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Abstract In this paper, we define different types of hyperfilters in a join hyperlattice. We prove that these types of
hyperfilters are equivalent in a join P-hyperlattice whereas, only type-II and type-III hyperfilters are equivalent
in a Nakano hyperlattice. We define the notion of convex subhyperlattice in a join hyperlattice and discuss
various properties with suitable examples. Finally, we prove that any convex subhyperlattice in a P-hyperlattice
or Nakano hyperlattice can be uniquely represented as the intersection of a hyperideal and a hyperfilter, and
illustrate with suitable examples.

Keywords Hyperideal · Hyperfilter · Convex set · Hyperlattice

Mathematics Subject Classification 06B75 · 06D50 · 06B05

1 Introduction

A binary operation is a function that combines two elements from a set to produce another element from the
same set. However, when we combine two elements, we may get more than one possible outcome in many
natural phenomena. Algebraic hyperstructures help us to handle such systems. The notion of hyperlattice is a
generalization of classical lattice obtained by considering one or both binary operations with a hyperoperation
and this lacks several properties that a lattice satisfies. Konstantinidou and Mittas [1] generalized lattices by
replacing the binary operations join and meet with hyperoperations. Lashkenari and Davvaz [2] introduced the
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Hyperfilters and Convex Subhyperlattices in a Join Hyperlattice 1037

notion of complete join hyperlattice and proved that P-hyperlattices are complete and further discussed Nakano
hyperlattices. Lashkenari and Davvaz [3] established the idea of ordered join hyperlattices and examined prime
ideals in the product of two ordered join hyperlattices. Bideshki et al. [4] introduced the notions of strong
meet-hyperlattices, hyperideals and hyperfilters in strong meet-hyperlattices and also investigated distributivity
(dual distributivity) in meet-hyperlattices. Pallavi et al. [5] introduced the notion of a 2-absorbing hyperideal in
a strong meet hyperlattice and proved the interrelation between various generalizations of prime hyperideals.
In [6], the authors explored generalizations of prime hyperideals viz 2-absorbing, primary 2-absorbing etc. in
join hyperlattices. Ameri et al. [7] discussed residual mappings in meet hyperlattices using principal down
sets and gave conditions for a mapping between two hyperlattices to be equivalent to residual mapping. They
also investigated convex subsets in meet hyperlattices. Although a hyperoperation induces a partial order under
certain conditions, there is no equivalence between hyperoperation and partial order as observed in lattices. This
motivates the definition of types of hyperfilters. The term “hyperfilter" is already defined within the framework of
a join hyperlattice [2]. In Section 2, we introduce two types of hyperfilters. Then by treating the existing definition
of hyperfilter as one type, we explore the relationship between the three types of hyperfilters in Nakano and P-
hyperlattices. In Section 3, we define convex subhyperlattice in a join hyperlattice and provide examples to
illustrate the concept. Later, we discuss how these three types of hyperfilters, along with hyperideals are related
to convex subhyperlattices.

2 Types of hyperfilters

In this section, we define two types of hyperfilters in join hyperlattices and discuss their interrelationship in P-
hyperlattices and Nakano hyperlattices. Throughout,

∨
and ∨ denote the hyperoperation join and the classical

operation join respectively.

Definition 1 ([8]) Let H be a non-empty set and let P∗(H) be the set of all non-empty subsets of H . A
hyperoperation on H is a map ◦ : H × H → P∗(H) and (H, ◦) is called a hypergroupoid.

If A and B are non-empty subsets of H and
∨

is a hyperoperation, then

A
∨

B =
⋃

a∈A,b∈B

a
∨

b, A
∨

x = A
∨

{x} and x
∨

B = {x}
∨

B.

Definition 2 ([2]) Let L be a non-empty set,
∨ : L × L → P∗(L) be a hyperoperation, and ∧ : L × L → L

be an operation. Then (L ,
∨

,∧) is a join hyperlattice if for all x, y, z ∈ L the following conditions hold:

(i) x ∈ x
∨

x and x = x ∧ x .
(ii) x

∨
(y

∨
z) = (x

∨
y)

∨
z and x ∧ (y ∧ z) = (x ∧ y) ∧ z.

(iii) x
∨

y = y
∨

x and x ∧ y = y ∧ x .
(iv) x ∈ x ∧ (x

∨
y) ∩ x

∨
(x ∧ y).

We say L is a strong join hyperlattice if y ∈ x
∨

y then x = x ∧ y.

Throughout, L denotes a strong join hyperlattice unless otherwise specified.

Definition 3 ([9]) The relation ‘≤’ is defined on L as follows:

l1 ≤ l2 if and only if l1 ∧ l2 = l1 if and only if l2 ∈ l1
∨

l2.

Then (L,≤) is poset.

