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Abstract It is well known that the success of Lemke’s algorithm for solving a linear complementarity problem
LCP(q, M) depends on the matrix class M . Many researchers investigated a large class of matrices for which
Lemke’s algorithm computes a solution of the LCP(q, M). In this paper, we follow a different approach for
the class of LCP, which is not solvable by Lemke’s algorithm. First, we construct an artificial LCP(q̄1,M1)

from LCP(q, M) by adding some artificial variables and extra constraints, and show that the matrix M1 belongs
to the class of semimonotone matrices. However, LCP(q̄1,M1) is not always solvable by Lemke’s algorithm.
Then, we construct another artificial LCP(q̄2,M2) from LCP(q̄1,M1) by adding some more artificial variables
and extra constraints that satisfy Eaves condition. We show that the resulting artificial LCP(q̄2,M2) is solvable
by Lemke’s algorithm. Given an LCP(q, M), its solution can be obtained from the solution of the constructed
artificial LCP(q̄2,M2) with Eaves conditions. This approach leads to an innovative scheme for solving a large
class of LCPs which are not solvable by Lemke’s algorithm. Further, we also provide convergence results. The
results obtained here can be used for broader applications of Lemke’s algorithm.

Keywords Linear complementarity problem · Lemke’s algorithm · Artificial LCP matrix · L-matrix

Mathematics Subject Classification 90C33

1 Introduction

The linear complementarity problem (LCP) can be stated as follows:
Given a matrix M ∈ R

n×n and a vector q ∈ R
n , find x ∈ R

n and y ∈ R
n such that
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On solving a larger subclass of linear complementarity… 1015

y − Mx = q, x ≥ 0, y ≥ 0, (1)

xT y = 0. (2)

This problem is denoted as LCP(q, M). If x , y satisfies (1), then the LCP(q, M) is said to have a feasible
solution. A pair x , y of vectors satisfying (1) and (2) is called a solution to the LCP(q, M). LCP is normally
identified as a problem of mathematical programming and provides a unifying framework for several optimization
problems. This problem has a number of applications in mathematical programming, problems of engineering,
game theory and economics. For books on the linear complementarity problem and its applications, see Cottle,
Pang and Stone [1] and Murty [2]. In the development of the theory of linear complementarity, a crucial role is
played by the complementarity pivoting algorithm given by Lemke [3] which is known as Lemke’s algorithm in
the literature. This algorithm was a modification of the algorithm given by Lemke and Howson [4] for finding
a Nash equilibrium point of a bimatrix game. However, Lemke’s algorithm may terminate inconclusively (i.e.,
without either determining a solution (x, y) to the problem or showing that the problem has no solution) when
solving LCP(q, M) unless some conditions on M are satisfied. We say that Lemke’s algorithm solves a class of
linear complementarity problem LCP(q, M) if the algorithm can either compute a solution to it if one exists or
when it terminates in a secondary ray (see [3] for the definition of secondary ray and Lemke’s algorithm), one
can conclude that the system (1,2) has no solution.

A variety of classes of matrices are introduced in the context of the LCP. Several of these matrix classes
are of interest because they characterize specific properties of the LCP and offer certain nice features from the
viewpoint of algorithms. For the class of matrices solvable by Lemke’s algorithm, see Eaves [5], Garcia [6],
Todd [7] and Singh et al. [8].

For the last seven decades, researchers have searched for an LCP algorithm that will either produce a solution
of LCP(q, M) with an arbitrary matrix M or declare that no solution exists. However, a satisfactory algorithm
has not yet been found that will have the ability to solve a large class of problems, which will add to the utility
of the LCP as a model for real-world problems. It is already shown that LCP with an arbitrary matrix M is
NP-complete [9]. In this paper, we make use of Eaves’s result to determine the solvability of Lemke’s algorithm
on an artificial LCP constructed from the original LCP. We observe that even though the original matrix is not
solvable by Lemke’s algorithm, but one of the PPTs is solvable by Lemke’s algorithm. Then, we can obtain the
solution of the original LCP by inspecting the solution of the LCP associated with the PPT. This is due to the
fact that the PPT of the original matrix belongs to a particular matrix class that is always solvable by Lemke’s
algorithm. Therefore, we are able to solve a larger subclass of LCP using Lemke’s algorithm and using the idea
of taking a PPT. However, in the worst-case scenario, the original LCP and LCPs obtained from the PPTs of the
original matrix is not solvable by Lemke’s algorithm. Note that the artificial LCP, which is constructed from the
original one, is solvable by Lemke’s algorithm if it satisfies the sufficient condition proposed by Eaves. Then,
from the solution of artificial LCP, we can get back the solution of the original LCP.

