Indian J Pure Appl Math (2025) 56:1078-1089
https://doi.org/10.1007/s13226-025-00823-4

ORIGINAL RESEARCH

Graph with respect to large ideals of an N-group

Rajani Salvankar - H. L. Yashaswini - Kedukodi Babushri Srinivas - Harikrishnan Panackal -
Kuncham Syam Prasad

Dedicated to Professors R. B. Bapat and Simo Puntanen on their 70th and 80th birthday, respectively.

Received: 31 August 2024 / Accepted: 3 December 2024 / Published online: 8 July 2025
© The Indian National Science Academy 2025

Abstract We consider a module G over a right nearring N. We define the large ideal graph of G. For a finitely
generated N-group, we prove that its large ideal graph has diameter at most 3 and provide an equivalent condition
for G to be completely reducible. We prove several properties which involve connectedness, diameter and
completeness etc. of graphs obtained from large ideals and strictly large ideals of G. Significant examples are
given to illustrate various notions.

Keywords N-group - Nearring - Essential ideal graph

1 Introduction

We consider a zero-symmetric right nearring (say, V) and a finitely generated module (say, G) over N (also
known as N-group [1,2]). The idea of graph constructed from a ring structure was initiated with the concept of
zero-divisor graphs (see [3]). Later, based on a given ring structure, various types of graphs such as essential
graph (see [4]), co-maximal ideal graph, total graph (see [5]), hypercubes of dimension n (see [6]), and prime
graph (see [7]) etc. were studied. In [8], the authors have explored the properties of graphs with respect to an
ideal and in [9], the graph with respect to superfluous ideals of nearrings has been studied.

In a commutative ring, the author (see [10]) studied the basic properties of the essential ideal graph. This idea
has been extended to modules over rings in [11]. The authors considered the set of all non-trivial ideals as the
vertex set in a commutative ring (resp. submodules in case of modules) and an edge is defined if the sum of
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Graph with respect to large ideals of an N-group 1079

two ideals (resp. submodules) is essential in the underlying ring (resp. module). The authors [12] studied the
concept generalized essential submodules and in [13], the authors extensively studied the properties of essential
g-supplemented modules. Unlike in modules over rings, N-group has two substructures, namely, N-subgroups
and ideals. Consequently, the graphs obtained from these notions will yield different structural properties. For
example, the large ideal graph of an N-group is always connected, whereas the graph constructed based on N-
subgroups need not be connected, in general. Eventually, we define two types of large ideal graphs and interrelate
the properties between the two types. In each of these graphs, we provide detailed illustrations.

In Section 2, we give necessary definitions of nearrings and notions of graphs. In Section 3, we introduce the large
ideal graph of an N-group and consider a subgraph of the large ideal graph induced by the set of all non-large
ideals. We also prove an equivalent condition for an N-group G to be completely reducible in terms of its large
ideal graph. We show that the large ideal graph is always connected with a diameter not greater than 3. Also, we
prove that if the large ideal graph of G has a unique universal vertex, then there exists a proper large ideal in G.
In Section 4, we introduce a strictly large N-subgroup graph and provide examples to show that the strictly large
N-subgroup graph need not be connected. Furthermore, we consider a subgraph of the strictly large N-subgroup
graph, (which is called strictly large ideal graph) wherein we consider the set of all non-trivial ideals of G as its
vertex set. We provide the structure of the N-group for which the strictly large ideal graph is disconnected.

2 Preliminaries

A right nearring N is a set having two binary operations under which N is an additive group (not necessarily
abelian) and multiplicative semigroup with right distributive law. We call N zero-symmetric if n -0 = 0 for every
n € N. An additive group G is an N-group if there existsamap N x G — G, satisfying (n +n1)g =ng+nig
and (n - n1)g = n(n1g) forall n,n; € N and g € G. A subgroup H of G is an N-subgroup (denoted as,
H <y G)of Gif NH = {nh|ln € N,h € H} € H; and a normal subgroup / of G is an ideal (denoted as,
I Iy G)of Gifn(g+i)—ng €I, foralln € N, g € Gandi € I. The sum of two ideals I and J of G
isI+J={i+jliel,jeJ}andif I NJ = (0), then the sum is called direct sum, denoted by I & J. An
ideal I of G is large (or essential) in G if I N K = (0) and K <y G implies K = (0) (Itis denoted as I <; G)
and an N-group G is said to be uniform if every non-zero ideal of G is large in G [14]. An ideal K of G is said
to be a complement of an ideal 7 if K is maximal with respect to the condition that / N K = (0). A minimal
ideal is an ideal that is minimal in the set of non-zero ideals of G, and the socle is the sum of all minimal ideals.
An N-subgroup K of G is strictly large if K N A = (0) and A is an N-subgroup of G implies A = (0). It is
denoted as K <j G. Also, N is simple if it has no non-trivial ideals, and is completely reducible if N (resp.
G) is the direct sum of simple ideals. We denote the ideal generated by a subset S of G as (S). G is said to
be finitely generated if there exists B = {x1, x2,---, x,} € G such that (B) = G. Furthermore, we consider
simple graphs, whose vertex set and edge set are respectively V and E. A vertex v is universal if the degree of
v=|V| — 1, where | V| is the number of vertices of the given graph. A null graph is a graph whose vertex set
is empty and an empty graph is a graph having a non-empty vertex set and the empty edge set. K, stands for a
complete graph on n vertices. The notation u ~ v or uv simply denotes an edge between two vertices u and v.
For basic definitions in modules over rings, we refer to [15], for nearrings and N-groups, we refer to [1,2], and
for graph-theoretical notions we refer to [2, 16].

