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Abstract This paper investigates the quaternion linear least squares problem and presents the explicit expressions
of the normwise, mixed and componentwise condition numbers for the least squares solution and its residuals.
Compact and tight upper bounds for these condition numbers are provided. For equilibratory input data, tightness
of the normwise condition number and upper bounds are shown in estimating the actual forward errors and the
residuals of the solution. For general sparse and badly scaled problems, mixed and componentwise condition
numbers are shown to be much tighter than the one based on the normwise condition number.
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1 Introduction

In 1843, Hamilton [1] invented the quaternion, which has the following form

a=q1 + qi+ q3j + g4k,
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990 Q. Liu et al.

where g1, g2, q3, q4 are real, and i, j and K are three imaginary units satisfying
P=PP=k>=—1, ij=—ji=k, jk=—-kj=i, ki=—-ik=]

The set of all quaternions, denoted by Q is an associative but non-commutative algebra of rank four over R.

The pioneering work on properties of quaternion matrices owed to Zhang [2], Zhang and Wei [3], and now
quaternion matrix computations have been more and more attractive. The first version of Quaternion Toolbox for
Matlab (QTFM) was developed in 2005, by Sangwine and Le Bihan [4]. It extends Matlab to allow quaternion
calculations, based on which the quaternion LU, QR and singular value decomposition (SVD) decompositions
can be obtained. For the sake of the efficiency of the algorithms, the authors in Jia et al. [5], Li et al. [6-8],
Wang and Ma [9], developed real structure-preserving LU, QR, and SVD algorithms based on real arithmetic
operations. For more comprehensive reading on quaternion matrix factorization and applications on color image
processing, we refer to the monographs by Jia [10], Wei et al. [11] and the papers in Jia et al. [12-14] and
references therein.

Jiang and Chen [15] presented the quaternion least squares (QLS) problem

Xps = argmin |[AX — Bl|, )]
XeQ)ﬂXq
where the quaternion matrix A € Q"*" has full column rank, B € Q™*%, and || - || denotes the quaternion

Frobenius norm. The algebraic properties of the QLS solution were given there. Li et al. [8], Wei et al. [11]
presented quaternion QR factorization to solve the QLS problem, where the factorization can be implemented
based on the quaternion Householder transformations. An interesting question is how close the numerical solution
via the algorithm is to the exact solution.

The condition number can answer this question, since it measures the worst-case sensitivity of its solution
to small perturbations in the input data. When the matrices in Eq. (1) reduce to the real matrices, based on
the concept of the normwise and mixed/componentwise condition numbers from Rice [16] and Gohberg and
Koltracht [17]. The condition numbers for real least squares problem are investigated in Cuker et al. [18], Diao
et al. [19] and Gratton [20]. Liu et al. [21] investigated the condition numbers of quaternion matrix inverse and
nonsingular quaternion linear equation AX = B. To our knowledge, the condition numbers of QLS problem Eq.
(1) haven’t been explored in the literature. We will focus on this issue in this paper.

Itis well known that general condition number theories by Rice [16], Gohberg and Koltracht [17], Geurts [22]
are based on real arithmetic operations. By making use of the Kronecker product operation and real representation
of a quaternion matrix, Liu et al. [21] built a bridge between real condition number theory and the perturbation of
the nonsingular quaternion linear system AX = B. Motivated by the work from Liu et al. [21], we derive explicit
expressions for the first order perturbation estimates of the solution and residuals to the QLS problem Eq. (1),
from which the normwise, mixed and componentwise condition numbers are investigated. Since the expressions
for condition numbers involve Kronecker product which might lead to costly computation, we study compact
forms for the upper bounds of the condition numbers. Experimental results are shown that normwise condition
number and its upper bound are tight for evaluating the forward errors of the solution to a QLS problem with
equilibratory input data. For general sparse and badly scaled problems, mixed and componentwise condition
numbers are shown to be much tighter than the one based on the normwise condition number.

Before our discussion some notations are required. R™*" and Q"*" denote the spaces of m x n real and
quaternion matrices, respectively. Sans-serif upper-case and lower-cases letters like A, B, u, v represent quater-
nion matrices and column vectors. 7, denotes the n x n identity matrix. O, x,, denotes the m x n zero matrix, and it
issimplified as O, form = n.If subscripts are ignored, the sizes of identity and zero matrices are suitable with con-
text. [|-]|2, || ]loo @and || - || 7 denote spectral norm , co-norm and the Frobenius norm of their arguments, respectively.
Forareal matrix A = [a;;],|A|is a matrix by taking the absolute value of a;; as elements, || A|| max denotes the max-
imal absolute value of elementsin A, AT, AT and o0; (A) denotes the transpose of A, Moore-Penrose inverse, and
the ith largest singular value of A, respectively, and vec(A) = [@11, ..., Am1, Q215 - s Am2ys -« Anly - - amnl”
is an operator, which stacks the columns of A one underneath the other. For m x n real matrices A, B, the
notation |A| < |B| means |a;;| < |b;;| for all i, j.

