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Abstract In this paper, we define different types of hyperfilters in a join hyperlattice. We prove that these types of
hyperfilters are equivalent in a join P-hyperlattice whereas, only type-II and type-III hyperfilters are equivalent
in a Nakano hyperlattice. We define the notion of convex subhyperlattice in a join hyperlattice and discuss
various properties with suitable examples. Finally, we prove that any convex subhyperlattice in a P-hyperlattice
or Nakano hyperlattice can be uniquely represented as the intersection of a hyperideal and a hyperfilter, and
illustrate with suitable examples.
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1 Introduction

A binary operation is a function that combines two elements from a set to produce another element from the
same set. However, when we combine two elements, we may get more than one possible outcome in many
natural phenomena. Algebraic hyperstructures help us to handle such systems. The notion of hyperlattice is a
generalization of classical lattice obtained by considering one or both binary operations with a hyperoperation
and this lacks several properties that a lattice satisfies. Konstantinidou and Mittas [1] generalized lattices by
replacing the binary operations join and meet with hyperoperations. Lashkenari and Davvaz [2] introduced the
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Hyperfilters and Convex Subhyperlattices in a Join Hyperlattice 1037

notion of complete join hyperlattice and proved that P-hyperlattices are complete and further discussed Nakano
hyperlattices. Lashkenari and Davvaz [3] established the idea of ordered join hyperlattices and examined prime
ideals in the product of two ordered join hyperlattices. Bideshki et al. [4] introduced the notions of strong
meet-hyperlattices, hyperideals and hyperfilters in strong meet-hyperlattices and also investigated distributivity
(dual distributivity) in meet-hyperlattices. Pallavi et al. [5] introduced the notion of a 2-absorbing hyperideal in
a strong meet hyperlattice and proved the interrelation between various generalizations of prime hyperideals.
In [6], the authors explored generalizations of prime hyperideals viz 2-absorbing, primary 2-absorbing etc. in
join hyperlattices. Ameri et al. [7] discussed residual mappings in meet hyperlattices using principal down
sets and gave conditions for a mapping between two hyperlattices to be equivalent to residual mapping. They
also investigated convex subsets in meet hyperlattices. Although a hyperoperation induces a partial order under
certain conditions, there is no equivalence between hyperoperation and partial order as observed in lattices. This
motivates the definition of types of hyperfilters. The term “hyperfilter" is already defined within the framework of
ajoin hyperlattice [2]. In Section 2, we introduce two types of hyperfilters. Then by treating the existing definition
of hyperfilter as one type, we explore the relationship between the three types of hyperfilters in Nakano and P-
hyperlattices. In Section 3, we define convex subhyperlattice in a join hyperlattice and provide examples to
illustrate the concept. Later, we discuss how these three types of hyperfilters, along with hyperideals are related
to convex subhyperlattices.

2 Types of hyperfilters

In this section, we define two types of hyperfilters in join hyperlattices and discuss their interrelationship in P-
hyperlattices and Nakano hyperlattices. Throughout, \/ and Vv denote the hyperoperation join and the classical
operation join respectively.

Definition 1 ([8]) Let H be a non-empty set and let P*(H) be the set of all non-empty subsets of H. A
hyperoperation on H isamap o : H x H — P*(H) and (H, o) is called a hypergroupoid.

If A and B are non-empty subsets of H and \/ is a hyperoperation, then
A\/B = U a\/b, A\/x =A\/{x} and x\/B = {x}\/B.
acA,beB

Definition 2 ([2]) Let L be a non-empty set, \/ : L x L — P*(L) be a hyperoperation, and A : L x L — L
be an operation. Then (L, \/, A) is a join hyperlattice if for all x, y, z € L the following conditions hold:

(i) xex\xandx =x Ax.

i xVoVa=acVyVzandx A(yAz) =(x AY) Az
(i) x\Vy=yVxandx Ay =y Ax.

iv) xex AxVy)Nx\VxAy).

We say L is a strong join hyperlattice if y € x \/ y then x = x A y.
Throughout, £ denotes a strong join hyperlattice unless otherwise specified.

Definition 3 ([9]) The relation ‘<’ is defined on £ as follows:
Iy <1 ifand only if Iy Al =1/ ifand only if I, € [} \/12.

