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Abstract This paper investigates the quaternion linear least squares problem and presents the explicit expressions
of the normwise, mixed and componentwise condition numbers for the least squares solution and its residuals.
Compact and tight upper bounds for these condition numbers are provided. For equilibratory input data, tightness
of the normwise condition number and upper bounds are shown in estimating the actual forward errors and the
residuals of the solution. For general sparse and badly scaled problems, mixed and componentwise condition
numbers are shown to be much tighter than the one based on the normwise condition number.

Keywords Quaternion least squares problem · Multiple right-hand sides · Normwise condition number · Mixed
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1 Introduction

In 1843, Hamilton [1] invented the quaternion, which has the following form

q = q1 + q2i + q3j + q4k,
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where q1, q2, q3, q4 are real, and i, j and k are three imaginary units satisfying

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j.

The set of all quaternions, denoted by Q is an associative but non-commutative algebra of rank four over R.
The pioneering work on properties of quaternion matrices owed to Zhang [2], Zhang and Wei [3], and now

quaternion matrix computations have been more and more attractive. The first version of Quaternion Toolbox for
Matlab (QTFM) was developed in 2005, by Sangwine and Le Bihan [4]. It extends Matlab to allow quaternion
calculations, based on which the quaternion LU, QR and singular value decomposition (SVD) decompositions
can be obtained. For the sake of the efficiency of the algorithms, the authors in Jia et al. [5], Li et al. [6–8],
Wang and Ma [9], developed real structure-preserving LU, QR, and SVD algorithms based on real arithmetic
operations. For more comprehensive reading on quaternion matrix factorization and applications on color image
processing, we refer to the monographs by Jia [10], Wei et al. [11] and the papers in Jia et al. [12–14] and
references therein.

Jiang and Chen [15] presented the quaternion least squares (QLS) problem

XL S = arg min
X∈Qm×q

‖AX − B‖F , (1)

where the quaternion matrix A ∈ Qm×n has full column rank, B ∈ Qm×q , and ‖ · ‖F denotes the quaternion
Frobenius norm. The algebraic properties of the QLS solution were given there. Li et al. [8], Wei et al. [11]
presented quaternion QR factorization to solve the QLS problem, where the factorization can be implemented
based on the quaternion Householder transformations. An interesting question is how close the numerical solution
via the algorithm is to the exact solution.

The condition number can answer this question, since it measures the worst-case sensitivity of its solution
to small perturbations in the input data. When the matrices in Eq. (1) reduce to the real matrices, based on
the concept of the normwise and mixed/componentwise condition numbers from Rice [16] and Gohberg and
Koltracht [17]. The condition numbers for real least squares problem are investigated in Cuker et al. [18], Diao
et al. [19] and Gratton [20]. Liu et al. [21] investigated the condition numbers of quaternion matrix inverse and
nonsingular quaternion linear equation AX = B. To our knowledge, the condition numbers of QLS problem Eq.
(1) haven’t been explored in the literature. We will focus on this issue in this paper.

It is well known that general condition number theories by Rice [16], Gohberg and Koltracht [17], Geurts [22]
are based on real arithmetic operations. By making use of the Kronecker product operation and real representation
of a quaternion matrix, Liu et al. [21] built a bridge between real condition number theory and the perturbation of
the nonsingular quaternion linear system AX = B. Motivated by the work from Liu et al. [21], we derive explicit
expressions for the first order perturbation estimates of the solution and residuals to the QLS problem Eq. (1),
from which the normwise, mixed and componentwise condition numbers are investigated. Since the expressions
for condition numbers involve Kronecker product which might lead to costly computation, we study compact
forms for the upper bounds of the condition numbers. Experimental results are shown that normwise condition
number and its upper bound are tight for evaluating the forward errors of the solution to a QLS problem with
equilibratory input data. For general sparse and badly scaled problems, mixed and componentwise condition
numbers are shown to be much tighter than the one based on the normwise condition number.

Before our discussion some notations are required. Rm×n and Qm×n denote the spaces of m × n real and
quaternion matrices, respectively. Sans-serif upper-case and lower-cases letters like A, B, u, v represent quater-
nion matrices and column vectors. In denotes the n×n identity matrix. Om×n denotes the m×n zero matrix, and it
is simplified as On for m = n. If subscripts are ignored, the sizes of identity and zero matrices are suitable with con-
text. ‖·‖2, ‖·‖∞ and ‖·‖F denote spectral norm , ∞-norm and the Frobenius norm of their arguments, respectively.
For a real matrix A = [ai j ], |A| is a matrix by taking the absolute value of ai j as elements,‖A‖max denotes the max-
imal absolute value of elements in A, AT , A† and σi (A) denotes the transpose of A, Moore-Penrose inverse, and
the i th largest singular value of A, respectively, and vec(A) = [a11, . . . , am1, a21, . . . , am2, . . . , an1, . . . , amn]T

is an operator, which stacks the columns of A one underneath the other. For m × n real matrices A, B, the
notation |A| ≤ |B| means |ai j | ≤ |bi j | for all i, j .

For matrices A ∈ Rm×n , B ∈ Rp×q , the Kronecker product of A and B is defined by A ⊗ B = [ai j B] (see
Langville and Stewart [23]) and the Kronecker product keeps the properties (see Langville and Stewart [23],
Graham [24]):

|A ⊗ B| = |A| ⊗ |B|, (A ⊗ B)T = AT ⊗ BT , (2)

‖A ⊗ B‖2 = ‖A‖2‖B‖2, (3)
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(A ⊗ C)(B ⊗ D) = (AB) ⊗ (C D), (4)

vec(AX B) = (BT ⊗ A)vec(X), (5)

K p,m(A ⊗ B) = (B ⊗ A)Kq,n, (6)

vec(A ⊗ B) = (In ⊗ Kq,m ⊗ Ip)[vec(A) ⊗ vec(B)], (7)

where Kq,m is a qm × qm permutation matrix such that vec(CT ) = Kq,mvec(C) for any arbitrary C ∈ Rq×m .
It is obvious that Kq,m = K T

m,q , and hence vec(C) = Km,qvec(CT ).

2 Preliminaries

In this section, we first introduce the basic information of quaternion matrices. For a quaternion element q =
q1 + q2i + q3j + q4k, the conjugate and modulus of q are defined respectively as |q| =

√
q2

1 + q2
2 + q2

3 + q2
4,

q∗ = q1 − q2i − q3j − q4k. For any quaternion matrices P = P1 + P2i + P3j + P4k ∈ Qm×n , Q = Q1 + Q2i +
Q3j + Q4k ∈ Qm×n , the conjugate of Q is given by Q∗ = QT

1 − QT
2 i − QT

3 j − QT
4 k, and the sum of P, Q is

P + Q = (P1 + Q1) + (P2 + Q2)i + (P3 + Q3)j + (P4 + Q4)k.