For matrices A € R™*", B € RP*4, the Kronecker product of A and B is defined by A ® B = [a;; B] (see
Langville and Stewart [23]) and the Kronecker product keeps the properties (see Langville and Stewart [23],
Graham [24]):

IA® B|=|A|®|B], (A®B)T =AT @ BT, 2)
IA® Bl = |All2lIBl2, 3)
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(A® C)(B® D) = (AB) ® (CD), 4)
vec(AXB) = (BT ® A)vec(X), (5)
Kp,m(A®B) = (B®A)Kq,na (6)
vec(A ® B) = (I, ® Kg.m ® I,)[vec(A) ® vec(B)], (7

where K ,, is a gm x gm permutation matrix such that vec(C ™= K, mvec(C) for any arbitrary C € R*™,

It is obvious that K ,, = K,E,q, and hence vec(C) = Km,qvec(CT).

2 Preliminaries

In this section, we first introduce the basic information of quaternion matrices. For a quaternion element q =
Q1 + Q921 + g3j + 94K, the conjugate and modulus of g are defined respectively as |q| = \/q$ + qg + q% + qi,

g* = g1 — g2i — qaj — qqk. For any quaternion matrices P = P; + Pri+ P3j+ P4k € Q"*", Q = Q1 + Qsi+
Q3] + Q4k € Q"> the conjugate of Q is given by Q* = QlT — QzTi — Q3Tj — QZk, and the sum of P, Q is

P+Q=(P1+ Q1)+ P+ Q)i+ (P3+ Q3)j+ (P4 + Qa)k.

For quaternion matrix S = Sy 4+ $»i + S3j + Syk € Q"*¢, the multiplication QS is given by

(0181 — 025 — 03853 — 0454) + (0152 + Q281 + 0384 — 0453)i
+ (0153 — 0284+ 0381 + 0482)j + (Q1S4 + 0253 — 0352 + Q4SDk.

If there is a quaternion matrix Z € Q"> such that AZ = ZA = I,,,, then A is said to be invertible, and Z is the
inverse matrix of A, denoted as A = Z~!. The spectral and Frobenius norms of Q are defined in a way similar
to the real case.

For Q = Q1 + Qsi + Q3 + Q4k € Q™*", the real representation of a quaternion matrix is a mapping that
projects the quaternion matrix Q as a structural real matrix. Specifically, a real representation of the quaternion
matrix Q can take the following form:

01 —02—03 —04

| Q2 Q1 —04 QO3
Ta= 03 Q4 01 -0 |’ ®)

04 —03 02 01

Jiaetal. [5], Lietal. [8] proved that the real algebraic symmetry structure of Yq enjoys the following properties:
(1) Yi,P+ko =kiYp +k Yo ki, ko e R;
(i) Tror =k,  Tos="ToTs:
(ii1) TQ_1 = (TQ)_lif Q is invertible;
(v) 21QlF = ITgllr. Q2 =Toll2. Q2 = IITgllz-

C))

It means that the real structure is preserved under above arithmetic operations.

For the quaternion matrix A, denote A = A + Aji + Azj + A4k, let A, = [A] Ay A3 A4] and A, =
Ay
A
A3
Ay
Ac is also the first block column of Yp. Fori =1, 2, 3, 4, let Ai = A; + AA;, f?i = B; + AB;, where AA; and
A B; denote the perturbations to the four parts of A and B respectively.

Like Gratton [20], Liu et al. [21], Wei et al. [25], Yang and Wang [26], we use positive real numbers «; and
Bi (i =1,2,3,4) to define a flexible weighted norm for the data space RX41 5 R4

col(Ay) = be the block matrix by staking the four block columns of A; one underneath the other. Here

I[AA; ABllF = \/ IAAZ|3 + 1ABEI%
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992 Q. Liu et al.

where
AAY =[] AA; aaAAr a3AA; asAAsl, ABP =[B1AB; PrABy B3AB3 ByABal.

The F norm is very flexible since it allows to monitor the perturbations on A; and B;. For instance, when o
tends to infinity, it enables to obtain condition number problems where A is not perturbed.
By Wei et al. [11, Theorem 3.2.2], an equivalent problem of Eq. (1) is the normal equation as

A*AX = A*B. (10)

Since A is of full column rank, the least squares solution X g is uniquely determined by X; s = (A*A)"'A*B =
ATB. For simplicity in later analysis we denote X = X 5. Due to the difficulties in dealing with the perturbation
analysis for quaternion based problems, we use property Eq. (9) to transform Eq. (1) into the real linear system

YA YaXc = Y4 Be, (11)

vec(Ay)
|:Vec(BC):| ’

=¢(@), for a:= |:<vec(A‘;‘))T (Vec(Bf))T:|T,

and consider the mapping ¢ : R¥""+4m4 . R*4 or ¢ for which

vee(LT X¢) = ¢(a) = vec(LT (YA Ya) 'YL B,), for a:

where the notation Bf = col(Br’g ), and L is a 4n x £ matrix which can be used to pick part of the rows in X, or
a linear operator applied on X,.

According to the general condition number theories and formulae in Rice [16], Gohberg and Koltracht [17],
Geurts [22], we define and formulate normwise, mixed and componentwise condition numbers as follows.

Definition 1 Define the normwise, mixed and componentwise condition numbers for the QLS solution as

ILT AXclIFIIA: Belll 7

k(L, A, By) = lim sup , (12)
U 60 8, AB I F=ellA, Bl F €L Xcllr
LTAX
m(L, Ay, B;) = lim sup ”T—°”““‘ (13)
€=>0[AA, AB<el[A; Br]l €IL" Xcllmax
c(L, A;, By) = lim sup l % , (14)
€=>011AA, ABI=<ellA; Bl € || L7 Xel |lmax

where % is the entry-wise division. Note that % is interpreted as zero if £ = 0 and infinity otherwise. In this

paper we only consider the case that || % |lmax is finite.