Then (£, <) is poset.

Example 1 ([6]) Let N be the set of all natural numbers and P(N) be the power set of N. Let X = {0, {1, 2}}.
Define the operations \/ and A as follows:

A\/B=AUBUX={AUBUC:CeX}and AAB=ANB,

forany A, B € P(N). Then (P(N), \/, A) is a join hyperlattice.

Definition 4 ([10]) The non-empty subset H of £ is a subhyperlattice if H is closed under the hyperoperation
\/ and the operation A in £.
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0
Fig. 1 Lattice (L = {0, 11, 2, 3, I, 1}, V, A)

Definition 5 ([2]) A non-empty subset J of £ is called a hyperideal if

(1) L, € Jimpliesl; \/ I, € J,
(i) /1 € Jand [ <y implies [l € J,

foralll{,, € £.
Definition 6 ([2]) A non-empty subset F of £ is called a hyperfilter if for all a, b, x € £, the following holds:

(1) a,b € Fimpliesa Ab € F.
(i1) a € F witha < x implies x € F.

We call the hyperfilter in Definition 6 as type-I hyperfilter.
Definition 7 A non-empty subset F of £ which is closed under A is said to be a hyperfilter of

(i) type-llifa; € F,x € £witha; < xthena; \/x C F.
(i) type-lllifa; € F,x € Lthena; \/x C F.

P
Theorem 1 ([11]) Let (L, A, V) be lattice and P be a non-empty subset of L. We define a hyperoperation \/ by

P
h\/b=hLvhvP={ivhLVvp|peP}

P
forallly,ly € L. Then (L, \/, A) is a join hyperlattice if and only if for each |} € L there exists p € P such
that p < ly. In this case we call L a P-hyperlattice.

Example 2 Let X be a topological space and t be the set of all open sets of X. Let R = {#J, U} where U is a
non-empty open set in 7. Define the operations \/ and A as follows:

S\/T:{SUTUD:DGR}andS/\TzSﬂT,

forany S, T € 7. Then (z, \/, A) is a join hyperlattice.

Example 3 Let (L = {0,101, 5, 13,14, 1}, v, A) be a lattice given in Figure 1 and P = {0,/;}, and \/, A on L be
defined in Table 1.

Then (L, \/, A) is a P-hyperlattice. We give a diagram of P-hyperlattice in Figure 2. In the diagrammatic
representation, the meet of two elements is the lattice element occurring in the same position as their meet in
the lattice. The hyperoperation join of two elements is the set occurring in the same position as their join in the
lattice. For instance, 0 \/ 0 = {0, 1}, [; \/ s = {1}, [, \/ la = {l4, 1}.

Hyperidealsare I} = {0, 1}, I, = {0, 11, >, I3}, Iz = {0, I1, I3, I3, l4, 1}. The hyperfilters are listed in Table 2.

Example 4 Let L = {a, b, ¢, d, e}. Table 3 gives the hyperoperation \/ and the binary operation A on L. Then,
(L,\/, A) is ajoin hyperlattice. The hyperideals of L are I} = {a}, I, = {a, b}, 3 = {a, ¢}, I = {a, ¢, d}, Is =
{a, b, c,d, e}. Table 4 gives the types of hyperfilters of L.
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Table 1 \/ and A on L considered in Example 3

