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Abstract Different kinds of decompositions of a square matrix have been studied in the literature by altering
the conditions on the summands of core-nilpotent decomposition. Motivated by the observation that for an
element from an associative ring the Drazin inverse and the core-nilpotent decomposition coexist, and many of
among the techniques which are useful in the case of matrices fail in the case dealing with the elements from an
associative ring, the theory of generalized inverse and the minus partial order are used to characterize and study
the generalized core-nilpotent decomposition of an element from an associative ring.
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1 Introduction

The core-nilpotent decomposition of a square matrix is one among the well known matrix decompositions in
the literature. Given a square matrix A over real or complex field, a decomposition A = A| + Aj is said to be
core-nilpotent decomposition of A if it satisfies the following conditions.

(I) Aj isacore matrix, i.e., rank(A) = rank(A%).

(II) A, is nilpotent, i.e., Ag = 0 for some positive integer k.
(II) A1Az =0.
av) AA; =0.

In the above case, A; and A; are denoted by C4 and Ny, called core part and nilpotent parts of A, respectively.
Given a square matrix A, its core-nilpotent decomposition is uniquely determined. The core-nilpotent decom-
position of a matrix A and the Drazin inverse A” of A are closely associated with each other. In fact, the core
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part C4 of the core-nilpotent decomposition of A is given by AAP A. For more details about the properties of
core-nilpotent decomposition, readers are referred to [1] and [2].

In 2016, [3] introduced core-EP decomposition, and in 2018, [4] introduced EP-nilpotent decomposition,
by modifying some of the conditions on the summands in the core-nilpotent decomposition and both of these
decompositions are associated with core-EP inverse. Motivated by this, [5] introduced two major generaliza-
tions of core-nilpotent decomposition, namely, generalized core-nilpotent decomposition of type-I (GCN-I) and
generalized core-nilpotent decomposition of type-II (GCN-II) by relaxing conditions A1 A> = 0 and A, A1 =0,
respectively, on the summands of core-nilpotent decomposition. Further, the authors noted that core-EP decom-
position and EP-nilpotent decomposition are special cases of these generalizations.

Noting that the existence of Drazin inverse for a given ring element is not always guaranteed, [6] characterized
the elements having Drazin inverse as the elements with the core-nilpotent decomposition, proving that the Drazin
inverse and core-nilpotent decomposition of an element always coexist [6, Theorem 3.1]. Further, the authors
generalized the notion of core-nilpotent decomposition to the ring elements which do not have Drazin inverse.

Analogous to the cases of matrices, in this paper, we extend the notion of GCN-I and GCN-II classes for
elements having Drazin inverse in an associative ring. Noting that many of the useful linear algebraic tools such
as rank, nullity, regularity etc., are missing in the case of elements from an associative rings, the proof techniques
are dealt using generalized inverses and minus order.

2 Preliminaries

In this section, we introduce basic terminologies and notations required for the further discussion. We refer to
[2], [1], and [7] for all the definitions in the matrix context, and [8] and [6] for all the notions in the context of
associative rings.

Throughout the paper, .4 denotes an associative ring, which need not have a multiplicative identity, unless
mentioned otherwise. For any two elements a, b € A, we write a ;_z b(a r:; b)ifaA = bA (Aa = Ab) and we

writea >~ bifa ~banda >~ b.
sp cs rs

Let A be an associative ring and let a € A.

(1) Anelement a is regular if there exists a g € A such that aga = a, in which case, g is called a generalized
inverse (or a g-inverse or an inner inverse) of a. An arbitrary generalized inverse of a is denoted by @™ and
the class of all generalized inverses of a is denoted by {a™}.

(i1) Anelement g € A is called an outer inverse of a if gag = g, and an arbitrary outer inverse of a is denoted
by a~.

(iii) A commuting outer inverse g of a satisfying a**!g = a* for some positive integer & is called Drazin inverse
of a. The Drazin inverse of a, whenever exists, is unique and is denoted by a”. The least positive integer k,
for which a satisfies the above conditions is called the Drazin index of a, denoted by ind(a).