Observe from Rice [16], Gohberg and Koltracht [17], Geurts [22], if d¢(a) denote the Fréchet differential
of ¢ at a, then the condition numbers can be formulated as:

(L. Ay, By = 192@lallal>

lp(a)ll s
m(L, Ay, By) = M’ (L. Ay, By) = ‘ |d¢(a)llal

¢ (@)oo P o

3 Condition numbers of the least squares solution

In this section, we evaluate the condition number of the QLS solution, where the quaternion matrix A has full
column rank. Like Liu et al. [21], we use Kronecker operation to write the real representation Yp in Eq. (11) as
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Al —Ay —A3 —Ay
Ay A —A4 A
Ya= | a4 A [ES0A Rt seA e

As —As Ay A

where S; = I4 and

0-10 0 00 —-10 00 0 —1
1000 00 01 00-10
2=1oo0o0-1|" {10 00| =010 0
0010 0-100 100 O
The real linear system Eq. (11) now becomes
4 4 4
dYsTean > Si®AnXe=> (Sf ® AT)B.. (16)

i=1 i=1 i=1
In the perturbed system, the matrices Sy, Sz, S3, Sa are not perturbed, and for perturbations small enough,

TZ a4 Ya+aa4 is nonsingular, and the perturbed system takes the form

4 4
D ST @ A+ AANT) ) (S ® (Ai + AAD)(Xe + AX)

i=1 i=1

4 (17)
= (S ® (A + AA))T (Be + AB).
i=1

For the differential of X, we have the following result.

Theorem 1 In the notation above, let R = B — AX be the residuals of the least squares solution of the QLS
problem Eq. (1). Let s; = vec(S;) fori = 1,2,3,4and S = [s1 s2 s3 s4]. For the perturbation of the least
squares solution X, we have

T _ vec(AA;) 2 5
vec(L' AXc) =K I:Vec(ABC)] + O([AAlE) + O(1ABJI1%),
where
. vec(Ar) _
K = dg ([VGC(BC)D — M AL (18)

and N' = I, ® (LTY}), M = (M — N)YH with H = (I4 ® Ky.4 ® I,)(S ® Iy) and with R = Be — TaXe,
m=kl (aTorfra e R), N =xl o @),

Proof Consider the first order of perturbation in Eq. (17), we have the differential of system Eq. (16) as

4 4
(YXYa)dXe + Y71 (Z S ® dAi) Xe + (Z sT® (dA,»)T> YaXc

i=1 i=1
4
=YX dB. + (Z S/ ® (dA,-)T> B,
i=1
from which we derive

4 4
LTdx.=L"7} |:dBc -Y(Si® dA,-)XC} + LTl (Z ST ® dA,T> Re, (19)

i=1 i=1
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therefore by the properties in Eq. (2)-Eq. (7), we obtain

4
vee(LTdXe) = (I ® (LT T))vee(dBe) — (X] @ (LTY))) ) " vee(S; ® dAy)
i=1

4
+ (RI @ @ (xfra™) Y- vee(s! @dal),
i=1
where by Eq. (6)-Eq. (7),
vee(S; @ dA) = (14 ® Kna ® Im)<vec(Sl-) ® vec(dA,-)),

(20)
= (14 ® K4 ® I) (vee(S)) ® Lo )veo(dAy),

and
RE @ (W (rfra™) = KL, (W Orftw ™) @ RY ) Kan g, @)

in which the permutation matrix of Ky, 45, is defined in Eq. (6)-Eq. (7) so that K4,,,4mvec(SiT ® dAiT) =
vec(S; ® dA;). It follows that

4
vee(LTdXo) = (I, ® (LTT}\))vec(dBc) + (M —N) Zvec(Si ®dA;)
i=1

where

4 4
ZVCC(S,‘ ®dA;) = U4 @ K4 ® 1) <Z(VCC(Si) & Imn)VeC(dAi)>

i=1 i=1

= (14 ® Kn,4 ® Im)(S ® Imn)VCC(dAr),

from which we derive

T _ vec(Ar) |\ _ vec(AA;)
vec(L'dX.) = d¢ ([vec(Bc):D =[M N] [vec(ABC)} ,

and the assertion follows. a

For positive numbers «; and B;, (i = 1, 2, 3, 4) we define

-1 -1 -1 -1
So =[ay 's1 ay 52 a3 53 a4 s4],

. —1 —1 —1 -1 (22)
Tg = I; @ diag(By L, By Ln> By Ly By Im)-
It should be noted that
a a
vee(LTdX,) = K [zzgj;‘z}ﬂ - [M I, ® (LTT,Z))T,«;] [:ZEZ;}%H , (23)
where M = (M — N)H, and
Hy = (14 @ Kn,4 ® Iin) (S @ Imn)- (24

By the concept of the normwise condition number defined in section 2, we derive the normwise condition
number for Eq. (1) as below