For quaternion matrix S = S1 + S2i + S3j + S4k ∈ Qn×�, the multiplication QS is given by

(Q1S1 − Q2S2 − Q3S3 − Q4S4) + (Q1S2 + Q2S1 + Q3S4 − Q4S3)i

+ (Q1S3 − Q2S4 + Q3S1 + Q4S2)j + (Q1S4 + Q2S3 − Q3S2 + Q4S1)k.

If there is a quaternion matrix Z ∈ Qn×m such that AZ = ZA = Im , then A is said to be invertible, and Z is the
inverse matrix of A, denoted as A = Z−1. The spectral and Frobenius norms of Q are defined in a way similar
to the real case.

For Q = Q1 + Q2i + Q3j + Q4k ∈ Qm×n , the real representation of a quaternion matrix is a mapping that
projects the quaternion matrix Q as a structural real matrix. Specifically, a real representation of the quaternion
matrix Q can take the following form:

ϒQ =
⎡
⎢⎣

Q1 −Q2 −Q3 −Q4
Q2 Q1 −Q4 Q3
Q3 Q4 Q1 −Q2
Q4 −Q3 Q2 Q1

⎤
⎥⎦ . (8)

Jia et al. [5], Li et al. [8] proved that the real algebraic symmetry structure of ϒQ enjoys the following properties:

(i) ϒk1 P+k2 Q = k1ϒP + k2ϒQ k1, k2 ∈ R;
(ii) ϒk1 Q∗ = k1ϒ

T
Q, ϒQS = ϒQϒS;

(iii) ϒQ−1 = (ϒQ)−1if Q is invertible;
(iv) 2‖Q‖F = ‖ϒQ‖F , ‖Q‖2 = ‖ϒQ‖2, ‖Q†‖2 = ‖ϒ†

Q‖2.

(9)

It means that the real structure is preserved under above arithmetic operations.
For the quaternion matrix A, denote A = A1 + A2i + A3j + A4k, let Ar = [A1 A2 A3 A4] and Ac :=

col(Ar) =
⎡
⎢⎣

A1
A2
A3
A4

⎤
⎥⎦ be the block matrix by staking the four block columns of Ar one underneath the other. Here

Ac is also the first block column of ϒA. For i = 1, 2, 3, 4, let Ãi = Ai + �Ai , B̃i = Bi + �Bi , where �Ai and
�Bi denote the perturbations to the four parts of A and B respectively.

Like Gratton [20], Liu et al. [21], Wei et al. [25], Yang and Wang [26], we use positive real numbers αi and
βi (i = 1, 2, 3, 4) to define a flexible weighted norm for the data space Rn×4n × Rn×4q :

‖[�Ar �Br]‖F =
√

‖�Aα
r ‖2

F + ‖�Bβ
r ‖2

F
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where

�Aα
r = [α1�A1 α2�A2 α3�A3 α4�A4], �Bβ

r = [β1�B1 β2�B2 β3�B3 β4�B4].
The F norm is very flexible since it allows to monitor the perturbations on Ai and Bi . For instance, when α1

tends to infinity, it enables to obtain condition number problems where A1 is not perturbed.
By Wei et al. [11, Theorem 3.2.2], an equivalent problem of Eq. (1) is the normal equation as

A∗AX = A∗B. (10)

Since A is of full column rank, the least squares solution XL S is uniquely determined by XL S = (A∗A)−1A∗B =
A†B. For simplicity in later analysis we denote X = XL S . Due to the difficulties in dealing with the perturbation
analysis for quaternion based problems, we use property Eq. (9) to transform Eq. (1) into the real linear system

ϒT
A ϒA Xc = ϒT

A Bc, (11)

and consider the mapping φ : R4mn+4mq �−→ R4�q or φ̄ for which

vec(LT Xc) = φ(a) = vec(LT (ϒT
A ϒA)−1ϒT

A Bc), for a :=
[

vec(Ar)

vec(Bc)

]
,

= φ̄(ā), for ā :=
[(

vec(Aα
r )

)T (
vec(Bβ

c )
)T

]T

,

where the notation Bβ
c = col(Bβ

r ), and L is a 4n × � matrix which can be used to pick part of the rows in Xc or
a linear operator applied on Xc.

According to the general condition number theories and formulae in Rice [16], Gohberg and Koltracht [17],
Geurts [22], we define and formulate normwise, mixed and componentwise condition numbers as follows.

Definition 1 Define the normwise, mixed and componentwise condition numbers for the QLS solution as

κ(L , Ar, Br) = lim
ε→0

sup
‖[�Ar �Br]‖F≤ε‖[Ar Br]‖F

‖LT �Xc‖F‖[Ar Br]‖F
ε‖LT Xc‖F

, (12)

m(L , Ar, Br) = lim
ε→0

sup
|[�Ar �Br]|≤ε|[Ar Br]|

‖LT �Xc‖max

ε‖LT Xc‖max
, (13)

c(L , Ar, Br) = lim
ε→0

sup
|[�Ar �Br]|≤ε|[Ar Br]|

1

ε

∥∥∥∥
|LT �Xc|
|LT Xc|

∥∥∥∥
max

, (14)

where B
A is the entry-wise division. Note that ξ

0 is interpreted as zero if ξ = 0 and infinity otherwise. In this
paper we only consider the case that ‖ B

A ‖max is finite.

Observe from Rice [16], Gohberg and Koltracht [17], Geurts [22], if dφ(a) denote the Fréchet differential
of φ at a, then the condition numbers can be formulated as:

κ(L , Ar, Br) = ‖dφ̄(ā)‖2‖ā‖2

‖φ̄(ā)‖2
,

m(L , Ar, Br) = ‖|dφ(a)||a|‖∞
‖φ(a)‖∞

, c(L , Ar, Br) =
∥∥∥∥
|dφ(a)||a|

|φ(a)|
∥∥∥∥∞

.

(15)

3 Condition numbers of the least squares solution

In this section, we evaluate the condition number of the QLS solution, where the quaternion matrix A has full
column rank. Like Liu et al. [21], we use Kronecker operation to write the real representation ϒA in Eq. (11) as
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ϒA =
⎡
⎢⎣

A1 −A2 −A3 −A4
A2 A1 −A4 A3
A3 A4 A1 −A2
A4 −A3 A2 A1

⎤
⎥⎦ = S1 ⊗ A1 + S2 ⊗ A2 + S3 ⊗ A3 + S4 ⊗ A4,

where S1 = I4 and

S2 =
⎡
⎢⎣

0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

⎤
⎥⎦ , S3 =

⎡
⎢⎣

0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

⎤
⎥⎦ , S4 =

⎡
⎢⎣

0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0

⎤
⎥⎦ .

