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Abstract Some results have been obtained on the embedding of all 1 matrix Jn of order n into the Hadamard
matrix. New theorems on doubling Hadamard matrices have been obtained. Certain methods and conditions have
been obtained for embedding the circulant partial Hadamard matrix of row sums 2 and 4 into the Hadamard
matrix. A new representation of 4-row regular circulant partial Hadamard matrices has been identified.
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1 Introduction

A {1,−1}−square matrix H of order n is called a Hadamard matrix if H H T = nIn . The orders of the Hadamard
matrices are 1, 2 or some multiples of 4. Hadamard matrices are first identified by Sylvester [1–3] in 1867. He

further demonstrated that if H is a Hadamard matrix, then the matrix

(
H H
H −H

)
is also a Hadamard matrix.

This construction is called the doubling of Hadamard matrices throughout this article. In 1893, The work of J.
Hadamard [2–4] on the maximum modulus principle on square matrices with entries from unit square highlighted
these matrices. He was the first who forwarded the method of construction of the Hadamard matrix. This study
revealed the Hadamard matrix conjecture that states that there exists a Hadamard matrix of order 4t for all
positive integer t. In 1933, Paley [5] showed that there exists a Hadamard matrix of order (p+1) for all prime
power p such that p=3(mod 4). The major break through came in 1944 by Williamson [6] on the construction of
Hadamard matrices, though it was shown by Djokovic [7] that the Williamson method did not work for order 140.
Furthermore, Holzmann et al. [8] showed the failure of the Williamson method for orders 188,212,236. Despite
the implementation of numerous approaches, the Hadamard matrix conjecture continues to remain unresolved
Partial Hadamard matrices are row-orthogonal matrices with entries ±1. They can be obtained by removing rows
from full Hadamard matrices. However, the reverse process of extending a partial Hadamard matrix to a full
Hadamard matrix is significantly more challenging. In 1978, Verheiden [9,10] showed that a partial Hadamard
matrix of order (n − r) × n can be extedted to a Hadamard matrix of order n if r < 8. After three decades in
2009, Bulutoglet and Kaziska [11] showed that this extension will not be possible for r=8.
One notable approach for constructing a Hadamard matrix is by embedding an existing Hadamard matrix into
a higher-order Hadamard matrix. In 1965 Cohn [12] showed that a Hadamard matrix of order (n − k) could
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Embedding into Hadamard matrices 1111

not be embedded into a Hadamard matrix of order n for k < n
2 . It is known that a Hadamard matrix of order

(n −8) cannot be embedded into a Hadamard matrix of order n (for n > 16) and that a Hadamard matrix of order
(n −4) cannot be embedded into a Hadamard matrix of order n (for n > 8). For more details see [3,13]. Recently
several ideas emerged from Christou et al [13] study on embeddings and extensions of Hadamard matrices, they
conjecture that a Hadamard matrix of order n has a sub-matrix of order k (for n and k are multiples of 4 with

k ≥ 4, n ≥ 8) such that det(M) = p2k where p = 2( n
4 )

k
2 ( n−k

n )
n−k

2 for n
2 ≤ k ≤ n. For more details see [3].

The importance of minors and the growth function of a Hadamard matrix has become one of the important areas
in the embedding theory of Hadamard matrices. The work of Koukouvinos et al [14,15] on the algorithm and
formulae of minors of Hadamard matrices appears to be an important tool in this regard and the data generated
can help in several dimensions. For more detail see [3,16]
Almost all the methods of construction of Hadamard matrices are with the help of block matrices starting from
Sylvester’s method of doubling the order of a Hadamard matrix. This article contains new results on embedding
suitable block matrices into the Hadamard matrix. Block matrices chosen for embedding in Hadamard matrices
are not necessarily Hadamard, this makes the results of the article a more effective novel work.