Various other researchers have attempted to construct an artificial LCP for solving the original LCP. For
example, in order to enlarge the class of matrices solvable by Lemke’s algorithm, Mangasarian [10] intro-
duced slack LCP(q, M). Motivated by this, we introduce artificial LCP. Our method of finding the solution of
LCP(q, M) is as follows: We construct an artificial LCP(q̄1,M1) from LCP(q, M) and artificial LCP(q̄2,M2)

from LCP(q̄1,M1). Then, from the solution of LCP(q̄2,M2), we obtain the solution of LCP(q, M).

The paper is organized as follows. Section 2 presents the notations, definitions and other preliminaries used
throughout the paper. The proposed artificial LCPs are constructed in Section 3. In Section 4, we prove that
the solution of LCP(q, M) with an arbitrary matrix M can be obtained by solving our constructed artificial
LCP(q̄2,M2) by Lemke’s algorithm. In Section 5, we give some numerical examples from the literature where
the original LCP is not solvable by Lemke’s algorithm, but the artificial LCP is solvable by Lemke’s algorithm.
Section 6 discusses the advantages of solving LCP using artificial LCP. Finally, Section 7 concludes the paper.

2 Background and preliminaries

All matrices and vectors are with real entries, and all vectors are column vectors unless specified otherwise. xT

denotes the row transpose of a vector x . For any matrix M ∈ R
m×n , ai j denotes its i th row and j th column entry.

M. j denotes the j th column and Mi. denotes the i th row of M . Let e ∈ R
n be a unit vector of all 1’s and I be the

identity matrix of order n.
If M is a matrix of order n, α ⊆ {1, 2, ..., n} and β ⊆ {1, 2, ..., n}, then Mαβ denotes the submatrix of

M consisting of only the rows and columns of M whose indices are in α and β, respectively. If α = β, then

123
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the submatrix Mαα is called a principal submatrix of M, and det(Mαα) is called a principal minor of M . The
set F(q, M) = {x ∈ R

n : x ≥ 0, Mx + q ≥ 0} is the set of feasible solutions of LCP(q, M). The set of
complementary solutions of the LCP(q, M) is denoted by S(q, M), where S(q, M) = {x ∈ F(q, M) : xT (Mx+
q) = 0}.
A matrix M ∈ R

n×n is said to be in the class

Q0 if for any q ∈ R
n, LCP(q, M) has a feasible

solution implies that LCP(q, M) has a solution.
Q if for every q ∈ R

n, LCP(q, M) has a solution.
P0 if all its principal minors are nonnegative.
R0 if LCP(0, M) has only the trivial solution.

A matrix M ∈ R
n×n is said to be in the class

C0 if ∀x ≥ 0 ⇒ xT Mx ≥ 0.
C+

0 if M is a C0 matrix and
[xT Mx = 0, x ≥ 0] ⇒ [(M + MT )x = 0].

E0 if for every 0 �= x ≥ 0, there exists an i
such that xi > 0 and (Mx)i ≥ 0.

L2 if for each 0 �= ξ ≥ 0, ε ∈ R
n satisfying η = Mξ ≥ 0 and ηT ξ = 0

there exist a 0 �= ξ̂ ≥ 0 satisfying η̂ = −MT ε̂, η ≥ η̂ ≥ 0, ε ≥ ε̂ ≥ 0.

E if for every 0 �= x ≥ 0, there exists an i
such that xi > 0 and (Mx)i > 0.

L-matrix if it is in both E0 and L2.

This class of matrices has been introduced by Eaves [5].
column adequate if M ∈ P0 and for each α ⊆ {1, 2, 3, ..., n}, det(Mαα) = 0

implies that columns of M.α are linearly dependent.
row adequate if MT is column adequate.
adequate if M and MT are column adequate.
column sufficient if it satisfies the implication xi (Mx)i ≤ 0 ∀ i ⇒ xi (Mx)i = 0 ∀ i.
row sufficient if MT is column sufficient.
Z if mi j ≤ 0 ∀ i, j ∈ {1, 2, 3, ..., n} such that i �= j .

2.1 Lemke’s algorithm

Lemke’s algorithm is an iterative method used for solving linear complementarity problems (LCPs). It finds
applications in computing Nash equilibria in bimatrix games. Although Lemke’s algorithm is not always the
most efficient option for large-scale problems, it remains popular among researchers in complementarity and
game theory. In many problems in static and dynamic games, computing an equilibrium is a preferred approach,
following the work of Lemke and Howson. These numerous applications have motivated us to obtain a procedure
or solve the LCP using Lemke’s algorithm. In what follows, we describe the steps of Lemke’s algorithm for the
sake of ready reference for the readers.
Initial solution: To solve (1) and (2), we use Lemke’s algorithm. The initial solution is:

y = q + dx0,

x = 0.