The real linear system Eq. (11) now becomes

4∑
i=1

(ST
i ⊗ AT

i )

4∑
i=1

(Si ⊗ Ai )Xc =
4∑

i=1

(ST
i ⊗ AT

i )Bc. (16)

In the perturbed system, the matrices S1, S2, S3, S4 are not perturbed, and for perturbations small enough,
ϒT

A+�AϒA+�A is nonsingular, and the perturbed system takes the form

4∑
i=1

(ST
i ⊗ (Ai + �Ai )

T )

4∑
i=1

(Si ⊗ (Ai + �Ai ))(Xc + �Xc)

=
4∑

i=1

(Si ⊗ (Ai + �Ai ))
T (Bc + �Bc).

(17)

For the differential of Xc, we have the following result.

Theorem 1 In the notation above, let R = B − AX be the residuals of the least squares solution of the QLS
problem Eq. (1). Let si = vec(Si ) for i = 1, 2, 3, 4 and S = [s1 s2 s3 s4]. For the perturbation of the least
squares solution Xc, we have

vec(LT �Xc) = K
[

vec(�Ar)

vec(�Bc)

]
+ O(‖�A‖2

F ) + O(‖�B‖2
F ),

where

K := dφ

([
vec(Ar)

vec(Bc)

])
= [M N ], (18)

and N = Iq ⊗ (LT ϒ
†
A), M = (M − N )H with H = (I4 ⊗ Kn,4 ⊗ Im)(S ⊗ Imn) and with Rc = Bc − ϒA Xc,

M = K T
�,q

(
(LT (ϒT

A ϒA)−1) ⊗ RT
c

)
, N = X T

c ⊗ (LT ϒ
†
A).

Proof Consider the first order of perturbation in Eq. (17), we have the differential of system Eq. (16) as

(ϒT
A ϒA)dXc + ϒT

A

(
4∑

i=1

Si ⊗ dAi

)
Xc +

(
4∑

i=1

ST
i ⊗ (dAi )

T

)
ϒA Xc

= ϒT
A dBc +

(
4∑

i=1

ST
i ⊗ (dAi )

T

)
Bc,

from which we derive

LT dXc = LT ϒ
†
A

[
dBc −

4∑
i=1

(Si ⊗ dAi )Xc

]
+ LT (ϒT

A ϒA)−1

(
4∑

i=1

ST
i ⊗ dAT

i

)
Rc, (19)
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therefore by the properties in Eq. (2)-Eq. (7), we obtain

vec(LT dXc) = (Iq ⊗ (LT ϒ
†
A))vec(dBc) − (X T

c ⊗ (LT ϒ
†
A))

4∑
i=1

vec(Si ⊗ dAi )

+
(

RT
c ⊗ (LT (ϒT

A ϒA)−1)
) 4∑

i=1

vec(ST
i ⊗ dAT

i ),

where by Eq. (6)-Eq. (7),

vec(Si ⊗ dAi ) = (I4 ⊗ Kn,4 ⊗ Im)
(

vec(Si ) ⊗ vec(dAi )
)
,

= (I4 ⊗ Kn,4 ⊗ Im)
(

vec(Si ) ⊗ Imn

)
vec(dAi ),

(20)

and

RT
c ⊗ (LT (ϒT

A ϒA)−1) = K T
�,q

(
(LT (ϒT

A ϒA)−1) ⊗ RT
c

)
K4n,4m, (21)

in which the permutation matrix of K4n,4m is defined in Eq. (6)-Eq. (7) so that K4n,4mvec(ST
i ⊗ dAT

i ) =
vec(Si ⊗ dAi ). It follows that

vec(LT dXc) = (Iq ⊗ (LT ϒ
†
A))vec(dBc) + (M − N )

4∑
i=1

vec(Si ⊗ dAi )

where

4∑
i=1

vec(Si ⊗ dAi ) = (I4 ⊗ Kn,4 ⊗ Im)

(
4∑

i=1

(vec(Si ) ⊗ Imn)vec(dAi )

)

= (I4 ⊗ Kn,4 ⊗ Im)(S ⊗ Imn)vec(dAr),

from which we derive

vec(LT dXc) = dφ

([
vec(Ar)

vec(Bc)

])
= [M N ]

[
vec(�Ar)

vec(�Bc)

]
,

and the assertion follows. 
�
For positive numbers αi and βi , (i = 1, 2, 3, 4) we define

Sα = [α−1
1 s1 α−1

2 s2 α−1
3 s3 α−1

4 s4],
Tβ = Iq ⊗ diag(β−1

1 Im, β−1
2 Im, β−1

3 Im, β−1
4 Im).

(22)

It should be noted that

vec(LT dXc) = K̄
[

vec(dAα
r )

vec(dBβ
c )

]
:=

[
M̄ (Iq ⊗ (LT ϒ

†
A))Tβ

] [
vec(dAα

r )

vec(dBβ
c )

]
, (23)

where M̄ = (M − N )Hα and

Hα = (I4 ⊗ Kn,4 ⊗ Im)(Sα ⊗ Imn). (24)

By the concept of the normwise condition number defined in section 2, we derive the normwise condition
number for Eq. (1) as below

κ(L , Ar, Br) = ∥∥K̄∥∥
2

‖[Ar Br]‖F
‖LT Xc‖F

. (25)

The explicit expression in Eq. (25) involves the Kronecker product operations which might lead to large storage
and computational cost. The following theorem gives the compact upper bound of the normwise condition
number.
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Theorem 2 With the notations in Theorem 1 and Eqs. Eq. (22)-Eq. (23), the normwise condition number defined
in Eq. (25) has the following compact upper bound as

κu(L , Ar, Br)

=
[
c1

(
‖Rc‖2

2‖LT (ϒT
A ϒA)†‖2

2 + ‖Xc‖2
2‖LT ϒ

†
A‖2

2

)
+ c2‖LT ϒ

†
A‖2

2

]1/2 ‖[Ar Br]‖F
‖LT Xc‖F

,
(26)

where c1 = 4 max
1≤i≤4

α−2
i , c2 = max

1≤i≤4
β−2

i .

When L = I4n,

κu(I4n, Ar, Br) = ‖A†‖2

[
c1‖Rc‖2

2‖A†‖2
2 + c1‖Xc‖2

2 + c2

]1/2 ‖[Ar Br]‖F
‖Xc‖F

. (27)

Proof Note that in Eq. (24), we have

H T
α Hα = (ST

α Sα) ⊗ Imn = diag(4α−2
1 , 4α−2

2 , 4α−2
3 , 4α−2

4 ) ⊗ Imn, (28)

and hence ‖Hα‖2
2 = ‖H T

α Hα‖2 = c1 = 4 max
1≤i≤4

α−2
i .

