Indian J Pure Appl Math (2025) 56:1005-1013
https://doi.org/10.1007/s13226-025-00816-3

ORIGINAL RESEARCH

Riesz Bases in Krein Spaces

Shah Jahan - P. Sam Johnson

Received: 31 August 2024 / Accepted: 12 December 2024 / Published online: 11 July 2025
© The Indian National Science Academy 2025

Abstract We start by introducing and studying the definition of a Riesz basis in a Krein space (K, [., .]), along
with a condition under which a Riesz basis becomes a Bessel sequence. The concept of biorthogonal sequence
in Krein spaces is also introduced, providing an equivalent characterization of a Riesz basis. Additionally, we
explore the concept of the Gram matrix, defined as the sum of a positive and a negative Gram matrices, and
specify conditions under which the Gram matrix becomes bounded in Krein spaces. Further, we characterize
the conditions under which the Gram matrices {[ f,., fjln,jer, } and {[ fu, fjln,jer_} become bounded invertible
operators. Finally, we provide an equivalent characterization of a Riesz basis in terms of Gram matrices.
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1 Introduction

Hilbert space frames were originally introduced by Duffin and Schaeffer [1] in 1952 to deal with some problems in
non-harmonic Fourier analysis. After some decades, Daubechies, Grossmann and Meyer [2] announced formally
the definition of frame in the abstract Hilbert spaces in 1986. After their work, frame theory began to be widely
used, particularly in the more specialized context of wavelet frames and Gabor frames. The linear independence
property for a basis, which allows every vector to be uniquely represented as a linear combination, is very
restrictive for practical problems. Frames allow each element in the space to be written as a linear combination
of the elements in the frame, but linear independence is not required. Frames can be viewed as redundant bases
which are generalizations of Riesz bases. This redundancy property is extremely important in applications.
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1006 S. Jahan, P. S. Johnson

Let H be a Hilbert space and I be a countable index set. A collection { f;;},<; in H is called a frame for H
if there exist positive constants 0 < A < B < oo such that

AlFIP <Y WS f) P < BIFIP. forall f e H. (1

nel

The bounded linear operator S : H — H defined by

Sf=Y (ffalfu, f€H

nel

is known as the frame operator associated to the frame { f,,},,c;. This operator S is bounded invertible, positive
and self adjoint. It allows to reconstruct each vector in terms of the sequence { f;, },<7 as follows:

F=D NS ) fo =Y (e f)ST S )

nel nel

The formula (2) is known as reconstruction formula associated to {f,},e7. If S = I, then the reconstruction
formula resembles the Fourier series of f associated with the orthonormal sequence { f;,},¢7-

Giribet et al. [3] introduced and studied frames for Krein spaces. The authors have given a new notion of
frames in Krein spaces in [4]. In this paper, we study the concept of Riesz basis in Krein spaces by decomposing
basis in a natural way and obtain some new results on frames and Riesz bases. We organize the paper as follows.
In Section 2, definition and basic results of a Krein space are given which are required in this paper. In Section
3, we define the concept of a Riesz basis in Krein spaces and a necessary and sufficient condition is given for a
sequence to be a Riesz basis. In Section 4, we define Gram matrix in Krein spaces and study properties of Gram
matrix. Further, we show that if { f;},<s is a Bessel sequence, then the Gram matrix defines bounded invertible
operators on (/1) and £ (1_).

2 Preliminaries

We begin this section with the definition of Krein space and some notations which are used in sequel. For more
detail about Krein spaces, one may refer to [5-7].

Definition 1 A linear space K with a Q-metric [x, y], which admits a canonical decomposition K = KT @ K~
in which T and K~ are complete relative to the norm |x|| = [x, x]% and ||x|| = (—[x, x])% respectively is
called a Krein space.

Through out this paper (/C, [., .]) denotes a Krein space, which means that /C can be written as the direct [., .]-
orthogonal sum K @ K~ of Hilbert spaces. Two vectors in K are said to be orthogonal if [x, y] = 0 and we
denote this by the symbol x[_L]y. By orthonormal basis, we mean a family {e;};c; € K such that [e;, e;] = £3;;,
foralli,j e I.IfIL ={nel :[fy,ful >0land I- = {n € I : [fy, fu] < 0}, then the orthogonal
decomposition of €5 (1) is given by €>(1) = €>(14+) @ €2(1-).

