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Abstract Fractals are infinitely intricate structures that exhibit self-similarity at every scale. Nearrings, which
demonstrate both algebraic properties and fractal-like behavior, include various types of prime ideals. A product
fractal ideal in a nearring generalizes the concept of an ideal. In this work, we introduce multiple forms of prime
product fractal ideals, extending notions of prime ideals in a nearring. We characterize these prime product fractal
ideals and investigate their interrelationships.
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1 Introduction

Among the substructures of a nearring, an ideal allows the formation of a well-defined quotient structure.
Within a nearring, there are multiple notions of prime ideals. These different notions are equivalent in the case
of commutative rings. McCoy [1] studied prime ideals in general rings. Extending McCoy’s approach, Van
der Walt [2] studied prime ideals in nearrings. Holcombe [3] introduced i-prime ideals of a nearring, where
i ∈ {0, 1, 2}. Groenewald [4] introduced the notion of 3-prime ideal in a nearring and obtained the relationship
between i-prime ideals and i-primitive ideals, i ∈ {0, 1, 2, 3}. Ramakotaiah and Rao [5] introduced prime ideals
of type i, i ∈ {0, 1, 2}. Prime ideals of type 1 coincide with 3-prime ideals in the zero-symmetric case, and
prime ideals of type 2 are simply completely prime (c-prime) ideals. Groenewald [6] defined c-prime radical
of a nearring and characterized them elementwise. Booth, Groenewald, and Veldsman [7] defined the notion
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of equiprime (e-prime) ideal and obtained an important result that the equiprime radical is an ideal-hereditary
special radical in the variety of zero-symmetric nearrings. Veldsman [8] obtained relationships between different
prime nearrings. Groenewald [9] introduced the notion of strongly prime nearrings. Booth, Groenewald, and
Veldsman [10] introduced strongly equiprime nearrings, as a generalization of strongly prime rings to nearrings.
Kedukodi, Kuncham, and Bhavanari [11] introduced the notion of ideal symmetry of a graph of a nearring
with respect to an ideal and then obtained a characterization of 3-prime ideal of a nearring in terms of ideal
symmetry. Kedukodi, Kuncham, and Bhavanari [12,13] introduced different fuzzy prime ideals of a nearring and
characterized them using level subsets and fuzzy points. A seminearring is a generalization of a nearring. Koppula,
Kedukodi, and Kuncham [14] introduced different prime strong ideals of a seminearring. A hypernearring is a
generalization of a nearring. As an extension of nearring of quotients, Varsha, Kedukodi, and Kuncham [15]
introduced hypernearring of quotients.

For a natural number n and for a permutation ρ on the set {1, 2, · · · , n}, the identity of the form x1x2 · · · xn =
xρ(1)xρ(2) · · · xρ(n) is called a permutation identity. The notion of a permutation identity is an extension of
the commutative property. In [16], [17], [18], [32], we find study about semigroups satisfying permutation
identities. Several discussions about rings and nearrings satisfying permutation identities and their connections
to other properties can be found in [19,20], [21], [22]. Aishwarya, Kedukodi, and Kuncham [23] obtained various
commutativity conditions using permutation identities in prime nearrings such as 3-prime nearring and c-prime
nearring. Aishwarya, Kedukodi, and Kuncham [24] showed that rings naturally possess a fractal pattern through
fractal isomorphism theorems. Standard references for fractals include Barnsley [25] and Mandelbrot [26]. Using
the generalized form of a permutation identity, nearrings exhibit fractal-like properties along with their algebraic
characteristics. The notion of the product fractal ideal of a nearring, which extends the concept of the product
fractal ideal of a ring, allows the formation of a well-defined quotient structure.

In this paper, we introduce various notions of prime product fractal ideals of a nearring and explore inter-
connections among them. We characterize different prime product fractal ideals in terms of their corresponding
quotient structures and corresponding M-systems.

2 Preliminaries

Throughout this sequel, N denotes a right nearring, t ∈ N, idt denotes the identity permutation on {1, 2, · · · , t}
and Al(N ) denotes the left annihilator of N . For well-known definitions and results concerning nearrings, we
refer [27], [28]. Examples of nearrings with smaller order are obtained through GAP package SONATA [29].
The following definitions are taken from [30].

Definition 1 Define Nt = {
l∑

r=1
nr1 nr2 · · · nrt | l ∈ N, nr j ∈ N , 1 ≤ r ≤ l, 1 ≤ j ≤ t}.

Then Nt is a subnearring of N .

Definition 2 Let ∅ �= S ⊆ N and ρ be a permutation on t symbols. An element n ∈ Nt is called ρ-representable
with respect to S if ∃ l ∈ N and ∃ nr j ∈ N , 1 ≤ r ≤ l, 1 ≤ j ≤ t such that

1. n =
l∑

r=1
nr1 nr2 · · · nrt ;

2. −
l∑

r=1
nr1 nr2 · · · nrt +

l∑

r=1
nrρ(1)

nrρ(2)
· · · nrρ(t) ∈ S.

Throughout this paper, ∅ �= S ⊆ N and ρ ∈ St , where St denotes the permutation group on t letters.

Definition 3 Let Nt,ρ,S denote the subnearring generated by all elements of Nt which are ρ-representable with
respect to S.

Definition 4 A subgroup J of (N ,+) satisfying n + J − n ⊆ J, ∀ n ∈ Nt,ρ,S is said to be

1. a right (t, ρ, S)-product fractal ideal (in short, PFI) of N if J Nt,ρ,S ⊆ J ;
2. a left (t, ρ, S)-PFI of N if n(n′ + j) − nn′ ∈ J , ∀ j ∈ J, n, n′ ∈ Nt,ρ,S ;
3. a (t, ρ, S)-PFI of N if J satisfies (1) and (2).
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Table 1 Operations in (N ,+, ·)

+ 0 1 2 3 4 5 6 7 · 0 1 2 3 4 5 6 7

0 0 1 2 3 4 5 6 7 0 0 0 0 0 0 0 0 0
1 1 0 3 2 5 4 7 6 1 0 0 0 0 0 0 0 0
2 2 6 0 4 3 7 1 5 2 0 0 0 1 0 0 1 1
3 3 7 1 5 2 6 0 4 3 0 0 0 1 0 0 1 1
4 4 5 6 7 0 1 2 3 4 0 0 0 0 0 0 0 0
5 5 4 7 6 1 0 3 2 5 0 0 0 0 0 0 0 0
6 6 2 4 0 7 3 5 1 6 0 0 0 1 0 0 1 1
7 7 3 5 1 6 2 4 0 7 0 0 0 1 0 0 1 1

If J is a (t, ρ, S)-PFI of N , then the nearring (N/J )t,ρ,S is defined by

(N/J )t,ρ,S = {[n]∼J | n ∈ Nt,ρ,S}
where the congruence relation ∼ is given by

For a, b ∈ Nt,ρ,S + J, a ∼ b ⇐⇒ −a + b ∈ J.

3 Different prime notions

In this section, we present and characterize various notions of primeness of a PFI of N .

Definition 5 Let J be a (t, ρ, S)-PFI of N . Then J is said to be

1. 0-prime (resp. 1-prime, 2-prime) if for all ideals (resp. left ideals, left Nt,ρ,S-subgroups) H, K of
Nt,ρ,S, H K ⊆ J implies H ⊆ J or K ⊆ J ;

2. 3-prime if for all n, n′ ∈ Nt,ρ,S, nNt,ρ,Sn′ ⊆ J implies n ∈ J or n′ ∈ J ;
3. c-prime if for all n, n′ ∈ Nt,ρ,S, nn′ ∈ J implies n ∈ J or n′ ∈ J ;
4. e-prime if for all a, n1, n2 ∈ Nt,ρ,S, ann1 − ann2 ∈ J, ∀ n ∈ Nt,ρ,S implies a ∈ J or n1 − n2 ∈ J .

For i ∈ {0, 1, 2}, J is said to be i-semiprime if 1 is satisfied with H = K and for i ∈ {3, c}, J is called
i-semiprime if respectively 2, 3 holds with n = n′.