(iv) An element of index one is called a core element and in this case, the Drazin inverse of the element is called
the group inverse. The group inverse of a, whenever exists, is unique and is denoted by a*. Hartwig and Luh,
in the context of semirings, proved that an element is of index 1 if and only if it has group inverse (see [9,
Theorem 1]).

(v) An element a is said to be nilpotent if a¥ = 0 for some positive integer k. The least positive integer k for
which a = 0 is called the index of nilpotency of a.

One of the important tools in obtaining several remarkable results in the theory of generalized inverses is the
minus partial order, introduced by [10] and [11].

Definition 1 ([10,11]) For any two elements a, b € A, we say that a is less than b under the relation ‘<™’ and
write a <~ b if there exists a g € {a~ } such that ag = bg and ga = gb.

The relation <7 is a preorder on the set of all elements of .4 and is a partial order on the class of all regular
elements of A, in which case, the relation ‘<7’ is called minus partial order. For more properties of minus partial
order, we refer to [12], [13] and [7].

The notion of core-nilpotent decomposition could be extended from matrix case to the case of elements from
an associative ring, as in the following.

Definition 2 Givenanelementa € A, adecompositiona = aj+ay is said to be the core-nilpotent decomposition
of a if a; and ay satisfy the following conditions.
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(1) ap is of index one.
(ii) ajy is nilpotent.
>iii) ayay = 0.
@iv) ara; = 0.

In the above case, a1 and a; are called core part and nilpotent parts of a, denoted by ¢, and n,, respectively.
Given an element a from an associative ring A, the Drazin inverse a” of a need not exist and  may not have

core-nilpotent decomposition. For example, the matrix A = in the associative ring A = Z>*? neither has

20
00
Drazin inverse, nor has core-nilpotent decomposition. In fact, [6] proved that an element from an associative
ring has Drazin inverse if and only if the element has core-nilpotent decomposition and the same is stated in the

following theorem.
Theorem 1 (Theorem 3.1, [6]) For a non-nilpotent element a € A, the following statements are equivalent:

(i) aP exists.
(ii) a has a decomposition given by

a=cqg+ng, (D
where c, is of index one, n, is a nilpotent, and c,ng, = ngcq = 0.

Further, the authors noted that the core part of the core-nilpotent decomposition of a is given by aa”a and
that a? is the group inverse of the core part.

In the following definitions, we extend the generalizations GCN-I(A) and GCN-II(A), presented in the [5],
to the case of ring elements.

Definition 3 (GCN-I type decomposition) A sum a = aj + a is said to be a generalized core-nilpotent decom-
position of type-I if a; is a core element, a» is nilpotent, and ara; = 0.

We denote the class of all GCN-I type decompositions of a by GCN-I(a).

Definition 4 (GCN-II type decomposition) A sum a = a; + aj is said to be a generalized core-nilpotent
decomposition of type-1I if a1 is a core element, a; is nilpotent, and aja; = 0.

The class of all GCN-II type decompositions of a shall be denoted by GCN-II(a).
Our objective in this paper is to characterize the classes GCN-I(a) and GCN-II(a) for an element a having
Drazin inverse.

3 Main results

Throughout in this section, an element a € A is of finite Drazin index, has Drazin inverse, and is with core-
nilpotent decomposition a = ¢, + n,. Before discussing the main results, we recall the following lemma from
[8], describing the properties of regular element in an associative ring.

Lemma 2 (/8]) Given an element p € A, the following statements hold.

(i) If p is a regular element, then p € pA.
(ii) p is regular if and only if there exists an idempotent e such that x € pA = e A.
(iii) p has an outer inverse if and only if there exists an idempotent e such that e € pA.

The corollary given below follows the above lemma.

Corollary 3 There exists an idempotent e such that e € x A if and only if there exists a non-trivial element x|
such that x;y <~ x. In such a case, a choice of x1 is given by ex.

Proof 1f e is an idempotent such that e € x.A, following Lemma 2 (iii), there exists an outer inverse g of x such
thate = xg. Now, set x; = xgx = ex toobserve that x;g = xgxg = xg and gx; = gxgx = gx. Thus, x; <™ x.