Lemma 1 Let (IC, [.,.]) be a Krein space.

(a) Ifx,y € KV satisfying [x, z] = [y, zl, for allz € KT, then x = y.
(b) Ifx,y € K~ satisfying [x, z] = |y, zl, for allz € K™, then x = y.

3 Riesz basis

We begin this section with the definition of Riesz basis in Krein spaces and followed by we prove that a Riesz
basis is a Bessel sequence.

Definition 2 A Riesz basis for (IC, [.,.]) is a system of the form F = ({UJ”en}ne[Jr U {U ey}ner_), where
{en}ner, is an orthonormal basis for KT and {e,},es_ is an orthonormal basis for X~ and Ut : Kt — KT,
U~ : K~ — K~ are bounded bijective operators.
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Riesz Bases in Krein Spaces 1007

Theorem 2 Let { f,},c1 be a Riesz basis for (K, [.,.]). Then { fy}ner is a Bessel sequence with Bessel bounds
NUT|| and U~ || respectively. Moreover, there exist unique sequences {gntner, € Kt and {gn}ner. € K~ such
that

f=Y Uf8ulfu, forall f € K* 3)
nely
and
f =Y Uf:8ulfu, forall f € K. )
nel_

The sequences {gn}ner, and {gu}neci_ are Riesz bases and both the series converge unconditionally.

Proof Since {f,}ner is a Riesz basis for the Krein space (K, [., .]), we can write {f,} e = ({UJre,,}ne[+ U
{U” en}ner_), where {e;},er, is an orthonormal basis for KT, {en}ner_ is an orthonormal basis for X~ and

Ut :K* — K+, U™ : K~ — K~ are bounded bijective operators. Let f € K*. By expanding (U*)~! in
term of orthonormal basis {e, },c;, , we have

WH = 1WwH ! frenlen

nEI+

= Y 1L WH D elen.

nely
Now with g, = (U")"1*e,, we can write
f=UutwhHy
= Y 1L WUH D elU e,
nely

= > I galfu.

nely

And similarly, one can easily prove that for all f € K~ and with g, = (U7)~!)*e,,, we have

f=Y 1A (WU ) D elU e,

nel_

=Y [/ &nlfn

nel_

Since both the operators (UH~H* and (U7)~Y)* are bounded and bijective, so {gn}ner, and {gn}nes_ are
Riesz bases for K and K~ respectively. Now for f € KT, we have

ST fIP =D LA Utenl?
n€I+ n€I+
= |[WH*fI1?
< ICUD*NIFI
= UFIIAII
So { fulner, is a Bessel sequence with Bessel bound ||U T and for f € K~ one can easily prove that { f;,} e/
is also a Bessel sequence with Bessel bound ||U~||. Hence { f,,},<s is a Bessel sequence for the Krein space
(KC, [., -]). The proof for the unconditional convergence of the series follows from the Corollary 3.3 [4]. Now,

to complete the proof we only need to show {g,}nes, and {g,},cs_ are unique sequences in Kt and K~
respectively. For this, suppose that {g,}nez, and {h,}ncr, are two sequences in K such that

=Y 1f gl =Y [f hulgn. forall f € K. )

nEI+ n€I+
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Then g, = h, for all f € KT. Hence from (5), we have

[fygn]l =1f, hyl, forall f e K.

Similarly, suppose that {g, },c;_ and {h,},e;_ are two sequences in K, then [ f, g,] = [f, hn], forall f € K.
From these equalities and by Lemma 1, the result for the uniqueness follows. O

The following is the definition of biorthogonal sequence in a Krein space (K, [., .]).

Definition 3 Two sequences { f;,},e7 and {g, },e; are said to be biorthogonal in a Krein space (K, [., .]) if

[fa: &gm] = £Sum- (6)

Theorem 3 Let { f,}ner = ({U+e,1}n51+ U{U en}ner ) be a Riesz basis for (K, [., .]). Then there exist positive
constants A, B, A’, B" such that

AIFIP < YA f)IP < BIFIP, forall f e KF (7
nely
and
ANFIP < YL fallP < B'IFIP, forall f e K™ )
nel_

Moreover, the largest and the smallest values for these constants A, A’, B, B are U2

1 1
IawH=12 w-H=112’
and ||U~"||? respectively.

