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E is a nonsingular matrix, then the systei) is called state space representation. In this article,assumed
thatranke D r. System {) is referred to as matrix tripleE; A; B gand ifB D 0, then the system is denoted by
matrix pairfE; Ag

Descriptor systems are also hamed differential-algetegi@mtions (DAES). These models arise when some
system variables cannot be directly differentiated andirecalgebraic constraints. These algebraic constraints
can be due to physical or mathematical reasons, such asreatise laws or constraints on the variables.
Descriptor systems are crucial to research because thesgematurally during the modeling procesy. [
Electrical circuits ], chemical processes], secure communicationd] and constrained mechanics are
only a few examples of real-world uses for descriptor system

Quite often, the solutions of descriptor systems contaipuises. Also, solutions might not be unique if
they do exist. Eliminating or reducing impulses from thetsgss solution is one of the main challenges in
the domain of rectangular descriptor systems. Impulsesratesired since they have the potential to harm the
system. In systeml], impulses primarily arise from inconsistent initial cdtimhs, such as a mismatch between
states at D 0 andt D O° or a controlu.t/ that is not suf ciently differentiable. Impulses exist dt@the
non-uniqueness of solutions, which is another signi caistér. The non-uniqueness of the solutions arises from
the presence of one or more free state variables, whichenklgmpermit impulsive states as valid solutions. If
the system is column regular, it possesses a unique solfittaxists. In such instances, there are no impulses
resulting from free state variables.

Arectangular descriptor system'sindex can be de ned inreetaof ways. This article discusses the descriptor
system's nilpotency index, which is the index of the nilpataatrix present in the system's Kronecker canonical
form (KCF). Recent articles6] and [7] discuss extensive analysis of the impulses from the KClre®lystem
structure. The extent ofimpulses is proportional to thedptr system's index. If the system has an indexhe
solution expression includes derivatives of the contrplirup to the 1/ order [7]. Moreover, if the system
is column regular, then it eliminates the possibility of imgvimpulsive solutions due to the free state variables.
Collectively, a column regular system with indexhas a unique impulse free solution if the input vector is

1 times smoothly differentiable for consistent initial ditions [6,7]. Therefore, reducing the index might
be interpreted as reducing the degree of impulses in théiaadu To obtain this objective, this work is devoted
to reducing the index of the system to a speci ¢ value alonifpwolumn regularization via input feedback.

A system is referred to as an impulse-free system if it is mmluegular and its index is equal to zero or
one. Various approaches have been implemented to elimimatxluce impulses in descriptor systems. Input
or output feedback methods are particularly effective fopulse removal as shown b®,p], and [LQ]. In
rectangular descriptor systems, a uni ed input feedbaktagy has been developed for impulse elimination
when the impulsive mode controllability orimpulse conlability requirements are met ). Whenever impulse
elimination was not possible, efforts have been made toaethe index of regular or square systerhs{14].
Contrary to square descriptor systems, only a few artickeawailable on index reduction for rectangular systems.
Berger and Reisl[p] and Berger and Van Doorei] transformed the original system into a new system using
behavioural equivalence transformation and proportiéeadiback. This ensures that the new system has an
index of at most one. Inl[7], the process of reducing the index of a rectangular detserystem is achieved by
implementing input feedback, subject to certain rank gat&Kumar and Guptal[g] discuss index minimization
for rectangular systems having an index more than two usie@titput feedback technique.

This investigation focuses on impulse minimization andiowh regularization aspects of the system using
an input feedback control. A closed loop system is develdpesligh introducing an input feedback to the
system. A necessary condition has been derived for theeexistof an input feedback that makes the closed
loop system column regular and of an index at magturther, the necessary and suf cient condition has been
derived to ensure that the closed loop system is columnaeguid has an index at most two. This condition
ensyres that if the control input provided to the system ieast once smoothly differentiable, suchtas,
t3sin} t 60D
0 tDO
has a unique, impulse free solution for consistent init@iditions. Moreover, an algorithm that computes the
desired feedback matrix has been incorporated. In additiban the system satis es the necessary and suf cient
condition such that a feedback matrix can be constructedi@rhe closed loop columnregular and has an index
at most one, the same algorithm has been restricted slighthgsign the desired feedback. These conditions
are rank conditions on system matrices. Besides, the alipaltly easy and viable algorithm for constructing
the feedback matrix makes this work practically worthwhii¢ last, numerical and physical examples help in
thorough demonstration of the developed results.

tjtj, then closed loop system, obtained after introducing th@gsed feedback control law,
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This article is structured as follows: Secti@ns dedicated to the preliminary results required in theefatt
sections. Sectio® provides the main contribution of this article. Sectibpresents numerical and physical
examples in support of the theory derived in SecBo8ections brie y concludes the article.

The notations used in this paper are as follows.