If t = 1 and 0 ∈ S, then Nt,ρ,S = N . In this case, different prime notions of a (t, ρ, S)-PFI coincides with
those of an ideal of a nearring.

Note 1 Let i ∈ {0, 1, 2, 3, c, e}. Let I be an ideal of N . Then I is a (t, ρ, S)-PFI of N . If I is an i-prime ideal
of N , then I is i-prime (t, ρ, S)-PFI of N .

We now give an example to show that the converse of Note 1 is not true.

Example 1 Consider the nearring (N ,+, ·) with operations + and · as in Table 1.
Let I = {0, 1, 4, 5}. Then I is an ideal of N . Let 0 ∈ S ⊆ N . For each i ∈ {0, 1, 2, 3, c, e}, we see that I is

an i-prime (2, id2, S)-PFI of N , but not an i-prime ideal of N .

Proposition 1 Let J be a (t, ρ, S)-PFI of N and i ∈ {0, 1, 2, 3, c, e}. If J is i-prime (i-semiprime for i ∈
{0, 1, 2, 3, c}), then for each q ≥ t, ∃ μ ∈ Sq such that J is an i-prime (i-semiprime for i ∈ {0, 1, 2, 3, c})
(q, μ, S)-PFI of N .

Proof The proof follows by noting that for such a μ, Nq,μ,S ⊆ Nt,ρ,S . ��
Proposition 2 If J is an e-prime (t, ρ, S)-PFI of N , then (Nt,ρ,S)c ⊆ J .

Proof Let n ∈ (Nt,ρ,S)c. Then nn′ = n, ∀ n′ ∈ Nt,ρ,S . Let n1, n2 ∈ Nt,ρ,S . Now, nn1n2 − nn10 = n − n = 0
implies that nn1n2−nn10 ∈ J . As J is e-prime, we have n ∈ J or n2 ∈ J . If n ∈ J , then we obtain (Nt,ρ,S)c ⊆ J .
Suppose n2 ∈ J . Then Nt,ρ,S ⊆ J , which implies that (Nt,ρ,S)c ⊆ J . ��
Proposition 3 Let M be a left Nt,ρ,S-subset of Nt,ρ,S. If J is an e-prime (t, ρ, S)-PFI of N , then so is the
noetherian quotient (J : M).
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Proof We have (J : M) = {n ∈ N | nM ⊆ J }. As J is a (t, ρ, S)-PFI of N , it follows that (J : M) is a
(t, ρ, S)-PFI of N . Suppose there exist a, n1, n2 ∈ Nt,ρ,S satisfying ann1 − ann2 ∈ (J : M), ∀ n ∈ Nt,ρ,S .
Then (ann1 − ann2)M ⊆ J, ∀ n ∈ Nt,ρ,S . Let n ∈ Nt,ρ,S and m ∈ M . Then an(n1m) − an(n2m) ∈ J . As J is
e-prime, we get a ∈ J or (n1 − n2)m ∈ J . Therefore, aM ⊆ J or (n1 − n2)M ⊆ J . Hence, (J : M) is e-prime.
��
Proposition 4 Let I be a (t, ρ, S)-PFI of N , J be an ideal of zero-symmetric nearring Nt,ρ,S such that
Nt,ρ,S J ⊆ Jt,ρ,S, where Jt,ρ,S denotes the subnearring of J generated by all elements of Jt which are ρ-
representable with respect to S. If I is 3-prime, then J ∩ I is a 3-prime (t, ρ, S)-PFI of J .

Proof Observe that J is a subnearring of N . Clearly, J ∩ I is a subgroup of (J,+). Let j ∈ Jt,ρ,S and x ∈ J ∩ I .
Using the fact that J is a subgroup and Jt,ρ,S ⊆ Nt,ρ,S , we have j + x − j ∈ J ∩ I . Now, we show that
J ∩ I is a (t, ρ, S)-PFI of J . Let j1 ∈ Jt,ρ,S and x1 ∈ I ∩ J . Then x1 j1 ∈ J as J is a subnearring and as
Jt,ρ,S ⊆ Nt,ρ,S , we get x1 j1 ∈ I Nt,ρ,S ⊆ I . Therefore, x1 j1 ∈ I ∩ J and hence, I ∩ J is a right (t, ρ, S)-PFI
of J . Let j2, j3 ∈ Jt,ρ,S and x2 ∈ I ∩ J . Now, I being a left (t, ρ, S)-PFI of N and Jt,ρ,S ⊆ Nt,ρ,S implies that
j2( j3 + x2) − j2 j3 ∈ I . Also, Jt,ρ,S ⊆ J and (J,+) is a subgroup implies that j2( j3 + x2) − j2 j3 ∈ J . This
shows that j2( j3 + x2) − j1 j2 ∈ I ∩ J . Therefore, I ∩ J is a (t, ρ, S)-PFI of J . It remains to show that I ∩ J is
3-prime. Suppose a Jt,ρ,Sb ⊆ I ∩ J for some a, b ∈ Jt,ρ,S . As a, b ∈ J , it suffices to show that a ∈ I or b ∈ I .
Suppose a /∈ I . Then Nt,ρ,SbNt,ρ,S ⊆ Nt,ρ,S J ⊆ Jt,ρ,S . This shows that aNt,ρ,S(bNt,ρ,Sb) ⊆ a Jt,ρ,Sb ⊆ I .
Let n ∈ bNt,ρ,Sb. Then aNt,ρ,Sn ⊆ I . As I is 3-prime and a /∈ I , we have n ∈ I . Therefore, bNt,ρ,Sb ⊆ I .
This shows that b ∈ I as I is 3-prime. ��
Proposition 5 Let J be a c-prime (t, ρ, S)-PFI of N and let M be a subnearring of Nt,ρ,S. Then J ∩ M is a
c-prime (t, ρ, S)-PFI of M.

Proof The proof is straightforward. ��
Lemma 6 Let J be a (t, ρ, S)-PFI of N and ∅ �= X, Y ⊆ Nt,ρ,S. If Y is a left Nt,ρ,S-subset of Nt,ρ,S and
XY ⊆ J , then 〈X〉Nt,ρ,S

Y ⊆ J , where 〈X〉Nt,ρ,S
denotes the ideal of Nt,ρ,S generated by X.

Proof Let I := {n ∈ Nt,ρ,S | nY ⊆ J }. Then X ⊆ I . We show that I is an ideal of Nt,ρ,S . Clearly, 0 ∈ I ⊆
Nt,ρ,S . Let i1, i2 ∈ I . Then i1Y ⊆ J and i2Y ⊆ J . Let y ∈ Y . Then (i1 − i2)y ∈ J implies that (i1 − i2)Y ⊆ J .
This shows that i1 − i2 ∈ I . Let n ∈ Nt,ρ,S and i ∈ I . Let y1 ∈ Y . Then (n + i − n)y1 = ny1 + iy1 − ny1 ⊆
ny1 + J − ny1 ⊆ J . Therefore, (n + i − n)Y ⊆ J . This shows that n + i − n ∈ I . Therefore, I is a normal
subgroup of (Nt,ρ,S,+). Let n1 ∈ Nt,ρ,S and i3 ∈ I . Then i3Y ⊆ J . Let y2 ∈ Y . As Nt,ρ,SY ⊆ Y , we have
(i3n1)y2 = i3(n1 y2) ∈ i3Y ⊆ J . This shows that (i3n1)Y ⊆ I , implying that i3n1 ∈ I . Therefore, I is a right
ideal of Nt,ρ,S . Let n2, n3 ∈ Nt,ρ,S and i4 ∈ I . Then i4Y ⊆ J . Let y3 ∈ Y . As J is a left (t, ρ, S)-PFI of N , we
have

(
n2(n3 + i4)− n2n3

)
y3 = n2(n3 y3 + i4 y3)− n2(n3 y3) ∈ J . This implies that

(
n2(n3 + i4)− n2n3

)
Y ⊆ J .