Proof By Theorem 2, if { f;,},er = ({U+en}nel+ U {U e, }ner ) is a Riesz basis for the Krein space (I, [., .]),
then it is a Bessel sequence, with bounds ||U T |? and ||U ~!||. Next we prove the result for the lower bounds. For
this, let f € KT,

YIS HIP =D LU el = 1WH* £ ©)
nely nely
and we can write
L= I whHrl

< IEUHH W H* £
= 1D ITH* £l (10)

Therefore from (9) and (10), we conclude that

1
TS 2 I AP forall f e K7

+
8% nels

and similarly for f € 7, one can easily prove that

1
ann2 < DL fal P forallf € K7
nel_

O

Let K; and K, be Krein spaces such that K; = K @ K[ and K, = K, @ K. Let
{hn}ner, (8niner,» hn)ner_ and {g,}necr_ be sequences in IC;F, IC;“, Ky and KC5 respectively. If the sequences
{gn}ner, and {g,}neci_ are Bessel sequences with bounds B and B’ respectively and if {hutner,» (hnlner_ are
complete in ler and /C; respectively, there exist positive constants A and A’ such that

A Z |Cn|2 = H Z Cnhy

nely nely

2
, for all scalar sequences {c;}necr, € £2(11)
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Riesz Bases in Krein Spaces 1009

and

2
, for all scalar sequences {c,}ner_ € €2(1-).

Al Z |Cn|2 =< ” Z Cnhn
nel_

nel_

Since {hy}neq, is complete in KT, every h € span{h,; n € I, } has a unique representation s = >
where {c,}ner, € €2(14). Then

nely Cnhn,

U+( Z cnh,,) = Z ¢n&n, for all scalar sequences {c, }ner, € €2(11)

nely nely

and

U_( Z cnh,,) = Z cngn, for all scalar sequences {c, },er_ € €2(1-),

nel_ nel_

define bounded linear operators from spanf{h, : n € I;} into span{g, : n € I} and span{h, : n € I_} into
span{g, : n € I_} respectively. So U™ is a well-defined linear operator and for {c, }ner + € £2(11) we have,

0% o)

ely

2

2
Il A

2
= B Znebr |c"|

B 2
=7 Zn€1+ lcnl”.

Therefore,

B
ot (2 em)| =] el
nel+ nEI+

Similarly, as {A,},e;_ is complete in K| and by taking {c,},er, € £2(/-), we have
_ B’
v (X am)| =%

nel_

Hence U™ and U~ are bounded operators and have extensions to bounded operators on K™ and K respectively.
The following theorem gives a characterization for Riesz bases in Krein spaces.

D cnhn
nel_

Theorem 4 Let { f,;},cr be a sequence in (IC, [., .]). Then the following statements are equivalent:

(a) {fnlner is a Riesz basis for (IC, [., .]).
(b) {fnlner is complete in (K, [., .]) and there exist positive constants A, B, A" and B’ such that for {cnlner, €
£>(14), then

2
AV dal = | Y k] =B lal (11)
nely nely nely
and for {cy}ner_ € €2(1-) we have
2
A el < H S ek =B lel (12)
nel_ nel_ nel_
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1010 S. Jahan, P. S. Johnson

Proof (a) = (b) : First suppose that {f,},c; is a Riesz basis for the Krein space (I, [.,.]), write f, =
{UTenlner . U{U enlner_} by definition. Also {f}er, is complete by the consequence of the Theorem 2
and for any {c,}ner, € €2(L4) we have

| > et

n€1+

2 ‘2

= [0S rer)

IA

2
2
WU+ s, cnen
IUFIZ Y er, lenl?

and
2

:

-1
o+t 0 (Lnet, ven)

|5 o

nel+
2

A

-1
AR Paec

Hence

IA

1 2
e el = | Zen| <10t E X e

n€I+ nEI+ n€I+

Similarly, by Theorem 2, { f;;},er_ is complete and for {c,}ner, € €2(1-) we get
1 2 B
= Y lal < [ Y an| <10 Y el
Ww=—1°, o =

