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Abstract Necessary and sufficient conditions for a bijective linear transformation that preserves star partial
order in an indefinite inner product space are obtained, using the concept of matrix deformation.
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1 Introduction

In the past few decades, a lot of attention has been given to the study of various partial orders, such as star order,
left star order, right star order, minus partial order, diamond order, plus partial order, etc.. in both finite or infinite
dimensional Hilbert spaces [1–4]. Recently, some progress has been made about the matrix partial orders in
indefinite inner product spaces [5–7].

One of the interesting problem is to explore the algebraic behaviors of matrix partial orders on the set of
all complex square matrices. Many authors considered the automorphism of linear maps in finite or infinite
dimensional Hilbert spaces with respect to various matrix partial orders [8,9]. In particular, characterization of
bijective linear maps on Mn(C) preserving the star partial order is given by Guterman [10]. In view of above,
we try to explore similar characterization for a bijective linear maps preserving the star partial order in indefinite
inner product spaces.

An indefinite inner product in C
n is induced by an invertible Hermitian matrix N (called the weight matrix of

order n) through [x, y] = 〈x, N y〉, where 〈., .〉 represents the Euclidean inner product on C
n . An Indefinite Inner

Product Space (IIPS) is one in which an indefinite inner product is defined. Now, consider an m × n matrix A:
the M N -adjoint of A is denoted by A[∗] and is given by A[∗] = N−1 A∗M , where M and N are weight matrices
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of order m and n, respectively. Notably, the indefinite inner product space reduces to the Euclidean space when
the weights M and N correspond to identity matrices.

An n × n square matrix A is called the N -Hermitian, N -unitary, projection and N -orthogonal projection if
A = A[∗], AA[∗] = A[∗] A = In , A = A2 and A = A2 = A[∗] respectively, where In denotes an identity matrix of
order n. Range space, null space and rank of a matrix A are denoted by R(A), N (A) and r(A) respectively. Let
A and B be any two m × n complex matrices. We say that A is below B with respect to star order in an indefinite

inner product space i.e., A
[∗]≤ B if AA[∗] = B A[∗] and A[∗] A = A[∗] B. We define left (right) star partial order in

an indefinite inner product space as A
[∗]≤ B (A ≤[∗]

B) iff A[∗] A = A[∗] B and R(A) ⊆ R(B) (AA[∗] = B A[∗]
and R(A[∗]) ⊆ R(B[∗])).

The Moore-Penrose inverse of a matrix A ∈ C
m×n in an IIPS is defined as the unique matrix X ∈ C

n×m

satisfying the following four Penrose equations:

(1) AX A = A, (2) X AX = X, (3) (AX)[∗] = AX and (4) (X A)[∗] = X A.

Such a matrix X is denoted by A[†]. A matrix X is said to be {1} - inverse of A if it satisfies the first Penrose
equation and is denoted by A(1). The set of all {1} - inverses of A is denoted by A{1}. The necessary and
sufficient condition for existence of the Moore-Penrose inverse in an IIPS is r(A) = r(AA[∗]) = r(A[∗] A). For
more properties of Moore-Penrose inverse in an IIPS, one can refer to [11]. A complex square matrix A is said
to have the spectral property if (A − λI )[†] exists for all eigenvalues λ of A [12].

Our main objective of this paper is to prove the following: Let Mn(C) be the set of all n × n complex square
matrices and T : Mn(C) → Mn(C) be a linear bijective transformation then T preserves star partial order in an

indefinite inner product space (i.e. A
[∗]≤ B implies T (A)

[∗]≤ T (B)) if and only if there exists a non zero scalar
α ∈ C and N−unitary matrices U and V such that T (X) = αU X V for all X ∈ Mn(C).

2 Preliminaries

First, we collect some basic results that are essential for the further discussion.

Theorem 1 [ [13], Theorem 2] Let A be an m×n complex matrix. Let G and H be m×m and n×n non-singular

complex matrices, respectively, such that A = G

(
Ir K
0 0

)
H. Then X = H−1

(
Ir 0
0 L

)
G−1 is a {1}-inverse of

A, for any n − r × m − r matrix L.

Theorem 2 [ [14]] Let T : Mn(C) −→ Mn(C) be an invertible linear transformation such that det (X) = 0
implies det (T (X)) = 0. Then there exist invertible matrices P, Q ∈ Mn(C) such that T (X) = P X Q, for all X
∈ Mn(C).

Theorem 3 [ [5]] Let V be a finite dimensional complex indefinite inner product space and let A be an n × n
complex square matrix. Then the following are equivalent:

(i) A is N- normal and has spectral property.
(ii) V has an N- orthonormal basis consisting of eigenvectors of A.

(iii) A is N- unitarily diagonalizable matrix i.e., there exist a non-singular matrix U and a diagonal matrix
D such that A = U DU−1, where the column vectors u1, u2, . . . , un of U satisfy [ui , u j ] = ±δi j . Here,
U−1 = SU∗N, S = diag([ui , ui ]) is called a signature matrix. Every signature matrix is invertible such
that S = S−1.