\V 0 it 123 I3 In 1 A 0 I 153 I3 n 1
0 {0, Ih} {h} {1, 13} {13} {la, 1} {1} 0 0 0 0 0 0 0
h {h} {h} {13} {13} {1} {1} I 0 l 0 h 0 h
b {l, 13} {13} {2, I3} {13} {la, 1} {1} 1)) 0 0 I I 15} 1)
I3 {13} {13} {13} {13} {1} {1} I3 0 h b & b I3
Ly {1} {1} {l4, 1} {1} {l4, 1} {1} Iy 0 0 1) 1) Iy ly
1 {1} {1} {1} {1} {1} {1} 1 0 h b I3 Iy 1
1
{1}
lg l4
{13} {l/h 1}
I lg
{lh} {l2, 15}
0
{0711}
Fig. 2 Diagrammatic representation of (L, \/, A) considered in Example 3
Table 2 Hyperfilters of the P-hyperlattice (L, \/, A) considered in Example 3
Type-I Hyperfilter Type-II Hyperfilter Type-III Hyperfilter
Fr={1} G ={l} Hy = {1}
Fry={l31} Gy ={l3,1} Hy, = {l3, 1}
Fy={l4, 1} G3 ={l4, 1} Hz = {l4, 1}
Fy={l, 13,1} Gy ={l1,15, 1} Hy={li,15, 1}
Fs ={l, 13,14, 1} Gs ={l, 13,14, 1} Hs = {b, 13, 14, 1}
Fo ={0,11,1p, 13,14, 1} Ge =1{0,11,1p, 13,14, 1} He ={0,11,12,13,14, 1}
Table 3 \/ and A on L considered in Example 4
\ a b ¢ d e A a b ¢ d e
a {a} {a, b} {a, c} {a,d} {a, e} a a a a a a
b {a, b} {b} {b,c,e} {b,d, e} {b, e} b a b a a b
c {a, c} {b,c,e} {c} {c,d} {c, e} c a a c c c
d {a,d} {b,d, e} {c,d} {d} {d, e} d a a c d d
e {a, e} {b, e} {c, e} {d, e} {e} e a b c d e

Definition 8 ([10]) Let (L, A, V) be a modular lattice. For any a, b € L, define the Nakano hyperoperation
aub={zeL:zva=zVvb=avb}. Then (L,U, A) is a strong join hyperlattice.

We call the hyperlattice (L, L, A) as Nakano join hyperlattice.

Example 5 Consider the modular lattice (L = {0, a, b, c, 1}, vV, A) given in the Figure 3. Let the Nakano
hyperoperation LI and the binary operation A be defined in Table 5. The hyperfilters of (L, LI, A) are given in
Table 6. The hyperideals are 11 = {0}, I = {0, a}, I = {0, b}, 14 = {0, ¢}, Is = {0, a, b, c, 1}.

Example 6 Let(L ={0,a,b,c,d, 1}, v, A)bealattice given in the Figure 4 and P = {0, b}. The hyperoperation
\/ and the binary operation A are given in Table 7. (L, \/, A) is a join P-hyperlattice whose diagram is given in
Figure 5.

I ={0,b},, = {0,a,b,d}, Iz = {0,a, b, c,d, 1} are the hyperideals of (L, \/, A) whereas the hyperfilters
are given in Table 8.

N
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1040 N. A. Nayak et al.

Table 4 Hyperfilters of (L, \/, A) considered in Example 4

Type-I Hyperfilter Type-1I Hyperfilter Type-11I Hyperfilter
Fi = {e} G ={e} Hy={a,b,c,d, e}
Fy={d, e} Gy ={d, e}
F3={b, e} Gy ={b, e}
Fy=A{c,d, e} Gy ={c,d, e}
Fs={a,b,c,d, e} Gs ={a,b,c,d, e}

1

a c
0

Fig. 3 Lattice (L = {0,a, b, c, 1}, V, A)

Table 5 LI and A on L considered in Example 5

u 0 a b c 1 A 0 a b c 1
0 {0} {a} {b} {c} {1} 0 0 0 0 0 0
a {a} {0, a} {c, 1} {b, 1} {b,c, 1} a 0 a 0 0 a
b (b} {e. 1} {0. b} {a. 1} {a,c, 1) b 0 0 b 0 b
c {c} {b, 1} {a, 1} {0, ¢} {a,b, 1} c 0 0 0 c c
1 {1} {b,c, 1} {a,c, 1} {a,b, 1} L 1 0 a b c 1
Table 6 Hyperfilters of (L, LI, A) considered in Example 5

Type-1 Hyperfilter Type-1I Hyperfilter Type-I1I Hyperfilter
Fr={1} G =L H =L

Fy ={a, 1}

F3=1{b, 1}

Fy={c, 1}

Fs={0,a,b,c, 1}

Lemma 2 Intersection of hyperfilters of one type is again a hypetfilter of the same type provided it’s non-empty.