Therefore, n2(n3 +i4)−n2n3 ∈ I and hence, I is an ideal of Nt,ρ,S . As X ⊆ I , we obtain 〈X〉Nt,ρ,S
Y ⊆ I Y ⊆ J .

��
Proposition 7 Let J be a (t, ρ, S)-PFI of N . Suppose that every left ideal of Nt,ρ,S is an Nt,ρ,S-subgroup of
Nt,ρ,S. Then the following are equivalent.

1. J is 1-prime;
2. If K is a left ideal of Nt,ρ,S and H is an ideal of Nt,ρ,S, then H K ⊆ J implies K ⊆ J or H ⊆ J .

Proof The proof of 1 �⇒ 2 follows by noting that H is a left ideal of Nt,ρ,S . We prove 2 �⇒ 1. Suppose
K H ⊆ J for some left ideals K , H of Nt,ρ,S . Then H is a left Nt,ρ,S-subset of Nt,ρ,S . Using Lemma 6, we
obtain 〈K 〉Nt,ρ,S

H ⊆ J . By assumption, we have 〈K 〉Nt,ρ,S
⊆ J or H ⊆ J . As K ⊆ 〈K 〉Nt,ρ,S

, we have K ⊆ J
or H ⊆ J . Therefore, J is 1-prime. ��
Proposition 8 Let J be a (t, ρ, S)-PFI of N . Suppose that every left ideal of Nt,ρ,S is an Nt,ρ,S-subgroup of
Nt,ρ,S. Then the following are equivalent.

1. J is 2-prime;
2. If K is an ideal of Nt,ρ,S and H is an Nt,ρ,S-subgroup of Nt,ρ,S, then K H ⊆ J implies K ⊆ J or H ⊆ J .

Proof Follows from Lemma 6. ��
Proposition 9 Let J be a (t, ρ, S)-PFI of N . Suppose that every left ideal of Nt,ρ,S is an Nt,ρ,S-subgroup of
Nt,ρ,S. Then the following are equivalent.
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1. J is 1-semiprime (2-semiprime);
2. If K is a left ideal (Nt,ρ,S-subgroup) of Nt,ρ,S such that 〈K 〉Nt,ρ,S

K ⊆ J , then K ⊆ J .

Proof Follows from Lemma 6. ��
Proposition 10 Let N be zero-symmetric and J be a non-zero (t, ρ, S)-PFI of N such that Al(J ) = {0} and
J J ⊆ Jt,ρ,S, where Jt,ρ,S denotes the subnearring of J generated by all elements of Jt which are ρ-representable
with respect to S. If Nt,ρ,S is an e-prime nearring, then J is an e-prime nearring.

Proof Clearly, J is a subnearring of N . Because Nt,ρ,S is e-prime, we have that {0} is an e-prime ideal of Nt,ρ,S .
We show that a Jb �= {0}, ∀ a, b ∈ J \ {0}. Suppose there exist a, b ∈ J \ {0} such that a Jb = {0}. Then
a J (Nt,ρ,Sb) ⊆ a Jb = {0}. Let n ∈ Nt,ρ,S, x ∈ a J and y ∈ bJ . Since N = N0, we have xny − xn0 = 0.
As Nt,ρ,S is e-prime, we get x = 0 or y = 0. Therefore, a J = {0} or bJ = {0}. By assumption, we obtain
a = 0 or b = 0, a contradiction. Let j1, j2, j3 ∈ J such that j1 j ′ j2 − j1 j ′ j3 ∈ {0}, ∀ j ′ ∈ J . Suppose j1 �= 0.
Then j1 ∈ J \ {0} and we get j1 J j1 �= {0}. Then ∃ j4 ∈ J such that j1 j4 j1 �= 0. Let n2 ∈ Nt,ρ,S . Then
j4n2 ∈ J Nt,ρ,S ⊆ J . Now, ( j1 j4)n2 j2 − ( j1 j4)n2 j3 = 0 implies that ( j1 j4)n2( j2 j1) − ( j1 j4)n2( j3 j1) = 0.
Note that Jt,ρ,S ⊆ Nt,ρ,S . As {0} is e-prime, we have j1 j4 = 0 or ( j2 − j3) j1 = 0. Suppose j1 j4 = 0. Then
j1 j4 j1 = 0, which is not possible. Therefore, ( j2 − j3) j1 = 0. If j2 − j3 = 0, we are through. Suppose not,
then ( j2 − j3)J j1 �= {0}. This means that ∃ j5 ∈ J such that ( j2 − j3) j5 j1 �= 0. By assumption, we have
( j1 j4)n3( j2 j5)− ( j1 j4)n3( j3 j5) = 0 ∀ n3 ∈ Nt,ρ,S . As Jt,ρ,S ⊆ Nt,ρ,S and {0} is e-prime, we have j1 j4 = 0 or
( j2 j5 − j3 j5) = 0. As j1 j4 j1 �= 0, we have j1 j4 �= 0. Therefore, j2 j5 − j3 j5 = 0 and hence, ( j2 j5 − j3 j5) j1 = 0,
which contradicts the choice of j5. Thus, j2 = j3, which implies that {0} is an e-prime ideal of J . ��
Proposition 11 Let J be a (t, ρ, S)-PFI of N such that Nt,ρ,S J ⊆ J and J J ⊆ J . Let I be an ideal of J such
that J/I is an e-prime nearring. Then

1 I is a (t, ρ, S)-PFI of N .
2 {n ∈ N | n J ⊆ I } is a (t, ρ, S)-PFI of N .

Proof (1). Notice that I is a subgroup of (N ,+). Let n ∈ Nt,ρ,S, i ∈ I and j ∈ J . Then (n+ i −n) j = nj + i j −
nj ∈ I implies that

(
(n+i −n)+ I

)
( j + I ) = (n+i −n) j + I = 0+ I . Therefore,

(
(n+i −n)+ I

)
J/I = {0+ I }

and so, (n + i − n) + I ∈ Al(J/I ). As J/I is an e-prime nearring, we have Al(J/I ) = {0 + I }. But then, we
obtain (n + i −n)+ I = 0+ I . This shows that n + i −n ∈ I . Let n1 ∈ Nt,ρ,S and i1 ∈ I . We show that i1n1 ∈ I .
Let j1 ∈ J . Then (i1n1) j1 = i1(n1 j1) ∈ I J ⊆ I . This implies that (i1n1 + I )( j1 + I ) = (i1n1) j1 + I = 0 + I .
Then (i1n1 + I )J/I = {0+ I }. As J/I is e-prime, we get i1n1 + I = 0+ I . This shows that i1n1 ∈ I . Therefore,
I is a right (t, ρ, S)-PFI of N . Now, it remains to show that I is a left (t, ρ, S)-PFI of N . Let n2, n3 ∈ Nt,ρ,S and
i2 ∈ I . We show that n2(n3 + i2)− n2n3 ∈ I . Suppose there exists j2 ∈ J such that

(
n2(n3 + i2)− n2n3

)
j2 /∈ I .

Then we have
(
n2(n3 + i2) − n2n3

)
j2 + I �= 0 + I �⇒ n2(n3 j2 + i2 j2) + I �= n2(n3 j2) + I . We

assert that ( j + I )
(
n2(n3 j2 + i2 j2) + I

) �= ( j + I )
(
n2(n3 j2) + I

)
for some j + I ∈ J/I . For otherwise,

( j + I )
(
n2(n3 j2 + i2 j2)+ I

) = ( j + I )
(
n2(n3 j2)+ I

)
, ∀ j + I ∈ J/I . Let a + I ∈ J/I such that a /∈ I . Then

we have,

(a + I )( j + I )
(
n2(n3 j2 + i2 j2) + I

) − (a + I )( j + I )
(
n2(n3 j2) + I

) = 0 + I, ∀ j + I ∈ J/I.