Here, d ∈ R
n is a given positive vector (a covering vector), and x0 is an artificial variable set to a sufficiently

large value to ensure y > 0.
The default covering vector (d) is commonly the n-vector e, whose components are all 1. Other options exist;
however, the covering vector selection might significantly impact the process’s outcome. The computation yields
somewhat different outcomes. For references on the effect of the covering vector (d) on the performance of
Lemke’s method, see Mylander [11] and Todd [12].
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On solving a larger subclass of linear complementarity… 1017

The original tableau : To establish a feasible basis for starting the algorithm, we introduce an artificial variable
x0 associated with the column vector −e. Here, we take d = e.

y x x0
I −M −e q

Almost complementary feasible basic vectors: The initial basic vector satisfies the following properties:

1. There is at most one basic variable from each complementary pair of variables y j and x j .

2. It contains exactly one basic variable from each of (n − 1) complementary pairs of variables, and both the
variables in the remaining complementary pair are nonbasic.

3. x0 is a basic variable in it.

A feasible basic vector with exactly one basic variable from each complementary pair x j and y j is a complemen-
tary feasible basic vector. If it satisfies properties (i), (ii), and (iii) above, it’s called an almost complementary
feasible basic vector.
Termination rule: The algorithm can terminate in two ways:

1. If x0 becomes zero or drops out from the basic vector in the basic feasible solution (ȳ, x̄, x̄0 = 0), then
(ȳ, x̄) is a solution to the LCP.

2. If, at some stage, x0 is strictly positive in the basic feasible solution, but the pivot column is nonpositive, it’s
called ray termination. This happens when in some step, the pivot column, the updated column of the entering
variable, has no positive entries in it.

2.2 Principal pivot transform

The concept of principal pivot transforms (PPTs) was introduced by Tucker [13]. PPTs play an important role in
the study of linear complementarity theory. Below, we present the concept of principal pivot transforms (PPTs).
PPT[1]: Given a matrix M ∈ R

n×n and α ⊆ {1, 2, ..., n} such that M−1
αα exists, the principal pivot transform

(PPT) of M with respect to α, denoted by PPT(M, α), is described as follows:

Let M =
[

Mαα Mαᾱ

Mᾱα Mᾱᾱ

]
, then ppt of M with respect to α is

PPT(M, α) = M ′ =
[

M−1
αα −M−1

αα Mαᾱ

Mᾱα M−1
αα M/Mαα

]
,

where M/Mαα = Mᾱᾱ − Mᾱα M−1
αα Mαᾱ is called the Schur complement.

Note that PPT is only defined with respect to those α for which detMαα �= 0. A legitimate principal pivot
transform refers to the PPT obtained from M by performing a principal pivot on a nonsingular principal submatrix.
When α = ∅, by convention det(Mαα) = 1 and PPT(M, α) = M . All PPTs of a P0-matrix are P0-matrices. So,
the class of P0-matrix is invariant under PPT and appears in many mathematical contexts. The matrix class P0
occurs in Markov chain analysis and in the study of global univalence in economic theory (see [14]).
Now we write the equation y = q + Mx in the partitioned form:

yα = qα + Mααxα + Mαᾱxᾱ, yᾱ = qᾱ + Mᾱαxα + Mᾱᾱxᾱ . (3)

Since Mαα is nonsingular by hypothesis, we may exchange the roles of yα and xα, thereby obtaining a system
of the form

xα = q ′
α + M ′

αα yα + M ′
αᾱxᾱ, yᾱ = q ′̄

α + M ′̄
αα yα + M ′̄

αᾱxᾱ, (4)

where

q ′
α = −M−1

αα qα,

q ′̄
α = qᾱ − Mᾱα M−1

αα qα,

and M ′
αα = M−1

αα , M ′
αᾱ = −M−1

αα Mαᾱ,

M ′̄
αα = Mᾱα M−1

αα , M ′̄
αᾱ = Mᾱᾱ − Mᾱα M−1

αα Mαᾱ.
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1018 S. Ghosh et al.

Table 1 .

Serial No. Matrix Class

1 L
2 E0 ∩ R0
3 E
4 P0 ∩ Q0
5 C+

0
6 Row adequate
7 Row sufficient
8 Z

It is important to note that a given LCP(q, M) and its principal pivotal transforms LCP(q ′, M ′) are equivalent
in the sense that from a (feasible) solution of LCP(q, M), one can obtain a corresponding (feasible) solution of
LCP(q ′, M ′).

