Indian J Pure Appl Math (2025) 56:1065-1077
https://doi.org/10.1007/s13226-025-00822-5

ORIGINAL RESEARCH

Condition S-spectrum of Special Quaternionic Operators

AKkhitha M S - Krishna Kumar G

Received: 5 August 2024 / Accepted: 3 December 2024 / Published online: 6 July 2025
© The Indian National Science Academy 2025

Abstract The article studies the condition S-spectrum of quaternionic operators on a right quaternionic Hilbert
space. Specific topological properties of condition S-spectrum are developed. The condition S-spectrum of
various classes of normal quaternionic operators is determined. The condition S-spectrum of rank-one and rank-
one nilpotent quaternionic operators are identified. It is illustrated that condition S-spectrum helps characterize
the norm behavior of non-normal quaternionic operators.
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1 Introduction

Let H be the algebra of quaternions. An element ¢ in H is of the form ¢ = g9 + q1i + q2j + g3k, with
90,41, q2, g3 € Rand i, j, k are the generating imaginary units of H satisfying i> = j2 = k> = —1,ij = —ji =
k, jk = —kj = i,and ki = —ik = j. Denote S = {qli +q2j+q3k:q1,92,93 € R, q12 +6122 +q32 = 1}, and
for m € S define C,;, = {u + mv : u,v € R}. In particular, we define the complex system C = C;. The
2-dimensional sphere associated with ¢ € H is defined by [¢] = {Re(g) + m|Im(q)| : m € S}. Let K C C, the
circularization of K is defined by Qi := {u + mv : u +iv € K, m € S}. A subset U of H is called axially
symmetric if [¢q] € U forevery g € U. H¥*V denotes the algebra of all N x N quaternionic matrices. For more
about quaternions and quaternionic matrices, one may refer [1-3]. In 1936, G. Birkhoff and J. von Neumann
proposed that quantum mechanics could be formulated over real, complex, and quaternionic numbers; see [4].
This foundational work sparked a wave of research into quaternionic Hilbert spaces and operators, leading to
significant developments in the field. Quaternionic Hilbert spaces can be classified as right, left, or two-sided,
depending on how scalar multiplication is defined. In this article, we consider the right quaternionic Hilbert
spaces.

Definition 1 LetH be aright quaternionic vector space, (author?) [5, Definition2.3.1]. Amap (-, -) : HxXH —>
H is said to be an inner product on H if it satisfies the conditions:
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1066 A. M S, K. Kumar

1. (x,x) > Oforall x € H and (x, x) = O if and only if x = 0.
2. (x,yq+2z)=(x,y)q+ (x,z) forallx,y,z € Hand g € H.
3. (x,y) =(y,x) forall x,y € H.

‘<

If H is complete with respect to the induced norm ||x|| = (x, x)%, then 7 is said to be a right quaternionic
Hilbert space. Throughout this article, H denotes a right quaternionic Hilbert space. Amap 7 : H — H is
called the right linear quaternionic operator if

T(xg+y) =T(x)g+ T(y) forevery x,y € H, g € H.

If |Tx|| < x| forevery x € H and some @ > 0, then T is called a bounded right linear quaternionic operator,
also referred to as a quaternionic operator. The algebra of all quaternionic operators defined on H is denoted by
B(H). The theory of quaternionic Hilbert spaces and quaternionic operators is found in [5-8].

A quaternionic operator’s right and left spectra were insufficient to construct the quaternionic spectral theory.
In [9], F. Colombo and I. Sabadini identified S-spectrum as the appropriate spectrum for quaternionic operators.

Definition 2 Let I’ € B(H) and g € H. Then Q,(T) = T2 — 2Re(q)T + |q|*1 is called the pseudo-resolvent
operator. The S-spectrum of T is defined by

os(T) ={q € H: Q4(T) is not invertible}.