3 The large ideal graph

We define the large ideal graph (denoted as L) of an N-group and discuss some of its properties.

Definition 1 The large ideal graph Lg, is a graph defined on an N-group G, where non-trivial ideals of G are
taken as vertices and I ~ J with I # Jisanedgeif I + J <; G.

Example 1 1If G is simple, then L¢ is a null graph. Moreover, N-groups of type 0, type 1 and type 2 are simple
and monogenic (see, [1]). Hence, the corresponding large ideal graph is a null graph.

Example 2 Consider N = (Zpn, +, ») with addition modulo p" and « is any nearring multiplication on Z ,» and
let G = N. Then the possible ideals of G are of the form (p'). In this case, if G has any non-zero proper ideal,
then L is a complete graph, otherwise, L¢ is a null graph.
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Table 1 Source:SONATA(GTWS-4,41) [17]

* e N sr r SV2 r2 1‘3 sr3
e e e e e e e e e

N e e e e e e e e
sr e e e e e N Sr Sr
r e e e e e N sr2 sr2
Sr2 e e e e e e e e
I’2 e e e e e e e e
r3 e e e e e N Sr Sr
sr- e e e e e N S}"z 57'2

Table 2 Source: SONATA (GTWS-4, 320) [17]

* e S Sr r sr2 l"2 }"3 S}"3
e e e e e e e e e

s e e e e e e e e
sr e e s r2 e e s sr?
r e e s r? e e s sr2
sr2 e e e e e e e e
r2 e e e e e e e e
P e e s r2 e e s sr?
sr3 e e s r2 e e s sr?
Table 3 Source:SONATA (GTWS8-4, 230) [17]

* e s sr r sr? r2 r3 sr3
e e e e e e e e e

s e e e r? e e r2 e
sr e e e r2 r e r2 r2
r e e e e r e e r2
sr2 e e e r? e e r2 e
r2 e e e e e e e e
P e e e e r2 e e r?
sr3 e e e r2 r2 e r2 r2

Example 3 Consider N = (Dg, +, %), the dihedral group of order 8. The multiplication is defined as given in
table 1. Let G = N. The only proper ideal is [ = {e, s, sr2, r2}. Therefore, Lg is K.

Example 4 Consider N = (Dg, +, ). The multiplication is defined as given in table 2. Let G = N.
Then the ideals of G are I = {e}, I, = {e,r2,sr2, s}, I3 = Dg, and so V(Lpg) = {I}. Therefore, the
corresponding large ideal graph is K.

Example 5 Consider N = (Dg, +, ). The multiplication is defined as in table 3. Let G = N.

Then the ideals are I} = {e}, L = {e, r2, 3, r}, Iz = {e, 513,12, sr}, Iy = e, sr2, s, r2}, Is = {e, r2},
Is = Dg,andso V(Lpy) = {1, I3, I4, Is} and E(Lp,) = {1213, I214, I 15, 1314, 1315, I415}. As an illustration,
Iy + Is = 14 <; Dg, and hence 1415 is an edge. In a similar way, we get the other edges.

Example 6 Consider the nearring N = (Zp x Zy X Z3, +, -), where the addition is carried out component-wise
modulo 2 and the multiplication is defined as in table 4. For convenience, the elements of Zp x Z, x Z; are
denoted as (0,0,0) =0, (0,0,1) =1, (0,1,0) =2,(0,1,1) =3, (1,0,0) =4, (1,0,1) =5, (1,1,0) = 6,
1,1,1) =17.

The ideals are Iy = G, I, = {0,2,4,6}, I = {0,2,1,3}, I, = {0,2,5,7}, Is = {0,2}, Iy =
{0,1} and I; = {0}. Here I, is the only large ideal which is a universal vertex. Therefore, E(Lpy) =
{13, 1y, Db Is, g, 1314, 1316, 1416, I516}.