Theorem 1 Let q ′ =
[

q ′
α

q ′̄
α

]
and M ′ = PPT(M, α), where q ′

α = −M−1
αα qα, q ′̄

α = qᾱ − Mᾱα M−1
αα qα . If x̄ is a

(feasible) solution of LCP(q, M) and ȳ = q + Mx̄, then (feasible) solution of LCP(q ′, M ′) is given by

x̄ ′
i =

{
ȳi , if i ∈ α,

x̄i , if i ∈ ᾱ.

This simple observation can sometimes be advantageously used with existing results or algorithms.

Remark 1 Any matrix which is solvable by Lemke’s algorithm or one of its PPTs is solvable by Lemke’s
algorithm is in the class Q0.

2.3 On solvability of Lemke’s algorithm

Here, we discuss the solvability of Lemke’s algorithm with respect to some matrix classes. An algorithm solves
a problem by computing a solution if one exists or shows its infeasibility. If a matrix or one of its PPTs belongs
to a certain matrix class or satisfies the condition given in one of the theorems or lemmas mentioned below, then
we can solve the matrix M or one of its PPTs by Lemke’s algorithm and obtain the solution of original LCP.

Note that Lemke’s algorithm solves the LCP(q, M) if M belongs to one of the classes given in Table 1 or M
satisfies one of the sufficient conditions given in Table 2.

3 Artificial LCPs

In this section, we provide a method of constructing some artificial LCPs. The artificial LCP(q̄1,M1) is obtained
from LCP(q, M) by adding some artificial variables and extra constraints. The artificial LCP(q̄1,M1) is given
below:
Find w ∈ R

n , u ∈ R
n , v ∈ R

n , z ∈ R
n , x ∈ R

n and y ∈ R
n such that⎡

⎣w

u
v

⎤
⎦ =

⎡
⎣−q

−e
2e

⎤
⎦ +

⎡
⎣ 0 −M I

I 0 0
−I 0 0

⎤
⎦

⎡
⎣z

x
y

⎤
⎦ ,

⎡
⎣w

u
v

⎤
⎦

T ⎡
⎣z

x
y

⎤
⎦ = 0,

⎡
⎣w

u
v

⎤
⎦ ,

⎡
⎣z

x
y

⎤
⎦ ≥ 0.

Here the artificial LCP matrix

M1 =
⎡
⎣ 0 −M I

I 0 0
−I 0 0

⎤
⎦ ∈ R

3n×3n and q̄1 =
⎡
⎣−q

−e
2e

⎤
⎦ ∈ R

3n .

Note that M1 is a singular matrix. We call the matrix M1 constructed in this manner the artificial LCP
matrix. The benefit of the artificial LCP(q̄1,M1) is that if the artificial LCP can be solved by any known method,
then the solution of the LCP(q, M) can be obtained from it trivially by inspection.

Lemma 1 Given the LCP(q, M), let M1 ∈ R
3n×3n be the artificial LCP matrix. LCP(q, M) has a solution if

and only if LCP(q̄1,M1) has a solution.
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Table 2 .

Serial No. Sufficient Conditions

1 If for some M and every q ≥ 0, the LCP has a unique solution,
then M ∈ L ∩ Q [5].

2 If A ∈ L, then so are P APT (principal rearrangement),
where P is a permutation matrix [5].

3 If A, B ∈ L, then so are

[
A 0
0 B

]
[5].

4 If A ∈ L, then so are �A�. � and � are
diagonal matrices with positive diagonals [5].

5 If A, B ∈ L and D > 0 and F < 0, then

[
A D
F B

]
and

[
B F
D A

]
are in L [5].

6 If A is an E-matrix and B ∈ L, D ≥ 0 and F ≤ 0 and

FT has a zero everywhere D does, then

[
A D
F B

]
∈ L [5].

7 If A and B are E-matrices, D ≥ 0 and F arbitrary matrix,

then

[
A D
F B

]
and

[
B F
D A

]
are E-matrices [5].

8 If xT Mx + xT q is bounded below on the set x ≥ 0, then Lemke’s algorithm
will compute a solution to the LCP with M and q . If, in addition,
the problem is nondegenerate, then it has an odd number of solutions [5].

9 Suppose a matrix A can be written as B + D where B is a C+
0 and

symmetric matrix, and D is a C0 matrix. If the system q + Bx − DT y ≥ 0,
y ≥ 0 is feasible, then Lemke’s algorithm terminates with a solution [15].

Proof Let (ρ̄, δ̄), δ̄ ∈ R
3n , ρ̄ ∈ R

3n be a solution to LCP(q̄1,M1) where

ρ̄ =
⎡
⎣w

u
v

⎤
⎦ and δ̄ =

⎡
⎣z

x
y

⎤
⎦ .