Lemma 4 Let P be a projection then P is an N-orthogonal projection iff P
[∗]≤ In.

Proof Suppose P is an N -orthogonal projection then P = P2 = P [∗], we have P P [∗] = P = In P [∗] and

P [∗] P = P = P [∗] In . Thus P
[∗]≤ In . Converse is obvious. 	


Lemma 5 Let N be a weight matrix. Then N is N- unitarily diagonalizable matrix.

Proof Since, N is a Hermitian matrix, there exists a unitary matrix W and a diagonal matrix D such that
N = W DW ∗. Also, it is easy to observe that N [∗] = N and I [∗]

n = In thus r((N − λIn)(N − λIn)[∗]) =
r((D − λIn)2) = r(D − λIn) = r(N − λIn) for all real eigen values λ of N . Thus N has spectral property. By
Theorem 3, N is N -unitarily diagonalizable matrix. 	
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3 Main results

In this section, to achieve our goal we will use Guterman’s matrix deformation ideology [10]. We define a binary
relation ∼ on Mn(C) that holds for any two matrices under specific conditions. The set D(∼) is the deformation
space under this connection, comprising of matrices X ∈ Mn(C) that meet a certain relation with other matrices.
For a matrix X ∈ D(∼), can be related to the non-zero matrices R and S by a transformation that involves a
scalar multiple of X and a matrix sum. This concept ensures that matrices can be altered using linear operations
like scalar multiplication and matrix addition. The ∼ relation determines how these matrices are interconnected,
ensuring a non-trivial and significant deformation process. This notion generalizes matrix transformations by
taking into account both matrix structure and interrelations under the specified binary relation. First, we define
matrix deformation and explore some of its aspects. For more information, readers can refer to [10].

Definition 6 The matrix deformation D(∼) for a given binary matrix relation ∼ is defined as follows:

D(∼) = {X ∈ Mn(C) : R ∼ (λX + S) f or some non zero R, S ∈ Mn(C) and f or any λ ∈ C } .

Lemma 7 Let ∼1, ∼2 be any two binary matrix relations defined on Mn(C). If A ∼1 B implies A ∼2 B for any
A, B ∈ Mn(C), then D(∼1) ⊆ D(∼2).

Lemma 8 Let T : Mn(C) −→ Mn(C) be a linear bijective transformation which preserves ∼. Then T maps the
set D(∼) into itself.

Proof Let X ∈ D(∼). Then there exist non zero matrices R and S such that R ∼ (λX + S) for all λ ∈ C. Since, T
preserves the relation ∼, we have T (R) ∼ T (λX + S). By assumption T is linear, hence T (R) ∼ λT (X)+T (S).

Also, T is bijective. So, T (R), T (S) and T (X) are non zeros whenever R, S and X are non zeros. Hence, by
definition of deformation, T (X) ∈ D(∼). 	


Theorem 9 Let Sn(C) be set of all n × n singular matrices. Then Sn(C) = D(
[∗]≤).

Proof Let X ∈ Sn(C) with rank r . Then by Theorem 1, there exist invertible matrices G and H such that

X = G

(
Ir K
0 0

)
H . By setting R[∗] = H−1

(
0 0
0 In−r − K (1)K

)
G−1 = S[∗], we get R[∗] X = 0 and X R[∗] = 0.

Thus, R
[∗]≤ λX + S, for all λ ∈ C. It concludes that X ∈ D(

[∗]≤), by Definition 6. Thus Sn(C) ⊆ D(
[∗]≤).

On the other hand, let X ∈ D(
[∗]≤), we have to show that det (X) = 0. By assumption, there exist non

zero matrices R and S in Mn(C) such that R
[∗]≤ λX + S, for all λ ∈ C. In particular, for λ = 0, we have

R
[∗]≤ S, and hence R R[∗] = S R[∗] and R[∗] R = R[∗]S. Similarly, for λ = 1, we have R

[∗]≤ X + S, and hence

R R[∗] = (X + S)R[∗] and R[∗] R = R[∗](X + S). Then by applying the fact that R
[∗]≤ S, we get X R[∗] = 0 and

R[∗] X = 0. By Theorem 1, R[∗] = G

(
Ir L
0 0

)
H , X = H−1

(
X1 X2
X3 X4

)
G−1 for some X1, X2, X3 and X4. Thus,

R X [∗] = 0 and X [∗] R = 0 implies X1 = 0 and X3 = 0. Now, X will be reduced to X = H−1
(

0 X2
0 X4

)
G−1. It

concludes that det (X) = det (X [∗]) = 0 and hence, X ∈ Sn(C). 	