2

4
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Table 4 Source: SONATA(GTWS-3, 9) [17]

—

NN R W —=O
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S SN SN S Ne ool B
[NSI SN Sl S e Rl BN

Theorem 1 (1.53 of [1])

1. If N is finitely generated as an ideal, then each ideal (right ideal, N -subgroup) different from N is contained
in a maximal ideal.

2. If G is finitely generated as an ideal with N = Ny, then every proper ideal (N -subgroup) of G is contained
in a maximal ideal.

Remark 1 1. If G contains a unique non-zero maximal ideal, say M, then M is a universal vertex in L¢.
2. Let A € V(L) be a universal vertex. If A is not large in G, then A is a minimal ideal of G. Moreover, if A
is a direct summand of G, then A is simple.

Like in case of associative rings, we obtain that the diameter of the large ideal graph does not exceed 3. We
start with the following lemma.

Lemmal Let I € V(Lg). If I < G, thendeg, (1) = |V(Lg)| — 1.

Proof Let I <; G, and J be a non-trivial ideal of G. Let K <y G such that (/ + J) N K = (0). Now
INKCC{U+J)NnK = (0)implies I N K = (0). Since I <; G, we get K = (0). Therefore, I + J <; G, this
means that I ~ J € Lg. Since J is arbitrary, we getdeg, (1) = |V(Lg)| — 1. O

We use Max(G) to denote the set of all maximal ideals of G.

Lemma 2 The graph Lg[Max(G)] induced by Max(G) is a clique.

Proof The proof follows, since the sum of two maximal ideals of G is G, a trivial essential ideal. m]
Proposition 2 L is an empty graph if and only if G has exactly one non-zero proper ideal.

Proof 1If G has exactly one non-zero proper ideal, then L is K1, an empty graph. Conversely, suppose Lg is
an empty graph. Then by Lemma 2, we get |[Max(G)| = 1. Let [ be the unique maximal ideal of G. Let J be an
ideal of G other than /. Then J C [ and I + J = I <; G which implies that I ~ J € L, a contradiction since
L is an empty graph. Therefore, G has exactly one non-zero proper ideal. O

Proposition 3 (Proposition4.3 of [18]) Let Hy, H> be ideals of G, A a proper ideal of G such that A = H{ N H>.
If H> is a A-complement of Hy, then Hy + Hj is A-essential in G.

In the above proposition, when A = (0), we get that if H; is a complement of H», then H| + H> is essential
in G.
Remark 2 Every non-large ideal of G is adjacent to its complement in L.

Proof Let I be a non-large ideal of G. Then for some proper ideal J of G, I N J = (0). Consequently, / has a
nonzero complement, say I’. Then by Proposition 3, we have I + I’ <; G. Therefore, I ~ I’ € L. m]

Proposition 4 L is a connected graph of diameter less than 4.

Proof Suppose G has a proper large ideal, say /. Then / is a universal vertex in L (by Lemma 1). Therefore,
L¢ is connected. Suppose G has no proper large ideal. Let I, J € V(Lg) with I # J.If I + J = G, then
I ~JeV(Lg).If I+ J # G, then since G has no proper large ideal, we have I + J is not large in G. Let C
be a complement of 7 4 J.

Case 1: I N J = (0).
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Table 5 Source:SONATA(GTWS-3, 28) [17]
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Then by Proposition 4.3 of [18], we get (1 B J) @ C <; G. Therefore, we gettheedges [ (JBC), (JPHC)I®C),
(I & C)J in Lg, which gives a path from [ to J.

Case2: I N J # (0).

Then I N J has a complement, say D. This implies (/ NJ) @ D <; G,and so I + D and J + D are large in G.
Hence, I ~ D, J ~ D in Lg, which is a path from [ to J. O

Now we give a characterization for L to be a complete graph.
Proposition 5 L¢ is a complete graph if and only if every non-zero, non-large ideal is a minimal ideal.

Proof Assume that every non-zero, non-large ideal of G is a minimal ideal. To prove L is a complete graph,
let I and J be two distinct vertices of L. Then (0) # I and (0) # J are proper in G.

Case 1: Either / or J is large in G.

By Lemma 1,7 ~ J in Lg.

Case 2: Neither 7 nor J is large in G.

Since I and J are non-zero, by the hypothesis / and J are minimal. Then (0) # [ ;Cé I + J implies I 4 J is not
minimal. Again from the hypothesis, / + J is large, and hence I ~ J in L.

Conversely, assume that L¢ is a complete graph. We prove every non-zero, non-large ideal is a minimal ideal.
On the contrary, let I be a non-zero, non-large ideal, which is not minimal. Then there exists a non-zero ideal
J of G such that J g 1. Now, since L is a complete graph, I ~ J in LG, which implies I =1+ J <; G, a
contradiction. O

Example 7 Consider the nearring N = (Zy x Zy X Z3, +, -), where the addition is carried out componentwise
modulo 2 and the multiplication is given in Table 5. Let G = N. For convenience, we use the notations as in
Example 6.