The discovery and development of the S-spectral theory of the quaternionic operators is thoroughly explained in
[5]. The S-spectral theory of quaternionic operators helps study partial differential equations or, more generally,
pseudo-differential operators over non-commutative structures. It is also a valuable tool for studying Fractional
evolution problems and provides the grounds for studying quantum mechanics in the quaternionic setting. To
better understand the S-spectrum, the reader is referred to [7,8,10-12].

Let X be a complex Banach space and B(X) be the algebra of all bounded linear operators on X. For
T € B(X) and 0 < € < 1, the e-condition spectrum of T is defined by

0o (T) = o(T) U {z eC: |zl —TJ H I —T)" H > e—l} ,

where o (T) denotes the spectrum of 7. The condition spectrum is a generalisation of the spectrum, helpful
for analysing the stability of operator equations and studying the norm behaviour of non-normal operators. For
more details on the condition spectrum, one can refer [13—16]. This article studies the condition spectrum of
quaternionic operators, namely the condition S-spectrum. The condition S-spectrum of quaternionic operators
was introduced in [17] and characterised for compact operators.

Definition 3 Let T € B(H) and 0 < € < 1. Then the e-condition S-spectrum of T is defined by

oS =05 U g e H: 0] |2y = 7'}

The norm of a normal quaternionic operator is determined from its S-spectrum; see Theorem 3.5 of [18]. However,
the S-spectrum is insufficient for studying the non-normal quaternionic operators. The condition S-spectrum gives
information about the norm of non-normal quaternionic operators where the S-spectrum fails. The condition S-
spectrum is also helpful for the stability analysis of the quaternionic operator equations. This article focuses on
studying the condition S-spectrum for various classes of normal and non-normal quaternionic operators on a
right quaternionic Hilbert space. The following is an outline of the article.

In section 2, we develop vital topological properties of the condition S-spectrum of quaternionic operators.
Equivalent definitions for the condition S-spectrum of quaternionic matrices are provided. It is also shown that
condition S-spectrum is a compact subset of H. In section 3, we identify the condition S-spectrum of normal
quaternionic operators, namely: left multiplication, normal, self-adjoint, and orthogonal projection. Condition
S-spectrum of certain normal quaternionic operators on slice Hilbert spaces is also discussed. Section 4 identifies
the condition S-spectrum of a non-normal rank-one quaternionic operator. The condition S-spectrum of rank-one
nilpotent quaternionic operators is also determined. It is illustrated that the condition S-spectrum helps identify
the norm behavior of non-normal quaternionic operators. Examples are provided for a better understanding of
the results.
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Condition S-spectrum of Special Quaternionic Operators 1067

2 On some properties of condition S-spectrum

Fora e Handr > 0, D(a,r) :={qgeH:|g—a| <r}.ForQ, Q2 CH,Q+Q :={q1+q2:91 € Q,q2 €
Q,} and dist(€2, €22) = inf{|q1 — g2| : q1 € Q21,92 € 22}

Proposition1 Let T € B(H) and 0 < € < 1. Then the following holds.
. 0s(T) CoS(T)and o5(T) = () o5(T).

O<e<l1
03(T) CoS(T) for0 <el <e < 1.
GGS (T) is an axially symmetric subset of H.
S(al + BT) = {a} + ,BUS(T)for everya, f € R.
If P = VTV~ for some V invertible, then US(P) C e(||V\|||V l||)Z(T).
oS (T)) UaS(Tr) C oS(T @ T») for every Ty, T» € B(H).

If T is invertible and g € o5(T ") \ {0}, then g € ai”TH”T,IH)Z(T).

~

NS .U':'*.W!\’

Proof (1) and (2) follows from the definition.

(3) Suppose g € cres (T). If g € o5(T), then the axially symmetric property of os(7") implies [¢] € os(T) <
o5(T).1f g € 03(T) \ o5(T), then Q ,(T) = T? —2Re(p)T + |p|*I = Q4(T) and Q ,(T)~' = Q,(T)~! for
every p € [¢q]. Thus [q] € 6 5(T) \ o5(T).