Example 1 ([6]) Let N be the set of all natural numbers and P(N) be the power set of N. Let X = {∅, {1, 2}}.
Define the operations

∨
and ∧ as follows:

A
∨

B = A ∪ B ∪ X = {A ∪ B ∪ C : C ∈ X} and A ∧ B = A ∩ B,

for any A, B ∈ P(N). Then (P(N),
∨

,∧) is a join hyperlattice.

Definition 4 ([10]) The non-empty subset H of L is a subhyperlattice if H is closed under the hyperoperation∨
and the operation ∧ in L.
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1038 N. A. Nayak et al.

Fig. 1 Lattice (L = {0, l1, l2, l3, l4, 1},∨,∧)

Definition 5 ([2]) A non-empty subset J of L is called a hyperideal if

(i) l1, l2 ∈ J implies l1
∨

l2 ⊆ J,

(ii) l1 ∈ J and l2 ≤ l1 implies l2 ∈ J ,

for all l1, l2 ∈ L.

Definition 6 ([2]) A non-empty subset F of L is called a hyperfilter if for all a, b, x ∈ L, the following holds:

(i) a, b ∈ F implies a ∧ b ∈ F .
(ii) a ∈ F with a ≤ x implies x ∈ F .

We call the hyperfilter in Definition 6 as type-I hyperfilter.

Definition 7 A non-empty subset F of L which is closed under ∧ is said to be a hyperfilter of

(i) type-II if a1 ∈ F, x ∈ L with a1 ≤ x then a1
∨

x ⊆ F .
(ii) type-III if a1 ∈ F, x ∈ L then a1

∨
x ⊆ F .

Theorem 1 ([11]) Let (L ,∧,∨) be lattice and P be a non-empty subset of L . We define a hyperoperation
P∨

by

l1

P∨
l2 = l1 ∨ l2 ∨ P = {l1 ∨ l2 ∨ p | p ∈ P},

for all l1, l2 ∈ L. Then (L ,
P∨

,∧) is a join hyperlattice if and only if for each l1 ∈ L there exists p ∈ P such
that p ≤ l1. In this case we call L a P-hyperlattice.

Example 2 Let X be a topological space and τ be the set of all open sets of X . Let R = {∅, U } where U is a
non-empty open set in τ . Define the operations

∨
and ∧ as follows:

S
∨

T = {S ∪ T ∪ D : D ∈ R} and S ∧ T = S ∩ T,

for any S, T ∈ τ . Then (τ,
∨

,∧) is a join hyperlattice.

Example 3 Let (L = {0, l1, l2, l3, l4, 1},∨,∧) be a lattice given in Figure 1 and P = {0, l1}, and
∨

,∧ on L be
defined in Table 1.

Then (L ,
∨

,∧) is a P-hyperlattice. We give a diagram of P-hyperlattice in Figure 2. In the diagrammatic
representation, the meet of two elements is the lattice element occurring in the same position as their meet in
the lattice. The hyperoperation join of two elements is the set occurring in the same position as their join in the
lattice. For instance, 0

∨
0 = {0, l1}, l1

∨
l4 = {1}, l2

∨
l4 = {l4, 1}.

Hyperideals are I1 = {0, l1}, I2 = {0, l1, l2, l3}, I3 = {0, l1, l2, l3, l4, 1}. The hyperfilters are listed in Table 2.

Example 4 Let L = {a, b, c, d, e}. Table 3 gives the hyperoperation
∨

and the binary operation ∧ on L . Then,
(L ,

∨
,∧) is a join hyperlattice. The hyperideals of L are I1 = {a}, I2 = {a, b}, I3 = {a, c}, I4 = {a, c, d}, I5 =

{a, b, c, d, e}. Table 4 gives the types of hyperfilters of L .
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Hyperfilters and Convex Subhyperlattices in a Join Hyperlattice 1039

Table 1
∨

and ∧ on L considered in Example 3

∨
0 l1 l2 l3 l4 1 ∧ 0 l1 l2 l3 l4 1

0 {0, l1} {l1} {l2, l3} {l3} {l4, 1} {1} 0 0 0 0 0 0 0
l1 {l1} {l1} {l3} {l3} {1} {1} l1 0 l1 0 l1 0 l1
l2 {l2, l3} {l3} {l2, l3} {l3} {l4, 1} {1} l2 0 0 l2 l2 l2 l2
l3 {l3} {l3} {l3} {l3} {1} {1} l3 0 l1 l2 l3 l2 l3
l4 {1} {1} {l4, 1} {1} {l4, 1} {1} l4 0 0 l2 l2 l4 l4
1 {1} {1} {1} {1} {1} {1} 1 0 l1 l2 l3 l4 1