Note that ui + v j = 1 and z j ≥ 1 ⇒ w j = 0 ∀ j. Therefore (1) is always satisfied.
Since y j > 0 ⇒ v j = 0 ⇒ u j = 1 ⇒ x j = 0 and x j > 0 ⇒ u j = 0 ⇒ v j = 1 ⇒ y j = 0. Hence (x, y)
solves the LCP(q, M).
Conversely, suppose (x, y) solves the LCP(q, M). The choices of z j ’s are given below.

z j = 1 if x j > 0,

z j = 2 if x j = 0.

Since x and y are complementary to each other, therefore

z j = 2 if y j > 0,

z j = 1 if y j = 0.

So wT z = 0, uT x = 0 and vT y = 0 follows from the choice of z j . Therefore, (ρ̄, δ̄) solves LCP(q̄1,M1). �

Remark 2 The number of solutions of the original LCP(q, M) and the artificial LCP(q̄1,M1) are the same.

Theorem 2 Given the LCP(q, M) with an arbitrary matrix M, the artificial LCP matrix M1 =
⎡
⎣ 0 −M I

I 0 0
−I 0 0

⎤
⎦ ∈

E0.

Proof To show that M1 ∈ E0, let β1 = {1, 2, ..., n}, β2 = {(n+1), ..., 2n} and β3 = {(2n+1), ..., 3n}. Suppose

σ̄ =
⎡
⎣z

x
y

⎤
⎦. Consider M1σ̄ , σ̄ �= 0 and examine the following cases.

Case I: 0 �= z ≥ 0, 0 �= x ≥ 0 and 0 �= y ≥ 0. In this case, for any index i ∈ β2, xi > 0 and (M1σ̄ )i = zi ≥ 0.
Case II: 0 �= z ≥ 0, 0 �= x ≥ 0 and y = 0. Then proceed as in Case I above.
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Case III: 0 �= z ≥ 0, 0 �= y ≥ 0 and x = 0. In this case for any index i ∈ β1 ∪ β2, σ̄i > 0 and (M1σ̄ )i ≥ 0.

Case IV: 0 �= x ≥ 0, 0 �= y ≥ 0 and z = 0. In this case for any index i ∈ β2 ∪ β3, σ̄i > 0 and (M1σ̄ )i ≥ 0.

The other cases (V) 0 �= z ≥ 0, x = 0, y = 0 (VI) z = 0, 0 �= x ≥ 0, y = 0 and (VII) 0 = z, x = 0, 0 �= y ≥ 0
are easy to verify. Hence M1 ∈ E0. This completes the proof. �

Remark 3 The artificial LCP matrix M1 may or may not belong to L2. See the below example.

Example 1 Let M =
⎡
⎣ 1 − 1

2 − 1
2− 1

2 1 − 1
2− 1

2 − 1
2 1

⎤
⎦ ∈ P0.

0 �= ε = [
0 0 0 1 1 1 0 0 0

]T satisfying η = M1ε ≥ 0 and ηT ε = 0, where M1 =
⎡
⎣ 0 −M I

I 0 0
−I 0 0

⎤
⎦ is an

artificial LCP matrix. It is easy to verify that there doesn’t exist a 0 �= ε̂ ≥ 0 satisfying η̂ = −MT
1 ε̂, η ≥ η̂ ≥ 0,

ε ≥ ε̂ ≥ 0. Hence, the artificial LCP M1 matrix does not belong to L2. Also M1 /∈ R0.

Remark 4 It follows that we can’t conclude on the solvability of Lemke’s algorithm for the artificial LCP matrix
M1 because it may or may not belong to the class L2.

Here we construct another artificial LCP(q̄2,M2) from LCP(q̄1,M1) by adding some more artificial variables
and extra constraints which will be solvable of Lemke’s algorithm and the solution of LCP(q, M) can be obtained
trivially from the artificial LCP(q̄2,M2) by inspection. The artificial LCP(q̄2,M2) is given below: Find w ∈ R

n ,
u ∈ R

n , v ∈ R
n , z ∈ R

n , x ∈ R
n , y ∈ R

n , t1 ∈ R, and s1 ∈ R such that⎡
⎢⎣

w

u
v

s1

⎤
⎥⎦ =

⎡
⎢⎣

−q
− f
2 f
k

⎤
⎥⎦ +

⎡
⎢⎢⎣

0 −M I 0
I 0 0 0

−I 0 0 0
− f T − f T − f T −1

⎤
⎥⎥⎦

⎡
⎢⎣

z
x
y
t1

⎤
⎥⎦,

⎡
⎢⎣

w

u
v

s1

⎤
⎥⎦

T ⎡
⎢⎣

z
x
y
t1

⎤
⎥⎦ = 0,

⎡
⎢⎣

w

u
v

s1

⎤
⎥⎦ ,

⎡
⎢⎣

z
x
y
t1

⎤
⎥⎦ ≥ 0,

f =

⎡
⎢⎢⎣

p
p
...