R set of real numbers

C set of complex numbers

Om n zero matrix with dimensionsy  n

In identity matrix with dimensiona

0 zero matrix of compatible dimensions

I identity matrix of compatible dimensions
ralnk E A/ maximalrankof E Aj 2 Cg
M transpose of a matril

2 Mathematical preliminaries

In this section, we recall preliminary propositions and ineaatical fundamentals that will lead to the develop-
ment of further theory on the design of feedback matricesltt the desired properties of the resultant closed
loop system.

Proposition 1 [19] For any matricesx 2 R™ ; Z 2 R™ S, andY 2 RP S, if Y has full column rank and/or
X has full row rank, then

XZ )
rank 0Y D rank X C rankY:

Proposition 2 [20] For matricesX; Y; Z; andK of proper dimensions, we have
mKaxfrank.X CYKZ/gDmin rank XY ;rank )Z<

Proposition 3 The rank of a matrix remains unaltered on pre/post multgdiien by nonsingular matrices.

Proposition 4 [14] For arbitrary matricesX; Y , andZ of proper dimensions, the below inequality always holds

rank é 4 rankY Z ranké rank: (2

Throughout this note, we propose the following control law
u.t/ D Kx.t/ Cv.t/ 3)

Therefore, systeml] is transformed into the closed loop system
E®t/ D .A C BK/x.t/ CBV.t/: (4)

Such feedbacks and their applications have been shown by RaiaSection 1.3.1]. Controllers of the typ®)(
are more suitable for practical models, because they pediael exibility to achieve various goals by allowing
for an extra control input. EachK of suitable dimensions is permissible for control feedb@}kn system (),
see [LO.

3 Index reduction and column regularization
In this section, a necessary condition is established ®eHistence of a feedba#k such that the closed loop
fE; A C BK gis column regular and has an index up toFurther, we will establish a necessary and suf cient

condition on () for the closed loop systeftt; A C BK gto be column regular and has an index no greater than
two. Furthermore, an algorithm that designs the desiredlf@ek matrix< has been included.
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Proof From Lemmal, it is evident that the closed loop systéE; A C BK gis column regular and has index
atmost if and only if it satis es @). Eq. 8) can be rewritten as

rank AR 1K ci/DnCrank RALQ K I/ (10)
block columns
ZIQ 3
K =
whereK D 1 8 andiD lK” .
ok
(9]

Equivalently (0) is
rank BRARQ c1K ci/ rank Om .nck/ QAR Kci1 Dn

which is the same as

rank Keci rank Om npow BRAR  Kcr

9) ADm . yncw
.o}

Om .ncw
D n: (12)

On applying Propositiod on Eg. (L1), we obtain
3 Alm . vncw

rank On ou 0 rank Om ncw ERA n;
which means
rank AR ¢1 rank BRAR n; (12)
which is same a<9j. That proves our claim. u

In other words, Theorers states that ifE; A; B gfails to satisfy 0), then a matriXx does not exist such that
the closed looE; A C BK gbecomes column regular and bears at most a speci ¢ index

The following lemma presents a decomposition of the trifleA; B gthat is useful in deriving our subsequent
theorems.

Lemma 3 For the matrix triplefE; A; B g there exist orthogond andP such that

2 3 2 3 2 3
Gr 0 A1 A2 B1

QEP D4 0 05:QAP D4A3A45 andQB D 4By5; (13)
00 As 0 0

where6 ; is a honsingular diagonal matrix of rankand the matrix A4 B2 has full row rank.

Proof To obtain the decompositiod§), at rst, singular value decomposition (SVD) is performmumatrixE
as follows

6,0 .
QiEP1 D 00"

whereQ andP; are orthogonal matrices, afd is a nonsingular matrix in diagonal form. Accordingly, adlte

Q1AP; D A1 Az andQ1B D B Now, we compute an orthogonal mat@ to satisfy@®@ A4 B, D

B>

o o +Where AsB; has full row rank and le§A3 D A

P D P4, decompositionX3) is obtained. u

A4 B2 Az . Therefore, takingQ D I(; (99 Q1 and

123









On Index Reduction and Column Regularization for RectaagDescriptor Systems via Input Feedbacks 1097

Remark 3 In the proposed feedback matrix provided by Algorithpone matrixk 1 can be chosen arbitrarily,
and the other matriK 2 needs to ful Il an algebraic constraint. However, it is inTnt to note that neithé( ;
norK is unique. Therefor& is not unique. It provides a certain degree of design freeithatime algorithm.

Remark 4 As shown by 8,9], the rank condition

EB
rank 00

m >

n C rankE; (23)

is necessary and suf cient so that a feedback matriexists, which makes the closed loop system column
regular and of the index at most one. The property of a systimy column regularity with at most one index
is alternatingly called “impulse free'. It means that theteyn is impulse free if and only 6] is satis ed for

D 1.

The corollary provided below demonstrates a link betwdéh énd @3).
Corollary 2 If the systemX) satis es inequality 23), then it also satis es14), i.e., 23)) (14).