Then the ideals are I1 = {0}, I, = {0, 1,2,3}, I3 = {0, 2}, I4 = {0, 3}, Is = {0, 1}, I¢ = Z» x Zp X Zp and I,
is large. The large ideal graph is K4.

In the following proposition, we prove that existence of a non-trivial large ideal in G is necessary for L to have
exactly one universal vertex.

Proposition 6 If Lg has exactly one universal vertex, then G has a unique proper large ideal.

Proof Suppose L has a unique universal vertex, say /. Then / is a non-zero proper ideal of G. By Theorem 1,
I is contained in some maximal ideal M of G. If I C M, then since / is a universal vertex, we get [ ~ M in
L¢, which implies I + M = M <; G, a contradiction since L has only one universal vertex. Therefore, I is
maximal. If 7 is not minimal, then there exists an ideal (0) # J of G such that J C I. Since [ is a universal
vertex, [ ~ J in Lg, which implies / + J = I <; G.If I is minimal, we prove that [ is large. On the contrary,
suppose that / is not large, for some non-zero ideal J of G, I N'J = (0). Since / is minimal, we have J ¢ I. By
Theorem 1, J is contained in some maximal ideal M’. Now, since I and M’ are maximal, we get [ + M' = G.
Also, since I is minimal, we get I " M’ = (0). Then we can easily verify that G is isomorphic to % X % Since

I and M’ are maximal, % and % are simple. Hence, G has only two proper ideals, and hence L5 = K3, which
has two universal vertices, a contradiction. Therefore, I is large. O

Definition 2 The proper large ideal graph P of G is a subgraph of L, induced by the vertices which are
non-large ideals of G.

Remark 3 1. Pg is a null graph if and only if G is a uniform N-group.
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2. Pg cannot be an empty graph.

Proof 2.LetI € V(Pg). This means [ is non-large and / has a non-zero complement, say C,andso I +C <; G,
hence I ~ C in Pg. O

Theorem 7 (Theorem 2.48 of [1]). Let N = Ny. Then, G is completely reducible if and only if each ideal of G
is a direct summand.

When G is non-simple, we provide an equivalent condition for G to be completely reducible in terms of its large
ideal and proper large ideal graph.

Theorem 8 Suppose G is not simple. Then the following statements are equivalent.

1. G is completely reducible.
2. Lo ="P¢.
3. There exists a vertex X of Pg with deg; 5(X) = degps(X).

Proof (1) = (2): Suppose that G is completely reducible. Then G is the direct sum of simple ideals. Then if / is
any non-trivial ideal of G, by Theorem 7, there exists a non-trivial ideal J of G such that I N J = (0). Therefore,
I is not large, which implies V(Lg) = V (Pg). Since Pg is an induced subgraph of L, we get Lg = Pg.

(2) = (3) follows directly.

(3) = (1): Suppose that there exists a vertex X of Pg such that deg; ;(X) = degps(X). To prove G is
completely reducible, we show every ideal of G is a direct summand. Suppose G has a large ideal /. Then
deg; (X) = degps(X) + 1, as I is a universal vertex in L5 and X ~ [ in L, which is a contradiction to the
assumption. Hence, every proper ideal of G is not large. Now, let J be a proper ideal of G. Since J is not large, 1
has anon-zero complement, say K. Then J 4+ K <; G and since G has no proper large ideal, we get J + K = G.
Therefore, J is a direct summand. Since J is arbitrary, we conclude that every ideal of G is a direct summand.
Hence, G is completely reducible. O

Remark 4 Let G be completely reducible. Using Theorem 7, one can easily deduce that G has no proper large
ideals.

Proposition9 Let B € Lg. If deg;(B) = 1, then either B is a minimal ideal or A C B for some minimal
ideal A of G and V(Lg) = {A, B}.

Proof Case 1: If B is minimal, then we are done.

Case 2: B is not minimal. Then there exists a non-trivial ideal A of G such that A C B. We claim that B <; G.On
a contrary, suppose B is not large in G, then B has a non-zero complement, say C. Since B & C <; G, we have
B~CinLg.Now B+ (A+C) <; G,andso B ~ (A+C)in L. Sincedeg, (B) = 1,wehave A+ C = C
or A+ C = G. Since A is non-zero, we get A + C # C whichimpliess A+ C =G.NowG=A@pC C BHC
implies B & C = G, which is a contradiction since A C B. Therefore, B <; G and so B is a universal vertex.
Since deg, . B = 1, we obtain V(L) = {A, B}. O

Remark 5 Let B be a direct summand of G. If deg . (B) = 1, then B is simple.

Proof Suppose deg, . (B) = 1. Then by Proposition 9, we obtain two cases.