p

⎤
⎥⎥⎦ > 0 ∈ R

n , and k > 0 is a real number. Here the artificial LCP matrix M2 =

⎡
⎢⎢⎣

0 −M I 0
I 0 0 0

−I 0 0 0
− f T − f T − f T −1

⎤
⎥⎥⎦ ∈ R

(3n+1)×(3n+1) and q̄2 =
⎡
⎢⎣

−q
− f
2 f
k

⎤
⎥⎦ ∈ R

(3n+1).

Note that we can make some similar comments on M2. M2 is also a singular matrix. The benefit of the
artificial LCP(q̄2,M2) is that if the artificial LCP can be solved by any known method, then the solution of the
LCP(q, M) can be obtained from it trivially by inspection.

Remark 5 M2 /∈ E0 because the diagonal elements of the last row of M2 are negative.

4 Application of Lemke’s method with the artificial LCP

In this section, we show that the solution of LCP(q, M) can be obtained by solving the artificial LCP(q̄2,M2)
which is solvable by Lemke’s algorithm if it satisfies certain conditions. We first prove the following lemma.

Lemma 2 Given the LCP(q, M), let M2 ∈ R
(3n+1)×(3n+1) be the artificial LCP matrix. LCP(q, M) has a

solution if and only if LCP(q̄2,M2) has a solution.

Proof Let (ρ̄, δ̄), δ̄ ∈ R
3n+1, ρ̄ ∈ R

3n+1 be a solution to LCP(q̄2,M2) where

ρ̄ =
⎡
⎢⎣

w

u
v

s1

⎤
⎥⎦ , δ̄ =

⎡
⎢⎣

z
x
y
t1

⎤
⎥⎦ ,M2 =

⎡
⎢⎢⎣

0 −M I 0
I 0 0 0

−I 0 0 0
− f T − f T − f T −1

⎤
⎥⎥⎦ , f =

⎡
⎢⎢⎣

p
p
...

p

⎤
⎥⎥⎦ > 0 and q̄2 =

⎡
⎢⎣

−q
− f
2 f
k

⎤
⎥⎦ .
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Note that ui + v j = p and z j ≥ p ⇒ w j = 0 ∀ j. Therefore (1) is always satisfied.
Since y j > 0 ⇒ v j = 0 ⇒ u j = p ⇒ x j = 0 and x j > 0 ⇒ u j = 0 ⇒ v j = p ⇒ y j = 0. Hence (x, y)
solves the LCP(q, M).
Conversely, suppose (x, y) solves the LCP(q, M). The choice of z j ’s are given below.

z j = p if x j > 0,

z j = 2p if x j = 0.

Since x and y are complementary to each other, therefore

z j = 2p if y j > 0,

z j = p if y j = 0.

So wT z = 0, uT x = 0, vT y = 0, and s1t1 = 0 follows from the choice of z j , p > 0 and k > t1 + f T z + f T x +
f T y > 0. If we choose sufficiently large k, then s1 = 0 will be satisfied. Therefore, (ρ̄, δ̄) solves LCP(q̄2,M2).
�

Theorem 3 Given the LCP(q, M) with an arbitrary matrix M and a positive number k where k is always greater
than or equal to some particular positive integer N then x̄T M2 x̄ + x̄ T q̄2 is bounded below on the set

0 �= x̄ =
⎡
⎢⎣

z
x
y
t1

⎤
⎥⎦ ≥ 0 where t1 > 0, and Lemke’s algorithm will compute a solution to the LCP with the artificial

LCP matrix

M2 =

⎡
⎢⎢⎣

0 −M I 0
I 0 0 0

−I 0 0 0
− f T − f T − f T −1

⎤
⎥⎥⎦ and q̄2 =

⎡
⎢⎣

−q
− f
2 f
k

⎤
⎥⎦.

Proof In Lemma 2, we have discussed the feasibility condition and complementarity condition of the artificial
LCP. Now, we can write the following equations from Lemma 2:

t1s1 = 0. (5)

From (5), we can conclude that both t1 and s1 can’t be simultaneously positive.