A matrix Ei j is said to be an elementary matrix if (Ei j )ab = 1 whenever i = a and j = b elsewhere 0. It is

easy to observe that E∗
i i = Eii = E2

i i . We now state the result that relates bijective linear transformations to the
preservation of the star partial order. Now ready to prove our main result.

Theorem 10 Let T : Mn(C) −→ Mn(C) be a bijective linear transformation. Then T preserves the star partial

order i.e., A, B ∈ Mn(C), A
[∗]≤ B implies T (A)

[∗]≤ T (B) if and only if there exist a non zero constant α ∈ C

and N- unitary matrices U and V such that T (X) = αU X V for all X ∈ Mn(C).

Proof Suppose T preserves star partial order, by Lemma 8, T preserves D(
[∗]≤). Also, by Theorem 9, we have

D(
[∗]≤) = Sn(C). Hence, T preserves the set Sn(C). Thus by Theorem 2, there exist invertible matrices P , Q

∈ Mn(C) such that T (X) = P X Q for all X ∈ Mn(C). Consider A, B ∈ Mn(C), such that A
[∗]≤ B. Since T
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preserves star partial order, it follows that T (A)
[∗]≤ T (B) which implies T (A)T (A)[∗] = T (B)T (A)[∗] and

T (A)[∗]T (A) = T (A)[∗]T (B). Equivalently, AC A[∗] = BC A[∗] and A[∗] D A = A[∗] DB, where D = P [∗] P

and C = Q Q[∗]. The above two equations hold for all A and B whenever A
[∗]≤ B and for fixed N - Hermitian

invertible matrices C and D.
By Lemma 5, there exist a diagonal matrix �, signature matrix S = diag(s1, s2, · · · sn) and an N - unitary

matrix W such that N = W�W −1 and W −1 = SW ∗N . Choose Ai = W Eii W −1. Then Ai is an N−orthogonal

projection, as SEii = Eii S. By Lemma 4, Ai
[∗]≤ In for all i = 1, 2, ..., n. Thus Ai C Ai = C Ai and Ai D Ai =

Ai D. Suppose, the matrix C can be written as C = WC ′W −1 for some C ′ = ∑n
i=1

∑n
j=1 ci j Ei j . Then

Ai C Ai = C Ai implies Eii C ′Eii = C ′Eii and hence ci j = 0 for all i 
= j . Thus, C ′ is a diagonal matrix.

Now, let Ai = W (αE11 + E1i ) W −1 and Bi = W
(

In + αE11 − kα
s1si

Eii + E1i + k Ei1

)
W −1 for all i =

1, 2, 3, ..., n, where k and α are any non zero constants such that |α|2 + s1si 
= 0. Then,

Ai A[∗]
i =

(
|α|2 + s1si

)
W E11W −1 = Bi A[∗]

i

and
A[∗]

i Ai = W
(
|α|2 E11 + αE1i + αs1si Ei1 + s1si Eii

)
W −1 = A[∗]

i Bi .

Hence, Ai
[∗]≤ Bi for all i = 1, 2, 3, · · · , n. Thus T (Ai )

[∗]≤ T (Bi ) equivalently Ai C A[∗]
i = Bi C A[∗]

i and

A[∗]
i D Ai = A[∗]

i DBi . Since C ′ is a diagonal matrix, we have

Ai C A[∗]
i =

(
|α|2c11 + s1si cii

)
W E11W −1

and
Bi C A[∗]

i =
(
|α|2c11 + s1si cii

)
W E11W −1 + kα(c11 − cii )W Ei1W −1.

Since k and α are non zero constants, it follows c11 = cii for all i = 2, 3, ..., n. It concludes that C ′ = c11 In
and hence C = WC ′W −1 = c11 In . Thus there exist an N -unitary matrix V and non-zero constant ‘c’ such that
Q = cV .

Similarly, we can prove P = dU for some non zero constant ‘d’ and N−unitary matrix U by choosing

Ai = W (αE11 + Ei1) W −1 and Bi = W
(

In + αE11 − kα
s1si

Eii + Ei1 + k E1i

)
W −1 for all i = 2, 3, ..., n,

where k and α are any non zero constants such that |α|2 + s1si 
= 0.
Thus, T (X) = (dU )X (cV ) = αU X V for all X ∈ Mn(C), where α = cd 
=0.

Next, we prove the converse part. Let X
[∗]≤ Y we have to show T (X)

[∗]≤ T (Y ). Since T (X) = αU X V ,
for all X ∈ Mn(c), then T (X)T (X)[∗] = αU X V (αU X V )[∗] = |α|2U X X [∗]U [∗] = |α|2UY X [∗]U [∗] =
(αUY V )(ᾱV [∗] X [∗]U [∗]) = T (Y )T (X)[∗]. Similarly, we can prove T (X)[∗]T (X) = T (X)[∗]T (Y ). Since T (X)

∈ Mn(C) thus T (X)
[∗]≤ T (Y ). 	
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