Fig. 2 Diagrammatic representation of (L ,
∨

,∧) considered in Example 3

Table 2 Hyperfilters of the P-hyperlattice (L ,
∨

,∧) considered in Example 3

Type-I Hyperfilter Type-II Hyperfilter Type-III Hyperfilter

F1 = {1} G1 = {1} H1 = {1}
F2 = {l3, 1} G2 = {l3, 1} H2 = {l3, 1}
F3 = {l4, 1} G3 = {l4, 1} H3 = {l4, 1}
F4 = {l1, l3, 1} G4 = {l1, l3, 1} H4 = {l1, l3, 1}
F5 = {l2, l3, l4, 1} G5 = {l2, l3, l4, 1} H5 = {l2, l3, l4, 1}
F6 = {0, l1, l2, l3, l4, 1} G6 = {0, l1, l2, l3, l4, 1} H6 = {0, l1, l2, l3, l4, 1}

Table 3
∨

and ∧ on L considered in Example 4

∨
a b c d e ∧ a b c d e

a {a} {a, b} {a, c} {a, d} {a, e} a a a a a a
b {a, b} {b} {b, c, e} {b, d, e} {b, e} b a b a a b
c {a, c} {b, c, e} {c} {c, d} {c, e} c a a c c c
d {a, d} {b, d, e} {c, d} {d} {d, e} d a a c d d
e {a, e} {b, e} {c, e} {d, e} {e} e a b c d e

Definition 8 ([10]) Let (L ,∧,∨) be a modular lattice. For any a, b ∈ L , define the Nakano hyperoperation
a 
 b = { z ∈ L : z ∨ a = z ∨ b = a ∨ b }. Then (L ,
,∧) is a strong join hyperlattice.

We call the hyperlattice (L ,
,∧) as Nakano join hyperlattice.

Example 5 Consider the modular lattice (L = {0, a, b, c, 1},∨,∧) given in the Figure 3. Let the Nakano
hyperoperation 
 and the binary operation ∧ be defined in Table 5. The hyperfilters of (L ,
,∧) are given in
Table 6. The hyperideals are I1 = {0}, I2 = {0, a}, I3 = {0, b}, I4 = {0, c}, I5 = {0, a, b, c, 1}.

Example 6 Let (L = {0, a, b, c, d, 1},∨,∧) be a lattice given in the Figure 4 and P = {0, b}. The hyperoperation∨
and the binary operation ∧ are given in Table 7. (L ,

∨
,∧) is a join P-hyperlattice whose diagram is given in

Figure 5.
I1 = {0, b}, I2 = {0, a, b, d}, I3 = {0, a, b, c, d, 1} are the hyperideals of (L ,

∨
,∧) whereas the hyperfilters

are given in Table 8.
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1040 N. A. Nayak et al.

Table 4 Hyperfilters of (L ,
∨

,∧) considered in Example 4

Type-I Hyperfilter Type-II Hyperfilter Type-III Hyperfilter

F1 = {e} G1 = {e} H1 = {a, b, c, d, e}
F2 = {d, e} G2 = {d, e}
F3 = {b, e} G3 = {b, e}
F4 = {c, d, e} G4 = {c, d, e}
F5 = {a, b, c, d, e} G5 = {a, b, c, d, e}

Fig. 3 Lattice (L = {0, a, b, c, 1},∨,∧)

Table 5 
 and ∧ on L considered in Example 5


 0 a b c 1 ∧ 0 a b c 1

0 {0} {a} {b} {c} {1} 0 0 0 0 0 0
a {a} {0, a} {c, 1} {b, 1} {b, c, 1} a 0 a 0 0 a
b {b} {c, 1} {0, b} {a, 1} {a, c, 1} b 0 0 b 0 b
c {c} {b, 1} {a, 1} {0, c} {a, b, 1} c 0 0 0 c c
1 {1} {b, c, 1} {a, c, 1} {a, b, 1} L 1 0 a b c 1

Table 6 Hyperfilters of (L ,
,∧) considered in Example 5

Type-I Hyperfilter Type-II Hyperfilter Type-III Hyperfilter

F1 = {1} G1 = L H1 = L
F2 = {a, 1}
F3 = {b, 1}
F4 = {c, 1}
F5 = {0, a, b, c, 1}

Lemma 2 Intersection of hyperfilters of one type is again a hyperfilter of the same type provided it’s non-empty.

Proof Let {Fi }i∈τ be a collection of hyperfilters of type-I. Let F = ⋂

i∈τ

Fi . Suppose a, b ∈ F . Then a, b ∈ Fi

for all i ∈ τ . Since each Fi is a type-I hyperfilter, a ∧ b ∈ Fi . Let a ∈ F, x ∈ L with a ≤ x then, since x ∈ Fi
for each i ∈ τ , we get x ∈ F . The proof is similar in the case of type-II and type-III hyperfilters. �

Remark 1 In any L, every type-III hyperfilter is a type-II hyperfilter and every type-II hyperfilter is a type-I
hyperfilter.
If F is type-II hyperfilter, then for any a ∈ F, s ∈ L with a ≤ s, we have s ∈ a

∨
s ⊆ F which implies F is a

type-I hyperfilter.