(b)= (a) : The inequalities (11) and (12) imply that { f,}scs, and {f,}ncr_ are Bessel sequences with Bessel
bounds B and B’ respectively. Let {e;, },c1 . and {e, },¢;_ be orthonormal bases for Kt and K~ respectively and
we can extend U 1+ ey = f, to abounded operators on ICT and U, e, = — f, to a bounded operator on ICl_. Ina
similar fashion, extend U™ f, = e, to a bounded operator on ICz+ and Uy~ f, = —e, to a bounded operator on
KC5 . Then UerU]Jr = U1+U2Jr =land U, U =U, Uy” =1,50 U1+ and U are invertible operators. Hence
{ fulner is a Riesz basis for (I, [., .]). ]

4 Gram matrix

In this section, we introduce the concept of Gram matrix in (K, [.,.]) and prove some of its properties. Let
{fulner C K be a Bessel sequence, we can compose the synthesis operator T and its adjoint 7*; where T =
TT + T~ and T* = T** + T~". We obtain the bounded operators T+*T+ : £5(I,) —> €»(I;) defined by

THTH eahner, = {1 en s ful]

HEI+

and T~T~ : €5(I_) —> £>(I_) defined by

T T {ebner. = {13 eafos ful

nel_

Let {e,}ner, and {e,},es_ be the canonical orthonormal bases for £, (1) and £, (1 —) respectively. Then the i j-th
entries in the matrix representations for 7+*7T+ and T=*T~ are

(T Ter, e = [T e, THe Ui filijer. |
and

[T T e el = T"ei, Tejl = [ Ui filijer |-
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Riesz Bases in Krein Spaces 1011

The matrix {[ fis filijer +} is called the positive Gram matrix and {[ fis filijer. ] is called the negative Gram
matrix associated with { f,,},e7, and { f,;},e/_ respectively. Moreover, if { f;},e; C K is a Bessel sequence, then
the Gram matrix defines bounded operators on ¢ (/1) and €2 (1-).

The following lemma states that in order to prove that the Gram matrices are bounded we can consider the Bessel
condition.

Lemma 5 Let { f,}er be a sequence in (IC, [., .]). Then the following conditions are equivalent:

(a) {fulner is a Bessel sequence with Bessel bound B.
(b) The positive Gram matrix and the negative Gram matrix associated with {fn}ner, and {fy}nei_ define
bounded operators on £(11) and £,(1_), with norm at most B and B’ respectively.

Proof (a) = (b) : Suppose { f,}ner is a Bessel sequence in (IC, [., .]). Then the positive Gram matrix and the
negative Gram matrix define bounded operators on ¢ (1) and £>(/—) and the proof for the norm estimation
follows from the Theorem 3.1 in [4].

(b) = (a) : Next, suppose that (b) holds. Let {c,},er_ € €2(I-). Then

Z ‘ Z Cn[fn»fj]‘z < B? Z eal?.

jel- nel_ nel_

Let £, m € I_ such that £ > m. Then

¢ m A ' \
HZCnfn_ZCnfn = Z n fo
n=1 n=1 ——
2 Y 5
= [ Z cn fus Z Ckfk]‘
n=m+1 k=m+1
4 ¢ 5
= X @ Y alfnf
n=m+1  k=m+1
4 ¢ ¢ )
5( Z Icn|2>< Z } Z ck[fn,fk]’ )
n=m+1 n=m+1 k=m+1

Therefore
¢ ¢ 5 14
S Y alsfid] =B Y lal
n=m+1 k=m+1 n=m+1
Hence we conclude that

4
4 2
532( > |cn|2).

n=m+1

l m
H chfn - chfn
n=1 n=l1

Thus ), .; ¢n fn is convergent and by repeating the above argument, we get

| S o] < VB( X 1)’
nel_ nel_

Similarly, one can easily prove that

= ﬁ( Z |Cn|2)%-

nely

” 2[: cn Jfn

Hence by Theorem 3.1 in [4], { f,}ser C K is a Bessel sequence with Bessel bound B. O
T
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1012 S. Jahan, P. S. Johnson

The following lemma gives us a sufficient condition for the Gram matrices defining bounded operators on
£2(14+) and £2(1-).