Case 1: B is a minimal ideal

Suppose B is not simple. Then there exists an ideal A of B. Clearly A C B. Since B is a direct summand, we
obtain A is an ideal of G. This contradicts the fact that B is minimal. Therefore, B must be simple.

Case 2: There exists an ideal A of G suchthat A C B and V(Lg) = {A, B}.

As we can observe in the proof of the Proposition 9, this case will lead to a conclusion that B is a large ideal.
Since B is a direct summand, this case cannot arise. O

Proposition 10 Let B be an ideal of a completely reducible N-group G. Then deg . (B) = 1 if and only if B is
simple and has a unique non-zero complement.

Proof Suppose that deg, (B) = 1. Since G is completely reducible, by Theorem 7, we get B is a direct
summand. So by Remark 5, we have B is simple. Since G is completely reducible, by Remark 4, B is not
large. Therefore, by Zorn’s lemma B has a complement. Suppose C and D are two complements of B. Then,
by Remark 2, B ~ C, B ~ D in L, and since degﬁc (B) = 1, we have C = D. Therefore, the complement
of B in G is unique. To prove the other part, suppose B is simple, and has a unique complement, say B¢ in G.
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Then B + B¢ <; G, which implies B ~ B¢ in Lg. We now show that B is not adjacent to any other ideal of
G. Let K be a non-zero proper ideal of G other than B€. Since G is completely reducible, by Remark 4, K is
not large. Since B is simple, BN K = Bor BN K = (0). If BN K = B, then B C K, which is not large.
Therefore, BK ¢ E(Lg).1f BNK = (0), then K C B¢. We claim that B @ K is not large in G. On the contrary,
suppose B @ K <; G. Then since G has no proper large ideal, we get B ® K = G. Now, B ® K = G and
B® B¢ = G,and K C B¢, implying that K = B¢, a contradiction. Therefore, B is adjacent to only B¢. Hence,
deg,.(B) = 1. m]

Proposition 11 Let K be a proper uniform ideal of G and S = K N soc(G). Suppose that D C soc(G) for any
ideal D of G satisfying K N D = (0). Then:

1. K +s0c(G) <1 G;
2. If S = (0), then K has exactly one complement in G, which is equal to soc(G).

Proof 1. Let K’ be the complement of K in G. Then K N K’ = (0), and by the hypothesis, we get K’ C soc(G).
Now K + K’ <; G and K + K’ € K + soc(G), which implies K + soc(G) <; G.
2. § = (0) implies K N soc(G) = (0). Therefore, by our hypothesis, we get K’ C soc(G). Since K’ is the
complement of K, we get K’ = soc(G). Hence, soc(G) is the unique complement of K in G.
0

Proposition 12 Let V € Pg. If deng (V) =1, then

1. 'V is a uniform ideal.
2. degp,(B) =1 forany vertex B C V.

Proof 1. Suppose degp, (V) = 1. Let C be the complement of V in G. Then V & C <; G. Let B be a non-zero
ideal of G contained in V. Since V @ C <; G, we get V@& (B @ C) <; G. Since deng(V) = 1 and
C#B®dC,weget Bd C <; G.Now we prove B <; V. Let K be an ideal of G which is contained in V
such that BN K = (0). We claim that (B C) N K = (0). Letx € (B® C) N K. Then x = b + ¢ for some
beBandc e C,andx € k. Nowc = —b+x € B+ K C V, which implies that c € V N C = (0) and
x=b+c=b,andx € BN C = (0), implies x = 0. Therefore, (B & C) N K = (0). Since (B D C) <; G,
we get K = (0). Hence, B <; V.

2. The claim follows directly.

4 The strictly large N-subgroup graph

In this section, we define a strictly large N-subgroup graph and obtain some properties. We refer to examples
given in Section 3 to provide explicit illustrations of these properties.

Definition 3 A strictly large N-subgroup graph of G, denoted by L), ;, is a graph having the vertex set {/ : I <y
Gor I <y G} andthe edge set {I ~ J : [ # J and either / or J is an ideal of G and I + J <} G}.

Lemma 3 Let [ be an ideal (or N-subgroup) of G which is strictly large. Then I + J is strictly large for any
N-subgroup (or ideal) J of G.

Proof The proof is similar to the proof of Lemma 1. O

Remark 6 Let I be a proper strictly large ideal of G. Then I is a universal vertex in L.

Example 8 Consider the N-group in Example 3. Then I; = {e, 5, sr2, r?} is the only non-trivial ideal and Iy,
S1 = {e, s}, S2 = {e, sr}and S3 = {e, r2} are the non-trivial N-subgroups. Therefore, V(E‘&) = {11, 81, $2, S3}
and the related graph is given in Figure 1.

Example 9 Consider the N-group in Example 4. The only non-trivial ideal is /1 = {e, r2, sr2, s}, and the non-
trivial N-subgroups are I1, S| = {e, r?}, S» = {e, s}, S3 = {e, sr3}. We give the corresponding graph in Figure
2.