@ aes(otl) = {o} whenever @ € R. Let o, 8 € R and B # 0. Then os(al + BT) = {a} + Bos(T). For
q ¢ os(al + BT),

Q,(al + BT) = (al + BT)? — 2Re(q) (@ +BT) +|qI*1

< 2Re(q) T+ '2'2 > + (a2 . 2Re(q)a) [+ 20T
2
2 - q—« _ a2
( 2Re )T—i—‘ 5 I)—ﬁ Q%(T)-
Similarly Q, (el + BT)~! = # e (T)~!. Thus
q-

geoSal+pT) &= L% co5(T) & qela}+pasD).

(5) Let V be invertible and P = VT V~'. Then o5(P) = o5(T). For ¢ ¢ os5(P),
2
0,(P) = (vrv—l) —2Re(q)VTV~ + g1
=VT*V ! —2Re(@)VTV ' +1gPVV ! =vQ TV,

and Q,(P)~' =V Qu(T)"'V~!. Thus

louP 2| = (vinv="1)" e [ 2o ]

s
Hence ¢ € 02(P) implies ¢ € o (HVIIHV ]”)Z(T).

(6) os(T1 ® Tr) = os5(T1) Uos(Tr); see [19]. For g ¢ os(T1 @ T»),
| Qg (T & T»)|| = max{||Q,
|0 @)™ | = max{] 0y

Jesm ]}
Thus 04 ()| 0T = € or [ Qg (7] Q4 (T2)! | = € impics

|04(T1 & )| H 0,(T1 & Tp)~"! H >l
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1068 A. M S, K. Kumar

Hence 05 (T1) U o3 (Tr) C o5(T1 @ T»).
(7) Let T be invertible and ¢ € o5(T~!) \ {0}. Then

(71 = 2Re(@) T~ + g1 H (772~ 2Re(@) 7" +1gP1) H >

1 2R !
lg|~>T? (—1 2Relq) 1 TZ)

1 2Re(q)
lq1? (—1 3 >
lq] lq|

—1\2
P T T >(T

Qé(T)H [oray | armr=p? = !

Thus ; ocrnr-pe -

Theorem 1 Let T € HY*N and 0 < € < 1. Then, the following statements are equivalent.

1. g € a3(T).

2. q € o5(T + E) for some E € HN*N with ||TE + ET + E? —2Re(q)E|| < €]| Q4 (D).

3. ]|Qq(D)x| < €]|Qq(T)| for some x € HY with ||x|| = 1.

4. vy (Qq(T)) <€y (Qq(T)), where vq (Qq(T)) > v (Qq(T)) > o>y (Qq(T)) denotes the singular
values of Q4(T).

Proof Equivalence of (1) and (2) follows from Corollary 3.2 of [17], equivalence of (1) and (3) follows from
Corollary 3.3 of [17], and equivalence of (1) and (4) follows from the definition. O

Theorem 2 Let T € B(H) and 0 < € < 1. Then

1+ e
S S
T [ T } T
21y =swplqliq € ol < ZITI.
1
Proof Letgq € aS(T) and |g| > ||T||. From Proposition 3.2 of [ (T~ 1” W Then
q

1_ o] _ITIP+2Re@IT N +1g* _ (gl + 171>

€ (g1 — IITII)2 B (gl = 1T ~ (gl —1ITIH?
Thus |g| < {217 o

The next Theorem proves a significant topological property of the condition S-spectrum.
Theorem 3 Let T € B(H) and 0 < € < 1. Then UES (T) is compact.
Proof Define g : H\ o5(T) — [0, c0) by

s@ = |2y | 2.