Converse of Remark 1 need not be true. Consider Example 5. Here {a, 1} is a type-I hyperfilter but not type-II
or type-III. In Example 4, {e} is a type-II hyperfilter but not type-III. However, the following proposition shows
that all three types of hyperfilters coincide in a P-hyperlattice.

Proposition 3 In a join P-hyperlattice, all the three types of hyperfilters are equivalent.

Proof Let L be a join P-hyperlattice. We shall prove that a subset of L is a type-I hyperfilter if and only if type-II
hyperfilter. Let F be a type-I hyperfilter and s, b ∈ F . Clearly, s ∧ b ∈ F . Now let s ∈ F, b ∈ L with s ≤ b and

x ∈ s
P∨

b. Then x = s ∨ b ∨ p for some p ∈ P . This gives us x = b ∨ p (since s ≤ b). Now, b ∈ F, b ∨ p ∈ L
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Hyperfilters and Convex Subhyperlattices in a Join Hyperlattice 1041

Fig. 4 Lattice (L = {0, a, b, c, d, 1},∨,∧)

Table 7
∨

and ∧ on L considered in Example 6

∨
0 a b c d 1 ∧ 0 a b c d 1

0 {0, b} {a, d} {b} {c, 1} {d} {1} 0 0 0 0 0 0 0
a {a, d} {a, d} {d} {1} {d} {1} a 0 a 0 0 a a
b {b} {d} {b} {1} {d} {1} b 0 0 b 0 b b
c {c, 1} {1} {1} {c, 1} {1} {1} c 0 0 0 c 0 c
d {d} {d} {d} {1} {d} {1} d 0 a b 0 d d
1 {1} {1} {1} {1} {1} {1} 1 0 a b c d 1

Fig. 5 Diagrammatic representation of (L ,
∨

,∧) considered in Example 6

Table 8 Hyperfilters of the P-hyperlattice (L ,
∨

,∧) considered in Example 6

Type-I Hyperfilter Type-II Hyperfilter Type-III Hyperfilter

F1 = {1} G1 = {1} H1 = {1}
F2 = {d, 1} G2 = {d, 1} H2 = {d, 1}
F3 = {c, 1} G3 = {c, 1} H3 = {c, 1}
F4 = {a, d, 1} G4 = {a, d, 1} H4 = {a, d, 1}
F5 = {b, d, 1} G5 = {b, d, 1} H5 = {b, d, 1}
F6 = {0, a, b, c, d, 1} G6 = {0, a, b, c, d, 1} H6 = {0, a, b, c, d, 1}

with b ≤ b ∨ p, implies x = b ∨ p ∈ F . Therefore, s
P∨

b ⊆ F . Converse follows from Remark 1. Now, we
show that a subset of L is a type-II hyperfilter if and only if type-III hyperfilter. Consider a type-II hyperfilter

F . Let s ∈ F, b ∈ L and x ∈ s
P∨

b. Then x = s ∨ b ∨ p for some p ∈ P . We have s ≤ s ∨ b ∨ p = x where
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1042 N. A. Nayak et al.

s ∈ F, x ∈ L which implies s
P∨

x ⊆ F . Since s ≤ x , we have x ∈ F . Hence s
P∨

b ⊆ F . Converse follows
from Remark 1. �

Proposition 4 Let (L,
,∧) be a Nakano join hyperlattice. Then F ⊆ L is a type-II hyperfilter if and only if it
is a type-III hyperfilter.

Proof Let F be a type-II hyperfilter. Then for any s, b ∈ F , s ∧ b ∈ F . Let x ∈ s 
 b where s ∈ F, b ∈ L.
Then x ∨ s = x ∨ b = s ∨ b. Since s ∈ F, s ∨ x ∈ L with s ≤ s ∨ x , s 
 (s ∨ x) ⊆ F . We have
x ∨ s = x ∨ (s ∨ x) = s ∨ (s ∨ x). Therefore, x ∈ s 
 (s ∨ x) ⊆ F , implies x ∈ F . Thus s 
 b ⊆ F . Converse
follows by Remark 1. �

Definition 9 ([9]) Let A ⊆ L. The intersection of all hyperideals of L containing A is called the hyperideal
generated by A and it is denoted by 〈A] (or (A]). If A = {a}, then we call the hyperideal generated by A a
principal hyperideal and denote it by 〈a].

In the sequel, we use the notation 〈A] to denote the hyperideal generated by A.