Now, from M2 x̄ + q̄2 = [
w u v s1

]T , we get

− f T z − f T x − f T y − t1 + k = s1

⇔ t1 + s1 = − f T z − f T x − f T y + k.
(6)

For a sufficiently large k, s1 = 0 ⇒ t1 = k − f T z − f T x − f T y > 0. Therefore, x̄ T M2 x̄ + x̄ T q̄2 will be
bounded below on the set

0 �= x̄ =
⎡
⎢⎣

z
x
y
t1

⎤
⎥⎦ ≥ 0 where t1 = k − f T z − f T x − f T y > 0. Lemke’s algorithm will compute a solution to the

LCP with M2 =

⎡
⎢⎢⎣

0 −M I 0
I 0 0 0

−I 0 0 0
− f T − f T − f T −1

⎤
⎥⎥⎦ and q̄2 =

⎡
⎢⎣

−q
− f
2 f
k

⎤
⎥⎦. �


Remark 6 We choose a sufficiently small p and large k such that Theorem 3 is satisfied.
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5 Numerical examples

We give some examples from Mangasarian [10] for which the LCP (q, M) can’t be solved by Lemke’s algorithm.

Example 2 Given the following matrix M and vector q:

M =
⎡
⎣0 3 4

1 −1 0
0 −1 −3

⎤
⎦ , q =

⎡
⎣−2

0
1

⎤
⎦ .

This LCP(q, M) cannot be solved by Lemke’s algorithm, but the artificial LCP(q̄2,M2) with k = 1 and
p = 0.001 can be solved by Lemke’s algorithm. The solution of the LCP(q, M) can be trivially obtained from
the solution of the artificial LCP(q̄2,M2) by inspection.
The artificial LCP matrix M2 and the vector q̄2 are given below:

M2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 −3 −4 1 0 0 0
0 0 0 −1 1 0 0 1 0 0
0 0 0 0 1 3 0 0 1 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0

−1 0 0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 0 0
0 0 −1 0 0 0 0 0 0 0

−0.001 −0.001 −0.001 −0.001 −0.001 −0.001 −0.001 −0.001 −0.001 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

q̄T
2 = [

2 0 −1 −0.001 −0.001 −0.001 0.002 0.002 0.002 1
]
.

The solution of the artificial LCP(q̄2,M2) is given below:
ρ̄T = [

w1 w2 w3 u1 u2 u3 v1 v2 v3 s1
] = [

0 0 0 0 0 0.001 0.001 0.001 0 0
]
,

δ̄T = [
z1 z2 z3 x1 x2 x3 y1 y2 y3 t1

]
= [

0.001 0.001 0.002 0.6667 0.6667 0 0 0 0.3333 0.9983
]
.

The solution of the LCP(q, M) obtained by inspection is:
xT = [

0.6667 0.6667 0
]
, yT = [

0 0 0.3333
]
.

Now we take α = {1 2 3 4 5 6} ⊂ {1, 2, 3, ..., 10}. If we solve the PPT(M2, α), we get an another solution
xT = [

0.4 0.4 0.2
]
, yT = [

0 0 0
]

of the original LCP.

Remark 7 Another approach is to obtain all PPTs and one of the PPTs may be solvable by Lemke’s algorithm.
The worst-case scenario is also possible in LCPs that no PPT is solvable by Lemke’s algorithm. Note that in
Example 2 no PPT exist which is solvable by Lemke’s algorithm.

Example 3 Let M =
⎡
⎣−2.5 1.5 3.5

2 −1 −4
1.5 −0.5 −1.5

⎤
⎦ and q =

⎡
⎣−2

0
1

⎤
⎦.

Lemke’s algorithm can not solve this LCP but the artificial LCP(q̄2,M2) with k = 1 and p = 0.0001 can be
solved by Lemke’s algorithm. The solution of the LCP(q, M) can be obtained from the solution of the artificial
LCP(q̄2,M2) by inspection.
The artificial LCP matrix M2 and the vector q̄2 are given below:

M2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 2.5 −1.5 −3.5 1 0 0 0
0 0 0 −2 1 4 0 1 0 0
0 0 0 −1.5 0.5 1.5 0 0 1 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0

−1 0 0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 0 0
0 0 −1 0 0 0 0 0 0 0

−10−4 −10−4 −10−4 −10−4 −10−4 −10−4 −10−4 −10−4 −10−4 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

q̄T
2 = [

2 0 −1 −0.0001 −0.0001 −0.0001 0.0002 0.0002 0.0002 1
]
.

The solution of the artificial LCP(q̄2,M2) is given below:
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ρ̄T = [
0 0 0 0 0 0.0001 0.0001 0.0001 0 0

]
,

δ̄T = [
1−4 1−4 2−4 4 8 0 0 0 3 0.9985

]
.

The solution of the LCP(q, M) is obtained by inspection: xT = [
4 8 0

]
, yT = [

0 0 3
]
.