Then g is continuous, aes(T) =o0s5(T) Ug’] ([e’1 , oo)), and creS(T) is closed. From Theorem 2, aes(T) becomes
compact. O

Proposition 2 Let T € B(H) be normal and 0 < € < 1. Then

2
o3(T) Cos(T)+ D (0, %nm) :

14+/€
< = IT] and

Proof Letq € o

2
ATl

[ QD] < ITI? +21gIIT1 + g1 < <T—ver

1
dist (os(T), [q])*

From Lemma 3.9 of[18],( (T)~ IH
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3 Condition S-spectrum of quaternionic normal operators

Let L, denotes the left multiplication operator induced by p € H and is defined by L,(x) = px =
Zze/\/ zp{z, x) where x € H and N\ is a Hilbert basis of H, see [8].

Theorem 4 Let p € Hand 0 < € < 1. Then O'ES(LP) =[pl
Proof From Proposition 4.12 of [19], o5(L ) = [p]. Let g ¢ [p], then

[ou@nll | eu@n™| = ILoyn |[Lom| = Qa2 "] =1.

Thus ¢ ¢ 05(L,) and 65(L,) = os(L,) = [p]. O

Corollary 5 Let H be seperable and D € B(H) be a diagonal operator with diagonal elements {d, : n € N}.
Ifd, € [d] for some d € H then O'GS(D) = [d].

Proof Let {e, : n € N} be the orthonormal basis of H such that

o o
D(x)=D (Z enxn> = Zendnx,,.
n=0 n=0

Suppose d,, € [d] for each n € N and some d € H. Then there exists |p,| = 1 such that d,, = p,dp,. Thus

o0

D(x) =) enPudpnn = U*LaU (x),
n=0

where U is diagonal with entries {p, : n € N}. Since U is unitary,

o3(D) = o3(U*LaU) = 05 (Lg) = [d].

|
Theorem 6 LetT € B(H) be normaland(0 < € < 1. Then crgs(T) = U Qi (u,ne) Where K(i, A, €) =
_ n,a€as(TH)NC
{zeC:lz—pllz — il <elz—Allz —Al}.
Proof Let T be normal and g ¢ o5(T). From Lemma 4.5 of [19],
-1
[0, =inf(10, () : e a5 N C).
Further, consider f, (x) = x> — 2Re(q)x + |¢|?, then o5(f,(T)) = f;(os(T)) and
1Qq(T) Il = sup{ls| : s € o5(fg(T)} = sup{| fg(s)] : s € o5(T)}
= sup {|Qq(k)| tA€eos(T)N C} .
Thus
ol(T)=os(MUgeH: sup [QM =€ inf [0,
reas(T)NC pneos(T)NC
= U {geH: 10, <elQ01}.
w,acos(T)NC
Since {g € H : |Qq(w)| < €|Qq4 (1)} is axially symmetric, there exists
K(u, he)={z€C:|z—ullz— il <e€lz—Allz — Al}
such that 03 (T) = U QKk@re- o

w,A€as(TH)NC
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1070 A. M S, K. Kumar

Corollary 7 Let T € B(H) be self-adjoint and 0 < € < 1. Then
s a—ef Jela — B
T) = D .
o (T) U ( l—e’ 1-—c¢
o,Beos(T)
Proof From Theorem 9.2.5 of [5], os(T) C R. Since «, 8 € R, as in Theorem 6,

_ B2 . B
= U {qu:u>el}: U D(a G ﬁl).

7 = _ _
,Beas(T) lg —al ,Beas(T) 1—e¢ 1—e¢

Corollary 8 Let T € B(H) be an orthogonal projection and 0 < € < 1. Then

af(T)=D< —€ ‘/E)UD<L ﬁ)

1—€ 1—c¢ l—€ 1—c¢

Proof Since T is an orthogonal projection 7' becomes self-adjoint. From Theorem 4.11 in [19], o5(T) = {0, 1}.
The result follows from Corollary 7. O

3.1 Condition spectrum of operators on a slice Hilbert space

In this subsection, we analyse whether the condition S-spectrum of a quaternionic operator coincides with the
circularisation of the condition spectrum of the corresponding complex operator. The answer is negative, although
there is an inclusion relation for normal quaternionic operators. The following are some fundamental concepts
on slice Hilbert spaces.