2 Preliminaries

This section provides fundamental definitions, examples, and relevant results that will be utilized in subsequent
parts of this article. Let us begin with the following definitions:

Definition 1 A circulant matrix with first row (x1, x2, x3, . . . , xn) is given by:

⎛
⎜⎜⎜⎜⎝

x1 x2 x3 . . . xn
xn x1 x2 . . . xn−1

xn−1 xn x1 . . . xn−2
...

...
...

. . .
...

x2 x3 x4 . . . x1

⎞
⎟⎟⎟⎟⎠

In a circulant matrix, each row is formed by shifting the previous row one position to the right, with the last
element moving to the first position. The circulant matrix with the first row (x1, x2, x3, . . . , xn) is denoted by
circ(x1, x2, x3, . . . , xn).

Definition 2 A circulant Hadamard matrix is a circulant matrix that also satisfies the Hadamard matrix property,
meaning all its entries are either +1 or −1, and its rows (or columns) are mutually orthogonal.

Example 1 Following are some examples of circulant Hadamard matrices:

⎛
⎜⎝

−1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1

⎞
⎟⎠ ,

⎛
⎜⎝

1 1 −1 1
1 1 1 −1

−1 1 1 1
1 −1 1 1

⎞
⎟⎠ ,

⎛
⎜⎝

−1 −1 −1 1
1 −1 −1 −1

−1 1 −1 −1
−1 −1 1 −1

⎞
⎟⎠ .

Definition 3 A circulant partial Hadamard matrix is a type of partial Hadamard matrix in which each subsequent
row is obtained by right cyclically shifting the first row, with the last element moving to the first position.

Example 2 Following are some examples of circulant partial Hadamard matrices:

(−1 −1 −1 1
1 −1 −1 −1

)
,

⎛
⎝ 1 1 −1 1

1 1 1 −1
−1 1 1 1

⎞
⎠ ,

⎛
⎜⎝

−1 1 1 1 −1 1 1 1
1 −1 1 1 1 −1 1 1
1 1 −1 1 1 1 −1 1
1 1 1 −1 1 1 1 −1

⎞
⎟⎠ .

Definition 4 A conference matrix C is a square matrix of order n with entries in the set {0,±1}, satisfying the
condition CCT = (n − 1)In , where CT denotes the transpose of C and In is the identity matrix of order n.
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Example 3 Following are examples of Conference matrices:

⎛
⎜⎝

0 1 1 −1
1 0 −1 1
1 −1 0 1

−1 1 1 0

⎞
⎟⎠ ,

⎛
⎜⎜⎜⎜⎜⎝

0 1 1 −1 −1 1
1 0 −1 1 1 −1
1 −1 0 1 1 −1

−1 1 1 0 −1 1
−1 1 1 −1 0 1

1 −1 −1 1 1 0

⎞
⎟⎟⎟⎟⎟⎠

.

The conference matrices presented above feature zero diagonal entries, thus they are classified as zero diagonal
conference matrices.

Definition 5 A negacyclic matrix N with the first row (n1, n2, n3, . . . , nr ) of order r is defined as follows:

N =

⎛
⎜⎜⎜⎜⎝

n1 n2 n3 . . . nr
−xr n1 n2 . . . nr−1

−nr−1 −xr x1 . . . xr−2
...

...
...

. . .
...

−x2 −x3 −x4 . . . x1

⎞
⎟⎟⎟⎟⎠ .

In negacyclic matrices, each row is generated by applying a right cyclic shift to the previous row, where the first
element of the new row is the negative of the last element of the preceding row.

Example 4 Following are examples of negacyclic matrices:

⎛
⎜⎝

1 1 1 −1
1 1 1 1

−1 1 1 1
−1 −1 1 1

⎞
⎟⎠ ,

⎛
⎜⎝

1 0 −1 1
−1 1 0 1
−1 −1 1 0

0 −1 −1 1

⎞
⎟⎠ ,

⎛
⎜⎜⎜⎝

0 −1 −1 1 1
−1 0 −1 −1 1
−1 −1 0 −1 −1

1 −1 −1 0 −1
1 1 −1 −1 0

⎞
⎟⎟⎟⎠ .