Proof Let {F;};c; be a collection of hyperfilters of type-I. Let F = (7] F;. Suppose a, b € F. Thena, b € F;

i€t
forall i € 7. Since each F; is a type-I hyperfilter,a A b € F;.Leta € F,x € L witha < x then, since x € F;
for each i € 7, we get x € F. The proof is similar in the case of type-II and type-III hyperfilters. O

Remark 1 In any £, every type-III hyperfilter is a type-II hyperfilter and every type-1I hyperfilter is a type-I
hyperfilter.

If F is type-1I hyperfilter, then for any a € F,s € £ witha < s, we have s € a\/ s € F which implies F is a
type-I hyperfilter.

Converse of Remark 1 need not be true. Consider Example 5. Here {a, 1} is a type-I hyperfilter but not type-1I
or type-III. In Example 4, {e} is a type-1I hyperfilter but not type-III. However, the following proposition shows
that all three types of hyperfilters coincide in a P-hyperlattice.

Proposition 3 [n a join P-hyperlattice, all the three types of hyperfilters are equivalent.

Proof Let £ be ajoin P-hyperlattice. We shall prove that a subset of £ is a type-I hyperfilter if and only if type-II
hyperfilter. Let F' be a type-I hyperfilter and s, b € F. Clearly, s Ab € F.Nowlets € F,b € £ withs < b and
P

x €s\/b.Thenx =s VbV pforsome p € P. This givesusx = bV p (sinces < b).Now,b € F,bvpe £
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d
¢
a
0
Fig. 4 Lattice (L ={0,a, b, c,d, 1}, V, N)
Table 7 \/ and A on L considered in Example 6
\Vi 0 a b c d 1 A 0 a b ¢ d 1
0 {0, b} {a,d} {b} {c, 1} {d} {1} 0 0 0 0 0 0 0
a {a,d} {a,d} {d} {1} {d} {1} a 0 a 0 0 a a
b {b} {d} {b} {1} {d} {1} b 0 0 b 0 b b
c {c, 1} {1} {1} {c, 1} {1} {1} c 0 0 0 c 0 c
d {d} {d} {d} {1} {d} {1} d 0 a b 0 d d
1 {1} {1} {1} {1} {1} {1} 1 0 a b c d 1
1
{1}
d ~
) \
) c
{e, 1}
a {0}
{a,d}
0
{0,b}

Fig. 5 Diagrammatic representation of (L, \/, A) considered in Example 6

Table 8 Hyperfilters of the P-hyperlattice (L, \/, A) considered in Example 6

Type-I Hyperfilter

Type-1I Hyperfilter

Type-I1I Hyperfilter

Fr = {1}

P =1{d1}
F3={c 1}
F4 ={a,d, 1}
Fs=1{b,d, 1}

Fs =1{0,a,b,c,d, 1}

Gy = {1}

Gy, =1{d, 1}

G3 = {c, 1}

Gy ={a,d, 1}

Gs =1{b,d, 1}

Ge¢ =1{0,a,b,c,d, 1}

Hyp = {1}

Hy=1{d, 1}
H3 ={c, 1}
Hy ={a,d, 1}
Hs =1{b,d, 1}

He ={0,a,b,c,d, 1}

P

with b < b Vv p, implies x = b Vv p € F. Therefore, s \/ b C F. Converse follows from Remark 1. Now, we
show that a subset of £ is a type-II hyperfilter if and only if type-III hyperfilter. Consider a type-II hyperfilter
P
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1042 N. A. Nayak et al.

P P
s € F,x € £ which implies s \/ x € F. Since s < x, we have x € F. Hence s \/ b C F. Converse follows
from Remark 1. O

Proposition 4 Ler (£, U, A) be a Nakano join hyperlattice. Then F C £ is a type-1I hyperfilter if and only if it
is a type-III hyperfilter.

Proof Let F be a type-II hyperfilter. Then for any s,b € F,s Ab e F.Letx € sUb wheres € F,b € £.
Then x Vs = xVb =sVvb Sinces € F,s Vvx € £withs < sVvx,sU(s Vx) C F.We have
XVs=xV(sVx)=sV(sVux) Therefore,x € s LU (s Vx) C F,impliesx € F. Thus s Ub C F. Converse
follows by Remark 1. O

Definition 9 ([9]) Let A € £. The intersection of all hyperideals of £ containing A is called the hyperideal
generated by A and it is denoted by (A] (or (A]). If A = {a}, then we call the hyperideal generated by A a
principal hyperideal and denote it by (a].