I[A; Belll 7

k(L. Ar, By) = |K|, LT XN F

(25
The explicit expression in Eq. (25) involves the Kronecker product operations which might lead to large storage
and computational cost. The following theorem gives the compact upper bound of the normwise condition
number.
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Theorem 2 With the notations in Theorem I and Egs. Eq. (22)-Eq. (23), the normwise condition number defined
in Eq. (25) has the following compact upper bound as

k"(L, Ay, By)
12 lAe Billlz (26)
= (a1 (NRIBILT LX) I3 + IXBILTRIR) + 2l LT RI5]
C
where ¢ = 4 max o:l._z, ¢y = max ,Bi_z.
1<i<4 1<i<4
When L = Iy,
172 [Ae Billlz
€ Lans Ar, B) = IATI2 [ IRIBIATIE + e Xel + 2| =P @7)
C
Proof Note that in Eq. (24), we have
HI Hy = (ST'S0) ® Ly = diag(da;?, 4052, 432, 40, 2) @ Lun, (28)

and hence || Hy |13 = |H] Hyll2 = ¢1 = 4 max o; 2.
I<i<4

It should be noted that

IMMT Iy = (M — N)Hy Hy (M — N)" ||
< IM - NI3IHal13
=ci(M — N)Y(M — N)T ||
=ci|MMT + NNT — MNT — NMT |5,

where MNT = O since T; R. = TZ‘(I — TAT;)BC = 0. It follows from Eq. (3) that
IMAT 2 < e QMM I+ INNT 1) = e (IR IBILT Cr2 0w ™13 + 1 XeI3IL T TAI)
and therefore

_ _ - 1/2
1Rl = IRRT 1 < (1T I + g ® W YD IBITR 7] 112)

+ e o172
= (et (IRIBILT OF YR I3 + IXBILTTRI3) + 2l LT YRIZ)
where ¢ = || T TﬁT lo=11Tg ||§ = 1m_ax4 ﬂi_z and the assertion in Eq. (26) comes true. When L = Iy,
i<

172 |[[Ar Billl.F

I XcllF
172 |[[Ar Bl F

I XcllF

The proof is complete. O

’

kUL, Ar, B) = [t RIBIATIS + (1l Xel3 + e IATI3]

= ATl er IRIBIATIZ + e1l1 Xel3 + c2

Theorem 3 With the notations in Theorem I, the mixed and componentwise condition numbers of least squares
solution X to Eq. (1) have the following forms:

M ]vec(|Ac]) + IV ]vec(| Bl

m(L, A y B ) = .
o IL” Xcllmax
M A N B
C(L,Ar,Br)z'l Ivee(A) + Wilvec c|)' |
vec(|L" X¢|) ~

@ Springer
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and they have compact upper bounds as follows:

LT ORIl IRel + LT LA lIXe] + L7 YAl Bl

m(La Al‘a Br) E l’l’l‘dX’
HLTXc
max
(LA B < H|LT<TZTA>—1||TA|T|RC|+|LTT,T\||TA||XC|+|LTTI\||BC|
ST ILTX,] o’

Proof The formulae for m(L, A, By), c(L, Ay, By) are straightforward from Theorem 1 and the formula in Eq.
(15). Moreover,

M1+ INDIH Ivee(ALD + I vee( Bel)

‘ max

m(L7 Ar, Br) S

)

ILT X |l max

where

4
|H|vec(|Ar]) = (14 @ Kna ® 1) Z(VCC(|Si [) ® vec(|Ail))

i=1

u T : T T (29)
=Y vec(Si| ® |Ail) = K, 4, »_ vec(SiI” @ |Ai|")
i=1 i=1
= K anvec(ITal") = vee(|TaD.
Therefore by Eq. (21), we obtain
(M) + INDIHIvee(Arl) = (IRT1 @ ILT(CFTa) ™! + Xl @ L7} Jvee(I YaD
= vee(ILT (YA CA) " ITAlT [Rel + [LT YL TAlI X))
Consequently,
m(L, A, B) < [1LT (0L T AL IR + LTI TalIXCl
HILT YL Bel
max
x|
max
and the upper bound for ¢(L, Ar, By) can be obtained in a similar way. O

Remark 1 When the residuals for the QLS problem min ||AX — B||r become zero, i.e., AX = B is consistent,
then the upper bound in Theorem 2 becomes

[I[A: Br]”]:

1/2
= (elXel+e2) UL L .
o AT LT Xl

When m = n it is exactly the upper bound for the normwise condition number of nonsingular linear system
AX = B derived by Liu et al. [21].

Remark 2 When the quaternion matrix A reduces to a real matrix, and the quaternion right-hand becomes a
single real vector, i.e., we may write the matrix Yo = diag(A1, A1, A1, A1), and B, = BT, 0,0, 01" and
the solution X, = [XT, 0, 0, 017, where AlTAlX = AlTBl, and R = B; — A X. Since A and B have zero
imaginary parts, and these zero imaginary parts are not perturbed. We can recover the condition number of real
least squares system by letting the parameters «;, B; for i > 2 tend to infinity in Theorems 2 and 3. By taking
L = I, the estimate in Eq. (26) becomes

. 172
2 2 2 n
Al By — ARBIATE+1XB) 1\ Akl dr giBillr
1 1 F

@ Springer



A Contribution to Condition Numbers of Quaternion... 997

The upper bound is over-estimated due to some zero submatrices in H, for real least squares system since in this
case

| Hellz = (14 ® Kp.a ® Ln)lay 'vec(S1) @ Ln Ot6xmn Otoxmn Otoxmnlll2

k 04yn 04mn 04mn
04mn K 04mn O4mn -1
= 4 ec(S Iy O o (0]
Ounn Oumn K O4Inn [O[l vee(S1) ® Linn Ot6xmn O16xmn O16xmn]