Craigen et al. [17] have shown that each circulant Hadamard matrix H of order k × 2k, with a row sum 2,
is equivalent to the matrix

(
Ik − N Ik + N

)
, where N is conference negacyclic matrix of order k. This result

implies that a conference negacyclic matrix of order k exists if and only if there is a circulant partial Hadamard
matrix of the form 2 − H(k × 2k). This result is significant, as it will be used later in this article.

3 Main Work

In this paper, the possibility of embedding certain types of block matrices into Hadamard matrices is analyzed.
This idea leads to several interesting and noteworthy results. Let us begin with a fundamental yet noteworthy
theorem.

Theorem 3.1 Let A be a square matrix of order n with entries ±1. Then the block matrix H =
(

Jn A
A Jn

)
is a

Hadamard matrix implies that n = 2.

Proof Since H is a Hadamard matrix, therefore H H T = 2nI2n .

⇒
(

Jn A
A Jn

) (
Jn A
A Jn

)T

=
(

J 2
n + AAT Jn AT + AJ T

n
AJ T

n + Jn AT AAT + J 2
n

)
= 2nI2n .

This implies the following equations:

AAT = n(2In − Jn) (1)

AJ T
n + Jn AT = 0 (2)

From Eq. 2, the (i, j)-th element of AJ T
n = −(i, j)-th element of Jn AT . This implies that the Sum of i-th

row of matrix A is equal to the negative sum of j-th row of matrix A for all 1 ≤ i, j ≤ n. And, therefore in
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particular the sum of i-th row of matrix A is equal to the negative of the i-th row of matrix A for all i = 1, 2, ..., n.
Hence, the sum of i-th row of matrix A is zero for all i = 1, 2, ..., n. This implies that in each row of matrix A
there are equal number of +1’s and −1’ s.

From (1) AAT =
⎛
⎜⎝

n −n −n −n
−n n −n −n
−n −n n −n
−n −n −n n

⎞
⎟⎠

Thus, for i �= j ,the inner product of i-th and j-th rows of matrix A is −n.Now suppose n > 2, then we can
find three distinct rows Rx , Ry and Rz of A such that the dot products Rx · Ry = Ry · Rz = Rx · Rz = −n. Let
Rx = (x1, x2, x3, ..., xn), Ry = (y1, y2, y3, ..., yn) and Rz = (z1, z2, z3, ..., zn). Then xi yi = yi zi = xi zi = −1
for all i = 1, 2, ..., n. This implies that (xi yi )(xi zi ) = 1 ⇒ x2

i = −1. Which is a contradiction. Hence n = 2. ��

Corollary 3.2 Let A be a square matrix of order n with entries ±1. Then the the block matrix H =
(

A Jn
Jn A

)

is a Hadamard matrix implies that n = 2

Theorem 3.3 Let H(k) be a circulant Hadamard matrix with non-zero row sum of order k. Then the

{1,−1}−block matrix

(
H(k) H(k)

A B

)
is a Hadamard matrix if and only if both A and B are Hadamard matrices

each of order k such that A + B = 0.

Proof Let M =
(

H(k) H(k)

A B

)
.

Assume that M is a Hadamard matrix. Let (x, y) be (k + i)-th row of matrix M for i ∈ {1, 2, ..., k} where
x and y are i-th rows of the matrices A and B respectively. Row orthogonality of the matrix M implies that
(x, y) · (h, h) = (x + y) · h = 0 for every row h of the matrix H . Therefore, x + y = 0 or x = −y. This implies
that A + B = 0. So, the rows of the block matrix

(
A B

)
are of the form (x,−x) for some row x of the matrix A.

Let (x1, y1) and (x2, y2) be two distinct rows of the block matrix
(

A B
)
, then we have −x1 = y1 and −x2 = y2.