In the sequel, we use the notation (A] to denote the hyperideal generated by A.
Proposition 5 Let H C £ be non-empty, where £ is a P-hyperlattice. Then

P P P
(H]:{xeﬂ:xSyforsomeyehl\/hg\/-n\/hn,hieH,neN,lSign}

P P P

Proof LetG = {x € £:x < yforsomey € hi\/ho\/---\/ "y, hi € H, n € N, 1 <i < n}. We need to

show that G is the smallest hyperideal containing H. Given H # ¢. Let a € H. Then there exists ¢ € P such
P

that ¢ < a. We have a = a v a v q. This gives a € a\/a. So ¢ € G which implies G is non-empty. Now

P P P J P
let x1,x2 € G. Then x; < y; and xp < y, for some y; € hi\/ ha\/---\/ hpand y2 € g1\ &2V -V &gnm
P

respectively, m,n € N, h;, gj € Hfor1 <i <n,1 <j<m.Lets € x1 \/ x2. Then s = x1 V x, V p for some

P P P P
p € P. Thisimpliess <yiIVv»nVp. Notethaty1 VyaVp ey y. Since y; € h1\/h2\/ -\/ h, and
P P p P P P
z€g1Vg2V \/gm,wehaveyl\/yzchl\/hz\/ “\ hn Vg1Vg2V \/gm So yivyVvpe
P P
h1Vh2\/ \/h \/g1Vg2\/ \/gm and hence s € G. Thlsglvesxl\/xz C G. Now let z < xj. Then
P

z < x1 < y| where y; € hy \/ [ PAVERE \/ hy, which implies z € G. Thus G is a hyperideal of £. Now, for any
P
x € H,wehave x < x and x € x \/ x. This implies x € G and hence H € G. Let N be any hyperideal of £

P P P
containing H. Let x € G. Thenx < y forsome y € hi\/ ha\/---\/ hy,hi € H,n € N, 1 < i < n. Since
P P P
H C N and N is a hyperideal, we get hy \/ ho \/ ---\/ h, € N. Thus y € N and so, x € N. Therefore G C N.
Thus G is the smallest hyperideal of £ containing H. O

We have the following remark.
Remark 2 Let £ be a Nakano join hyperlattice and d; € £. Then
diudi={xeL:xvd =dVvd}
={xel:x <d}
= (di1].
Thus a Ua = (a] for any a € £.

3 Convex subhyperlattices of a join hyperlattice

In this section, we define convex subhyperlattices in a join hyperlattice with suitable examples. While every
singleton set is a convex sublattice in a lattice, this is not always true in a hyperlattice. However, in certain
cases, we specify conditions under which a singleton set can be a convex subhyperlattice. Further, we show
that the collection of convex subhyperlattices forms a lattice when ordered by inclusion. Finally, we discuss the
relationship between three types of hyperfilters, hyperideals and the convex subhyperlattices in a join hyperlattice.
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Definition 10 ([10]) The non-empty subset K of £is convex if p1, p2 € K, p3 € £with p; < p3 < pp implies
that p3 € K.

Definition 11 K C £ is a convex subhyperlattice if

(i) {a,b} € K impliesa Ab € K,a\/b C K,
(i) c€ £,a,b € K suchthata < ¢ < b impliesc € K.

P
Example 7 Consider the lattice (Z, <). Take P = {..., =3, =2, —1}. Then (Z, \/, A) is a P-hyperlattice. The
set {1, 2, 3,...}1is a convex subhyperlattice.

P
Example 8 Consider the lattice (R, <). Take P = (—o00, 50). Then in (R, \/, A), [0, 1] is not a convex subhy-
P
perlattice because 1\/ 1 = [1, 50) Q [0, 1]. But [0, 50) is a convex subhyperlattice. In fact, every (a, b) where
P
a € R, b > 50 is a convex subhyperlattice of (R, \/, A).