04mn 04mn 04mn K

2
=o' [|Kvec(el) ® Innlla = a; '
where K = K, 4 ® I, and ey is the first column of I4. Therefore
1/2
_u IRIZIATIZ+ X013 . 1\ 7 IA]laliln Ar BiBillF
K'(Ay, By) = 3 +—
o Ih 1 X1l F
This upper bound is attainable since for real least squares problem, Eq. (19) becomes
vec(dX) = vec(A](dBy — dA; X)) + vec(AT A))~'(dA)TR)
= (I, ® ADvec(dB)) + (RT @ (AT A 'Ky — XT ® AD)vec(dAy)
—1( T T -1 T T i —1 +.qrvec(adAy)
- kI ((ATA Ry —xT® A ) I, ®A ][ ]
[“1 ( ang((AJ A1) ®R) ® Ay B Uy ® Ay vec(B1dB))

It is not difficult to prove that the normwise condition number « (A, By) for miny [|A1X — Bj||2 is exactly
K"(A1, By), and it reduces to the one in Gratton [20] when g = 1.

For above real LS problem, we recover upper bound for the mixed and componentwise condition numbers
from Theorem 3 as

(AT a0 (IATIRI + AT AIX] + 14T 141 |
m" (A, B)) = o
X Tnan
(AT a1 (JATIRI+ 14T IALIX) + 14T 11B41)
(A1, By) =
X]
max

If ¢ = 1, then the upper bounds become the bounds for the mixed and componentwise condition numbers of
linear system A] Ajx = ATb presented in Cuker et al. [18].

4 Condition number of the least squares residuals

Let R = B — AX with X = X g be the least squares residuals of the QLS solution. It is of interest to study the
condition number of the residuals, where the corresponding condition numbers are defined as follows.

Definition 2 With the notations in section 2, the normwise, mixed and componentwise condition numbers for
the least squares residuals R are defined as

AR FII[A: BilllF

Kres(Ar, By) = lim sup R ’

>0 1AA, AB I F=<elllAr BilllF €llRc|F

AR

Myes(Ar, Br) = lim sup m

e=0i[aA, AB|=ellA; Bl €[l Rellmax

: 1 || |AR]

Cres(Ar, By) = lim sup _ )

€=>01AA, AB<ellA; Bl € | IRel [l max

To get the explicit formulae for these condition numbers, we need to evaluate the first order perturbation of
R, in the theorem below, from which d R, is clear from the expression.
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998 Q. Liu et al.

Theorem 4 Lets; = vec(S;) fori = 1,2, 3,4 with S; being defined in section 3. Let Sy, Tg and H,, be defined
in Eq. (22) and Eq. (24), respectively. Then we have the perturbation results for the residual as follows

vec(AAY)

vec(AR.) = Z I:vec(ABf)

} + O(IAAR) + O(IABIS),

where the orthogonal projector P = lay — TAT; and
_ T T T T
Z=—-X; ®P Ky ,(Yy ®R))Hy (g ®P)Tp|.

Proof For the first order perturbation of R, we have the differential of system R. = B, — YaX. as

4
dRc =dB. — Y (S, ® dAj)Xc — TadXe.
j=1

and therefore by Eq. (20) and Eq. (23)-Eq. (24),

4
vec(dR.) = vec(dB;) — (XCT & Iym) Zvec(Sj ®dAj) — (I; ® Ta)vec(dXc)
j=1

= ([ - (XCT & lam)Hy Tﬂ] —(; ®Ta) [M I; ® T/:)Tﬂ]> [VeC(dA?)i| ’

vec(dB?)

in which M = (M — N)H,, and M, N are defined in Theorem 1.

Note that (I; ® Ya) = K4Tm’ o (TA ® 1)) Kap g, and when L = Ly,

(I; & YAIM = Ky, s (YA ® 1g) Kan.g(M — N)Hy,

= K7 ((T*T) ®RT)H . (XT ® (TaAY] )H

— DMdm,q A c o c A A) s
from which we conclude that
T vec(dA%)
vec(dR =[(—XT®7>—KT i ®RT)H I®7?T][ r].
( c) c 4m,q( A c) o ( q ) B vec(dBf)

The proof is complete. O

Theorem 5 With the notations in Theorem 4, the normwise condition number of the least squares residuals takes
the form

IZ1121[Ar BilllF
Rl 7

For the particular single right-hand QLS problem miny ||AX — bl2, the normwise condition number for the
residual ro = b, — Ypax takes the form

Kres(Ar, Br) =

1T I[A: belll 7
Kl(Ar by) = 2T
lrell 7

1 1 1 LA, br1ll 7
< (e3 el + ¢ Irell2l A1) max{l,p2+ : ”2}+,0 REASS

Xcllp c

1
where c1, ¢y are defined in Theorem 2, p = (%)2 1= _/p?+ ||xl\| , T = ||xl\|2 + 11, and
cliz ¢

}"C}"CT perCT

1 1 T 1 lam —
J = [cg IxclaP e} lirella Y] ] "2 Tl Tl
o I4n
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Proof By the definition of the normwise condition number, the explicit expression for kes(Ar, By) is straight-

forward. When ¢ = 1, set G = —XCT QR P — (TJr RCT) with X¢ = x¢, R = re and Ky g = L4,

4m .q
then

1213 = 122"l = max y'ZZTy
= max (" G(HaHy)G y + 3 P(TRT P y)
yiiz

max (| Ho 1357 GGTy + IT5113y" PPT y)

leitGGT 4+ 2 PPT |, (30)