Lemma 6 Let My = {M; ,}jner, andlet My = {M3; ,}jner_ be twomatrices for which My j ,, = My, ; forall
j.n € Iyand My, = Mz,,,jforallj, n € I_ and there exist constants B and B’ such that Zj’nehr |M1j,,,| <B
and Zj,neu (M ,| < B'. Then M| and M define bounded linear operators on £(11.) and £(1_-) with norm
at most B and B’ respectively.

Proof Let {cp}ner, € €2(11). Then My{c,}ner, is well defined as the sequence indexed by 7, and whose j-th

coordinate is given by >, 1, M1 jncn. To prove this sequence is in £2(/), it is enough to show that the map

¢ {dn}nebr - [{dn}nel+7 M, {Cn}nel+]iz(1+) (13)

is a continuous linear functional on £ (7). Now, for {dy},er, € €2(14), we have

> ‘ > Mln,jcndj‘ <D0 Myl

jely nely jelynely
1 1
= 2 3 (IMijaltleah (M1 .01214;1)
jelynely
1 1
2\2 22
= (XX Malieal?)’ (30D 1Ml )
jEI+I‘l€I+ j€I+}’lEI+
1 1
2\2 2\2
=B( Y lal) (X 142)"
n€I+ j€1+

From above, we conclude that (13) defines a continuous linear functional on £, (/). Also,

IMi{eabaer, = sup |[{dnnere Mileahner, Jess)
I{dn}lI=1

fB(Z|Cn|2)%~

nel+

This shows that M is a bounded linear operator on €5 (/) with norm at most B. Similarly, it is easy to prove
that M, defines a bounded linear operator on £5 (1) with norm at most B’'. O

Proposition 7 Let { f,,}ne1 be a sequence in (IC, [., .]). If there exists a positive constant B such that

> IS fall < B, (14)

j.nel

then { fulner is a Bessel sequence with Bessel bound B.

The condition (14) is much better than that of Bessel condition in [4] (Equation 6). Because here we have to
check the indefinite inner product between the elements of { f,,},e7, whereas in the case of Bessel condition we
have to check the indefinite inner product for all f in the Krein space K.

The following theorem gives an equivalent condition of the Riesz basis in terms of Gram matrices.

Theorem 8 Let { f,},cr be a sequence in (IC, [., .]). Then the following conditions are equivalent:

(a) {fnlner is a Riesz basis for (K, [., .]).

b) {fulner, and { fu}ner_ are complete and their Gram matrices {[ fu, fjln, jer.} and {[ fu, fjln, je1_} define
bounded, invertible operators on £2(11) and £2(1_) respectively.
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Proof (a) = (b) : Since { fu}ses is a Riesz basis, we can write { fulner = {UTentner, U {U enlner_} by
definition. For any n, j € I, we have

[fus fi1=[UVen, UTe,] = [UT U ey, e)]
and forn, j € I_
[fus fi1=[U U ey, e;1.

It is the positive Gram matrix representing the bounded invertible operator U T*U in the basis {en}ner, and the
negative Gram matrix is the matrix representing the bounded invertible operator U ~*U ~ in the basis {e,}ne;_ -
(b) = (a) : Suppose that (b) holds. Then the upper Riesz conditions in (11) and (12) are satisfied by using
Lemma (5) and Theorem (4). Next, we will prove that the lower conditions in (11) and (12) are also satisfied. For
this, let G denote the operator on €3 (/) given by the Gram matrix {[ f,,, fjla,jer, } and G2 denote the operator
on £>(1_) given by the Gram matrix {[ f,, fjln, jer_}-
First, for a given sequence {cu}ner, € £2(Iy), the j th element in the image sequence Gi{c,} is

Znel_,_ [fns fj]en- So,
[Gl{cn}nEh—’ {Ck}k61+] - Z Z[f"’ fj]CnC_j = | Z Cnfn”.
Jjely k€I+ nely

Thus G is positive and with a similar argument it is easy to show that G is self adjoint. Let W be a positive
square root of G 1. Then by the above calculation, we get

1
H Z enfu| = IW{catner, IF > W= Z el

}’ZGI+ nEI+
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