Proposition 5 Let H ⊆ L be non-empty, where L is a P-hyperlattice. Then

〈H ] = {x ∈ L : x ≤ y for some y ∈ h1

P∨
h2

P∨
· · ·

P∨
hn, hi ∈ H, n ∈ N, 1 ≤ i ≤ n}

Proof Let G = {x ∈ L : x ≤ y for some y ∈ h1

P∨
h2

P∨ · · ·
P∨

hn, hi ∈ H, n ∈ N, 1 ≤ i ≤ n}. We need to
show that G is the smallest hyperideal containing H . Given H �= φ. Let a ∈ H . Then there exists q ∈ P such

that q ≤ a. We have a = a ∨ a ∨ q. This gives a ∈ a
P∨

a. So q ∈ G which implies G is non-empty. Now

let x1, x2 ∈ G. Then x1 ≤ y1 and x2 ≤ y2 for some y1 ∈ h1

P∨
h2

P∨ · · ·
P∨

hn and y2 ∈ g1

P∨
g2

P∨ · · ·
P∨

gm

respectively, m, n ∈ N, hi , g j ∈ H for 1 ≤ i ≤ n, 1 ≤ j ≤ m. Let s ∈ x1

P∨
x2. Then s = x1 ∨ x2 ∨ p for some

p ∈ P . This implies s ≤ y1 ∨ y2 ∨ p. Note that y1 ∨ y2 ∨ p ∈ y1

P∨
y2. Since y1 ∈ h1

P∨
h2

P∨ · · ·
P∨

hn and

y2 ∈ g1

P∨
g2

P∨ · · ·
P∨

gm , we have y1

P∨
y2 ⊆ h1

P∨
h2

P∨ · · ·
P∨

hn

P∨
g1

P∨
g2

P∨ · · ·
P∨

gm . So y1 ∨ y2 ∨ p ∈
h1

P∨
h2

P∨ · · ·
P∨

hn

P∨
g1

P∨
g2

P∨ · · ·
P∨

gm and hence s ∈ G. This gives x1

P∨
x2 ⊆ G. Now let z ≤ x1. Then

z ≤ x1 ≤ y1 where y1 ∈ h1

P∨
h2

P∨ · · ·
P∨

hn which implies z ∈ G. Thus G is a hyperideal of L. Now, for any

x ∈ H , we have x ≤ x and x ∈ x
P∨

x . This implies x ∈ G and hence H ⊆ G. Let N be any hyperideal of L

containing H . Let x ∈ G. Then x ≤ y for some y ∈ h1

P∨
h2

P∨ · · ·
P∨

hn, hi ∈ H, n ∈ N, 1 ≤ i ≤ n. Since

H ⊆ N and N is a hyperideal, we get h1

P∨
h2

P∨ · · ·
P∨

hn ⊆ N . Thus y ∈ N and so, x ∈ N . Therefore G ⊆ N .
Thus G is the smallest hyperideal of L containing H . �


We have the following remark.

Remark 2 Let L be a Nakano join hyperlattice and d1 ∈ L. Then

d1 
 d1 = {x ∈ L : x ∨ d1 = d1 ∨ d1}
= {x ∈ L : x ≤ d1}
= 〈d1].

Thus a 
 a = 〈a] for any a ∈ L.

3 Convex subhyperlattices of a join hyperlattice

In this section, we define convex subhyperlattices in a join hyperlattice with suitable examples. While every
singleton set is a convex sublattice in a lattice, this is not always true in a hyperlattice. However, in certain
cases, we specify conditions under which a singleton set can be a convex subhyperlattice. Further, we show
that the collection of convex subhyperlattices forms a lattice when ordered by inclusion. Finally, we discuss the
relationship between three types of hyperfilters, hyperideals and the convex subhyperlattices in a join hyperlattice.
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Hyperfilters and Convex Subhyperlattices in a Join Hyperlattice 1043

Definition 10 ([10]) The non-empty subset K of L is convex if p1, p2 ∈ K , p3 ∈ L with p1 ≤ p3 ≤ p2 implies
that p3 ∈ K .

Definition 11 K ⊆ L is a convex subhyperlattice if

(i) {a, b} ⊆ K implies a ∧ b ∈ K , a
∨

b ⊆ K ,
(ii) c ∈ L, a, b ∈ K such that a ≤ c ≤ b implies c ∈ K .

Example 7 Consider the lattice (Z,≤). Take P = {. . . ,−3,−2,−1}. Then (Z,
P∨

,∧) is a P-hyperlattice. The
set {1, 2, 3, . . . } is a convex subhyperlattice.

Example 8 Consider the lattice (R,≤). Take P = (−∞, 50). Then in (R,
P∨

,∧), [0, 1] is not a convex subhy-

perlattice because 1
P∨

1 = [1, 50) � [0, 1]. But [0, 50) is a convex subhyperlattice. In fact, every (a, b) where

a ∈ R, b ≥ 50 is a convex subhyperlattice of (R,
P∨

,∧).