IA

IA

where ¢| = || Hy ||%, o =|Tp ||%, by making use of the relation Pr, = r, it follows that

c1GGT + aaPPT = (c2 + c1lxc|DP? + crlrel3 T, T}\ Ferrex! Th + cnﬁ xer]

i 5 4T Czi llxcll2P
=[G xeloP el W[ 7]
cq llrell2Yp
for
B T
2 prC-xC
wo | T i LT
PXcle I
lrcll2llxcll2 dn
| prext +p%Py O prexl 1"
L, ——-¢¢c 5 Lam I cXe
= | " Trelalxelz |:|| Xell3 4 Trellalxellz
L 0 Lan o 4n o Ian
B T T T T T
T Ly — T8 Alete 11 Iy — T2l Alete
= el Nrell2llxell2 lrel? Trelaleell2 | .
L Ly ) L4y
T
in which Py = Iy, — . Therefore
||rc||2
2 T T 2
1215 < [leiGG" + PP |2 = 1T l5-
We also note that
T
( 2 ) PreXe
wia < || c||2 n Trelolvelz
a ,OJCC 0
||Vc||2||xc||2 2

= max 1,p2+ + 0,
||xc||2

therefore
T T3 1 1 1 oT
1e1GGT + PP I < |max {10+ — t+p |[FIxcl2P ef el ]
Ioll3 ,
1 1 ¥ 1
< (3 Il + € Irellahl2) [max {1, 02+ —— 1 +p,
Iell3
and the upper bound for % (A;, b;) follows. o
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Theorem 6 With the notations in Theorems 1 and 5, let
G=-XI'oP)— K], (XN ®RD).,  H=(4®Kna® In)(S® lun),

then the mixed and componentwise condition numbers of the residual of the QLS problem have the following
forms:

|1GHIvec(AdD) + 11, ® P)lvec(IBe|
[Rellmes

Myes(Ar, By) =

and

‘ |G H|vec(|A:]) + [(Ig ® P)|vec(|Bc|) H
vec(|Re|)

and the upper bounds for the mixed and componentwise condition numbers become

Cres(Ar, By) = ‘

T
[Picalxel + 17
b (Ar. B) =
Mt I Re lmax
and
T
[PIITAlIXel + 14 1Yl IRl + [Pl Bd
IR

Proof The formulae for myes(Ay, By), cres(Ar, By) are straightforward from Theorem 1 and Definition 2. Note
that A, = [A] A> A3 A4] and from Eq. (29), we get

|G| H|vec(|A]) + |1, ® Plvec(|Be|)
= |(XI @ P)+ K}, ,(YAT ® RD)|vec(|Yal) + vec(|P|| Bel)
< vec(IPI|TallXcl) + K4, g vec(IRe|" YAl TAD) + vec(|P][B.])

|

l‘CS °
max

T
= vec(|P||YallXcl + [TA |ITal” [Re| + [PI|Be)).

and the upper bound of the mixed condition number is as

+T
[PIcalxel + 17

| Re llmax
The upper bound for cres (Ar, Br) can be obtained in a similar way. O

Myes(Ay, Br) <

Remark 3 When the quaternion matrix A and single right-hand of the quaternion least square problem reduces to
the real form: min, ||A1x — b||2, then Yo = diag(A1, A1, A1, Ay), Bc = (67,0,0,017,P = diag(P, P, P, P)
for P = I, — A1AJ1r and the solution x. = [x7, 0, 0, 0]7, where the real vectors b and x satisfy AlTAlx = AlTb,
and r = b — Ajx. Since A and b have zero imaginary parts, and these zero imaginary parts are not perturbed.
Letting the parameters «;, §; fori > 2 tend to infinity in Theorems 4, and at the same time note that || Hy ||» = Zafl
in Eq. (30) according to Remark 2, we can recover the condition number of real linear system AlTAlx = AlTb
in the estimate in Theorem 5 as

4 T
x[2P  2[rlhAl Loy — T LT 281 rxl i A b
KU (A, b) = lx1l2 Irl2A, Tt Lam ||r||2 o ||r||2||x||2 1 A1 Ba ]”F’
g @ 0 i1z
for 7 = 4/3] + i tz, =L tz + 71. This upper bound is attainable for the normwise condition number of

residual of the real least squares problem since by

vec(a1dAyp)
vec(B1db)

T
Z:[—al—l(xT®P+AI ®rT) ﬁ;lP],

vec(dr) = [
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where

~ ~ 1 -~ _ _ T . _ T %
121 = 122713 = | @213 + BT P? + o 21 IBAT AT + a2 0x" 4] + 4] )| 7

and it is easy to prove || zZ l2 = ks (A1, b) by following the technique in proving Theorem 5.
When g = 1, the upper bounds for the mixed and componentwise condition numbers of the least squares
residuals are exactly the ones presented in Cuker et al. [18].

5 Numerical experiments

In this section, we will test the sharpness of three condition numbers for the QLS system Eq. (1). All the
computations are carried out on an Intel Core i5-8250U @ 1.60GHz /8 GB computer by using Matlab R2018a
with the machine precision ey = 2.2 x 10716,

To solve the single right-hand QLS system Eq. (1), we first consider the real structure-preserving Householder
QR method from Li et al. [8] to transform [A b] into the quaternion upper triangular form ['3321 ], where R is
upper triangular and nonsingular. The QLS solution can be obtained by solving RX = g; via the real structure-
preserving algorithm presented in Liu et al. [27].