Let J be an anti self-adjoint unitary operator. The existence of such an operator is illustrated in [8]. Then
HL = {x € H: J(x) = %xi} is a complex Hilbert space with respect to the structure induced by H, referred
to as the slice Hilbert space. See [8] for more information on slice Hilbert spaces.

Theorem 9 (Proposition 3.11, [8]) Let T Hf — H_J,_i be a complex bounded linear operator. Then there
exists a unique quaternionic operator T : H — H such that T (x) = f(x)for every x € 'Hf and |T| = ||IT].

Theorem 10 (Proposition 5.11, [8]) Let T € B(H) be a normal quaternionic operator. Then there exists an
anti self-adjoint and unitary operator J € B(H) such that Hi’ is a complex Hilbert space, and the restriction

Ty = T|Hf is a complex operator in B(Hf).

The following theorem establishes a relationship between the condition S-spectrum of a quaternionic operator
and the condition spectrum of its corresponding complex operator.

Theorem 11 Let T € B(H) be normal and 0 < € < 1. Then

e J L

z€0 /e (T4)
where T, = T|Hf and equality holds if T is self-adjoint.

Proof Letq € GES(T),then there exists 7 € [g]NC suchthatz € O’€S(T). Supposez ¢ o s(Ty)andz ¢ o s (T4),
then

1Ty =20l | =27 | < Ve and Ty -2 @y - 2D < Ve

Since 0,(T)+ = 0.(Ty) and ||T|| = || T4 |, it follows that

1Q-(D)l

0. = no-ron | e
= (T —2D)(Ty — 2D |y 207 (13 — 2D 7|

< WTs = 2D Ty = 2D |7y = 2D 7| |y = 2D < e
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Condition S-spectrum of Special Quaternionic Operators 1071

This is not possible, since z € af(T). Therefore, either z € o (T4) or z € o (T4). Since [z] = [z] = [q],
we have g € [z]. Now suppose T is self-adjoint and g € [z] for some z € o /(7). Then

I = 2D(T4 = 2D = I(T4 = 2DINTs =201 and |15 =201 (7 =27 = Ve,

Further
10D | QN ™! | = T — 2@ = 201 |7 = 2D~ (T4 = 217!
= (T — DI Ty =201 | =207 | |y — 2D
> el
Thus, z € 03(T) and g € [z] € o3 (T). O
Example1 Let A = (l)g and 0 < € < 1. Then A is normal, non self-adjoint, o5(7) = {0} U S, and

os(T)NC = {0, i, —i}. From Theorem 6,
05 (A) = Qi 0,6) Y Quc(0,1,0)s

where k(i,0,€) = {z € C: |22 + 1] < €|z|*} and k(0,i,€) = {z € C: |z]*> < €|z> + 1|}. Here, A} = A, and

aﬁ(A+)=B<_—€i */E>UB< ! */E),

l—€e 1—c¢ 1—€¢ 1—c¢

where B(a,r) ={z € C:|z—a| <r},a € C.Fore =0.25,2i € 0 /c(Ay)but2i ¢ O’GS(A). Thus, the inclusion
in Theorem 11 holds strictly for non self-adjoint quaternionic operators.

If T = L, then aes(Lq) = [g]. Conversely, if the condition S-spectrum of a quaternionic operator is a single
sphere [¢], is it necessarily a multiplication operator induced by ¢ ? This is true for normal quaternionic operators.

Theorem 12 Let T € B(H) be normal and 0 < € < 1. IfO’GS(T) = [g] for some g € Hthen T = U*L,U for
some unitary operator U. In particular T = L, whenever q € R.