Example 9 Let L = {0, a, b, c, d, 1}. The hyperoperation
∨

and the binary operation ∧ are given in Table 9,
and the diagram of P-hyperlattice is shown in Figure 6.

Convex subhyperlattices of (L ,
∨

,∧) are C1 = {1}, C2 = {c, 1}, C3 = {d, 1}, C4 = {b, 1}, C5 =
{a, b, c, d, 1}, C6 = {0, a, b, c, d, 1}. Note that C = {0, a, c} is a convex set but not a subhyperlattice since
a

∨
a = {a, d, c} � C .

Example 10 Consider the hyperlattice L given in Example 5. The convex subhyperlattices of L are C1 =
{0}, C2 = {0, a}, C3 = {0, c}, C4 = {0, b}, C5 = {0, a, b, c, 1}.
Proposition 6 All three types of hyperfilters of L are convex subsets of L.

Proof Let F be a hyperfilter of L. Let a, b ∈ F, x ∈ L with a ≤ x ≤ b. Suppose F is a type-I hyperfilter, since
a ≤ x, x ∈ F . Suppose F is of type-II hyperfilter, since a ≤ x, a

∨
x ⊆ F . Also, we have x ∈ a

∨
x . This

implies x ∈ F . If F is type-III hyperfilter, then clearly x ∈ a
∨

x ⊆ F . Thus in any case, F is a convex subset.
�


Fig. 6 Diagrammatic representation of (L ,
∨

,∧) considered in Example 9

Table 9
∨

and ∧ on L = {0, a, b, c, d, 1} considered in Example 9

∨
0 a b c d 1 ∧ 0 a b c d 1

0 {0, d, c} {a, d, c} {b, 1} {c, 1} {d, 1} {1} 0 0 0 0 0 0 0
a {a, d, c} {a, d, c} {b, 1} {c, 1} {d, 1} {1} a 0 a a a a a
b {b, 1} {b, 1} {b, 1} {1} {1} {1} b 0 a b a a b
c {c, 1} {c, 1} {1} {c, 1} {1} {1} c 0 a a c a c
d {d, 1} {d, 1} {1} {1} {d, 1} {1} d 0 a a a d d
1 {1} {1} {1} {1} {1} {1} 1 0 a b c d 1
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Proposition 7 Every hyperideal of L is a convex subhyperlattice.

Proof Let I ⊆ L be a hyperideal and a, b ∈ I . Then a
∨

b ⊆ I and a ∧ b ∈ I . Now, let f ∈ L such that
a ≤ f ≤ b. Then, f ∈ I . Thus, I is a convex subhyperlattice. �

Proposition 8 Every type-III hyperfilter of L is a convex subhyperlattice.

Proof Let F be a type-III hyperfilter of L. Clearly, F is a subhyperlattice, and by Proposition 6, F is a convex
subset. �

Remark 3 In Example 5, {a, 1} is a type-I hyperfilter but not a convex subhyperlattice since a
a = {0, a} � {a}.
This shows that a type-I hyperfilter need not be a convex subhyperlattice.

Proposition 9 Let {Ci }i∈τ be a collection of convex subhyperlattices of L. Then Co = ⋂

i∈τ

Ci is a convex

subhyperlattice provided Co is non-empty.

Proof Let a, b ∈ Co. Then a, b ∈ Ci for all i ∈ τ . Since each Ci is a subhyperlattice, a ∧ b ∈ Ci , a
∨

b ⊆ Ci
for all i ∈ τ . Therefore, a ∧ b ∈ Co and a

∨
b ⊆ Co. Now let x, y ∈ Co and z ∈ L such that x ≤ z ≤ y. Since

each Ci is convex, we have z ∈ Ci ∀i ∈ τ , hence z ∈ Co, which implies Co is a convex set. �

Lemma 10 The set of all convex subhyperlattices of L together with ∅ forms a lattice under inclusion order.

Proof Proof follows by taking C1 ∧C2 = C1 ∩C2 and C1 ∨C2 as the intersection of all convex subhyperlattices
containing C1 and C2, where C1, C2 are two convex subhyperlattices of L. �


In a lattice, every singleton set is a convex sublattice, whereas in a hyperlattice, it is not true in general. For
example, in the hyperlattice given in Example 5, {a} is not a convex subhyperlattice since a 
 a = {0, a} � {a}.
Proposition 11 Let L be a join P-hyperlattice and c ∈ L. Then {c} is a convex subhyperlattice if and only if c
is an upper bound of P.