As J/I is e-prime, {0 + I } is e-prime. Therefore,
(
n2(n3 j2 + i2 j2)+ I

)− (
n2(n3 j2)+ I

) ∈ {0 + I }. This shows
that n2(n3 j2 + i2 j2) + I = n2(n3 j2) + I , which is a contradiction. Therefore, by assertion, ∃ j3 ∈ J such that

( j3 + I )
(
n2(n3 j2 + i2 j2) + I

) �= ( j3 + I )
(
n2(n3 j2) + I

)
.

Then j3n2(n3 j2 + i2 j2) + I �= j3n2(n3 j2) + I . Observe that n3 j2 ∈ J and j3n2 ∈ J . As I is an ideal of J , we
obtain j3n2(n3 j2 + i2 j2) − j3n2(n3 j2) ∈ I , contradicting the choice of j3. Therefore,

(
n2(n3 + i2) − n2n3

)
j ∈

I, ∀ j ∈ J . Then
(
n2(n3 + i2)−n2n3

)
j + I = 0+ I, ∀ j ∈ J implies

((
n2(n3 + i2)−n2n3

)+ I
)
J/I = {0+ I }.

Again J/I being e-prime implies n2(n3 + i2) − n2n3 + I = 0 + I . This gives us n2(n3 + i2) − n2n3 ∈ I .
Therefore, I is a (t, ρ, S)-PFI of N .

(2). Let H := {n ∈ N | n J ⊆ I }. Clearly, ∅ �= H ⊆ N and I ⊆ H . Let h1, h2 ∈ H . Then hi J ⊆
I, ∀ i = 1, 2. Let j1 ∈ J . Then (h1 − h2) j1 ∈ I as I is a subgroup of (N ,+). This shows that (h1 − h2)J ⊆ I ,
implying that H is a subgroup of (N ,+). Let n ∈ Nt,ρ,S and h ∈ H . Then h J ⊆ I . Let j ∈ J . Then we obtain
(n + h − n) j = nj + hj − nj ∈ I . Therefore, (n + h − n)J ⊆ I and hence, n + h − n ∈ H . We show that
H is a (t, ρ, S)-PFI of N . Let n1 ∈ Nt,ρ,S and h3 ∈ H . Then (h3n1)J ⊆ h3 Nt,ρ,S J ⊆ h3 J ⊆ I . This gives us
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h3n1 ∈ H . Therefore, H is a right (t, ρ, S)-PFI of N . Let n2, n3 ∈ Nt,ρ,S and h4 ∈ H . To show that H is a left
(t, ρ, S)-PFI of N , it is enough to show that

(
n2(n3 + h4) − n2n3

)
J ⊆ I . Suppose not, then ∃ j2 ∈ J such that(

n2(n3 + h4) − n2n3
)

j2 /∈ I . Then n2(n3 j2 + h4 j2) + I �= n2n3 j2 + I . As J/I is e-prime, ∃ j3 ∈ J such that
( j3 + I )

(
n2(n3 j2 + h4 j2) + I

) �= ( j3 + I )(n2n3 j2 + I ). Then j3n2(n3 j2 + h4 j2) + I �= j3n2n3 j2 + I . Note
that h4 j2 ∈ I, j3n2 ∈ J . Also, we have n3 j2 ∈ Nt,ρ,S J ⊆ J . Because I is an ideal of J , we obtain

j3n2(n3 j2 + h4 j2) − j3n2(n3 j2) ∈ I.

Equivalently, j3n2(n3 j2 +h4 j2)+ I = j3n2(n3 j2)+ I, a contradiction. Therefore,
(
n2(n3 +h4)−n2n3

)
J ⊆ I .

This implies that n2(n3 + h4) − n2n3 ∈ H . Hence, H is a (t, ρ, S)-PFI of N . ��
We give a necessary and sufficient condition in Theorem 12 for a product fractal ideal of N to be i-prime,

where i ∈ {0, 1, 2, 3, c, e}.
Theorem 12 Let J be a (t, ρ, S)-PFI of N and let i ∈ {0, 1, 2, 3, c, e}. Then J is i-prime (i-semiprime for
i ∈ {0, 1, 2, 3, c}) if and only if the nearring (N/J )t,ρ,S is i-prime (i-semiprime for i ∈ {0, 1, 2, 3, c}).
Proof Consider the natural map η : Nt,ρ,S → (N/J )t,ρ,S defined by n �→ [n]∼J . Then η is a surjective
homomorphism. We prove the result by considering different values for i ∈ {0, 1, 2, 3, c, e}.
Case i = 0: Let J be 0-prime. Suppose H ′K ′ ⊆ {[0]∼J } for some ideals H ′, K ′ of (N/J )t,ρ,S . From the
correspondence theorem for nearrings, it follows that η−1(H ′) and η−1(K ′) are ideals of Nt,ρ,S . We observe that
η−1(H ′)η−1(K ′) ⊆ J .

Now J being 0-prime implies that η−1(H ′) ⊆ J or η−1(K ′) ⊆ J . Suppose η−1(H ′) ⊆ J and let [h]∼J ∈ H ′.
Then ∃ h1 ∈ Nt,ρ,S such that [h]∼J = [h1]∼J . Now, [h]∼J = η(h1) ∈ H ′ implies that h1 ∈ η−1(H ′) ⊆ J .
Therefore, [h]∼J = [h1]∼J = [0]∼J and hence, H ′ ⊆ {[0]∼J }. If η−1(K ′) ⊆ J , we obtain K ′ ⊆ {[0]∼J }.
Therefore, {[0]∼J } is 0-prime and hence, (N/J )t,ρ,S is a 0-prime nearring.

Conversely, let (N/J )t,ρ,S be 0-prime. Suppose H K ⊆ J for some ideals H, K of Nt,ρ,S . Then we have
that η(H), η(K ) are ideals of Nt,ρ,S . We show that η(H)η(K ) ⊆ {[0]∼J }. Let [d]∼J ∈ η(H)η(K ). Then
[d]∼J = [e]∼J [ f ]∼J for some [e]∼J ∈ η(H) and [ f ]∼J ∈ η(K ). But then, ∃ h ∈ H and k ∈ K such that
[e]∼J = η(h) and [ f ]∼J = η(k). As H K ⊆ J , we have [d]∼J = η(hk) = [hk]∼J = [0]∼J . Therefore,
η(H)η(K ) ⊆ {[0]∼J }. As {[0]∼J } is 0-prime ideal, either η(H) ⊆ {[0]∼J } or η(K ) ⊆ {[0]∼J }. This shows that
H ⊆ J or K ⊆ J . Therefore, J is 0-prime.

For i = 1, the proof follows analogously by replacing ideals with left ideals.
Case i = 2:

Assume that J is 2-prime and suppose H ′
1 H ′

2 ⊆ {[0]∼J } for some left (N/J )t,ρ,S-subgroups H ′
1, H ′

2 of
(N/J )t,ρ,S . Let n ∈ Nt,ρ,S and x ∈ η−1(H ′

1). Then η(nx) = η(n)η(x) ∈ (N/J )t,ρ,S H ′
1 ⊆ H ′

1. This implies
that nx ∈ η−1(H ′

1). Therefore, η−1(H ′
1) is a left Nt,ρ,S-subgroup of Nt,ρ,S . Similarly, we have that η−1(H ′

2) is
a left Nt,ρ,S-subgroup of Nt,ρ,S . Further, η−1(H ′

1)η
−1(H ′

2) ⊆ J implies that η−1(H ′
1) ⊆ J or η−1(H ′

2) ⊆ J .
This shows that H ′

1 ⊆ {[0]∼J } or H ′
2 ⊆ {[0]∼J }. Therefore, (N/J )t,ρ,S is 2-prime.

