by

Wq1(t) = 0.99987 − 0.998554e−0.551852t cos(0.416588t)

− 1.35582e−0.551852t sin(0.416588t) − 0.00147283e−0.155355t , t > 0,

Therefore, using the procedure discussed in the Subsection 3.1, the CDF of approximate waiting time of the
random customer of a batch in the M X/D/c/N queue is given by

W (t) = 1.00003 − 0.00000654330e−217.751t + 0.00540542e−0.549076t cos(2.91963t)
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− 0.0177927e−0.549076t sin(2.91963t) − 0.700602e−1.34702t cos(0.965512t)

+ 0.119453e−1.34702t sin(0.965512t) − 0.303140e−0.551852t cos(0.426588t)

− 2.87984e−0.551852t sin(0.426588t) − 0.00169057e−0.155355t , t > 0.

5 Conclusion

In this paper, we first analyze M X/D/c/N queue and obtain stationary probability distributions for system
lengths at a random epoch. Roots of a characteristic equation associated with the probability generating function
of the system-length distribution have been used. Finally, we obtain the queue-length distribution and approximate
waiting-time distribution for an M X/D/c/N queue. Additionally, for the M/D/c/N queue, the exact waiting-
time distribution can be obtained using a similar procedure discussed in Section 3.1. One may note here that the
methodology discussed in Section 3.1 gives exact waiting-time distribution for M X/D/1/N queueing model and
similar procedure may be used to obtain exact waiting-time distribution for the M X/G/1/N queueing model
as well. Similar analysis of the stationary probabilities in case of a G I X/D/c/N queue may be carried out
using exactly the same procedure discussed in this paper. Also, in case of a G I X/D/c/N queue, heavy-tailed
inter-batch arrival time distributions may be incorporated, see Chaudhry et al. [18] for dealing with heavy-tailed
distributions. Further, an analysis of the corresponding discrete-time queue using a similar methodology of roots
is a complex problem which is left for future investigation.
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A Important theorems

Theorem 1 The characteristic equation zc − π∗(z, D) = 0 has c roots inside |z| ≤ 1, when ρ < 1.

Proof For a formal proof, see Banik et al. [8, Theorem A1, p. 10]. ��
Theorem 2 The characteristic equation zc − π∗(z, D) = 0 has c + 1 roots inside |z| ≤ 1, when ρ = 1.

Proof Let r(z) = π∗(z, D) − zc, since r(1) = 0 and r ′(1) = 0, it implies that 1 is the repeated root of r(z).
Also, we used the conditions π∗(1)(1, D) = λgD and ρ = λgD = c. Now, we prove the c − 1 roots of the
characteristic equation inside and on the circle |z| = 1− δ, where δ is the sufficiently small positive real number.
The equation zc − π∗(z, D) = 0 may be expressed as

z = [
π∗(z, D)

] 1
c e

2π i j
c , i = √−1, and j = 0, 1, · · · , c − 1. (40)

For more details on Eq. (40), see [1, p. 254] and [21, pp. 470-471].
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• If j = 0, Eq. (40) reduces to z = [
π∗(z, D)

] 1
c which has the root 1 with multiplicity two, as discuss above.

• If j = 1, 2, · · · , c − 1 and 2 j is not a multiple of c, then Eq. (40) may be written as follows:
∣
∣
∣
∣
[
π∗(z, D)

] 1
c e

2π i j
c

∣
∣
∣
∣ =

∣
∣
∣
∣
[
π∗(z, D)

] 1
c

∣
∣
∣
∣

∣
∣
∣e

2π i j
c

∣
∣
∣

<

∣
∣
∣
∣
[
π∗(z, D)

] 1
c

∣
∣
∣
∣

≤ [
π∗(|z|, D)

] 1
c

=
∣
∣
∣
∣
[
π∗(1 − δ, D)

] 1
c

∣
∣
∣
∣

=
[
π∗(1, D) − δπ∗(1)(1, D) + O(δ)

] 1
c

= [1 − δDgλ + o(δ)]
1
c

= [1 − cδ + o(δ)]
1
c

≤ (1 − δ + o(δ))

= |z|.
Therefore, using the Rouché’s theorem, the functions z and z − [π(z, D)] 1

c e
2π i j

c have the same number of

zeros inside the unit circle. In view of this, for each value of j the equation z − [π(z, D)] 1
c has exactly one

zero.
• If j = 1, 2, · · · , c − 1 and 2 j is an odd multiple of c, i.e., c divides 2 j and produce an odd positive integer.

Then, Eq. (40) may be expressed as

z = [
π∗(z, D)

] 1
c e

2π i j
c

= − [
π∗(z, D)

] 1
c .

Let s(z) = z + [
π∗(z, D)

] 1
c , then s(−1) = −1 + [

π∗(−1, D)
] 1

c < 0 and s(0) = − [
π∗(0, D)

] 1
c = π0 > 0.

Therefore, s(z) has a change of sign in [−1, 0]. Thus, s(z) has a zero in (−1, 0). In view of this, Eq. (40) has
c − 1 roots inside the unit circle for j = 1, 2, · · · , c − 1. In view of this, Eq. (40) has a total c + 1 roots
(including the root 1 with multiplicity 2 for j = 0 case) inside and on |z| = 1.

Theorem 3 The characteristic equation zc − π∗(z, D) = 0 has c + 1 roots inside |z| ≤ 1, when ρ > 1.

Proof Let r(z) = zc−π∗(z, D), since r(1) = 0 and r ′(1) = π∗(1)(z, D)−czc−1 �= 0, also we used the conditions
π∗(1)(1, D) = λgD and ρ = λgD > c. Now we proof the c zeros on and inside the circle z = 1 − δ, where δ

is the sufficiently small positive real number. Let us consider the function f (z) = zc and F(z) = −π∗(z, D).
Thus, π∗(1, D) = 1. The definition of π∗(z, D) yields π∗(1)(1, D) = ∑∞

n=1 nπ(n, D) which represents the
mean number of customer arrived during a service time interval (0, D]. Therefore, we can obtain π∗(1)(1, D) ≥ 0
and π∗(1)(1, D) = λDg. Now, we consider the following inequality for |F(z)|, with |z| = 1 − δ:

|F(z)| = |π∗(z, D)|
≤π∗(|z|, D)

= π∗(1 − δ, D)

= π∗(1, D) − δπ∗(1)(1, D) + o(δ)

= 1 − λDδg + o(δ). (41)

Also, for |z| = 1 − δ, the function | f (z)| can be written as

| f (z)| = |z|c = 1 − cδ + o(δ). (42)

Thus, (41) can be written as

|F(z)| ≤ 1 − λDδg + o(δ)
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< 1 − cδ + o(δ) = | f (z)|, for a small positive δ and
Dλg

c
= ρ > 1,

thus − Dλgδ < −cδ.

Therefore, using the Rouché’s theorem, on the function f (z) and f (z)+F(z)have the same number of zeros inside
the unit circle. Clearly, the function f (z) = zc has exactly c zeros inside the unit circle. Hence, f (z) + F(z) =
zc −π∗(z, D) has exactly c+1 zeros (including the root 1 on the unit circle) inside and on the unit circle |z| = 1.
��
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