Example 10 Consider the N-group in Example 5. We know I, = {e,r2,r3,r}, Iz = {e,sr3,sr,r?}, Iy =
{e, sr2, s, r2} and Is = {e, r2} are the non-trivial ideals. The non-trivial N-subgroups are I, I3, 11, Is, S1 = {e, s}
and S2 = {e, sr}. Then the large N-subgroup graph is given in Figure 3.
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Il 52

S S1
Fig. 1 Strictly large N-subgroup graph of Dg
I S1
hp)
S3
Fig. 2 Strictly large N-subgroup graph of Dg
S, I,
5@ b
L

&

Iy

Fig. 3 Strictly large N-subgroup graph of Dg

Remark 7 1. It can be seen in Example 10 that £}, ; need not be connected.
2. Ly is anull graph if and only if G is N-simple.

NG e
3. L) is an empty graph or a null graph if G is simple.

Proposition 13 Let G have no proper strictly large N -subgroup. Let J be an N -subgroup of G which is contained
in all maximal ideals of G. If J is not an ideal of G, then J is an isolated vertex in L, ;.

Proof Let I be any non-zero proper ideal of G. Since [ is proper, I is contained in some maximal ideal say,
M;.Now, J € NM; € M, implies J + I € M. Therefore, J + I is a proper N-subgroup, and hence by the
hypothesis, it is not strictly large. Since / is arbitrary, we conclude that J is an isolated vertex of L. O

Proposition 13 need not be true if J is an ideal of G, which can be seen in the following example.

Example 11 Consider the nearring N = ((22)3, +, -), where the addition is carried out component-wise modulo
2 and the multiplication as in Table 6. Elements of Z; x Z, x Z, are denoted as given in Example 6.

The ideals are Iy = N, I, = {0, 1}, Iz = {0}, and N-subgroups are 1 = {0,4, 1,5}, S» = {0, 2,1, 3},
S3=1{0,2,4,6}, S4 ={0,2,5,7}, S5 = {0, 4}, S¢ = {0, 5}, S7 = {0, 2}, Sg = {0, 3} and I;, I, I3. Therefore,
V(Lyg) = {12, S1, 82, 83, 84, S5, S, S7, Sg} and E(LY ;) = {1253, [2S4}. Since I is the unique maximal ideal
of G, it satisfies the hypothesis of Proposition 13. But /5 is not an isolated vertex.

Proposition 14 Let G have no proper strictly large N-subgroups. Let K be an N-subgroup of G containing all
maximal ideals of G. If K is not an ideal of G, then K is an isolated vertex of Ly ;.

Proof On the contrary, suppose K is not isolated. Then there exists an ideal J of G such that K ~ J in L},
which implies K + J <] G. Since J is a proper ideal of G, J € M for some maximal ideal M of G. By the
hypothesis, we get / + K € M + K = K. Therefore, we get K is strictly large, a contradiction. Hence, K is
isolated. m|

Example 12 InExample 11, the N-subgroups S1, S» contain /> which is the unique maximal ideal of G. Therefore,
S1 and S satisfy the hypothesis of Proposition 14, and hence in the corresponding large N-subgroup graph, S;
and S, are isolated vertices.
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Table 6 Source: SONATA(GTWS-3,15) [17]

0 1 2 3 4 5 6 7
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 2 2
3 0 0 0 0 0 0 2 2
4 0 0 0 0 0 0 4 5
5 0 0 0 0 0 0 4 5
6 0 0 0 0 0 0 6 7
7 0 0 0 0 0 0 6 7
Ia. I>
14 -[3

Fig. 4 Strictly large ideal graph of Dg

Definition 4 A strictly large ideal graph of G, denoted by L¢; is a subgraph of L}, induced by the set of all
non-trivial ideals of G.

The following remark is an easy verification.

Remark 8 1. The graph induced by the set of all maximal ideals of G is a clique in Lf;.
2. Every proper strictly large ideal of G is a universal vertex in Lg;.
3. If G is simple, then Lg; is a null graph.

Remark 9 G be an N-group. Then Ly; is a subgraph of L.

Proof We know V(L) = V(Lg). Let X ~ Y in Lg;. Then, X and Y are non-trivial ideals of G and X + Y is
strictly large in G. Since N is zero-symmetric, X + Y is large in G. Therefore, X ~ Y in L. O

Unlike a large ideal graph, a strictly large ideal graph of an N-group need not be connected, which is shown in
Example 13. In the case of large ideal graph of an N-group, the graph can be empty only if G has exactly one
nonzero proper ideal, but in the case of strictly large ideal graph, there are empty graphs for some N-groups
having more than one proper non-zero ideal.