Assume that (N/J )t,ρ,S is 2-prime. Suppose H1 H2 ⊆ J for some left Nt,ρ,S-subgroups H1, H2 of Nt,ρ,S .
Then η(H1), η(H2) are subgroups of (N/J )t,ρ,S such that η(H1)η(H2) ⊆ {[0]∼J }. As η is onto and each Hi
is a left Nt,ρ,S-subgroup, it follows that η(Hi ), i = 1, 2 is a left (N/J )t,ρ,S-subgroup of (N/J )t,ρ,S . Then
(N/J )t,ρ,S is 2-prime implies that η(H1) = {[0]∼J } or η(H2) = {[0]∼J }. Therefore, we obtain H1 ⊆ J or
H2 ⊆ J . Thus, J is 2-prime.
Case i = 3:

Assume that J is 3-prime. Suppose that [a1]∼J (N/J )t,ρ,S[b1]∼J ⊆ {[0]∼J } for some [a1]∼J , [b1]∼J ∈
(N/J )t,ρ,S . Then there exist a2, b2 ∈ Nt,ρ,S such that [a1]∼J = [a2]∼J and [b1]∼J = [b2]∼J . Let x ∈
a2 Nt,ρ,S b2. Then ∃ n ∈ Nt,ρ,S such that x = a2nb2. Now, Nt,ρ,S being a subnearring implies that [x]∼J =
[a2nb2]∼J = [a2]∼J [n]∼J [b2]∼J ∈ {[0]∼J }. This shows that x ∈ J . Consequently, a2 Nt,ρ,S b2 ⊆ J . As J
is 3-prime, we have a2 ∈ J or b2 ∈ J . That is, [a1]∼J = [0]∼J or [b1]∼J = [0]∼J . Therefore, the nearring
(N/J )t,ρ,S is 3-prime.

Let {[0]∼J } be a 3-prime ideal of (N/J )t,ρ,S . Suppose a3 Nt,ρ,S b3 ⊆ J for some a3, b3 ∈ Nt,ρ,S . Then
[a3]∼J , [b3]∼J ∈ (N/J )t,ρ,S . Suppose [y]∼J ∈ [a3]∼J (N/J )t,ρ,S[b3]∼J . Then [y]∼J = [a3]∼J [n′]∼J [b3]∼J for
some [n′]∼J ∈ (N/J )t,ρ,S . Also, ∃ n′′ ∈ Nt,ρ,S such that [n′]∼J = [n′′]∼J . Now, we have [y]∼J = [a3n′′b3]∼J

and a3n′′b3 ∈ a3 Nt,ρ,S b3 ⊆ J . This gives us [y]∼J = [0]∼J . By assumption, we get either [a3]∼J = [0]∼J or
[b3]∼J = [0]∼J . Hence, J is 3-prime.
Case i = c:
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Suppose J is c-prime and if [p]∼J [q]∼J ∈ {[0]∼J } for some [p]∼J , [q]∼J ∈ (N/J )t,ρ,S . Then [p]∼J =
[p1]∼J and [q]∼J = [q1]∼J for some p1, q1 ∈ Nt,ρ,S . Now, [p1q1]∼J = [0]∼J implies that p1q1 ∈ J . As J
is c-prime, we have p1 ∈ J or q1 ∈ J equivalently, [p]∼J = [0]∼J or [q]∼J = [0]∼J . Therefore, {[0]∼J } is
c-prime.

Assume that (N/J )t,ρ,S is c-prime. Let r, s ∈ Nt,ρ,S with rs ∈ J . Then [r ]∼J [s]∼J = [rs]∼J = [0]∼J . As
{[0]∼J } is c-prime, we have [r ]∼J = [0]∼J or [s]∼J = [0]∼J and so, r ∈ J or s ∈ J . Therefore, J is c-prime.
Case i = e: Let J be e-prime and suppose [a′]∼J , [x ′]∼J , [y′]∼J ∈ (N/J )t,ρ,S are such that

[a′]∼J [n′]∼J [x ′]∼J − [a′]∼J [n′]∼J [y′]∼J ∈ {[0]∼J }, ∀ [n′]∼J ∈ (N/J )t,ρ,S .

Then there exist a′
1, x ′

1, y′
1 ∈ Nt,ρ,S such that [a′]∼J = [a′

1]∼J , [x ′]∼J = [x ′
1]∼J and [y′]∼J = [y′

1]∼J . Let
n′ ∈ Nt,ρ,S . Then [n′]∼J ∈ (N/J )t,ρ,S and [a′

1n′x ′
1 − a′

1n′y′
1]∼J = [a′

1n′x ′
1]∼J − [a′

1n′y′
1]∼J = [0]∼J . This

gives us a′
1n′x ′

1 − a′
1n′y′

1 ∈ J, ∀ n′ ∈ Nt,ρ,S . As J is e-prime, we have a′
1 ∈ J or x ′

1 − y′
1 ∈ J . This implies that

[a′]∼J = [0]∼J or [x ′]∼J − [y′]∼J = [x ′
1 − y′

1]∼J = [0]∼J . Therefore, (N/J )t,ρ,S is an e-prime nearring.
Now, assume that (N/J )t,ρ,S is e-prime. Suppose a, x, y ∈ Nt,ρ,S such that anx − any ∈ J, ∀ n ∈ Nt,ρ,S .

Let [z]∼J ∈ (N/J )t,ρ,S . Then ∃ z1 ∈ Nt,ρ,S such that [z]∼J = [z1]∼J . As az1x − az1 y ∈ J , we have
[a]∼J [z1]∼J [x]∼J − [a]∼J [z1]∼J [y]∼J = [az1x − az1 y]∼J = [0]∼J . By assumption, we have [a]∼J = [0]∼J

or [x]∼J − [y]∼J = [0]∼J . Therefore, we have a ∈ J or x − y ∈ J . Hence, J is e-prime. ��
Corollary 13 Let J be a (t, ρ, S)-PFI of N . Then J is c-semiprime (2-semiprime) ⇐⇒ (N/J )t,ρ,S has no
nonzero nilpotent elements (left (N/J )t,ρ,S-subgroups).

Proof The proof is straightforward. ��
Proposition 14 Let J be a (t, ρ, S)-PFI of N . If Nt,ρ,S is nil (nilpotent), then so is (N/J )t,ρ,S. The converse
holds if J is nil (nilpotent).

Proof The proof for forward implication holds trivially. Now, assume J is nil and (N/J )t,ρ,S is nil. Let n ∈ Nt,ρ,S .
Then [n]∼J ∈ (N/J )t,ρ,S . By assumption, ∃ m ∈ N such that [nm]∼J = [0]∼J . Then nm ∈ J . As J is nil, we get
nmk = 0 for some k ∈ N. Therefore, Nt,ρ,S is nil. The proof is analogous when J and (N/J )t,ρ,S are nilpotent.
��
Definition 6 Let J be a (t, ρ, S)-PFI of N . Then J is said to be 0-irreducible (1-irreducible, 2-irreducible) if
for all ideal A of Nt,ρ,S and for all ideal (left ideal, left Nt,ρ,S-subgroup) B of Nt,ρ,S, A ∩ B ⊆ J �⇒ A ⊆
J or B ⊆ J . Notice that a 1-irreducible (t, ρ, S)-PFI of N is 0-irreducible.

Here, we examine the impact of nearring homomorphisms on the prime product fractal ideals within nearrings.

Proposition 15 Suppose f : N → N ′ is a nearring homomorphism such that f (Nt,ρ,S) = N ′
q,μ,S′ , where

S ⊆ N , S′ ⊆ N ′, q ≥ t and μ ∈ Sq . Let J be a (t, ρ, S)-PFI of N containing K er f . Then the following are
true.

1 If J is 0-irreducible (1, 2-irreducible), then f (J ) is 0-irreducible (1, 2-irreducible);
2 For i ∈ {0, 1, 2, 3, c, e}, J is i-prime ⇐⇒ f (J ) is i -prime.