Proof Let L be a join P-hyperlattice for some P ⊆ L. Suppose c is an upper bound of P . We have c
P∨

c =
{c∨c∨ p : p ∈ P} = {c} ( since c is upper bound of P). Thus c

P∨
c ⊆ {c} and c∧c = c ∈ {c}. So {c} is a convex

subhyperlattice. Conversely, suppose {c} is a convex subhyperlattice, then c
P∨

c = {c ∨ p : p ∈ P} ⊆ {c}. Then,
we get c ∨ p = c for all p ∈ P . This implies p ≤ c for all p ∈ P . Thus, c is an upper bound of P . �

Theorem 12 Let I be a hyperideal and F be a type-III hyperfilter of L. Then I ∩ F is a convex subhyperlattice
provided it is non-empty.

Proof Proof follows from Propositions 7, 8 and 9. �

Remark 4 Theorem 12 need not be true for type-I hyperfilters. Consider Example 5. Let I = L , a hyperideal
and F = {1}, a type-I hyperfilter. Then I ∩ F = {1} is not a convex subhyperlattice since 1 
 1 = L � {1}.
Remark 5 For a given L, the type-I hyperfilter generated by a subset H of L is given by {x ∈ L : h1 ∧ h2 ∧ · · ·∧
hn ≤ x, hi ∈ H, n ∈ N}. In a join P-hyperlattice, since all the three types of hyperfilters coincide, we have the
hyperfilter generated by H , [H〉 = {x ∈ L : h1 ∧ h2 ∧ · · · ∧ hn ≤ x, hi ∈ H, n ∈ N}.

The following theorem provides a unique representation for any convex subhyperlattice in a P-hyperlattice
in terms of hyperfilter and hyperideal.

Theorem 13 In a join P-hyperlattice, any convex subhyperlattice can be uniquely written as the intersection of
a hyperideal and a hyperfilter.

Proof Let C be a convex subhyperlattice of the P-hyperlattice L. We claim that C = 〈C] ∩ [C〉. Since C ⊆
〈C] and C ⊆ [C〉, we get C ⊆ 〈C] ∩ [C〉. Let x ∈ 〈C] ∩ [C〉. Then x ∈ [C〉 and x ∈ 〈C]. So we get
c1 ∧ c2 ∧ · · · ∧ ck ≤ x for some ci ∈ C, k ∈ N. Also since x ∈ 〈C], by Proposition 5, x ≤ y for some

y ∈ h1

P∨
h2

P∨ · · ·
P∨

hm, hi ∈ C, 1 ≤ i ≤ m. Since C is subhyperlattice, y ∈ h1

P∨
h2

P∨ · · ·
P∨

hm ⊆ C . Thus
we have c1∧c2∧· · ·∧ck ≤ x ≤ y. Since C is convex, x ∈ C . Thus 〈C]∩[C〉 ⊆ C and hence C = 〈C]∩[C〉. Now
suppose C = I1 ∩ F1 for some hyperideal I1 and hyperfilter F1. We need to show that I1 = 〈C] and F1 = [C〉.
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Let x ∈ 〈C]. Then x ≤ y for some y ∈ h1

P∨
h2

P∨ · · ·
P∨

hn, hi ∈ C, n ∈ N. Since C is a subhyperlattice,

y ∈ C = I1 ∩ F1 ( since h1

P∨
h2

P∨ · · ·
P∨

hn ⊆ C). This implies y ∈ I1. Thus 〈C] ⊆ I1. Now let x ∈ I1.

Choose d ∈ C = I1 ∩ F1. Since I1 is hyperideal, x
P∨

d ⊆ I1. For x ∈ I1, there exists q ∈ P such that q ≤ x .

We have x ∨ d = x ∨ d ∨ q ∈ x
P∨

d ⊆ I1. Since d ≤ x ∨ d and F1 is hyperfilter, we get x ∨ d ∈ F1. Thus
x ∨ d ∈ I1 ∩ F1 = C ⊆ 〈C]. Now, 〈C] is hyperideal, x ≤ x ∨ d where x ∨ d ∈ 〈C]. Hence, we get x ∈ 〈C].
This gives I1 = 〈C]. By a similar argument, we get F1 = [C〉. Thus, the representation is unique. �


The following example is an illustration of Theorem 13.

Example 11 Consider the lattice L = {0, a1, b1, c1, d1, e1, 1} given in Figure 7. The P-hyperlattice obtained by
taking P = {0, c1} is given in the Figure 8. The hyperideals, hyperfilters (note that all three types coincide), and
convex subhyperlattices are given in Table 10.