Example 13 Consider the N-group in Example 4. Here I, = {e,r?,r3,r}, b = {e,sr>,r% sr?}, Iy =
{e, sr2, s, r2} and Is = {e, r2} are the non-trivial ideals. The non-trivial N-subgroups are I, I3, 11, Is, S1 = {e, s}
and S = {e, sr}. One can observe that all the ideals are not strictly large. Then the graph Ly, is given in figure
4.

Example 14 Consider the N-group in Example 7. Its non-zero proper ideals are I, = {0, 2, 1, 3}, I3 = {0, 2},
Iy = {0, 3}, Is = {0, 1}, which are all large in G. Hence, L is a complete graph. The non-trivial N-subgroups
are S| = {0,4,1,5}, S» = {0,2,4,6}, S3 = {0,4,3,7}, S4 = {0,4}, I, I3, 14 and I5. Since I, N Sy = (0),
we have /> is not strictly large. Since I3, I4 and /5 are contained in />, we deduce that these are also not strictly
large. The strictly large graph of G is totally disconnected as given in the following Figure 5.

Theorem 15 Let G be a N-group having no proper strictly large ideals. Then for every pair of vertices I, J of
Lg, there exists a path from I to J if and only if | ¢ My and J ¢ M for some maximal ideals M and M of
G.

Proof Let I and J be two non-zero proper ideals of G. Assume that there exists a path from / to J. We prove
that / and J are not contained in some maximal ideals. On the contrary, suppose I, J are contained in every
maximal ideal of G. Then I, J € NM;.

Case 1: Suppose that / ~ J in Ly;. Then I + J <;j G. Since G has no proper strictly large ideal, we get
I+ J =G.Nowsince I, J C NM;, we get I + J € NM; which yields G € NM;, a contradiction.
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Iz I3
®

I I
Fig. 5 Strictly large ideal graph of Zy x Zo x Z,

Case 2: Suppose that I ~ [} ~ I ~ --- ~ [, ~ J is a path. Then I ~ [} in L., which implies I + I} = G.
Since I is a proper ideal of G, I} € M for some maximal ideal and since I € NM;, we have I € M;. Then
I + 11 € M; implies G € My, a contradiction. Therefore, /1 ¢ E (/.?(';). Hence, the path from I to J cannot
exist. Therefore, I, J are not contained in some maximal ideals.

Conversely, suppose for non-zero proper ideals 7, J of G, there exist maximal ideals M; and M such that
1 Q Mjp and J g M;. It M; = My, then M is a maximal ideal of G properly contained in I + M; and J + M.
This implies I + M; = J + M; = G, and hence I ~ Mj ~ J is a path from / to J. In a similar way, if
MI #MJ,wegetl ~M;,J~ M;in Ly,. By Remark 8, M; ~ M in L. Therefore, I ~ M; ~ M, ~ J
is a path from 7 to J. O

Theorem 16 Let G have proper strictly large ideals. Then Ly, is disconnected or a graph having one vertex if
and only if the intersection of maximal ideals is non-zero.

Proof Suppose D('; is disconnected. We prove NM;, 1 <i < n, where M;, 1 <i < n are maximal ideals of G,
is non-zero. On the contrary, suppose that N\M; = (0). Now we claim that L, is connected. Let I and J be two
arbitrary proper non-zero ideals of G which are not maximal. Since / and J are non-zero, I, J ¢ NM;. Then
there exist maximal ideals M; and M such that / Q My and J Q M ;. By Theorem 15, there exists a path from
I to J. Since I and J are arbitrary, we can conclude that there exists a path between every two non-trivial ideals
which is a contradiction to the hypothesis. Therefore, N\M; # (0).

If £y, has a unique vertex, then G has exactly one non-zero proper ideal, say /, and hence NM; = I # (0).
Conversely, suppose the intersection of maximal ideals is non-zero. If G has a unique non-zero proper ideal,
then Ly, is a graph having one vertex. Assume that G has more than one non-trivial ideal. By the hypothesis, the
ideal NM; is non-zero. Let / be any non-zero proper ideal of G other than NM;. Since / is a proper ideal, we
have I € M for some maximal ideal M; of G. Suppose there exists a path ("M;) ~ Iy ~Ip ~---~ 1, ~ 1
from (NM;) to I. Then (NM;) ~ I in Lf;, which implies I + (NM;) <j G. Since I; is a non-zero proper
ideal of G, we can say that "\M; + I} € M;. Now NM; + I is a proper ideal of G which is strictly large, a
contradiction since G has no proper strictly large ideals. Therefore, there exists no path from NM; to J. Hence,
Ly, is disconnected. ]

The following theorem characterizes the ideals of N-groups which are the isolated vertices of Ly;.

Theorem 17 Let G have no proper strictly large ideal. Then I is an isolated vertex of Ly, if and only if I is
contained in every maximal ideal of G.