It should be noted that

‖M̄M̄T ‖2 = ‖(M − N )Hα H T
α (M − N )T ‖2

≤ ‖M − N‖2
2‖Hα‖2

2

= c1‖(M − N )(M − N )T ‖2

= c1‖M MT + N N T − M N T − N MT ‖2,

where M N T = O since ϒ
†
A Rc = ϒ

†
A(I − ϒAϒ

†
A)Bc = O . It follows from Eq. (3) that

‖M̄M̄T ‖2 ≤ c1(‖M MT ‖2 + ‖N N T ‖2) = c1

(
‖RT

c ‖2
2‖LT (ϒT

A ϒA)−1‖2
2 + ‖Xc‖2

2‖LT ϒ
†
A‖2

2

)

and therefore

‖K̄‖2 = ‖K̄K̄T ‖1/2
2 ≤

(
‖M̄M̄T ‖2 + ‖Iq ⊗ (LT ϒ

†
A)‖2

2‖Tβ T T
β ‖2

)1/2

≤
(

c1

(
‖Rc‖2

2‖LT (ϒT
A ϒA)†‖2

2 + ‖Xc‖2
2‖LT ϒ

†
A‖2

2

)
+ c2‖LT ϒ

†
A‖2

2

)1/2
,

where c2 = ‖TβT T
β ‖2 = ‖Tβ‖2

2 = max
1≤i≤4

β−2
i and the assertion in Eq. (26) comes true. When L = I4n ,

κu(L , Ar, Br) =
[
c1‖Rc‖2

2‖A†‖4
2 + (c1‖Xc‖2

2 + c2)‖A†‖2
2

]1/2 ‖[Ar Br]‖F
‖Xc‖F

,

= ‖A†‖2

[
c1‖Rc‖2

2‖A†‖2
2 + c1‖Xc‖2

2 + c2

]1/2 ‖[Ar Br]‖F
‖Xc‖F

.

The proof is complete. 
�
Theorem 3 With the notations in Theorem 1, the mixed and componentwise condition numbers of least squares
solution X to Eq. (1) have the following forms:

m(L , Ar, Br) = ‖|M|vec(|Ar|) + |N |vec(|Bc|)‖∞
‖LT Xc‖max

,

c(L , Ar, Br) =
∥∥∥∥
|M|vec(|Ar|) + |N ||vec(|Bc|)

vec(|LT Xc|)
∥∥∥∥

∞
,
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and they have compact upper bounds as follows:

m(L , Ar, Br) ≤
∥∥∥|LT (ϒT

A ϒA)−1||ϒA|T |Rc| + |LT ϒ
†
A||ϒA||Xc| + |LT ϒ

†
A||Bc|

∥∥∥
max∥∥∥LT Xc

∥∥∥
max

,

c(L , Ar, Br) ≤
∥∥∥ |LT (ϒT

A ϒA)−1||ϒA|T |Rc| + |LT ϒ
†
A||ϒA||Xc| + |LT ϒ

†
A||Bc|

|LT Xc|
∥∥∥

max
.

Proof The formulae for m(L , Ar, Br), c(L , Ar, Br) are straightforward from Theorem 1 and the formula in Eq.
(15). Moreover,

m(L , Ar, Br) ≤
∥∥∥(|M | + |N |)|H |vec(|Ar|) + |N |vec(|Bc|)

∥∥∥
max

‖LT Xc‖max
,

where

|H |vec(|Ar|) = (I4 ⊗ Kn,4 ⊗ Im)

4∑
i=1

(vec(|Si |) ⊗ vec(|Ai |))

=
4∑

i=1

vec(|Si | ⊗ |Ai |) = K T
4m,4n

4∑
i=1

vec(|Si |T ⊗ |Ai |T )

= K T
4m,4nvec(|ϒA|T ) = vec(|ϒA|).

(29)

Therefore by Eq. (21), we obtain

(|M | + |N |)|H |vec(|Ar|) =
(
|RT

c | ⊗ |LT (ϒT
A ϒA)−1| + |Xc|T ⊗ |LT ϒ

†
A|

)
vec(|ϒA|)

= vec(|LT (ϒT
A ϒA)−1||ϒA|T |Rc| + |LT ϒ

†
A||ϒA||Xc|).

Consequently,

m(L , Ar, Br) ≤
∥∥∥|LT (ϒT

A ϒA)−1||ϒA|T |Rc| + |LT ϒ
†
A||ϒA||Xc|

+|LT ϒ
†
A||Bc|

∥∥∥
max∥∥∥LT Xc

∥∥∥
max

,

and the upper bound for c(L , Ar, Br) can be obtained in a similar way. 
�
Remark 1 When the residuals for the QLS problem min ‖AX − B‖F become zero, i.e., AX = B is consistent,
then the upper bound in Theorem 2 becomes

κu =
(

c1‖Xc‖2
2 + c2

)1/2‖LT ϒ
†
A‖2

‖[Ar Br]‖F
‖LT Xc‖F

.

When m = n it is exactly the upper bound for the normwise condition number of nonsingular linear system
AX = B derived by Liu et al. [21].

Remark 2 When the quaternion matrix A reduces to a real matrix, and the quaternion right-hand becomes a
single real vector, i.e., we may write the matrix ϒA = diag(A1, A1, A1, A1), and Bc = [BT

1 , O, O, O]T and
the solution Xc = [X T , O, O, O]T , where AT

1 A1 X = AT
1 B1, and R = B1 − A1 X . Since A and B have zero

imaginary parts, and these zero imaginary parts are not perturbed. We can recover the condition number of real
least squares system by letting the parameters αi , βi for i ≥ 2 tend to infinity in Theorems 2 and 3. By taking
L = I4n , the estimate in Eq. (26) becomes

κu(A1, B1) =
⎛
⎝4

(
‖R‖2

2‖A†
1‖2

2 + ‖X‖2
2

)

α2
1

+ 1

β2
1

⎞
⎠

1/2

‖A†
1‖2‖[α1 A1 β1 B1]‖F

‖X‖F
.
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The upper bound is over-estimated due to some zero submatrices in Hα for real least squares system since in this
case

‖Hα‖2 = ‖(I4 ⊗ Kn,4 ⊗ Im)[α−1
1 vec(S1) ⊗ Imn O16×mn O16×mn O16×mn]‖2

=

∥∥∥∥∥∥∥∥

⎡
⎢⎢⎣

K̆ O4mn O4mn O4mn

O4mn K̆ O4mn O4mn

O4mn O4mn K̆ O4mn

O4mn O4mn O4mn K̆

⎤
⎥⎥⎦ [α−1

1 vec(S1) ⊗ Imn O16×mn O16×mn O16×mn]

∥∥∥∥∥∥∥∥
2

= α−1
1 ‖K̆ vec(e1) ⊗ Imn‖2 = α−1

1 ,

where K̆ = Kn,4 ⊗ Im and e1 is the first column of I4. Therefore

κu(A1, B1) =
(

‖R‖2
2‖A†

1‖2
2 + ‖X‖2

2

α2
1

+ 1

β2
1

)1/2 ‖A†
1‖2‖[α1 A1 β1 B1]‖F

‖X‖F
.