And therefore, we have (x1, y1) · (x2, y2) = 0 ⇒ (x1,−x1) · (x2,−x2) = 0 ⇒ x1x2 = 0 and y1 y2 = 0.
Thus, the matrices A and B are row orthogonal square matrices. That is, A and B are Hadamard matrices.
Conversely assume that A and B are Hadamard matrices with A + B = 0. Then the matrix product M MT is
given by

(
H(k) H(k)

A B

) (
H(k) H(k)

A B

)T

=
(

H(k) H(k)

A B

) (
H T (k) AT

H T (k) BT

)

=
(

H(k)H T (k) + H(k)H T (k) H(k)(A + B)T

(A + B)H T (k) AAT + B BT

)
=

(
2k Ik 0

0 2k Ik

)
.

Hence M is a Hadamard matrix. Thus, the theorem is proved. ��
Remark 1 The above theorem is to some extent an extension of the doubling process of Hadamard matrices
given by Sylvester.

Example 5 Consider H(4) =
⎛
⎜⎝

−1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1

⎞
⎟⎠ , A =

⎛
⎜⎝

1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

⎞
⎟⎠, and B =

⎛
⎜⎝

−1 −1 −1 −1
−1 −1 1 1
−1 1 −1 1
−1 1 1 −1

⎞
⎟⎠ .

Then the matrix

(
H(4) H(4)

A B

)
is a Hadamard matrix of order 8.

Remark 2 According to the conjecture of Ryser [18] the order of a circulant Hadamard matrix is 1 or 4. So, if
Ryser’s conjecture is true then the only possible Hadamard matrices of this type are of orders 2 and 8.

Theorem 3.4 Every circulant partial Hadamard matrices of the type 2 − H(k × 2k) can be embedded into a
Hadamard matrix of order 2k.
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Proof We know every circulant partial Hadamard matrix of the form 2 − H(k × 2k) is equivalent to H =(
Ik − A Ik + A

)
where A is a zero-digonal conference matrix W (k, k −1) of order k (Vide Theorem 8 of [17]).

This implies that AAT = AT A = (k − 1)Ik . Consider M =
(

Ik − A Ik + A
Ik + AT −Ik + AT

)

⇒ M MT =
(

Ik − A Ik + A
Ik + AT −Ik + AT

) (
Ik − A Ik + A

Ik + AT −Ik + AT

)T

=
(

Ik − A Ik + A
Ik + AT −Ik + AT

) (
Ik − AT Ik + A
Ik + AT −Ik + A

)

=
(

2Ik + 2(k − 1)Ik 0
0 2Ik + 2(k − 1)Ik

)
=

(
2k Ik 0

0 2k Ik

)
= 2k I2k .

Thus M is a Hadamard matrix of order 2k. ��
Remark 3 The existence problem of circulant partial Hadamard matrices of the type 2 − H(k × 2k) is still
unresolved. Therefore, it is not known whether there exists a 2-row-regular circulant partial Hadamard matrix
H of order (k × 2k) for every odd prime power k − 1. However, a conjecture in this regard has been given by
Craigen et al. [17] in 2013.

Example 6 Consider circulant partial Hadamard matrix 2 − H(6 × 12) = (
Ik − A Ik + A

)
where A is the

conference negacyclic matrix given by

A =

⎛
⎜⎜⎜⎜⎜⎝

0 1 1 1 −1 1
−1 0 1 1 1 −1

1 −1 0 1 1 1
−1 1 −1 0 1 1
−1 −1 1 −1 0 1
−1 −1 −1 1 −1 0

⎞
⎟⎟⎟⎟⎟⎠

.

Then the Hadamard matrix M =
(

I6 − A I6 + A
I6 + AT −I6 + AT

)
is given by

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 −1 −1 1 −1 1 1 1 1 −1 1
1 1 −1 −1 −1 1 −1 1 1 1 1 −1

−1 1 1 −1 −1 −1 1 −1 1 1 1 1
1 −1 1 1 −1 −1 −1 1 −1 1 1 1
1 1 −1 1 1 −1 −1 −1 1 −1 1 1
1 1 1 −1 1 1 −1 −1 −1 1 −1 1
1 −1 1 −1 −1 −1 −1 −1 1 −1 −1 −1
1 1 −1 1 −1 −1 1 −1 −1 1 −1 −1
1 1 1 −1 1 −1 1 1 −1 −1 1 −1
1 1 1 1 −1 1 1 1 1 −1 −1 1