Conversely, if xj is a non-trivial element such that x; <™ x, then choose any g, a generalized inverse of
x1, satisfying x1g = xg and gx; = gx. Clearly, ¢ = x;g is an idempotent such that ¢ = xg € x.4. Hence the
corollary. O
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D

As in the matrix case, we have ¢, = aa”a and a? = cﬁ € {c; }. Hence caa®? = aaPaa® = aa® and
Do — 4PaaP D

a“cy aa”a = a” a, which shows that ¢, <™ a. So, we have the following lemma.

Lemma 4 For an element a € A with core-nilpotent decomposition a = ¢, + ng,, we have ¢, <~ a.
Now, a? = cZ € {c, } implies that ¢, is regular and hence from Lemma 2, there exists an idempotent p such
that ¢, € pA = ¢,A. In the following lemma, given an element a having core-nilpotent decomposition, and an
idempotent p such that p A = ¢,.A, we make several interesting observations useful for the further discussion.

Lemma 5 Given an element a € A with core-nilpotent decomposition a = ¢, + n, and an idempotent p such
that p A = cy A, we have the following.

(i) (a — pa)pa =0 = (a —ap)ap.
(ii) a — pa and a — ap are nilpotent elements.
(iii) Both pa and ap are of index one.

(iv) paA=c,A.

Proof Consider an element a € A with core-nilpotent decomposition a = ¢, + n, and an idempotent p such
that p A = c,A. Then, it may be noted from n,c, = 0 that n,p = 0 and hence ap = (¢4 + ng)p = cqap- Also,
p is an idempotent element such that p.A = ¢, A implies that pc, = ¢,. Now, part (i) follows by substituting
a =cq+ngin (a — pa)pa and (a — ap)ap.

To prove part (ii), we first note that a — pa = ¢, + ng — pcq — phg = ng — phg, as pc, = c¢,. Hence by
using n, p = 0, for any positive integer k, we have

(a — pa)* = ny — pnj,. o)

Now, the nilpotency of (a — pa) follows from the nilpotency of n,. Further, for any integer k > 1, we have

(@ —ap)* = (cqa +na — cap)*
= n’:l — capn];_l, (3

and the nilpotency of a — ap follows from the nilpotency of n,, proving the part (ii) of the lemma.

To prove part (iii), first consider pa. Since cﬁ >~ ¢y, it is easily verified by direct substitution that cff isa
sp

generalized inverse of pa and hence
pa € paA = pact A
= pacg A (- cg >~ cy)
sp
= pacﬁA (." ¢4 is of index one)
= papci A (. pea = ca)
= papac, A (. cfl =acy, asngc, = 0)
C papaA,
proving that pa € papaA. Further,
c‘gpapa = cﬁpcapa = c‘:capa = pa

implies that pa € Apapa. Therefore, pa is of index one. In the similar lines, we observe that cff is a generalized
inverse of ap, and ap is of index one, proving the part (iii) of lemma.
Given an idempotent p such that p A = ¢,.A, we have

cg A = ci.A (. ¢4 1s of index one)
= PCZ-A (. pca = cq)
= pacg A (. cg =ac, as ngcy = 0)

C paAC pA=c,A,

and therefore, pa.A = ¢, A, which proves part (iv) and the lemma. O
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The following lemma is proved symmetrical to the lines of argument given to prove Lemma 5.

Lemma 6 Given an element a € A with core-nilpotent decomposition a = ¢, + n, and an idempotent q such
that Aq = Ac,, we have the following.

(i) ga(a —ga) =0 =aq(a — aq).
(ii) a — qa and a — aq are nilpotent.
(iii) Both qa and aq are of index one.

(iv) Aaqg = Ac,.

Now, we are in a position to relate the core parts of GCN-I and GCN-II type of decompositions of an element
with the core part of the core-nilpotent decomposition of same element. The following theorem deals with the
same.

Theorem 7 Given an element a A of index d, having Drazin inverse a®, and with the core-nilpotent decompo-
sition a = ¢4 + ng, let ay be an element of index one and a> be nilpotent such that a = ay + a>. Then, we have
the following.