Remark 8 It is easy to verify that all the PPTs for Example 3 are solvable by Lemke’s algorithm and from the
solution of any PPT LCP, we can obtain the solution of Example 3 by using Theorem 1.

6 On the computational aspects of the artificial LCP

While Lemke’s algorithm can be effective in certain cases, it has some limitations that can impact its practical
applicability. Here, we mention some examples given in the LCPs’ literature where the original matrix is not
solvable by Lemke’s algorithm, and researchers used an extended version of Lemke’s algorithm or iterative
algorithm to overcome the situations. But we show that we can get the solution of the original LCP from the
artificial LCP or PPT LCP.

1. Degeneracy and cycling [10,16]: Lemke’s algorithm may encounter degeneracy in certain cases, leading
to cycling or inability to find a solution. Degeneracy occurs when the algorithm gets stuck in a loop and struggles
to make progress towards finding a solution, making it challenging to predict when it will occur. Generally,
Bland least index pivot rule is used to solve feasible LCP problems without cycling. Now see the example of
Mangasarian’s paper (1978)[10] below:

Example 4 Consider the following LCP:

M =
[−1 1

2 −1

]
, q =

[
1

−1

]
.

Here, we attempt to find a solution for the given LCP system by using Lemke’s algorithm. However, due to
degeneracy, the algorithm enters a cycling loop and struggles to progress towards a solution, making it difficult
to determine if a solution exists. But the artificial LCP(q̄2,M2) of the given LCP system can be solved by
Lemke’s algorithm and the solution of LCP(q, M) can be trivially obtained from the solution of the artificial
LCP(q̄2,M2) by inspection.
The artificial LCP matrix

M2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 −1 1 0 0
0 0 −2 1 0 1 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0

−1 −1 −1 −1 −1 −1 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, q̄T
2 = [−1 1 −1 −1 2 2 6

]
. We take k = 6 and p = 1. The solution of

the artificial LCP(q̄2,M2) is given below: δ̄T = [
1 2 1 0 0 1 1

]
, ρ̄T = [

0 0 0 1 1 0 0
]
. The solution of the

LCP(q, M) is obtained by inspection: xT = [
1 0

]
, yT = [

0 1
]
.

See Example 1 of Kostreva’s paper (1979) [16] where we can use the artificial LCP(q̄2,M2) (where k =
1, p = 0.001) to overcome the cycling in LCP.

2. Extension of Lemke’s algorithm [17]: Lemke’s algorithm encounters challenges when it cannot find
a suitable pivot, but M.J. Todd overcame these issues through a projective transformation. This computational
process involves appending a new row to the problem and then performing a pivot operation on the elements within
this row and the unit constant column. As a consequence of this transformation, two novel algorithms emerged.
M.J. Todd obtained some conditions that influence their effectiveness. However, we can use the proposed artificial
LCP(q̄2,M2) or PPT of LCP(q, M) to find the solution when these issues arise.

Example 5 The following example has been taken from M.J. Todd’s paper[17].
Let

M =
⎡
⎢⎣

−12 −1 13 −1
13 −11 13 −1
13 −1 −12 −1
13 −1 13 −11

⎤
⎥⎦ and q =

⎡
⎢⎣

−1
−1
−1
−1

⎤
⎥⎦ .
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We take k = 28 and p = 0.01. The solution of the artificial LCP(q̄2,M2) is given below:
ρ̄T = [

0 0 0 0 0 0.01 0 0.01 0.01 0 0.01 0 0
]

and
δ̄T =

[
0.01 0.02 0.01 0.02 1 0 1 0 0 25 0 25 27.4794

]
. The solution of the LCP(q, M) is obtained by inspection:

xT = [
1 0 1 0

]
, yT = [

0 25 0 25
]
.

7 Conclusion

This paper presents an artificial LCP that solves a larger subclass of LCP solvable by Lemke’s algorithm. We
have observed that many problems which are cited in the literature by different researchers are not solvable by
Lemke’s algorithm, but if we construct the artificial LCP from the original LCP and if the artificial LCP satisfies
a sufficient condition given by Eaves [5], then Lemke’s algorithm can solve the artificial LCP. This class is quite
large now.

Further, we have observed that for the problem given by Mangasarian, none of the PPTs are solvable by
Lemke’s algorithm, but the artificial LCP constructed from the original LCP can be solved by Lemke’s algorithm,
and we can get the solution of the original LCP from the solution of the artificial LCP.

Even though one may argue that the artificial LCP can be computationally expensive but it successfully
computes the solution using Eaves’s result and, therefore, the novelty of our approach is that it extends the use of
Lemke’s algorithm. Thus, the proposed approach significantly contributes to the literature, particularly regarding
the computational aspects of Lemke’s algorithm.
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