Example 9 Let L = {0, a, b, c,d, 1}. The hyperoperation \/ and the binary operation A are given in Table 9,
and the diagram of P-hyperlattice is shown in Figure 6.

Convex subhyperlattices of (L,\/, A) are C; = {1},C> = {c,1},C3 = {d,1},C4 = {b,1},C5 =
{a,b,c,d,1},Ce = {0,a,b,c,d, 1}. Note that C = {0, a, c} is a convex set but not a subhyperlattice since
a\/a={a,d,c}¢C.

Example 10 Consider the hyperlattice L given in Example 5. The convex subhyperlattices of L are C; =
{0}, C2 ={0,4a}, C3 ={0, ¢}, C4 ={0,b},Cs ={0,a, b, c, 1}.

Proposition 6 All three types of hyperfilters of £ are convex subsets of £.

Proof Let F be a hyperfilter of £. Leta,b € F,x € £ witha < x < b. Suppose F is a type-I hyperfilter, since
a < x, x € F. Suppose F is of type-1I hyperfilter, since a < x,a\/x C F. Also, we have x € a \/ x. This
implies x € F. If F is type-III hyperfilter, then clearly x € a \/ x € F. Thus in any case, F is a convex subset.

O

1
{1}

DN

b d c
{b,1} {d,1} {c,1}

a
{a,d,c}

0
{0,d,c}

Fig. 6 Diagrammatic representation of (L, \/, A) considered in Example 9

Table 9 \/ and A on L = {0, a, b, ¢, d, 1} considered in Example 9

0 a b c d 1

{0,d, ¢} {a,d, c} {b, 1} {c, 1} {d, 1} {1}
{a,d, c} {a,d, c} {b, 1} {c, 1} {d, 1} {1}
{b, 1} {b, 1} {b, 1} {1} {1} {1}
{c, 1} {e, 1} {1} {e, 1} {1} {1}
{d, 1} {d, 1} {1} {1} {d, 1} {1}
{1} {1} {1} {1} {1} {1}

o

—a0 s of >
ccococoo|o
s s o|s
Saascao|ls
asaaano

Y Y
—0 > o
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1044 N. A. Nayak et al.

Proposition 7 Every hyperideal of £ is a convex subhyperlattice.

Proof Let I C £ be a hyperideal and a,b € I. Thena\/b C [ and a A b € I. Now, let f € £ such that
a < f <b.Then, f € I.Thus, I is a convex subhyperlattice. O

Proposition 8 Every type-111 hyperfilter of £ is a convex subhyperlattice.

Proof Let F be a type-III hyperfilter of £. Clearly, F is a subhyperlattice, and by Proposition 6, F is a convex
subset. m]

Remark 3 InExample 5, {a, 1} is a type-I hyperfilter but not a convex subhyperlattice since aLla = {0, a} € {a}.
This shows that a type-I hyperfilter need not be a convex subhyperlattice.

Proposition 9 Let {C;}ic; be a collection of convex subhyperlattices of £. Then C, = () C; is a convex
iet

subhyperlattice provided C, is non-empty.

Proof Leta,b € C,. Thena,b € C; foralli € 7. Since each C; is a subhyperlattice,a Ab € Cij,a\/ b C C;
foralli € 7. Therefore,a Ab € C,anda\/b C C,. Now letx, y € C, and z € £ such that x < z < y. Since
each C; is convex, we have z € C; Vi € 1, hence z € C,, which implies C, is a convex set. O

Lemma 10 The set of all convex subhyperlattices of £ together with ) forms a lattice under inclusion order.

Proof Proof follows by taking C; A Cy = C1 N C; and Cy Vv C3 as the intersection of all convex subhyperlattices
containing Cy and C5, where C1, C» are two convex subhyperlattices of £. |

In a lattice, every singleton set is a convex sublattice, whereas in a hyperlattice, it is not true in general. For
example, in the hyperlattice given in Example 5, {a} is not a convex subhyperlattice since a Lia = {0, a} € {a}.

Proposition 11 Let £ be a join P-hyperlattice and ¢ € £. Then {c} is a convex subhyperlattice if and only if ¢
is an upper bound of P.

