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Abstract Polynomial and rational eigenvalue problems arise in many applications. Linearization is a widely used
method for solving these eigenvalue problems, and with various families of linearizations studied in the literature.
Among these, Fiedler-like linearizations, specifically Fiedler pencils with repetition (FPRs) and generalized
Fiedler pencils with repetition (GFPRs) are crucial for handling structured matrix polynomials. However, the
methods for constructing these linearizations rely on matrix multiplications, which are computationally expensive
and difficult to implement. This paper presents operation-free algorithms for constructing FPRs and GFPRs. These
algorithms are further extended to construct linearizations for rational eigenvalue problems. We believe that these
algorithms have significant potential for developing efficient computational toolboxes.
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1 Introduction

Polynomial eigenvalue problems (PEPs) arise in various applications, such as structural dynamics, control the-
ory, and vibration analysis see [1-14] and the references therein. Linearization is a widely used method for
solving PEPs in which a matrix polynomial is transformed to a matrix pencil of larger size. The advantages of a
linearization based method is that it transfer the matrix eigenvalue problem to a generalized eigenvalue problem,
which is a linear problem and easier to solve, and it is the only method to compute all the eigenvalues. Formally,
let P(X) be an n x n matrix polynomial of degree m. A matrix pencil L(A) = A 4+ AB, where A and B are
matrices of size mn x mn, is said to be a linearization [9] of P (A) if there exist unimodular matrix polynomials
U(X\) and V (A) such that

UMLM)V (1) = diag(n—1yn, P(1)),

where A € C. The unimodularity of U (1) and V(A) (i.e., det(U (1)) and det(V (1)) are nonzero constants
independent of 1) ensures that the eigenstructure of P () is preserved in the transformation to L(X). When the
reverse pencil revL(A) = B + AA is a linearization of the reverse polynomial revP (1) = A" P(1/)1), L(}) is
referred to as a strong linearization.
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Inspired by the seminal work of Miroslav Fiedler for scalar polynomial [15], Fiedler pencils (FPs) and gener-
alized Fiedler pencils (GFPs) of a polynomial matrix P (}) are studied in [16, 17] which are strong linearizations
of P()). Matrix polynomial having structure such as symmetric, skew-symmetric, palindromic, even, odd, etc.,
arise in many applications, and the structure often induces spectral symmetry in the eigenvalues. The spectral
symmetry in the eigenvalues has physical significance and hence it is important to consider a linearization that
preserves the spectral symmetry, see [10,18-23] and the references therein. To overcome the limitation of FPs
and GFPs in order to construct structure preserving linearizations, FPRs and GFPRs are contructed in [24] and
[25], respectively.

The families FPRs and GFPRs of P (1) are constructed by multiplying elementary and Fiedler matrices (see
Section 2 for details) as follows:

L) i= My, (YD) Mo (X1)(AM] — ME )My, (X2) My, (Y2),

where o and t are permutations of the sets {0, 1, ..., Ak} and {—m, —m + 1, ..., —h — 1}, respectively, with
0 < h <m—1.The tuples o1 and o> consist of elements (not necessarily distinct) from {0, 1, ..., 7 — 1}, and 7y
and 1, consist of elements (not necessarily distinct) from {—m, —m + 1, ..., —h — 2}. The matrices X1, X», Y1,

and Y; are nonsingular matrix assignments corresponding to the permutations o1, 02, 71, and 2. The resulting
pencil L(}) is classified as a GFPR when the tuples (o1, 0, 02) and (71, 7, 72) satisfy the strict interleaving
property (SIP). This construction allows for a rich variety of structure-preserving linearizations, accommodating
various symmetries, skew-symmetries, and other structures inherent in the original matrix polynomial P (A).

The primary objective of this paper is to introduce an algorithm for generating Fiedler-like linearizations,
specifically FPRs and GFPRs, without the need for explicit multiplication of elementary and Fiedler matrices.
Traditional approaches to constructing these linearizations involve extensive matrix multiplications, which can
be computationally expensive. Our proposed algorithm circumvents these issues by leveraging the inherent
properties of Fiedler matrices, allowing for a more efficient construction process that maintains the desirable
features of strong linearizations. In the case of structured matrix polynomials, our algorithm generates structured
preserving linearizations.

Fiedler-like linearizations have also been extended to rational eigenvalue problems, where the eigenvalue
parameter A appears not only in polynomial form but also in the denominator, leading to rational matrix functions.
These rational eigenproblems are prevalent in areas such as control theory and signal processing, where dynamic
systems are modeled by rational transfer functions. The linearization of such problems is more challenging due
to the presence of poles (values of A where the denominator vanishes), which can complicate the eigenvalue
computation. However, Fiedler-like pencils for rational matrices provide a systematic approach to linearize these
problems while preserving the eigenstructure and simplifying the computation of eigenvalues and eigenvectors.
The proposed algorithms are also extended to rational eigenvalue problems. Most importantly, they have the
potential to develop computational toolboxes for further studies in eigenvalue problems.