This upper bound is attainable since for real least squares problem, Eq. (19) becomes

vec(dX) = vec(A†
1(dB1 − dA1 X)) + vec((AT

1 A1)
−1(dA1)

T R)

= (Iq ⊗ A†
1)vec(dB1) + (RT ⊗ (AT

1 A1)
−1 Km,n − X T ⊗ A†

1)vec(dA1)

=
[
α−1

1

(
K T

4n,q((AT
1 A1)

−1 ⊗ RT ) − X T ⊗ A†
1

)
β−1

1 (Iq ⊗ A†
1)
][vec(α1dA1)

vec(β1dB1)

]
.

It is not difficult to prove that the normwise condition number κ(A1, B1) for minX ‖A1 X − B1‖2 is exactly
κu(A1, B1), and it reduces to the one in Gratton [20] when q = 1.

For above real LS problem, we recover upper bound for the mixed and componentwise condition numbers
from Theorem 3 as

mu(A1, B1) =
∥∥∥|(AT

1 A1)
−1|

(
|AT

1 ||R| + |AT
1 ||A1||X | + |AT

1 ||B1|
)∥∥∥

max

‖X‖max
,

cu(A1, B1) =
∥∥∥∥∥∥
|(AT

1 A1)
−1|

(
|AT

1 ||R| + |AT
1 ||A1||X | + |AT

1 ||B1|
)

|X |

∥∥∥∥∥∥
max

.

If q = 1, then the upper bounds become the bounds for the mixed and componentwise condition numbers of
linear system AT

1 A1x = AT
1 b presented in Cuker et al. [18].

4 Condition number of the least squares residuals

Let R = B − AX with X = XL S be the least squares residuals of the QLS solution. It is of interest to study the
condition number of the residuals, where the corresponding condition numbers are defined as follows.

Definition 2 With the notations in section 2, the normwise, mixed and componentwise condition numbers for
the least squares residuals R are defined as

κres(Ar, Br) = lim
ε→0

sup
‖[�Ar �Br]‖F≤ε‖[Ar Br]‖F

‖�Rc‖F‖[Ar Br]‖F
ε‖Rc‖F

,

mres(Ar, Br) = lim
ε→0

sup
|[�Ar �Br]|≤ε|[Ar Br]|

‖�Rc‖max

ε‖Rc‖max
,

cres(Ar, Br) = lim
ε→0

sup
|[�Ar �Br]|≤ε|[Ar Br]|

1

ε

∥∥∥∥
|�Rc|
|Rc|

∥∥∥∥
max

.

To get the explicit formulae for these condition numbers, we need to evaluate the first order perturbation of
Rc in the theorem below, from which dRc is clear from the expression.
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Theorem 4 Let si = vec(Si ) for i = 1, 2, 3, 4 with Si being defined in section 3. Let Sα, Tβ and Hα be defined
in Eq. (22) and Eq. (24), respectively. Then we have the perturbation results for the residual as follows

vec(�Rc) = Z
[

vec(�Aα
r )

vec(�Bβ
c )

]
+ O(‖�A‖2

F ) + O(‖�B‖2
F ),

where the orthogonal projector P = I4m − ϒAϒ
†
A and

Z =
[(

− X T
c ⊗ P − K T

4m,q(ϒ
†T

A ⊗ RT
c )

)
Hα (Iq ⊗ P)Tβ

]
.

Proof For the first order perturbation of Rc, we have the differential of system Rc = Bc − ϒA Xc as

dRc = dBc −
4∑

j=1

(S j ⊗ dA j )Xc − ϒAdXc,

and therefore by Eq. (20) and Eq. (23)–Eq. (24),

vec(dRc) = vec(dBc) − (X T
c ⊗ I4m)

4∑
j=1

vec(S j ⊗ dA j ) − (Iq ⊗ ϒA)vec(dXc)

=
([

− (X T
c ⊗ I4m)Hα Tβ

]
− (Iq ⊗ ϒA)

[
M̄ (Iq ⊗ ϒ

†
A)Tβ

]) [
vec(dAα

r )

vec(dBβ
c )

]
,

in which M̄ = (M − N )Hα , and M, N are defined in Theorem 1.
Note that (Iq ⊗ ϒA) = K T

4m,q(ϒA ⊗ Iq)K4n,q , and when L = I4n ,

(Iq ⊗ ϒA)M̄ = K T
4m,q(ϒA ⊗ Iq)K4n,q(M − N )Hα,

= K T
4m,q

(
(ϒ

†T

A ) ⊗ RT
c

)
Hα −

(
X T

c ⊗ (ϒAϒ
†
A)

)
Hα,

from which we conclude that

vec(dRc) =
[(

− X T
c ⊗ P − K T

4m,q(ϒ
†T

A ⊗ RT
c )

)
Hα (Iq ⊗ P)Tβ

] [
vec(dAα

r )

vec(dBβ
c )

]
.

The proof is complete. 
�
Theorem 5 With the notations in Theorem 4, the normwise condition number of the least squares residuals takes
the form

κres(Ar, Br) = ‖Z‖2‖[Ar Br]‖F
‖Rc‖F

.