Proof o5(T) is non-empty and axially symmetric implies o5(7) = [g]. Since T is normal, from Corollary 5.13
of [8],

o(Ty) =o5(T)NCT =[q]NC" = {Re(q) + [Im(q)]i}.
Denote A = Re(q) + [Im(g)|i, then Ty = )‘IHf' Let x € H, then x = x4 + x_ for x4 € Hii and T (x) =

Ty (x4) — Ty (x—j)j = Axy — A(x—j)j. Suppose N is a Hilbert basis of H7’, from Lemma 3.10 of [8], N/
becomes a Hilbert basis of 7. Thus

T(x) = Z Mz, x4) — Z Mz, x_j)j = Z zMz, x) = Ly (x).
zeN zeN zeN

Ifg=aeR,thenT =L, = L,.If g € H\ R, then there exists p € H with |p| = 1 such that . = pgp. Thus
Ly =U*L,U, where U = L, is a unitary operator. o
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1072 A. M S, K. Kumar

4 Condition S-spectrum of rank-one quaternionic operators

For x,y, w € H, define (x ® y)(w) = x(y, w). It is true that a rank-one quaternionic operator is in general
non-normal, every rank-one quaternionic operator is of the form x ® y for some x, y € H, and every rank-one
nilpotent quaternionic operator is of the form x ® y for some x, y € H with (x, y) = 0. For more information, one
may refer [13,20]. Let By () denotes the collection of all rank-one quaternionic operators on H. The following
theorem finds the condition S-spectrum of a rank one nilpotent quaternionic operator.

Theorem 13 Let T € B (H) be nilpotent and 0 < € < 1. Then

Vel Tl \/EIITH)_

l—e 1—¢

af(T):D(

Proof LetT =x ® y forx, y € H with (x, y) =0and g = go + q1i +q2j + g3k. Then o5(T) = {0}, T> = 0,

IT1 = lxliyl, and Qq(T) = —240T + |gq|*I. Define u = iy, v = 13y, Hi = spanfu, v}, and Ha = Hj.

Then Qy(T)(w) = |q1*u, Qq(T)(v) = —2qollx ||y lu + |g*v, and Qq(T)(w) = |g|*w for w € Hy. Further
H ="Hi ® H; and

2
—2qo||x
0,(T) = (|qo| ‘”sz””y”) & 4P b,

2 _
Denote A, = ('%l qu!JTzll'ly”). Forg # 0,

[0,(T)] = max{li4,]l. lgP} and | y(1)~"| = max || A7

’ |Q|_2} N

1

We have [|A4]l = vi(Ay) and HA;1 ” = A where v1(A,) and v2(A,) are the maximum and minimum
2 (Ag

singular values of A, respectively. Now,

A* A :< lg|* —22610|61|2IIXI|||y|| )
470\ =2q0lq P Ix Nyl 4gg x 12 1y1% + 1g1*

:< 0 —2qo|q|2||x||||y||> gl (1 0)
—2qolgPlIx Iyl 4g31x1yI? 01

Then o5(A5Ag) = {11 + lg1*, 12 + |g1*}, where

p =2 [qéuTu2 +qoll Ty aITI? + |q|4] and pp =2 [qénlrn2 —qollTlly/a3 T2+ |q|4} :

Thus 0 # ¢ € o3(T) if and only if

2+ lal = € +1al) = (1= (1aI* +2a31TI2) = 240 71 + DY GITI? + a1
= (1—=e)gl® —162g5ITI*lgI" = 162 I T|I* < 0.
Hence
oS(1) = {q e H: (1= gl* — 1621 TIlqI* — 166451 T1I* < 0}

A2 T2 207112
- degylT |l <lal* < deqy|IT||
(14 ¢)? (1 —¢)?

2q0(IT I/ € el

1—¢

Sx/EIITII}.
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Remark 1 Let 7 be a non-normal rank-one nilpotent operator. Then og(7) = {0} and S-spectrum won’t give
any information on the norm of 7. From Theorem 13, O’GS(T) =D <M ﬁ””), rg(T) = @ and

1—e > 1—€

_ S
IT| = % For e = 3 — 24/2 we have r5(T) = |T|.
The following example illustrates that the condition S-spectrum is more helpful than the S-spectrum for identi-
fying the norm behavior of non-normal operators.