Example 1
This example is transformed from Gohberg and Koltracht [17, Example 5]. The test matrix [A B] has equilibratory
entries that is defined by

[ABl=Y [10)] Z* € QX

where Y = I, —2yy*,Z = I,+ —2zz*,y € Q" and z € Q"' are random unit vectors. D =
diag(1,1/2,...,1/n,d) € QUW+D*0+D with d being the smallest singular value of [A B]. Let xp be the
corresponding condition number of [A B]. Set

AA. =107 A. ©rand(@m,n), AB.=10"'". B. @ rand@m, q),

where © denotes the componentwise multiplication of two conformal dimensional matrices. Let AX . = X c—X¢
be the error of the solutions between the perturbed and original problem via real structure-preserving QR methods.
Set L = 14, and

_ IAXcl2 _ | A Xc|lmax _ H AX.
K — "~ 11 m — < c —
”XC”2 ”XC”max X max
Ve = IARc|2 Y _ | A Rc|lmax Veu. = H AR
Rl T T Relmax T T | Re a
and
I[AA: AB:]llF .
€l = ————, € = mln{€ : |[AAr ABr” = E|[Ar Br]|}~
”[Ar Br]”F

Due to the large storage cost of the exact normwise condition number « and the restriction of the storage of
our notebook, in Table 1, we only consider small values of m and n, and compare the estimated upper bounds
with the corresponding relative errors for QLS solution and residuals, where «", m", c" are the upper bounds of
the condition numbers «, m, c¢ for the QLS solution given in Theorems 1-3, ki, M., Cres are the upper bounds
of Kres, Mres, Cres, respectively. It can be easily seen that the approximate upper bounds of the three condition
numbers are about two orders of magnitude larger than their exact counterparts, which means that ", m", ¢*
can approximate well «, m, ¢, respectively. The same is true for the condition numbers of residuals. When «p
increases from 10° to 10°, the approximate upper bounds via normwise, mixed and componentwise condition
numbers are as sharp as the actual forward errors, indicating that three condition numbers are suitable to measure

the conditioning of QLS problem.
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1002 Q. Liu et al.

Table 1 Comparison of estimated upper bounds with actual relative errors for Example 1

m,n m=25,n=20 m = 80,n = 60 m =100, n = 80

KD 102 10* 10° 10% 10* 100 102 10* 100

Ve 6.5e-11 6.6e-11 7.7e-11 1.1e-10 9.0e-11 9.7e-11 1.2¢-10 1.2e-10 1.0e-10
€1k 5.5e-09 3.3e-09 2.9¢-09 3.7e-08 1.6e-08 1.5e-08 4.2¢-08 2.9¢-08 3.4e-08
€1k" 6.5¢-09 4.3¢-09 3.7e-09 5.0e-08 1.8¢-08 1.6e-08 6.3e-08 3.1e-08 3.6e-08
Y 9.7e-11 7.le-11 1.0e-10 1.9¢-10 1.4e-10 1.5e-10 1.4e-10 1.7e-10 1.6e-10
erm 2.0e-09 1.9¢-09 2.3e-09 5.0e-09 3.3e-09 3.6e-09 4.1e-09 4.0e-09 5.4e-09
exm" 2.9¢-09 2.7e-09 3.4e-09 7.7e-09 4.8¢-09 5.0e-09 6.2e-09 5.5e-09 8.1e-09
Ve 9.7e-11 7.1e-11 1.0e-10 1.9¢-10 1.4e-10 1.5e-10 1.4e-10 1.7e-10 1.6e-10
e 2.0e-09 1.9¢-09 2.3e-09 5.0e-09 3.3e-09 3.6e-09 4.1e-09 4.0e-09 5.4e-09
€rc" 2.9¢-09 2.7e-09 3.4e-09 7.7e-09 4.8¢-09 5.0e-09 6.2¢-09 5.5e-09 8.1e-09
Viers 8.4e-11 1.5e-08 1.2¢-06 4.1e-11 3.7e-09 5.0e-07 77e-11 2.5e-09 1.9¢-07
€2Kres 9.9¢-09 1.0e-06 8.3¢-05 8.5e-09 7.1e-07 7.5e-05 1.2¢-08 8.1e-07 8.5¢-05
ekl 1.6e-08 1.0e-06 8.3¢-05 3.9¢-08 7.3e-07 7.5e-05 4.2¢-08 8.4e-07 8.5¢-05
Vintnes 1.0e-10 1.4e-08 1.3e-06 4.9e-11 2.2e-09 2.9e-07 1.1e-10 1.7e-09 1.3e-07

€2 Mres 1.8e-09 2.6e-07 2.9e-05 3.4e-10 4.4e-08 6.2e-06 3.3e-10 3.6e-08 2.8e-06

€My 2.3e-09 3.3e-07 3.4e-05 5.7e-10 5.4e-08 7.4e-06 4.8e-10 4.3e-08 3.5e-06
Veres 1.0e-10 1.4e-08 1.3e-06 4.9e-11 2.2e-09 2.9e-07 1.1e-10 1.7e-09 1.3e-07
€2Cres 1.8e-09 2.6e-07 2.9e-05 3.4e-10 4.4e-08 6.2e-06 3.3e-10 3.6e-08 2.8e-06
€2Cres 2.3e-09 3.3e-07 3.4e-05 5.7e-10 5.4e-08 7.4e-06 4.8e-10 4.3e-08 3.5e-06