−1 1 1 1 1 −1 −1 1 1 1 −1 −1
1 −1 1 1 1 1 1 −1 1 1 −1 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

This Hadamard matrix is imbedded from circulant partial Hadamard matrix 2 − H(6 × 12)

Remark 4 A new representation of circulant partial Hadamard matrices of the form 4 − H(k × 2k)

Let H = circk×2k(x1, x2, x3, . . . , xk, y1, y2, y3, . . . , yk) be a 4-row regular circulant partial Hadamard matrix.
Let A be the circulant matrix of order n with first row (u1, u2, u3, . . . , uk) where

ui =
{

xi , if xi = yi ,

0, if xi �= yi .

for all i = 1, 2, . . . , k. Let B be the negacyclic matrix of order k with first row (v1, v2, v3, . . . , vk) where

vi =
{

xi , if xi �= yi ,

0, if xi = yi .

for all i = 1, 2, . . . , k. Then H = (
A + B A − B

)
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the above form of 4− H(k ×2k) stipulates the following two important theorems on the embedding of a circulant
partial Hadamard matrix H into the Hadamard matrix:

Theorem 3.5 Every circulant partial Hadamard matrices of the type 4 − H(k × 2k) = (A + B, A − B) can be
embedded into a Hadamard matrix of order 2k if ABT = B AT

Proof The matrix H = (A + B, A − B) is a partial Hadamard matrix, therefore AAT + B BT = 2k Ik . We have
ABT = B AT .

Consider the matrix M =
(

A + B A − B
−A + B A + B

)
.

Then M MT =
(

2(AAT + B BT ) 2(ABT − B AT )

−2(ABT − B AT ) 2(AAT + B BT )

)
=

(
2k Ik 0

0 A + 2k Ik

)

⇒ M MT = 2k I2k .

This shows that M is a Hadamard matrix of order 2k ��
Remark 5 To date, no such pairs (A, B) of matrices have been identified in 4-row-regular circulant partial
Hadamard matrices

(
A + B A − B

)
that satisfy ABT = B AT .

Theorem 3.6 Every circulant partial Hadamard matrices of the type 4 − H(k × 2k) = (A + B, A − B) can be
embedded into a Hadamard matrix of order 2k if there exist a Hadamard matrix D such that A′ D = 0

Proof M =
(

(A + B) (A − B)

D D

)
is the required Hadamard matrix. ��

4 Conclusion and discussions

Embedding all-ones matrices in Hadamard matrices as discussed in Theorem 3.1, suggests that rare Hadamard
matrices can be obtained through this approach. In addition, the terms of another block matrix given in Theorem
3.1 elaborate a unique style of Hadamard construction. Since the embedding approach given in Theorem 3.3
relies entirely on Ryser conjecture, it may help to look at the conjecture in a different way. Theorem 3.4 requires
a 2-row-regular circulant partial Hadamard matrix of order k × 2k to construct a Hadamard matrix of order
2k, so the embedding reflects one of the characteristics of 2-row-regular circulant partial Hadamard matrices
2 − H(k × 2k). The results may enable insight into the understanding of minors and the growth problem for
Hadamard matrices. It is worth to mentioning that circulant partial Hadamard matrices of the type 4− H(k ×2k)

are rare in the literature to date, although some methods of constructing such matrices are given by Manjhi et al.
[19–21]. Embedding such matrices into Hadamard matrices of order 2k would indeed be a challenge as no class
of such matrices has been identified yet. In such a situation the importance of Theorem 3.5 and Theorem 3.6 can
be understood. The new representation of 4 − H(k × 2k) given in Remark 4 is another new result of this article.
Remark 5 introduces a new research problem in combinatorial mathematics. Overall, this article identifies some
research gaps in the relevant field and attempts to fill these gaps.
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