(i) Ifaza; =0, then aj A = a® A = ¢, A
(ii) Ifajar = 0, then Aa; = Aa® = Ac,.

Proof Consider an element a with index d and the core-nilpotent decomposition a = ¢, + ny.
We prove only the part (i) of the theorem, as part (ii) is proved in the similar lines of arguments. Note that
the equality a? A = c,.A follows from the fact that a? ~ a? and a? = ¢# ~ c,.
cs cs

To complete the proof, we shall show that aj.A = a.A. To begin with, consider a sufficiently large positive
integer k > d to have

ak = alf + a{c_laz 4+ 4 a1a§_l
=al(a]1<_1 +a]f_2a2+~-~+a§_l)~ 4)
This shows that a* € a1 A and hence
a“ A C a1 A. (5)

To prove the reverse inclusion, post-multiply both sides of Eq. 4 by a; to get

ak[ll = a’f“ s

which implies a]fH.A C a* A. Since aj is of index one, it follows that all‘HA = a1.A and therefore, a; A C

a*A = a? A as d is the index of a. Now by referring to Eq. 5, we have that a;. A = a? A, which proves the
theorem. o

3.1 Characterization of GCN-I(a)

Referring to Lemma 5, we have that the decompositions pa + (a — pa) and ap + (a — ap) are members of GCN-
I(a). Hence, it is of natural interest to probe the relation of elements pa (similarly, ap) and a — pa (similarly,
a — ap) with the summands of GCN-I type of decompositions. We define the following class of decompositions
and investigate if this class helps in characterizing GCN-I(a). Consider the class

Ci(a) = {pa+(a—pa): p* = p & pA=c,Al. (6)

From Lemma 5, it is clear that any decomposition in € (a) is a member in GCN-I(a). However, the reverse
inclusion is not true. The following theorem gives the exact relationship of €;(a) with GCN-I(a).

Theorem 8 For any a € A having Drazin inverse a® and with the core-nilpotent decomposition a = cq + ng,

Ci(a) =1{a; +a» € GCN-I(a) : a1 <~ a}. @)
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Proof Consider any decompositiona = aj +az € €1(a), where a; = pa and ay = a — pa for some idempotent
p with pA = ¢, A. Then from Lemma 5, we have that a is of index one, a3 is nilpotent, and axa; = 0. Therefore,
a; + a» € GCN-I(a).

To prove a; <~ a, first note that ¢, <~ a implies ¢, A € aA. Since pA = ¢, A, it follows that p A C aA
and hence p € pA C aA as p is idempotent. Now, by referring to Corollary 3, we get pa = a; <~ a, which
proves that

¢i(a) € {a) +a» € GCN-I(a) : a; <~ a}.

To prove the reverse inclusion, consider a decomposition a = a; + az € GCN-I(a) satisfying a; <~ a.
Then, there exists a generalized inverse g of a; such that ajg = ag and ga; = ga. Set p = a;g. Then p is an
idempotent element with pa = ajga = ajga; = a;. Also, pA = a1gA = a; A. Since a; + a; € GCN-I(a), it
follows from Theorem 7 that @A = ¢,.A and therefore, p.A = ¢, A. Thus, a; + a; is of the form pa + (a — pa),
where p is an idempotent element such that p A = ¢, A, proving a; + a> € €1(a) and the theorem. O

From the above theorem, it is clear that the class GCN-I(a) is strictly larger than €; (a) and hence GCN-I(a) is
not completely characterized by € (a). Thus, we introduce a new class of decompositions €5 (a), and investigate
if this new class helps in characterizing GCN-I(a).

Consider the class

O (a) = {ag + (@ —aq) : ¢* = q & g A = c A}, ()
The following lemma compares the classes €;(a) and €;(a).