P
Proof Let £ be a join P-hyperlattice for some P C £. Suppose ¢ is an upper bound of P. We have ¢ \/ ¢ =
P

{cvevp: p e P} ={c} (since cisupperbound of P). Thusc\/ ¢ C {c} andcAc = ¢ € {c}. So{c}isaconvex

P
subhyperlattice. Conversely, suppose {c} is a convex subhyperlattice, thenc \/ ¢ = {cV p : p € P} C {c}. Then,
we getc VvV p = cforall p € P. This implies p < ¢ forall p € P. Thus, c is an upper bound of P. O

Theorem 12 Let I be a hyperideal and F be a type-11I hyperfilter of £. Then I N F is a convex subhyperlattice
provided it is non-empty.

Proof Proof follows from Propositions 7, 8 and 9. O

Remark 4 Theorem 12 need not be true for type-I hyperfilters. Consider Example 5. Let I = L, a hyperideal
and F = {1}, a type-I hyperfilter. Then / N F = {1} is not a convex subhyperlattice since 1 L' 1 = L ¢ {1}.

Remark 5 For a given £, the type-I hyperfilter generated by a subset H of Lisgivenby {x € £: hj Aha A--- A
hy, <x,h; € H,n € N}. In ajoin P-hyperlattice, since all the three types of hyperfilters coincide, we have the
hyperfilter generated by H, [H) ={x e L: hi Aho A--- ANh, <x,h; € H,n € N}.

The following theorem provides a unique representation for any convex subhyperlattice in a P-hyperlattice
in terms of hyperfilter and hyperideal.

Theorem 13 In a join P-hyperlattice, any convex subhyperlattice can be uniquely written as the intersection of
a hyperideal and a hyperfilter.

Proof Let C be a convex subhyperlattice of the P-hyperlattice £. We claim that C = (C] N [C). Since C C

(Cland C C [C), we get C € (C]N[C). Let x € (C]N[C). Then x € [C) and x € (C]. So we get

ci A2 A Acgp < x for some ¢; € C,k € N. Also since x € (C], by Proposition 5, x < y for some
P P P P P P

yemh\/ ha\/--\ hm, hi € C,1 <i < m.Since C is subhyperlattice, y € h; \/ ha \/---\/ by € C. Thus

wehaveci AcayA---Ack < x < y.Since Cisconvex,x € C.Thus (C]N[C) € C andhence C = (C]N[C). Now

suppose C = I} N F; for some hyperideal /; and hyperfilter F;. We need to show that I} = (C] and F| = [C).
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P P P
Let x € (C]. Then x < y forsome y € hy\/ha\/---\/ hy,hi € C,n € N. Since C is a subhyperlattice,
P P P
y € C=1LNF (since hy \/ha\/---\/ h, € C). This implies y € I1. Thus (C] C I;. Now let x € I;.
P

Choose d € C = I} N Fj. Since 1 is hyperideal, x \/ d C I;. For x € I}, there exists ¢ € P such that g < x.

P
Wehave x Vd =xVvdvgex\/dCI.Sinced < x vd and F) is hyperfilter, we get x vV d € F;. Thus
xVvdeliNF =C C(C]. Now, (C] is hyperideal, x < x Vv d where x V d € (C]. Hence, we get x € (C].
This gives I1 = (C]. By a similar argument, we get F; = [C). Thus, the representation is unique. O

The following example is an illustration of Theorem 13.

Example 11 Consider the lattice L = {0, a1, b1, 1, dy, e1, 1} given in Figure 7. The P-hyperlattice obtained by
taking P = {0, c1} is given in the Figure 8. The hyperideals, hyperfilters (note that all three types coincide), and
convex subhyperlattices are given in Table 10.

d1 €1

aq C1

Fig. 7 Lattice (L = {0, ay, b1, c1,dy, e1, 1}, V, A)

1
{1}

N

dl bl €1

{di,1} {1} {e1

al C

{a1,b1} {ci}
NI

{O,Cl}
P

Fig. 8 Diagrammatic representation of (L, \/, A) considered in Example 11
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P
Table 10 Hyperideals, Hyperfilters and Convex subhyperlattices of (L, \/, A) considered in Example 11