Proof On substituting decompositioad), inequality €3) turns out to be
rank A4B, n (24)

Also, by substituting the same decompositionid)( we receive inequalityl). Clearly, 4)) (16). u

Theinequality23)) (14), however, the converse is not true. We have provided Exagaplhich satis es (4)
but does not satisfy2Q).

Utilizing the decompositioni(3), the following theorem proves the necessity and suf cieatcondition £3)
for the existence of a feedback matkixso that the closed lodit ; A C BK gis impulse freei.e., column regular
and of the index at most one.

Theorem 7 There exists & such that system pafE; A C BK gis impulse free, i.e.,

E A CBK

rank 0 E D nC rankE; (25)

if and only if 23) holds.

Proof On substitution of decompositioa) and Eq. 18), Eqg. £5) is equivalent to
rank A2CBsKz, Dn (26)

First, we will show the existence oft& under the restriction?23) such that25) is satis ed. We see thafQ)
(24), it only remains to show the existencel6$ under @4) such that 26) is ful lled. Now, using Proposition
2, inequality @4) implies that a matriX » exists that satis es46).

Conversely, now we prove6) ) (24). Since £6) can be equivalently written as

rank Ay By I}er Dn (27)

which clearly implies 24). u

Remark 5 When the system matrices satisfy conditi@B)( then a feedback matrk can be designed to ful Il
(25). This objective is achieved by designing a maffix, which satis es £6). The rest of the steps will be
followed as per Algorithni.
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21000(?' 2 3
00 10
0001 000 1
TakingQ D§0100Q andP D 10 0 0g,weget
0010 010 0
00001
21000 2000 0° 210°
010 000 O 0Q
QEP DEOOO%;QAP DEOOO 1z;andQB DEO(lé:
000 1000 0
0000 010 O 00
10 10
A|SO,6rD|2,A1D02 2,A2D02 2,A3D01 2,A4D 0 1,A5D 91,BlD Oo,agdeD 01.
00C 10

According to Algorithm1, we need to design a matrik, such that rand 0 0O 00 Kag D 2. We see
0 1CO01Ky

thatk, D é 8 satis es this condition. Also, we také€; D 8 8 arbitrarily. Therefore
0010 1000 .
KD 5000P P 0o000°

It is clear that the closed loop systdia; A C BK gsatis es criterion (5), verifying thatfE; A C BK gis
column regular with an index of at most two. Additionally, wieeck that 25) is not ful lled. It con rms that

the index of the closed loop is exaclty two. The objectivehid example is to make the system column regular
via proposed feedback.

Example 3 [21,22] Consider the following one loop circuit, wheRe, L, andG stand for the resistor, inductor
and capacitor respectively akg .t/, V| .t/, Vc.t/ are voltages across them. The primary circuit theory pewid
the following equations governing the system dynamics.

R L
G
| .t/
Vs.t/ T
LIPt/ D V_.t/; (30a)
1

et/ D It 30b
C % (30b)
RI .t/ D VR .t/; (30c)
V .t/ CVct/ CVR.t/ D Vs.t/: (30d)

. I . .
Takingx.t/ D |.t/V | .t/Vct/VR.t/ as the state vector ands.t/ as the control input, the dynamics
subsequently result in

2 3

2L000° 2583 0 100
001% 07. gCOOO :
Endoog ,BDQOE,andAD R &
0000 1 0111
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200003 201003
- i . . 001 2100
Substitutingt D 0; G D 1 andR D 0, we obtain the system matricesiasD 000 ,AD 000
0000 0111
2 03

B D 2 8 E Here, {E, A} is column regular and has an index two. The systeatrices satisfy conditiori )

1

and also satisfy thefonditio D). > 3

010 0001 253
Here,bytaking;)Dﬁggé%andPDﬁg Olg%,wehaveﬁrDll,AlD 0,A2D 001,A3D 415,
0
2 1000 2 030 10
010 0
As4D4 110,B;D 0,andB, D4 15.Inthis caseAs is an empty matrix. Now, as per EdL7) along
100 0

with Eqg. (26), we are required to nd a matriK 2, which satis es
rank A4 C B2K2 D 3
By assigningk; D 011,andK1 D 1, we obtain that

KD 1011P' D 1011:

The designed feedback ensures that the closed loop systets bwth conditionsl) and £5), making the
closed loop impulse free.

5 Conclusion

A necessary condition has been presented for the existémeeioput state feedback such that the closed loop
system is column regular and has a particular indeAdditionally, the necessary and suf cient condition has
been derived to transform the system into a closed-loopgaration that is column regular and has an index of
at most two. The design procedure of the proposed feedbadiden summarized in the form of an algorithm.
The algorithm has been adjusted for the cases where a diespdystem with an index of at most one can
be designed. Thus, the results are applicable in both sesn&lumerical and practical examples support the
developed theory.
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