Proof By correspondence theorem for product fractal ideals, we have that f (J ) is a (q, μ, S′)-PFI of N ′. Define
a map h : Nt,ρ,S → N ′

q,μ,S′ by n �→ f (n). Since f (Nt,ρ,S) = N ′
q,μ,S′ , the map h is well-defined. Further, h is

a surjective homomorphism.
(1). Assume that J is 0-irreducible. Suppose A′ ∩ B ′ ⊆ f (J ) for some ideals A′, B ′ of N ′

q,μ,S′ . Then

h−1(A′), h−1(B ′) are ideals of Nt,ρ,S . We show that h−1(A′)∩ h−1(B ′) ⊆ J . Let x ∈ h−1(A′)∩ h−1(B ′). Then
h(x) ∈ A′ ∩ B ′ ⊆ f (J ). But then, f (x) = h(x) = f ( j) for some j ∈ J . Then x − j ∈ K er f ⊆ J implies
that x ∈ J . Therefore, h−1(A′) ∩ h−1(B ′) ⊆ J . As J is 0-irreducible, we have h−1(A′) ⊆ J or h−1(B ′) ⊆ J .
Suppose h−1(A′) ⊆ J . Let a′ ∈ A′. Then a′ = f (a) for some a ∈ Nt,ρ,S . Now, a′ = h(a) implies that
a ∈ h−1(A′) ⊆ J . Then a′ = f (a) ∈ f (J ). Therefore, A′ ⊆ f (J ). If h−1(B ′) ⊆ J , then B ′ ⊆ f (J ).
Therefore, f (J ) is 0-irreducible.

The proof is analogous for J being 1-irreducible (2-irreducible).
(2). Let i ∈ {0, 1, 2, 3, c, e}.
Case i = 0: Let J be 0-prime. Suppose H ′K ′ ⊆ f (J ) for some ideals H ′, K ′ of N ′

q,μ,S′ . Then

h−1(H ′), h−1(K ′) are ideals of Nt,ρ,S . Let x ∈ h−1(H ′)h−1(K ′). Then x = yz for some y ∈ h−1(H ′)
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and z ∈ h−1(K ′). Now, h(x) = h(y)h(z) ∈ H ′K ′ ⊆ f (J ). As x ∈ Nt,ρ,S , we have f (x) = h(x) ∈ f (J ). Then
∃ j ∈ J such that f (x) = f ( j). This shows that x ∈ J . Therefore, h−1(H ′)h−1(K ′) ⊆ J . As J is 0-prime, we
have h−1(H ′) ⊆ J or h−1(K ′) ⊆ J equivalently, H ′ ⊆ f (J ) or K ′ ⊆ f (J ). Therefore, f (J ) is 0-prime.

Assume that f (J ) is 0-prime (q, μ, S′)-PFI of N ′. Suppose H K ⊆ J for some ideals H, K of Nt,ρ,S . Then
h(H), h(K ) are ideals of N ′

q,μ,S′ . We show that h(H)h(K ) ⊆ f (J ). Let x ′ ∈ h(H)h(K ). Then x ′ = y′z′ for
some y′ ∈ h(H) and z′ ∈ h(K ). Then y′ = h(y) for some y ∈ H and z′ = h(z) for some z ∈ K . Also,
f (Nt,ρ,S) = N ′

q,μ,S′ implies that ∃ x ∈ Nt,ρ,S such that x ′ = f (x) = h(x). Now, yz ∈ Nt,ρ,S implies that
x ′ = h(yz) = f (yz) ∈ f (J ). This shows that h(H)h(K ) ⊆ f (J ). As f (J ) is 0-prime, we obtain h(H) ⊆ f (J )

or h(K ) ⊆ f (J ). Suppose h(H) ⊆ f (J ) and let h1 ∈ H . Then h(h1) = f (h1) and h(h1) ∈ f (J ) implies that
f (h1) = f ( j1) for some j1 ∈ J . This gives us h1 ∈ J . Therefore, H ⊆ J . Suppose h(K ) ⊆ f (J ). Then we get
K ⊆ J . Therefore, J is 0-prime.

For i = 1, 2, the proof follows in a similar line of argument as that of i = 0.
Case i = 3: Assume that J is 3-prime. Suppose a′, b′ ∈ N ′

q,μ,S′ such that a′N ′
q,μ,S′ b′ ⊆ f (J ). As

N ′
q,μ,S′ = f (Nt,ρ,S), there exist a1, b1 ∈ Nt,ρ,S such that a′ = f (a1) and b′ = f (b1). Let n ∈ Nt,ρ,S .

Then f (a1) f (n) f (b1) ∈ f (J ) implies that f (a1nb1) = f ( j) for some j ∈ J . As K er f ⊆ J , we obtain
a1nb1 ∈ J . Therefore, a1 Nt,ρ,S b1 ⊆ J . As J is 3-prime, we get a1 ∈ J or b1 ∈ J . This shows that a′ ∈ f (J )

or b′ ∈ f (J ). Therefore, f (J ) is 3-prime.
For the other implication, we assume that f (J ) is 3-prime. Suppose a2 Nt,ρ,S b2 ⊆ J for some a2, b2 ∈ Nt,ρ,S .

Then f (a2), f (b2) ∈ N ′
q,μ,S′ . Let n′ ∈ N ′

q,μ,S′ . Then n′ = f (n1) for some n1 ∈ Nt,ρ,S . Now, f (a2)n′ f (b2) =
f (a2n1b2) ∈ f (J ) implies that f (a2)N ′

q,μ,S′ f (b2) ⊆ f (J ). By assumption, we have f (a2) ∈ f (J ) or
f (b2) ∈ f (J ). Consequently, a2 ∈ J or b2 ∈ J . Therefore, J is 3-prime.

The proof for i = c is analogous to i = 3.
Case i = e: Let J be e-prime. Suppose a′, x ′, y′ ∈ N ′

q,μ,S′ such that a′n′x ′ −a′n′y′ ∈ f (J ), ∀ n′ ∈ N ′
q,μ,S′ .

Then a′ = f (a), x ′ = f (x) and y′ = f (y) for some a, x, y ∈ Nt,ρ,S . Let n ∈ Nt,ρ,S . Then f (anx − any) =
a′ f (n)x ′ − a′ f (n)y′ ∈ f (J ). This implies that anx − any ∈ f −1( f (J )) ⊆ J . As J is e-prime, we have a ∈ J
or x − y ∈ J . Then a′ ∈ f (J ) or x ′ − y′ = f (x − y) ∈ f (J ). Therefore, f (J ) is e-prime.

Assume that f (J ) is e-prime and that there exist a1, x1, y1 ∈ Nt,ρ,S such that a1n1x1 − a1n1 y1 ∈ J, ∀ n1 ∈
Nt,ρ,S . Let n′ ∈ N ′

q,μ,S′ . As N ′
q,μ,S′ = f (Nt,ρ,S), we get n′ = f (n2) for some n2 ∈ Nt,ρ,S . By assumption, we

have f (a1)n′ f (x1)− f (a1)n′ f (y1) = f (a1n2x1 −a1n2 y1) ∈ f (J ). As f (J ) is e-prime, we have f (a1) ∈ f (J )

or f (x1 − y1) ∈ f (J ). Now, K er f ⊆ J implies that a1 ∈ J or x1 − y1 ∈ J . Hence, J is e-prime. ��
Note 2 1. The converse of Proposition 15 (1) need not hold because even for an ideal of N ′ that is 0-irreducible

(1,2-irreducible), its inverse image under f is not necessarily 0-irreducible (1,2-irreducible).
2. From Proposition 15 (2), for i ∈ {0, 1, 2, 3, c, e}, we obtain a one-one correspondence between the set of all

i-prime (t, ρ, S)-product fractal ideals of N containing K er f and the set of all i-prime (q, μ, S′)-product
fractal ideals of N ′.

3. If t, q = 1, 0 ∈ S and 0′ ∈ S′, then Proposition 15 (2) reduces to the classical correspondence between
i-prime ideals of N containing K er f and i-prime ideals of N ′, where i ∈ {0, 1, 2, 3, c, e}.

We now establish various interconnections among different notions of prime product fractal ideals of a
nearring.

Proposition 16 Let J be a (t, ρ, S)-PFI of N . Then the following hold.