Lemma 9 Every decomposition in & (a) is a member of €>(a). In other words,
<1(a) € &(a). )]

Proof Consider any decomposition a = a; +a; € €1(a), where a; = pa, ay = a — pa, and p is an idempotent
such that p A = ¢,.A. Then from Lemma 5, we have that a; is of index one, a5 is nilpotent, and ara; = 0. Set
qg= afal. Then ¢ is an idempotent such that g A = a*fal.A = ala]#.A = a1 A. Also, from part (i) of Theorem 7,
we have that a; A = ¢,.A and therefore, g A = ¢,.A. Further, ag = (a; + az)a?al = alafal = aj. Thus, the
decomposition aj + a is of the form aq + (a — aq), where ¢ is an idempotent element such that ¢ A = ¢, .A.
Therefore, a; + a; € € (a), proving the lemma. O

From Lemma 5 and the definition of &, (a), it is clear that €, (a) € GCN-I(a). In fact, the reverse inclusion
also holds and the same is proved in the following theorem, characterizing GCN-I(a).

Theorem 10 For an element a € A having Drazin inverse a® and with core-nilpotent decomposition a =
Cq + N, a decomposition a = ay + ax € €(a) if an only if a; + ap € GCN-I(a). In other words,

¢ (a) = GCN-I(a). (10)

Proof Consider any decomposition a = aj + ay € €(a), where a; = aq, a» = a — aq, and ¢ is an idempotent
element with g A = ¢, A. Then, it follows from Lemma 5 that @; is of index one, a5 is nilpotent, and aya; = 0,
which shows that a; + ap € GCN-I(a). Thus,

¢ (a) € GCN-I(a). (11)

Now, to prove the reverse inclusion, consider a decomposition a; +a> € GCN-I(a), where a; is of index one,
ap is nilpotent, and aza; = 0. Set g = afal. Then, ¢ is an idempotent element such that g A = afalA =a A
From part (i) of Theorem 7, we have that a;. A = ¢, A and therefore, g A = a1 A = ¢, A. Further, axa; = 0
implies that

ag = aa?al = (a1 + az)afal = ala?al =aj. (12)

Thus, a = a; + ay is of the form aq + (a — aq), where ¢ is an idempotent element with g A = ¢,.A. This proves
that a; + a» € €, (a) and hence GCN-I(a) C ¢, (a). Hence the theorem. O

The following corollary describes that for any two decompositions a; + az, b1 + by € GCN-I(a), the core
parts a1 and b; are uniquely determined by the left ideals generated by them.
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Corollary 11 Ifa; + ap and by + by are any two GCN-I type of decompositions of element a with Aa; = Aby,
then a; = by.

Proof Consider two GCN-I type of decompositions aj + ap and by + b of a with Aa; = Ab;, where ay, by are
of index one, ay, by are nilpotent, and a,a; = 0 = byb;. Then, from Theorem 7, we have thata; A = ¢, A = b1 A
and therefore, bya; = 0. Also, Aa; = Ab; implies that blafal = b1. Now,

ay = aa’fal
= (b1 + bz)afal
= bla*fal = b.
Hence the corollary. O

3.2 GCN-II type of decompositions

The proofs of the results in the case of GCN-II type of decompositions are in the similar lines of those in the case
of GCN-I type of decompositions. Therefore, we shall state the results of GCN-II type decompositions without
proof.

Consider the classes

Si=1lag+(@a—aq):q* =q & Aq = Acy} (13)
and
S2=1{qa+(a—qa):q* =q & Aq = Ac,}. (14)

Corresponding to the Theorem 8 and Theorem 10, respectively, in the case of GCN-I type of decompositions,
we have the following results.

Theorem 12 For any a € A having Drazin inverse a® and with core-nilpotent decomposition a = c4 + ng,
$1 ={a1 + ax € GCN-Il(a) : a1 <™ a}. (15)

Theorem 13 For an element a € A having Drazin inverse a® and with core-nilpotent decomposition a =
Cq + N, a decomposition a = ay + ax € §1 if an only if a; + a» € GCN-1I(a). In other words,

%> = GCN-1I(a). (16)

4 Conclusion
In this paper, generalizations of core-nilpotent decomposition of ring elements having Drazin inverse is studied.

Analogous to the matrix case, two classes of generalized core-nilpotent decomposition obtained by relaxing
either of the conditions axa; = 0 and ajay = 0 are characterized.
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