Proof Suppose I is an isolated vertex of Ly;. On the contrary, suppose there exists a maximal ideal M of G
such that / ¢ M. Then M C I + M < G, this implies I + M = G, which is strictly large in G. Therefore,
I is adjacent to M in L., a contradiction, since [ is an isolated vertex of Ei;. Therefore, I < M;, where M;
(1 <i < n)is a maximal ideal. Conversely, suppose that / is contained in every maximal ideal of G. To prove
I is an isolated vertex, on the contrary, suppose / is adjacent to J for some non-zero proper ideal J of G. This
means / + J <} G. Since G has no proper large ideal, we get I + J = G. Since J is a proper ideal of G, it
is contained in some maximal ideal of G, say M. Then I + J € M, which implies G € M, a contradiction.
Therefore, I is an isolated vertex. O

Corollary 1 Let G have a unique non-zero maximal ideal. Then every proper ideal of G is not strictly large if
and only if Ly; is totally disconnected or a graph having one vertex.

Theorem 18 If Ly, is not a connected graph, then G contains a proper large ideal.

Proof Suppose Lg; is not connected. By Remark 8, we get G has no proper strictly large ideal. We prove that
G has a proper large ideal. On the contrary, suppose G has no proper large ideal. Let J = NM;, where M is
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a maximal ideal for each i. Since L{; is not connected, by Proposition 16, we get J # (0). Also, J is a proper
ideal of G, and hence by our assumption, J is not large. Let C be the complement of J. Then J + C <; G.
Since J has no proper large ideal, we get J + C = G, which implies J ~ C in Ly;, a contradiction since by
Proposition 17, we have J is an isolated vertex. Therefore, there exists at least one proper large ideal. O

Theorem 19 Ly, is a complete graph if and only if every non-zero not strictly large ideal of G is a minimal
ideal.

Proof The proof is similar to that of Proposition 5. O
Proposition 20 If L, is connected, then diam(Ly;) < 3.

Proof 1f G has a proper strictly large ideal, then clearly diam(Ly;) < 2. If not, then since Ly; is connected, by
Proposition 16, we get N"\M; = (0), where M, 1 < i < n are the maximal ideals of G. From Remark 8(1) we
have Ly;[Max(G)] is a clique. Let I € V(Ly;). We prove that [ is adjacent to some maximal ideal M; of G.
Since I # (0), we have 52 NM;, we have 1 ;(_ M for some maximal ideal M; of G.Now, M; C M;+1 C G
and if M; is maximal implies I + M; = G. Therefore, IM; € Li;. Let J be any non-trivial ideal of G. Then,
IMyp, MyMy, MjJ are the edges which give a path of length 3. Therefore, diam(ﬁ‘z;) < 3. m]

Proposition 21 Let G have proper strictly large ideals. If Ly; is disconnected, then

1. If [Max(G)| = 1, then L, is totally disconnected or a graph having one vertex.

2. If IMax(G)| > 2, then Ly, is the disjoint union of G| and the components K|, where each Ky corresponds
to the ideal contained in N\M;. Moreover, the number of components in Ly, is v(G) + 1, where v(G) is the
number of ideals contained in NM,;.

Proof 1. The proof is clear by Corollary 1.

2. Since the graph is disconnected, by Proposition 16, we get N\M; # (0). Let A ={I Iy G : [ # (0), ] #
G and ,@ NM;}. Since [Max(G)| > 2, we get Mj SZ NMi and so A is non-empty. In the first part of
Proposition 15, we have shown that for any two proper non-zero ideals /, J of G such that 7, J §Z NM;, there
exists a path from 7 to J, and hence the vertices corresponding to ideals in .4 form a connected component,
say G1.

Let B={J dy G :J # (0)and J € NM;}. Since "\M; # (0), we have B # ¢. Let J € B. Then by
Proposition 17, J is an isolated vertex. So every vertex corresponding to the ideal in B is an isolated vertex
of /.ZSG, Hence, L“z; is the disjoint union of G and the components K, where K| corresponds to the elements
of B. Therefore, the number of isolated vertices of Ly, is |B|. Hence, the number of components of Ly, is
|B| + 1.

O

5 Conclusion

The generalization of the notion “large ideal graph" of rings and modules over rings to N-groups is challenging
due to its non-linearity (that is lack of commutativity of addition and distributivity from left). In this paper, we have
introduced large and strictly large ideal graphs of N-groups. We have proved, for a finitely generated N-group G,
an equivalent condition was obtained for G to be completely reducible. Furthermore, we have obtained several
properties of large ideal graphs, strictly large N-subgroup graphs based on the notions of diameter, connectivity,
completeness etc. As future scope, one can try to explore the connections to study the properties of superfluous
elements and supplement elements in lattices as motivated by the authors in [18-21]. One can also study the
graphs based on the properties of superfluous ideals of N-groups studied in [22].
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