Fig. 7 Lattice (L = {0, a1, b1, c1, d1, e1, 1},∨,∧)

Fig. 8 Diagrammatic representation of (L ,
P∨

,∧) considered in Example 11
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Table 10 Hyperideals, Hyperfilters and Convex subhyperlattices of (L ,
P∨

,∧) considered in Example 11

Hyperideals Hyperfilters Convex subhyperlattices

I1 = {0, c1} F5 = {1} C1 = {0, c1} C9 = {b1, c1, e1, 1}
I2 = {0, c1, e1} F6 = {e1, 1} C2 = {0, c1, e1} C10 = {a1, b1, d1, 1}
I3 = {0, a1, b1, c1} F7 = {d1, 1} C3 = {0, a1, b1, c1} C11 = {b1, c1}
I4 = L F8 = {b1, 1} C4 = {1} C12 = {a1, b1}

F9 = L C5 = {e1, 1} C13 = {e1, c1}
F10 = {b1, c1, e1, 1} C6 = {d1, 1} C14 = {b1}
F11 = {a1, b1, d1, 1} C7 = {b1, 1} C15 = {c1}

C8 = L C16 = {e1}

Any convex subhyperlattice can be uniquely written as follows:

Ci =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ii ∩ F9, 1 ≤ i ≤ 3
I4 ∩ Fi+1, 4 ≤ i ≤ 10
I3 ∩ F10, i = 11
I3 ∩ F11, i = 12
I2 ∩ F10, i = 13
I3 ∩ F8, i = 14
I1 ∩ F10, i = 15
I2 ∩ F6, i = 16

Lemma 14 In a Nakano hyperlattice (L,
,∧), the only type-III hyperfilter is L.

Proof Suppose F is a type-III hyperfilter and a ∈ F . Let k ∈ L.
Case 1: a < k
We have a 
 k ⊆ F . Also, since a < k, k ∈ F .
Case 2: k ≤ a.
Since a ∈ F , we have a 
 a = 〈a] ⊆ F which implies k ∈ F .
Case 3: k||a.
Clearly a < a ∨ k which implies a ∨ k ∈ a 
 (a ∨ k) ⊆ F . Since a ∨ k ∈ F, (a ∨ k) 
 (a ∨ k) = 〈a ∨ k] ⊆ F .
Thus k ∈ F (since k ≤ a ∨ k).
Thus, in any case, we get k ∈ F and hence F = L. �

Lemma 15 Any convex subhyperlattice of a Nakano hyperlattice L is a hyperideal.

Proof Let C be a convex subhyperlattice of (L,
,∧). Let s, t ∈ C . Then s 
 t ⊆ C . Suppose u ∈ C, v ∈ L
with v ≤ u. Since u ∈ C, u 
 u = 〈u] ⊆ C and hence u ∧ v ∈ C . We have u ∧ v ≤ v ≤ u, and C is convex;
therefore, v ∈ C . Thus C is a hyperideal. �

Theorem 16 Any convex subhyperlattice of a Nakano hyperlattice can be uniquely written as the intersection
of a hyperideal and a hyperfilter (of each type).

Proof Let (L,
,∧) be a Nakano hyperlattice, F be a type-I hyperfilter and C be a convex subhyperlattice of
L. For a convex subhyperlattice C , we have C = C ∩ L where L is a type-I hyperfilter, and C is a hyperideal.
Suppose C = J ∩ F for some hyperideal J and type-I hyperfilter F . Clearly C ⊆ J , C ⊆ F . Let x ∈ J . Choose
z ∈ C = J ∩ F . We have x ∨ z ∈ x 
 z ⊆ J . Since z ∈ F and z ≤ x ∨ z, we get x ∨ z ∈ F . Therefore,
x ∨ z ∈ J ∩ F = C . Now, x ≤ x ∨ z and C is a hyperideal imply that x ∈ C . Thus J = C . Let p ∈ L. Then
p ∧ z ≤ p which implies p ∧ z ∈ C since C = J ∩ F is a hyperideal. As F is a type-I hyperfilter and p ∧ z ≤ p,
we get p ∈ F . This gives us F = L. Thus the representation is unique. By Remark 1, we see that the result holds
true for type-II and type-III hyperfilters. �


From Theorem 12 and Theorem 16, we conclude the following:

Corollary 17 Let I be a hyperideal and F be a type-I hyperfilter in a Nakano hyperlattice L. Then I ∩ F is a
convex subhyperlattice if and only if F is a type-III hyperfilter.

Example 12 Consider the hyperlattice L given in Example 5. The convex subhyperlattices of L are given in
Example 10. Any convex subhyperlattice Ci can be uniquely written as Ci = Ci ∩ L for 1 ≤ i ≤ 5.
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Conclusion

In this paper, we have introduced two types of hyperfilters in join hyperlattices and considering the existing
definition as one type, we have investigated three types of hyperfilters and explored their relationships in P-
hyperlattices and Nakano hyperlattices. The notion of convex subhyperlattices in a join hyperlattice is defined
with suitable examples. Finally, we have proved that any convex subhyperlattice in a P-hyperlattice or a Nakano
hyperlattice can be uniquely represented as the intersection of a hyperideal and a hyperfilter. The following
question is open in join hyperlattices:

1. Is it possible that any convex subhyperlattice in a join hyperlattice can be uniquely represented as the inter-
section of a hyperideal and a hyperfilter?
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