1 If J is i-prime, then it is i -semiprime for i ∈ {0, 1, 2, 3, c};
2 If J is 1-prime (1-irreducible), then J is 0-prime (0-irreducible);
3 For i ∈ {3, c}, if J is i-prime, then J is 0-prime;
4 If J is 3-prime, then J is 2-prime;
5 If J is c-prime and Nt,ρ,S � J , then J is 3-prime;
6 If J is e-prime, then J is 1-prime and 3-prime;
7 If Nt,ρ,S is zero-symmetric, then

(a) J is i-prime �⇒ J is i-irreducible for i ∈ {0, 1, 2};
(b) J is 2-prime (2-irreducible) �⇒ J is 1-prime (1-irreducible);
(c) if x ∈ Nt,ρ,S x, ∀ x ∈ Nt,ρ,S and J is 2-prime, then J is 3-prime.
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Proof The proofs for 1 and 2 are straightforward. (3). Let J be 3-prime. Suppose H K ⊆ J for some ideals
H, K of Nt,ρ,S . We show that either H ⊆ J or K ⊆ J . Suppose K � J . Then ∃ k∗ ∈ K such that k∗ /∈ J . Let
h ∈ H . Then hNt,ρ,S k∗ ⊆ H Nt,ρ,S K ⊆ H K ⊆ J . As J is 3-prime and k∗ /∈ J , we have h ∈ J . Therefore,
H ⊆ J and hence J is 0-prime. The proof is analogous for J being c-prime.

(4). Assume that J is 3-prime. Suppose H ′K ′ ⊆ J for some left Nt,ρ,S-subgroups H ′, K ′ of Nt,ρ,S . Then
H ′Nt,ρ,S K ′ ⊆ J . We show that H ′ ⊆ J or K ′ ⊆ J . Suppose not, then there exist h′ ∈ H ′ and k′ ∈ K such that
h′ /∈ J and k′ /∈ J . But then, h′Nt,ρ,S k′ ∈ J . Because J is 3-prime, we get h′ ∈ J or k′ ∈ J , a contradiction.
Therefore, H ′ ⊆ J or K ′ ⊆ J . Hence, J is 2-prime.

(5). Suppose there exist a, b ∈ Nt,ρ,S such that aNt,ρ,S b ⊆ J . Let n ∈ Nt,ρ,S . Then an ∈ Nt,ρ,S and
(an)b ∈ J . As J is c-prime, we have an ∈ J or b ∈ J . Suppose an ∈ J . Then a ∈ J or n ∈ J . If n ∈ J , then
Nt,ρ,S ⊆ J , a contradiction. Therefore, a ∈ J or b ∈ J , implying that J is 3-prime.

(6). Let J be e-prime. First we prove that J is 1-prime. Suppose H1 K1 ⊆ J for some ideals H1, K1 of Nt,ρ,S .
Suppose H1 � J . Then ∃ h1 ∈ H1 such that h1 /∈ J . We show that K1 ⊆ J . Let k1 ∈ K1 and n1 ∈ Nt,ρ,S . Then
n1 = n0 + nc for some n0 ∈ (Nt,ρ,S)0 and nc ∈ (Nt,ρ,S)c. Now, h1n1k1 − h1n10 = h1(n0 + nc)k1 − h1n10 =
h1(n0k1 + nc) − h1n10. From Proposition 2, we have (Nt,ρ,S)c ⊆ J . Then nc ∈ J . Also, h1n10 = h1nc and
h1nc ∈ (Nt,ρ,S)c. Then h1n10 ∈ J . As H1 is right ideal of Nt,ρ,S , we have h1n0k1 ∈ H1 Nt,ρ,S K1 ⊆ H1 K1 ⊆ J .
Now, as J is a left (t, ρ, S)-PFI of N , we have h1n1k1 − h1n10 ∈ J, ∀ n1 ∈ Nt,ρ,S . Because J is e-prime and
h1 /∈ J , we get k1 ∈ J . Therefore, K1 ⊆ J . Hence, J is 1-prime.

Now, we show that J is 3-prime. Suppose that a1 Nt,ρ,S b1 ⊆ J for some a1, b1 ∈ Nt,ρ,S . Let n2 ∈ Nt,ρ,S .
Then a1n2b1 ∈ J . Observe that a1n20 ∈ (Nt,ρ,S)c. From Proposition 2, it follows that a1n20 ∈ J . As J is a
subgroup of (N ,+), we obtain a1n2b1 − a1n20 ∈ J, ∀ n2 ∈ Nt,ρ,S . Then a1 ∈ J or b1 ∈ J because J is
e-prime. Therefore, J is 3-prime.

(7). Assume that Nt,ρ,S is zero-symmetric.
(7a). The proof is straightforward.
(7b). Let J be 2-prime. Suppose H2 K2 ⊆ J for some left ideals H2, K2 of Nt,ρ,S . As Nt,ρ,S = (Nt,ρ,S)0, we

observe that Nt,ρ,S H2 ⊆ H2 and Nt,ρ,S K2 ⊆ K2. This shows that H2, K2 are left Nt,ρ,S-subgroups of Nt,ρ,S .
By assumption, H2 ⊆ J or K2 ⊆ J . Therefore, J is 1-prime.

(7c). Assume that x ∈ Nt,ρ,S x, ∀ x ∈ Nt,ρ,S and let J be 2-prime. Suppose a2 Nt,ρ,S b2 ⊆ J for some
a2, b2 ∈ Nt,ρ,S . Then (Nt,ρ,S a2)(Nt,ρ,S b2) ⊆ Nt,ρ,S J ⊆ J because Nt,ρ,S is zero-symmetric. Observe that
Nt,ρ,S a2 and Nt,ρ,S b2 are nonempty subsets of Nt,ρ,S . Let x, y ∈ Nt,ρ,S a2. Then x = n′

1a2 and y = n′
2a2.

Then x − y = (n′
1 − n′

2)a2 ∈ Nt,ρ,S a2. Also, Nt,ρ,S(Nt,ρ,S a2) ⊆ Nt,ρ,S a2. This implies that Nt,ρ,S a2 is a
left Nt,ρ,S-subgroup of Nt,ρ,S . Similarly, we obtain that Nt,ρ,S b2 is a left Nt,ρ,S-subgroup of Nt,ρ,S . As J is
2-prime, we have Nt,ρ,S a2 ⊆ J or Nt,ρ,S b2 ⊆ J . Observe a2 ∈ Nt,ρ,S a2 and b2 ∈ Nt,ρ,S b2. Therefore, we
have a2 ∈ J or b2 ∈ J . Hence, J is 3-prime. ��

It is evident that the condition Nt,ρ,S � J in Proposition 16 (5) is non-superfluous even in the case of rings
(see [24]).

We now show that the condition Nt,ρ,S is zero-symmetric in Proposition 16 (7) is non-redundant through an
illustration.

Example 2 Let N = Z6 × Z2. Consider the following lists;

x = [(0, 0), (0, 0), (0, 0), (0, 0), (0, 0), (0, 0), (0, 1), (0, 1), (0, 1), (0, 1), (0, 1), (0, 1)]
y = [(0, 0), (4, 0), (2, 0), (0, 0), (4, 0), (2, 0), (0, 1), (4, 1), (2, 1), (0, 1), (4, 1), (2, 1)].

We will use x, y to generate the nearring multiplication. Let xT , yT denote the transpose of x and y respectively.
For (n1, n2) ∈ N , define

N · (n1, n2) =
{

xT if (n1, n2) ∈ {(0, 0), (3, 0), (0, 1), (3, 1)}
yT if (n1, n2) ∈ {(1, 0), (2, 0), (4, 0), (5, 0), (1, 1), (2, 1), (4, 1), (5, 1)}.