0 nj

Example 2 Consider 7,, = <0 0

) eH*>*2 neN ,and 0 < € < 1. Then T, is non-normal, rank-one, and

nilpotent. Further

Observing the table, we note that the norm || 7; || and the e-condition S-spectral radius rf (T,,) vary with n,
whereas the classical spectral radius r(7},) remains constant. This suggests that the condition S-spectrum offers
a more accurate approximation of ||7;,]|.

n I | os(Ty) r(Ty) o3 (Ty) r3(T)
0 0 {0} 0 {0} 0

1 {0} 0 p(£. %) 2/
10 10 (0} 0 D (10 lf’f) 20/
N N (0) 0 D (PE ) =

Example 3 Consider the matrix A = <(1) {) We have o5(A) = {1} and A = I + Ap, where Ay = (8 (J)>

From (4) of Proposition 1, aes A) ={1}+ O'ES (Ap). Since A is rank-one nilpotent operator and | 7'|| = 1, from
Theorem 13, 05 (Ag) = D (é, é) Therefore

af(A):D<1+ Ve ﬁ).

1—€¢ 1—¢
Clearly, aes (A) is a compact set and, res (A) = % Also, the inclusion in Proposition 2 is not true for A. So this
example ensures that Proposition 2 does not necessarily hold for non-normal quaternionic operators.

Identifying the condition S-spectrum of rank-one quaternionic operators requires the condition S-spectrum

“b>,a,beH.

of a2 x 2 quaternion matrix of the form (0 0

ab

Lemma 14 Let A = <0 0

)wherea,beHand0<e < 1. Then

oS =g cH:lgl* +]0 @[ +1ab — 2Re(@b]* = (¢ + ") la [0y @]
Proof We have o5(A) = [a] U {0}; see [3]. Let g = qo + q1i + q2] + q3k ¢ o5(A), then

0,(A) = <a2 — 2qoa + |q|2 ab — 22q0b) _ (Qq(a) ab — 22q0b> 7
0 g1 0 g

and

10,@]>  Qg@)(ab — 2qob)
0,(A)*Q,(A) =
(ab — 2qob) Q4 (a) lab — 2qob|* + |g|*
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1074 A. M S, K. Kumar

Let vy and v; be the singular values of O, (A) such that vo < vy. Then

Vi + 13 = Trace(Qq(A)* Qg (A)) = |04 (@)|* + lab — 2qobl* + Iq|*,
vivy = [Det(Q, (A))| = l¢> Q4 ().

2
Thus (v £v2)? = (1Q4(@)| £191*)” + lab — 2qob|* and

1
n=3 (\/(|q|2 +104@1) +lab — 240bP + 1/ (1gF ~ 104 @1)” + lab — 2qob|2) :

1

n=> <\/(|q|2 +104@1)’ + lab — 2q0bl? ~ (g1 ~ 104 @])” +lab ~ 2qob|2) :

Since | Q4 (A)| = vi = [Q4(@)llg|?v; " and || Q4 (A)~!|| = v3", we have

2
GS(A)=[a]U{0}u{qu:Mzé}

)

=[a]U{0}U{q€H:

o ,
lgly/1Qq(@)] =ve

1Qq(a)] lq1? lab — 2qob|?

Further, fi U {0}, defi a = .
urther, for g ¢ [a] U {0}, define 1a.0(9) = = "5+ 15 31 + a0, @)

<Ve = Vnup@ +2—Vnapl@) —2 <2

= Nap(@) —\/Na,p(@)? —4 < 2e.