For the particular single right-hand QLS problem minx ‖Ax − b‖2, the normwise condition number for the
residual rc = bc − ϒAxc takes the form

κu
res(Ar, br) = ‖J ‖2 ‖[Ar br]‖F

‖rc‖F

≤
(

c
1
2
2 ‖xc‖2 + c

1
2
1 ‖rc‖2‖ϒ†

A‖2

)
√√√√max

{
1, ρ2 + 1

‖xc‖2
2

}
+ ρ · ‖[Ar br ]‖F

‖rc‖F
,

where c1, c2 are defined in Theorem 2, ρ = ( c1
c2

) 1
2 , τ1 =

√
ρ2 + 1

‖xc‖2
2
, τ2 = 1

‖xc‖2
+ τ1, and

J =
[
c

1
2
2 ‖xc‖2P c

1
2
1 ‖rc‖2ϒ

†T

A

]
⎡
⎣ τ1 I4m − τ2

rcr T
c

‖rc‖2
2

ρrcxT
c‖rc‖2‖xc‖2

O I4n

⎤
⎦ .
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Proof By the definition of the normwise condition number, the explicit expression for κres(Ar, Br) is straight-

forward. When q = 1, set G = −X T
c ⊗ P − K T

4m,q(ϒ
†T

A ⊗ RT
c ) with Xc = xc, Rc = rc and K4m,q = I4m ,

then

‖Z‖2
2 = ‖ZZT ‖2 = max‖y‖2=1

yT ZZT y

= max‖y‖2=1
(yT G(Hα H T

α )GT y + yT P(TβT T
β )PT y)

≤ max‖y‖2=1
(‖Hα‖2

2 yT GGT y + ‖Tβ‖2
2 yT PPT y)

≤ ‖c1GGT + c2PPT ‖2, (30)

where c1 = ‖Hα‖2
2, c2 = ‖Tβ‖2

2, by making use of the relation Prc = rc, it follows that

c1GGT + c2PPT = (c2 + c1‖xc‖2
2)P2 + c1‖rc‖2

2ϒ
†T

A ϒ
†
A + c1rcxT

c ϒ
†
A + c1ϒ

†T

A xcr T
c

=
[
c

1
2
2 ‖xc‖2P c

1
2
1 ‖rc‖2ϒ

†T

A

]
W

[ c
1
2
2 ‖xc‖2P

c
1
2
1 ‖rc‖2ϒ

†
A

]
,

for

W =

⎡
⎢⎢⎣

(ρ2 + 1
‖xc‖2

2
)I4m

ρrcxT
c‖rc‖2‖xc‖2

ρxcr T
c‖rc‖2‖xc‖2

I4n

⎤
⎥⎥⎦

=
⎡
⎣ I4m

ρrcxT
c‖rc‖2‖xc‖2

O I4n

⎤
⎦

[ 1
‖xc‖2

2
I4m + ρ2 P0 O

O I4n

]⎡
⎣ I4m

ρrcxT
c‖rc‖2‖xc‖2

O I4n

⎤
⎦

T

=
⎡
⎣ τ1 I4m − τ2

rcr T
c

‖rc‖2
2

ρrcxT
c‖rc‖2‖xc‖2

O I4n

⎤
⎦

⎡
⎣ τ1 I4m − τ2

rcr T
c

‖rc‖2
2

ρrcxT
c‖rc‖2‖xc‖2

O I4n

⎤
⎦

T

,

in which P0 = I4m − rcr T
c

‖rc‖2
2

. Therefore

‖Z‖2
2 ≤ ‖c1GGT + c2PPT ‖2 = ‖J ‖2

2.

We also note that

‖W‖2 ≤
∥∥∥∥∥

[
(ρ2 + 1

‖xc‖2
2
)I4m O

O I4n

]∥∥∥∥∥
2

+

∥∥∥∥∥∥∥

⎡
⎢⎣

O
ρrcxT

c‖rc‖2‖xc‖2
ρxcr T

c‖rc‖2‖xc‖2
O

⎤
⎥⎦

∥∥∥∥∥∥∥
2

= max

{
1, ρ2 + 1

‖xc‖2
2

}
+ ρ,

therefore

‖c1GGT + c2PPT ‖
1
2
2 ≤

√√√√max

{
1, ρ2 + 1

‖xc‖2
2

}
+ ρ

∥∥∥∥
[
c

1
2
2 ‖xc‖2P c

1
2
1 ‖rc‖2ϒ

†T

A

]∥∥∥∥
2

≤
(

c
1
2
2 ‖xc‖2 + c

1
2
1 ‖rc‖2‖ϒ†

A‖2

)
√√√√max

{
1, ρ2 + 1

‖xc‖2
2

}
+ ρ,

and the upper bound for κu
res(Ar, br) follows. 
�
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Theorem 6 With the notations in Theorems 1 and 5, let

G = −(X T
c ⊗ P) − K T

4m,q(ϒ
†T
A ⊗ RT

c ), H = (I4 ⊗ Kn,4 ⊗ Im)(S ⊗ Imn),

then the mixed and componentwise condition numbers of the residual of the QLS problem have the following
forms:

mres(Ar, Br) =
∥∥∥|G H |vec(|Ar|) + |(Iq ⊗ P)|vec(|Bc|)

∥∥∥∞
‖Rc‖max

,

and

cres(Ar, Br) =
∥∥∥ |G H |vec(|Ar|) + |(Iq ⊗ P)|vec(|Bc|)

vec(|Rc|)
∥∥∥∞.

and the upper bounds for the mixed and componentwise condition numbers become

mu
res(Ar, Br) =

∥∥∥|P||ϒA||Xc| + |ϒ†T

A ||ϒA|T |Rc| + |P||Bc|
∥∥∥

max

‖Rc‖max
,

and

cu
res(Ar, Br) =

∥∥∥ |P||ϒA||Xc| + |ϒ†T

A ||ϒA|T |Rc| + |P||Bc|
|Rc|

∥∥∥
max

.

Proof The formulae for mres(Ar, Br), cres(Ar, Br) are straightforward from Theorem 1 and Definition 2. Note
that Ar = [A1 A2 A3 A4] and from Eq. (29), we get

|G||H |vec(|Ar|) + |Iq ⊗ P|vec(|Bc|)
= |(X T

c ⊗ P) + K T
4m,q(ϒ

†T
A ⊗ RT

c )|vec(|ϒA|) + vec(|P||Bc|)
≤ vec(|P||ϒA||Xc|) + K T

4m,qvec(|Rc|T |ϒA||ϒ†
A|) + vec(|P||Bc|)

= vec(|P||ϒA||Xc| + |ϒ†T

A ||ϒA|T |Rc| + |P||Bc|),
and the upper bound of the mixed condition number is as

mres(Ar, Br) ≤
∥∥∥|P||ϒA||Xc| + |ϒ†T

A ||ϒA|T |Rc| + |P||Bc|
∥∥∥

max

‖Rc‖max
.