Then (N ,+, ·) is a nearring. Let S ⊆ N with (0, 0) ∈ S. Then

N2,id2,S = N2 = {(0, 0), (2, 0), (4, 0), (0, 1), (2, 1), (4, 1)}.
Note that N2,id2,S is not zero-symmetric as (0, 1) · (0, 0) �= (0, 0). Let J = {(0, 0), (3, 0)}. Then J is a 2-prime
(2, id2, S)-PFI of N but J is not a 1-prime (2, id2, S)-PFI of N .
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Further, we notice that x ∈ N2,id2,S x, ∀ x ∈ N2,id2,S and J is not a 3-prime (2, id2, S)-PFI of N .
Also, {(0, 0), (2, 0), (4, 0)} is a 1-prime (3-prime) (2, id2, S)-PFI of N but not e-prime. Consequently, the

converse of Proposition 16 (6) need not be true.

Corollary 17 Let J be a (t, ρ, S)-PFI of N . Suppose Nt,ρ,S is zero-symmetric and has a left identity e. Then J
is 2-prime ⇐⇒ J is 3-prime.

Proof Follows from Proposition 16 (4) and (7c). ��
Corollary 18 Let J be a (t, ρ, S)-PFI of N . If Nt,ρ,S is distributive, then J is 0-prime ⇐⇒ J is 3-prime.

Proof Let J be 0-prime. From Theorem 12, we obtain (N/J )t,ρ,S is 0-prime. As Nt,ρ,S is distributive, we
observe that (N/J )t,ρ,S is also distributive. Now, {[0]∼J } being a 0-prime ideal of (N/J )t,ρ,S is 3-prime. Again,
by Theorem 12, we get J is 3-prime. The other implication follows from Proposition 16 (3). ��

We now define a fractal version of M-systems in a nearring.

Definition 7 Let J be a (t, ρ, S)-PFI of N and M ⊆ Nt,ρ,S such that M ∩ J ⊆ {0}. Then the pair (M, J ) is said
to be

1. an m3-system if for m ∈ M and x ∈ Nt,ρ,S \ J, m Nt,ρ,S x ∩ M �= ∅;
2. an mc-system if for m ∈ M and x ∈ Nt,ρ,S \ J, xm ∈ M ;
3. an me-system if for m ∈ M and x, y ∈ Nt,ρ,S such that x − y ∈ Nt,ρ,S \ J �⇒ ∃ n ∈ Nt,ρ,S such that

mnx − mny ∈ M .

Example 3 Let N be as described in Example 2. For S ⊆ N with (0, 0) ∈ S, we have

N2,id2,S = {(0, 0), (2, 0), (4, 0), (0, 1), (2, 1), (4, 1)}.
Let

J = {(0, 0), (3, 0), (0, 1), (3, 1)}
and M = {(0, 0), (2, 0), (4, 0)}.

Then J is a (2, id2, S)-PFI of N . Also, M ⊆ N2,id2,S such that M ∩ J = {0}. Notice that the pair (M, J )

is an mi -system for i = 3, e. As (2, 1) · (2, 0) = (2, 1) /∈ M , we observe that (M, J ) is not an mc-system.
For M1 = {(0, 0), (4, 1)}, the pair (M1, J ) is an mi -system, i = c, e but not an m3-system. If M2 = {(4, 1)},
then M2 ∩ J = ∅ and the pair (M2, J ) is an mc-system. Observe that (M2, J ) is neither an m3-system nor an
me-system.

Proposition 19 gives a characterization of i-prime product fractal ideals with respect to their corresponding
M-systems, where i = 3, c, e.

Proposition 19 Let J be a (t, ρ, S)-PFI of N and i ∈ {3, c, e}. Then J is i-prime ⇐⇒ (Nt,ρ,S \ J, J ) is an
mi -system.

Proof The proof is straightforward. ��
Proposition 20 Let J be a (t, ρ, S)-PFI of N and i ∈ {3, c, e}. If (M, J ) is an mi -system with M �= ∅ and
0 /∈ M, then J is i-prime.

Proof The proof is straightforward. ��
We show that the condition 0 /∈ M is necessary in Proposition 20 even if N reduces to a ring.

Example 4 Let

N =
[

2Z × R 2Z × {0}
(0, 0) (0, 0)

]

.

Then under usual matrix addition and matrix multiplication, N forms a ring (see [31]). Now,

N2 =
[

4Z × R 4Z × {0}
(0, 0) (0, 0)

]

.
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Table 2 Operations in (A,+, ·)

+ 0 1 2 3 4 5 6 7 · 0 1 2 3 4 5 6 7

0 0 1 2 3 4 5 6 7 0 0 0 0 0 0 0 0 0
1 1 0 3 2 5 4 7 6 1 0 1 1 0 1 0 0 1
2 2 6 0 4 3 7 1 5 2 0 1 1 0 1 0 0 4
3 3 7 1 5 2 6 0 4 3 0 0 0 0 0 0 0 5
4 4 5 6 7 0 1 2 3 4 0 1 1 0 1 0 0 1
5 5 4 7 6 1 0 3 2 5 0 0 0 0 0 0 0 0
6 6 2 4 0 7 3 5 1 6 0 0 0 0 0 0 0 5
7 7 3 5 1 6 2 4 0 7 0 1 1 0 1 0 0 4

Let 0 ∈ S ⊆ 2Z and A =
[

S × {0} (0, 0)

(0, 0) (0, 0)

]

. Then A ⊆ N . As 8Z is a (2, id2, S)-PFI of 2Z, we obtain

J :=
[

8Z × {0} (0, 0)

(0, 0) (0, 0)

]

is a (2, id2, A)-PFI of N . Let M =
[
(0, 0) 4Z × {0}
(0, 0) (0, 0)

]

. Then M ⊆ N2,id2,A . Also,
[
(0, 0) (0, 0)

(0, 0) (0, 0)

]

∈ M . Notice that (M, J ) is an mc-system. However, J is not c-prime because

[
(16, 0) (0, 0)

(0, 0) (0, 0)

]

∈ J

but

[
(4, 0) (0, 0)

(0, 0) (0, 0)

]

/∈ J .

Example 5 Let A denote the dihedral group of order 8 with operations + and · given in Table 2.
Then (A,+, ·) is a nearring. Also, A2 = {0, 1, 4, 5}. Note that I = {0, 3, 5, 6} is a (2, id2, B)-PFI of A

where 0 ∈ B ⊆ A. Let

N =
[

2Z × A 2Z × {0}
(0, 0) (0, 0)

]

.

Then N becomes a nearring with respect to usual addition and multiplication of matrices (see [31]). Let

S =
[

2Z × B (0, 0)

(0, 0) (0, 0)

]

.

Then S ⊆ N . Let p be an odd prime and let

J =
[

2pZ × I 4Z × {0}
(0, 0) (0, 0)

]

.

Then J is a (2, id2, S)-PFI of N . Observe that J is not 3-prime. In fact,

[
(4, 0) (0, 0)

(0, 0) (0, 0)

]

/∈ J and

[
(2p, 4) (0, 0)

(0, 0) (0, 0)

]

/∈
J but

[
(4, 0) (0, 0)

(0, 0) (0, 0)

]

N2,id2,S

[
(2p, 4) (0, 0)

(0, 0) (0, 0)

]

⊆
{ [

(8ap, 0) (0, 0)

(0, 0) (0, 0)

]

| a ∈ 4Z

}

⊆ J.

Let

M =
[{0} × {0, 1, 4} (0, 0)

(0, 0) (0, 0)

]

.

Then M ⊆ N2 such that M ∩ J =
{ [

(0, 0) (0, 0)

(0, 0) (0, 0)

] }

. Also, the pair (M, J ) is an m3-system.

Corollary 21 Let i ∈ {3, c, e}. If (M, J ) is an mi -system with M ∩ J = ∅, then there exists an i-prime
(t, ρ, S)-PFI J ′ of N such that J ⊆ J ′, M ∩ J ′ = ∅ and (M, J ′) is an mi -system.

Proof Let P = {I | I is a (t, ρ, S)-PFI of N such that I ∩ M = ∅ and J ⊆ I }. As J ∈ P , we have that (P,⊆)

is a poset. Let J ′ be a maximal element of P , which exists by Zorn’s lemma. Then (M, J ′) is an mi -system.
From Proposition 20, we obtain J ′ is i-prime. ��
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