Table 2 Comparison of estimated upper bounds with actual relative errors for Example 2

) 102 10~ 10-°

L LO Lmax Lmin LO Lmax Lmin LO Lmax Lmin

Vi 3.5e-11 7.0e-12 1.3e-12 1.5e-11 3.2e-11 5.2e-12 4.6e-11 5.5e-12 1.9e-11
€1k 3.8e-08 4.6e-08 2.6e-08 3.5e-06 4.6e-06 2.6e-06 4.0e-04 5.3e-04 2.6e-04
ek 7.6e-08 9.1e-08 5.3e-08 6.9¢-06 9.2e-06 5.2e-06 8.0e-04 1.1e-03 5.1e-04
Vm 3.3e-11 7.0e-12 1.3e-12 1.3e-11 3.2e-11 5.2e-12 4.0e-11 5.5e-12 1.9e-11
exm 2.0e-10 1.9e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10
eym" 2.0e-10 1.9e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10
Ve 3.3e-11 7.0e-12 1.3e-12 1.3e-11 3.2e-11 5.2e-12 4.0e-11 5.5e-12 1.9e-11
€rc 2.0e-10 1.9e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10 1.9e-10 2.0e-10 2.0e-10
erct 2.0e-10 1.9¢-10 2.0e-10 1.9¢-10 2.0e-10 2.0e-10 1.9¢-10 2.0e-10 2.0e-10
Vicres 6.3e-11 5.5e-11 5.4e-11 5.8e-11 5.8e-11 6.3e-11 6.0e-11 5.9e-11 4.8e-11
€2Kres 4.8e-08 4.1e-08 4.4e-08 4.4e-06 4.1e-06 4.3e-06 5.0e-04 4.7e-04 4.3e-04
€26 6.7¢-08 5.6e-08 6.1e-08 6.0e-06 5.6e-06 6.0e-06 6.9¢-04 6.5¢-04 5.9¢-04
Vittres 9.9e-11 9.0e-11 9.9e-11 9.3e-11 9.9e-11 9.3e-11 9.3e-11 9.9e-11 9.9e-11

€2 Mres 9.9e-11 9.6e-11 9.9e-11 9.5e-11 9.9e-11 1.0e-10 9.7e-11 1.0e-10 1.0e-10

€My 9.9e-11 9.6e-11 9.9e-11 9.5e-11 9.9e-11 1.0e-10 9.7e-11 1.0e-10 1.0e-10
Yer 9.9e-11 9.0e-11 9.9e-11 9.3e-11 9.9e-11 9.3e-11 9.3e-11 9.9e-11 9.9e-11
€ Cres 9.9e-11 9.6e-11 9.9e-11 9.5e-11 9.9e-11 1.0e-10 9.7e-11 1.0e-10 1.0e-10
€Ch 9.9e-11 9.6e-11 9.9e-11 9.5e-11 9.9e-11 1.0e-10 9.7e-11 1.0e-10 1.0e-10

Example 2 1t is taken from Diao and Sun [28, Example 1]. In this test, we compare the upper bounds based
on different condition numbers with actual relative forward errors of the solution. Let m = 9,n = 4,q = 1,
By =[1,1,1,117, B = By, A; = A fori > 2 where A = [e] e; Se7 Seg] is a 9 x 4 matrix with ¢; being
the ith column of Iy, and § > 0 being a tiny parameter. For the matrix L, we choose Lo = I, and the matrix
Lmax and Ly, are used to pick components with maximal and minimal absolute value in X, respectively. The
quantities AAc, ABc, Vic, Ym»> Yes Vicess Vs> Yeres» €1 and €2 are defined in Example 1.

In Table 2, we compare the estimated upper bounds with the corresponding relative errors for the QLS solution
and residuals. It is observed that for each 8, the upper bounds k", k., approximate well « and k%, respectively.
At the same time, the same phenomenon happens on the mixed and componentwise condition numbers for the
QLS solution and residuals. However, for different magnitudes of §, especially when the coefficient matrix is
getting badly scaled, the upper bound via the normwise condition number is far away from its actual relative error,

while the upper bounds via mixed and componentwise condition numbers are as sharp as the actural forward

@ Springer



A Contribution to Condition Numbers of Quaternion... 1003

errors. Therefore, when the data is sparse and badly scaled, the mixed and componentwise condition numbers
are more suitable to estimate the perturbation of the QLS problem.

6 Conclusion

In this paper we investigate the condition numbers of quaternion linear squares problem with multiple right-
hands. By using the Kronecker product operations and real representation of quaternion matrices, the first order
perturbation of the solution and the residuals of the quaternion linear squares problem are discussed, as well as the
closed formula for the normwise, mixed and componentwise condition numbers and their upper bounds. When
the coefficient matrix is nonsingular and the residuals equal to zero, the upper bound for normwise condition
numbers reduces to the one in Liu et al. [21] for quaternion linear systems. Numerical experiments show that
the normwise, mixed and componentwise condition numbers are effective and suitable for quaternion linear
squares problem when the input data is equilibratory. It is also shown that for badly scaled matrix, mixed and
componentwise condition numbers are more suitable to estimate the forward errors.

Acknowledgements The authors are grateful to the handling editor and two anonymous referees for their useful comments and
suggestions, which greatly improved the original presentation.
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