Hyperideals Hyperfilters Convex subhyperlattices
I ={0,c1} Fs = {1} = {0, c1} Co = {by,c1,e1, 1}
L ={0,cy, e} Fs={€1,1} Cz—{O c1, e} Cio = {ay, b1,d1, 1}
I3 = {0, a1, by, c1} F7; = {d, 1} C3=1{0,a1,by,c1} Ciy = {b1,c1}
Iy =L Fg = {by, 1} Cy = ({1} Cip = {a1, b1}

Fo=1L ={ey, 1} Ciz ={er, c1}

Fio = {b1.c1,e1, 1} C6—{dl 1} Cia = {D1}

Fiy ={a1, b1, d1, 1} = {b1, 1} Cis = {c1}

C8—L Cie = {e1}

Any convex subhyperlattice can be uniquely written as follows:

I; N Fo, 1<i<3
LNFy, 4<i<10
LN Fy, =11
ILNFy, =12
LNFyy, =13
I3 N Fg, i=14
ILIiNFyp, =15
I N Fg, i=16

Lemma 14 In a Nakano hyperlattice (£, U, A), the only type-I1I hyperfilter is L.

Proof Suppose F is a type-1II hyperfilter and a € F. Letk € £.

Case l:a <k

We have a Lk C F. Also,sincea < k,k € F.

Case 2: k < a.

Since a € F, we have a Ua = (a] € F which implies k € F.

Case 3: k||a.

Clearly a < a v k whichimpliesa Vkeal(avk) C F.Sinceavke F,(avVk)U(@aVvk)=(aVk]CF.
Thus k € F (since k <a V k).

Thus, in any case, we get k € F and hence F' = £. O

Lemma 15 Any convex subhyperlattice of a Nakano hyperlattice £ is a hyperideal.

Proof Let C be a convex subhyperlattice of (£, U, A). Let s,z € C. Thensut € C. Suppose u € C,v € £
withv < u. Sinceu € C, ulu = (u] € C andhenceu Av € C. Wehave u A v < v < u, and C is convex;
therefore, v € C. Thus C is a hyperideal. O

Theorem 16 Any convex subhyperlattice of a Nakano hyperlattice can be uniquely written as the intersection
of a hyperideal and a hyperfilter (of each type).

Proof Let (£, U, A) be a Nakano hyperlattice, F' be a type-I hyperfilter and C be a convex subhyperlattice of
£. For a convex subhyperlattice C, we have C = C N £ where £ is a type-I hyperfilter, and C is a hyperideal.
Suppose C = J N F for some hyperideal J and type-I hyperfilter F. Clearly C € J, C C F.Letx € J. Choose
zeC=JNF. Wehavex VzexlUz C J.Sincez € Fandz < x V z, we get x V z € F. Therefore,
xVvzeJNF =C.Now,x <xVzand C is a hyperideal imply that x € C. Thus J = C. Let p € £. Then
p Az < p whichimplies p Az € C since C = J N F is ahyperideal. As F is a type-I hyperfilterand p Az < p,
we get p € F. This gives us F' = £. Thus the representation is unique. By Remark 1, we see that the result holds
true for type-II and type-III hyperfilters. O

From Theorem 12 and Theorem 16, we conclude the following:

Corollary 17 Let I be a hyperideal and F be a type-I hyperfilter in a Nakano hyperlattice £. Then I N\ F is a
convex subhyperlattice if and only if F is a type-III hyperfilter.

Example 12 Consider the hyperlattice L given in Example 5. The convex subhyperlattices of L are given in
Example 10. Any convex subhyperlattice C; can be uniquely written as C; = C; N L for 1 <i <5.
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Conclusion

In this paper, we have introduced two types of hyperfilters in join hyperlattices and considering the existing
definition as one type, we have investigated three types of hyperfilters and explored their relationships in P-
hyperlattices and Nakano hyperlattices. The notion of convex subhyperlattices in a join hyperlattice is defined
with suitable examples. Finally, we have proved that any convex subhyperlattice in a P-hyperlattice or a Nakano
hyperlattice can be uniquely represented as the intersection of a hyperideal and a hyperfilter. The following
question is open in join hyperlattices:

1. Is it possible that any convex subhyperlattice in a join hyperlattice can be uniquely represented as the inter-
section of a hyperideal and a hyperfilter?
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