The upper bound for cres(Ar, Br) can be obtained in a similar way. 
�
Remark 3 When the quaternion matrix A and single right-hand of the quaternion least square problem reduces to
the real form: minx ‖A1x − b‖2, then ϒA = diag(A1, A1, A1, A1), Bc = [bT , 0, 0, 0]T , P = diag(P, P, P, P)

for P = Im − A1 A†
1 and the solution xc = [xT , 0, 0, 0]T , where the real vectors b and x satisfy AT

1 A1x = AT
1 b,

and r = b − A1x . Since A and b have zero imaginary parts, and these zero imaginary parts are not perturbed.
Letting the parametersαi , βi for i ≥ 2 tend to infinity in Theorems 4, and at the same time note that‖Hα‖2 = 2α−1

1
in Eq. (30) according to Remark 2, we can recover the condition number of real linear system AT

1 A1x = AT
1 b

in the estimate in Theorem 5 as

κu
res(A1, b) =

∥∥∥∥∥∥

[
‖x‖2 P

β1

2‖r‖2 A†T

1

α1

]⎡
⎣ τ1 I4m − τ2

rr T

‖r‖2
2

2β1
α1

r xT

‖r‖2‖x‖2

O I4n

⎤
⎦
∥∥∥∥∥∥

2

‖[α1 A1 β1b]‖F

‖r‖2
,

for τ1 =
√

4β2
1

α2
1

+ 1
‖x‖2

2
, τ2 = 1

‖x‖2
+ τ1. This upper bound is attainable for the normwise condition number of

residual of the real least squares problem since by

vec(dr) = Ẑ
[

vec(α1dA1)

vec(β1db)

]
,

Ẑ =
[
−α−1

1

(
xT ⊗ P + A†T

1 ⊗ r T )
β−1

1 P
]
,
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where

‖Ẑ‖2 = ‖ẐẐT ‖
1
2
2 =

∥∥∥(α−2
1 (‖x‖2

2 + β−2
1 )P2 + α−2

1 ‖r‖2
2 A†T

1 A†
1 + α−2

1 (r xT A†
1 + A†T

1 xr T )

∥∥∥
1
2

2
,

and it is easy to prove ‖Ẑ‖2 = κu
res(A1, b) by following the technique in proving Theorem 5.

When q = 1, the upper bounds for the mixed and componentwise condition numbers of the least squares
residuals are exactly the ones presented in Cuker et al. [18].

5 Numerical experiments

In this section, we will test the sharpness of three condition numbers for the QLS system Eq. (1). All the
computations are carried out on an Intel Core i5-8250U @ 1.60GHz /8 GB computer by using Matlab R2018a
with the machine precision εM = 2.2 × 10−16.

To solve the single right-hand QLS system Eq. (1), we first consider the real structure-preserving Householder
QR method from Li et al. [8] to transform [A b] into the quaternion upper triangular form [R g1

0 g2
], where R is

upper triangular and nonsingular. The QLS solution can be obtained by solving Rx = g1 via the real structure-
preserving algorithm presented in Liu et al. [27].

Example 1
This example is transformed from Gohberg and Koltracht [17, Example 5]. The test matrix [A B] has equilibratory
entries that is defined by

[A B] = Y
[

D
O

]
Z∗ ∈ Qm×(n+1),

where Y = Im − 2yy∗, Z = In+1 − 2zz∗, y ∈ Qm and z ∈ Qn+1 are random unit vectors. D =
diag(1, 1/2, . . . , 1/n, d) ∈ Q(n+1)×(n+1) with d being the smallest singular value of [A B]. Let κD be the
corresponding condition number of [A B]. Set

�Ac = 10−10 · Ac 
 rand(4m, n), �Bc = 10−10 · Bc 
 rand(4m, q),

where 
 denotes the componentwise multiplication of two conformal dimensional matrices. Let �Xc = X̃c − Xc
be the error of the solutions between the perturbed and original problem via real structure-preserving QR methods.
Set L = I4n and

γκ = ‖�Xc‖2

‖Xc‖2
, γm = ‖�Xc‖max

‖Xc‖max
, γc =

∥∥∥∥
�Xc

Xc

∥∥∥∥
max

γκres = ‖�Rc‖2

‖Rc‖2
, γmres = ‖�Rc‖max

‖Rc‖max
, γcres =

∥∥∥∥
�Rc

Rc

∥∥∥∥
max

and

ε1 := ‖[�Ar �Br]‖F

‖[Ar Br]‖F
, ε2 := min{ε : |[�Ar �Br]| ≤ ε|[Ar Br]|}.

Due to the large storage cost of the exact normwise condition number κ and the restriction of the storage of
our notebook, in Table 1, we only consider small values of m and n, and compare the estimated upper bounds
with the corresponding relative errors for QLS solution and residuals, where κu, mu, cu are the upper bounds of
the condition numbers κ, m, c for the QLS solution given in Theorems 1-3, κu

res, mu
res, cu

res are the upper bounds
of κres, mres, cres, respectively. It can be easily seen that the approximate upper bounds of the three condition
numbers are about two orders of magnitude larger than their exact counterparts, which means that κu, mu, cu

can approximate well κ, m, c, respectively. The same is true for the condition numbers of residuals. When κD
increases from 102 to 106, the approximate upper bounds via normwise, mixed and componentwise condition
numbers are as sharp as the actual forward errors, indicating that three condition numbers are suitable to measure
the conditioning of QLS problem.
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Table 1 Comparison of estimated upper bounds with actual relative errors for Example 1

m, n m = 25, n = 20 m = 80, n = 60 m = 100, n = 80

κD 102 104 106 102 104 106 102 104 106

γκ 6.5e-11 6.6e-11 7.7e-11 1.1e-10 9.0e-11 9.7e-11 1.2e-10 1.2e-10 1.0e-10
ε1κ 5.5e-09 3.3e-09 2.9e-09 3.7e-08 1.6e-08 1.5e-08 4.2e-08 2.9e-08 3.4e-08
ε1κ

u 6.5e-09 4.3e-09 3.7e-09 5.0e-08 1.8e-08 1.6e-08 6.3e-08 3.1e-08 3.6e-08
γm 9.7e-11 7.1e-11 1.0e-10 1.9e-10 1.4e-10 1.5e-10 1.4e-10 1.7e-10 1.6e-10
ε2m 2.0e-09 1.9e-09 2.3e-09 5.0e-09 3.3e-09 3.6e-09 4.1e-09 4.0e-09 5.4e-09
ε2mu 2.9e-09 2.7e-09 3.4e-09 7.7e-09 4.8e-09 5.0e-09 6.2e-09 5.5e-09 8.1e-09
γc 9.7e-11 7.1e-11 1.0e-10 1.9e-10 1.4e-10 1.5e-10 1.4e-10 1.7e-10 1.6e-10
ε2c 2.0e-09 1.9e-09 2.3e-09 5.0e-09 3.3e-09 3.6e-09 4.1e-09 4.0e-09 5.4e-09
ε2cu 2.9e-09 2.7e-09 3.4e-09 7.7e-09 4.8e-09 5.0e-09 6.2e-09 5.5e-09 8.1e-09
γκres 8.4e-11 1.5e-08 1.2e-06 4.1e-11 3.7e-09 5.0e-07 7.7e-11 2.5e-09 1.9e-07
ε2κres 9.9e-09 1.0e-06 8.3e-05 8.5e-09 7.1e-07 7.5e-05 1.2e-08 8.1e-07 8.5e-05
ε2κ