Since t > t — +/t? — 4 is a decreasing function on [2, co) and € + % is the real solution of t — +/#2 — 4 = 2e,

we get
5 1
Na,b(q) =/ Nap(g)= —4 < 2¢ & n4p(q) > €+ o

v
lg1y/104(a)l

Hence

Q4@ gl |ab—2QOb|2>€+€_1}
S lalP Q@] 1alP1Qq(@)] T

=g eH:1g1* +] 0, @[ + lab - 2q0b = (e +€7') 191 [0y @)} .

ol (A) = {q cH

Theorem 15 Let T =x Q y € Bi(H) and 0 < € < 1. Then

oS(1) = g € H:Igl* + 10, @1 + lab — 2Re(@)bl? = (¢ + €7 HlglPIQq @) |

where a = (y, x) and b = \/IIx[2|y 1> = [(y, x) |

Proof Letu = i, v = M Hy = span{u, v}, and Hy = Hi". Then H = H; @ Hy and T = T @ Oy,
where

F o <<y, ) VXl — |<y,x>|2> .
0 0
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Denotea = (y, x),b = /|Ix|2[[ylI> — [(y, x)|% and ¢ = go+q1i +¢2j +q3k. Wehave o5(T) = o5(T) = [a]U
(0). Further 0 (7)) = u [(v, x)? = 2q0(y. x) + 1], Qg (1)) = [ (v, %) = 2q0) VIFIPIYIZ = (7. x)2
+ vlg|% and Q,(T)(w) = |q|*w for w € Hy. Then

2 2 _ 2 2 _ 2
Qq(T)=<<y,x> 2q<())<y,x>+|q| ({y. x) 26]0)\/|!])|€2|| Iyl <y,x>)®|q|2,m

= 0,(T) ®191*In,.

For g ¢ [a] U {0},

10,(D) = max{H Qq(f‘)H , |q|2} and [|Qq(T)™"|| = max { H Qq(f)—l" ’ m%} :

From Lemma 14,

~ 1
w = e =3 (\/(|q|2 +10, @) + lab — 240bP +/ (P = 10@))” + lab — 2051 ).

~ 1
o i= a7 = 5 (VR +120@07 + tab = 2006 = (107 = 10, @) + b — 2q008 ).

We claim that vy < |q|2 <. Ifa =0 or b =0, then the claim is trivial. Suppose a # 0 and b # 0. Then

1
v —lg* = 3 [\/(Iql2 +10, (@) + lab — 2qob|? + \/(Iql2 —10,@))” + lab — 2qob|> — 2|qI2]

1
> 5 [laP +10, @1+ g1 — 10, @] —2lq ] = 0.

Denote ¢ = ab — 2qob, then

1
v—lgf =3 <\/(|q|2 +10,@I) + e = (1g12 = 104 @))* + [el? - 2|q|2)

2
| <\/(|q|2 +10,@I)2 + e =/ (1a1? = 12, @])* + |c|2) — 4lqf*

2
(\/(|q|2 +10,@I)2 + e =/ (1a1? = 10, @])* + |c|2> +2iqP?

104 @ = lqI* + Jef - \/((|q|2 +104@1)* +1cP) ((laP = 124 @])? + IcP)

Vgl +10,@1) + 1e? =/ (laP = 124 @])* + Ie? + 2IqP?

Here \/ (g2 + 10, @1)? +IcP =/ (1P — 124 @1)* + e +2lqI* = 0 and

Q4@ = lgI* + Ic|* < \/(IQq(a)IZ —lgI* + 1cl?)® + 4l *cP?

= \/((|q|2 +104@I)* + 1e) (1912 = 12q @])” + Iel?).

Thus vy < |g|%. Hence [| Q4 (T)| = H Qq(T)H and [|Qy(T)|| = H 0,1 H From Lemma 14,

oS(T) = o5 (1) = {q € H: gl + 104 @1 + lab — 2q0bl* = (e + €' ) g1y @]}
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5 Conclusion

This article studied the condition S-spectrum of a quaternionic operator defined on a right quaternionic Hilbert
space. The study mainly focused on determining the condition S-spectrum of specific classes of normal and
non-normal quaternionic operators. We have identified that the condition S-spectrum is a better tool for studying
the norm behavior of non-normal quaternionic operators. We propose the following studies in this direction.

1. Norm behavior of various non-normal quaternionic operator classes from the condition S-spectrum.
2. Is condition S-spectrum a valuable tool for studying quaternionic dynamical systems?
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