u
res 1.6e-08 1.0e-06 8.3e-05 3.9e-08 7.3e-07 7.5e-05 4.2e-08 8.4e-07 8.5e-05

γmres 1.0e-10 1.4e-08 1.3e-06 4.9e-11 2.2e-09 2.9e-07 1.1e-10 1.7e-09 1.3e-07
ε2mres 1.8e-09 2.6e-07 2.9e-05 3.4e-10 4.4e-08 6.2e-06 3.3e-10 3.6e-08 2.8e-06
ε2mu

res 2.3e-09 3.3e-07 3.4e-05 5.7e-10 5.4e-08 7.4e-06 4.8e-10 4.3e-08 3.5e-06
γcres 1.0e-10 1.4e-08 1.3e-06 4.9e-11 2.2e-09 2.9e-07 1.1e-10 1.7e-09 1.3e-07
ε2cres 1.8e-09 2.6e-07 2.9e-05 3.4e-10 4.4e-08 6.2e-06 3.3e-10 3.6e-08 2.8e-06
ε2cu

res 2.3e-09 3.3e-07 3.4e-05 5.7e-10 5.4e-08 7.4e-06 4.8e-10 4.3e-08 3.5e-06

Table 2 Comparison of estimated upper bounds with actual relative errors for Example 2

δ 10−2 10−4 10−6

L L0 Lmax Lmin L0 Lmax Lmin L0 Lmax Lmin

γκ 3.5e-11 7.0e-12 1.3e-12 1.5e-11 3.2e-11 5.2e-12 4.6e-11 5.5e-12 1.9e-11
ε1κ 3.8e-08 4.6e-08 2.6e-08 3.5e-06 4.6e-06 2.6e-06 4.0e-04 5.3e-04 2.6e-04
ε1κ

u 7.6e-08 9.1e-08 5.3e-08 6.9e-06 9.2e-06 5.2e-06 8.0e-04 1.1e-03 5.1e-04
γm 3.3e-11 7.0e-12 1.3e-12 1.3e-11 3.2e-11 5.2e-12 4.0e-11 5.5e-12 1.9e-11
ε2m 2.0e-10 1.9e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10
ε2mu 2.0e-10 1.9e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10
γc 3.3e-11 7.0e-12 1.3e-12 1.3e-11 3.2e-11 5.2e-12 4.0e-11 5.5e-12 1.9e-11
ε2c 2.0e-10 1.9e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10
ε2cu 2.0e-10 1.9e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10
γκres 6.3e-11 5.5e-11 5.4e-11 5.8e-11 5.8e-11 6.3e-11 6.0e-11 5.9e-11 4.8e-11
ε2κres 4.8e-08 4.1e-08 4.4e-08 4.4e-06 4.1e-06 4.3e-06 5.0e-04 4.7e-04 4.3e-04
ε2κ

u
res 6.7e-08 5.6e-08 6.1e-08 6.0e-06 5.6e-06 6.0e-06 6.9e-04 6.5e-04 5.9e-04

γmres 9.9e-11 9.0e-11 9.9e-11 9.3e-11 9.9e-11 9.3e-11 9.3e-11 9.9e-11 9.9e-11
ε2mres 9.9e-11 9.6e-11 9.9e-11 9.5e-11 9.9e-11 1.0e-10 9.7e-11 1.0e-10 1.0e-10
ε2mu

res 9.9e-11 9.6e-11 9.9e-11 9.5e-11 9.9e-11 1.0e-10 9.7e-11 1.0e-10 1.0e-10
γcr 9.9e-11 9.0e-11 9.9e-11 9.3e-11 9.9e-11 9.3e-11 9.3e-11 9.9e-11 9.9e-11
ε2cres 9.9e-11 9.6e-11 9.9e-11 9.5e-11 9.9e-11 1.0e-10 9.7e-11 1.0e-10 1.0e-10
ε2cu

res 9.9e-11 9.6e-11 9.9e-11 9.5e-11 9.9e-11 1.0e-10 9.7e-11 1.0e-10 1.0e-10

Example 2 It is taken from Diao and Sun [28, Example 1]. In this test, we compare the upper bounds based
on different condition numbers with actual relative forward errors of the solution. Let m = 9, n = 4, q = 1,
B1 = [1, 1, 1, 1]T , Bi = B1, Ai = A1 for i ≥ 2 where A1 = [e1 e2 δe7 δe9] is a 9 × 4 matrix with ei being
the i th column of I9, and δ > 0 being a tiny parameter. For the matrix L , we choose L0 = I4n and the matrix
Lmax and Lmin are used to pick components with maximal and minimal absolute value in Xc, respectively. The
quantities �Ac, �Bc, γκ , γm , γc, γκres , γmres , γcres , ε1 and ε2 are defined in Example 1.

In Table 2, we compare the estimated upper bounds with the corresponding relative errors for the QLS solution
and residuals. It is observed that for each δ, the upper bounds κu, κu

res approximate well κ and κu
res, respectively.

At the same time, the same phenomenon happens on the mixed and componentwise condition numbers for the
QLS solution and residuals. However, for different magnitudes of δ, especially when the coefficient matrix is
getting badly scaled, the upper bound via the normwise condition number is far away from its actual relative error,
while the upper bounds via mixed and componentwise condition numbers are as sharp as the actural forward
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errors. Therefore, when the data is sparse and badly scaled, the mixed and componentwise condition numbers
are more suitable to estimate the perturbation of the QLS problem.

6 Conclusion

In this paper we investigate the condition numbers of quaternion linear squares problem with multiple right-
hands. By using the Kronecker product operations and real representation of quaternion matrices, the first order
perturbation of the solution and the residuals of the quaternion linear squares problem are discussed, as well as the
closed formula for the normwise, mixed and componentwise condition numbers and their upper bounds. When
the coefficient matrix is nonsingular and the residuals equal to zero, the upper bound for normwise condition
numbers reduces to the one in Liu et al. [21] for quaternion linear systems. Numerical experiments show that
the normwise, mixed and componentwise condition numbers are effective and suitable for quaternion linear
squares problem when the input data is equilibratory. It is also shown that for badly scaled matrix, mixed and
componentwise condition numbers are more suitable to estimate the forward errors.

Acknowledgements The authors are grateful to the handling editor and two anonymous referees for their useful comments and
suggestions, which greatly improved the original presentation.
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