2 Preliminaries and basic results

For k, € € Z, we use the following notation (k : ) := (k,k+1,...,€)ifk < {,and (k : £) == if k > £. We
define (oo : £) := ( for any nonnegative integer £.

A tuple o := (j1, j2, ..., jp) € ZP is said to be an index tuple containing indices from Z. We define
—0 = (—j1, —j2s ..., —jp)rev(o) := (jp, jp—1, ..., o, jand o +q := (j1 +q, o+ q,..., jp +q) for
q € Z. Further, for any index tuples oy := (i1, ...,1p) and a2 := (j1, ..., jg), we define oy Uary := (a1, o) =

(1 eesips J1s ooy Jg)-
Let @ and B be index tuples. Then « is said to be a subtuple of B if « = B or if @ can be obtained from 8 by
deleting some indices in 8.

Definition 1 (Consecutions and inversions, [26]) Let « be an index tuple containing indices from {0 : m} (resp.,
{—m : —1}). Suppose that t € «. Then we say that « has p consecutions att if (t,t+ 1, ..., ¢+ p) is a subtuple
ofabut(r,t+1,...,t+ p,t+ p+ 1) is not a subtuple of «. We denote the number of consecutions of « at ¢
by c; (). If t ¢ « then we define ¢; (o) := —1. We say that « has g inversions att if (t +¢q,t+qg —1,...,t)1s
asubtuple of a but (r +¢q + 1,1 +¢q, ..., t) is not a subtuple of . We denote the number of inversions of « at ¢
by i; (o). If t ¢ « then we define i; (o) := —1.
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For X € C"*", we consider the elementary matrices given by [25]

In—i—1yn
— | Lom—1)n X — X Iy 1
MO(X)._[ o | M0 = s i=1:m—1,
Ii—1yn
TIn—i—1)n
X _ . 01, .
M_,,(X) = |: I(m—l)n] and M_;(X) := I, X i=1:m—1.
Ii—1)n
Fori = 1 : m — 1, the matrices M;(X) and M_;(X) are invertible for any X and (M;(X))"! = M_;(—X).

On the other hand, the matrices My(X) and M_,,(X) are invertible if and only if X is invertible. Note that
M;(X)M;(Y) = M;(Y)M;(X) holds for any matrices X, Y € C"*" if ||i| — | j|| > L.
For the rest of the paper, we assume that P(}) := Z;’LO A Aj.Fori € {—m :m — 1}, we define [25]

MP =

l

M;(—A;),ifi >0
M;(A_;), ifi <O.

Then M l.P are the Fiedler companion matrices associated with P(A) and are given by [25,27]

Ton—i—1yn
P _ [ {m=1n P _ —Ai I C
MO_[ _AO]MI' = I, 0 fori=1:m—1,
I —1yn
Tn—i—1yn
A 0
P _ m P _ n 1. _
M-, = |: I(ml)n]’ MZ, = I, A; fori=1:m—1.
Ii—n

Note that M(f (resp., MP ) is invertible if and only if Ag (resp., A,,) is invertible.

—m

Definition 2 (Matrix assignments, [25]) Let t := (¢, f2, . .., #,) be a nonempty index tuple containing indices
from {—-m : m — 1} and X = (X1, X2,...,X,) be a tuple of n x n matrices. We define M{(X) :=
M (X1)My,(X3) - - - M, (X,) and say that X is a matrix assignment for t. Further, we say that the matrix X; is
assigned to the position j in t. The matrix assignment X for t is said to be nonsingular if the matrices assigned
by X to the positions in t occupied by the 0 and —m indices are nonsingular.

For an index tuple t, M{(X) is invertible if X is an invertible matrix assignment. We define M¢(X) := I,
if t is an empty set. Further, if X L .., X* are matrix assignments for the index tuples ty, ..., t;, respectively,
then we define [25]

Mty (X' X5) = My (XY - M (X°).
We define MtP = M,fMtf . Mf if t :== (1, f2, ..., 1) is a nonempty index tuple.
Definition 3 [25] Let t := (#, 1, ..., 1) be an index tuple containing indices from {—m : m — 1}. Then
X = (X1, X2, ..., X,) is said to be the trivial matrix assignment associated with P(}) if M,J. (X)) = MII; for

j=1:r.

Thus, if X is the trivial matrix assignment for t associated with P ()), then M¢(X) = MtP .

With a view to providing a unique representation of equivalent index tuples, we now define SIP, rsf, and csf
of an index tuple, which we will use extensively.

Let o be an index containing indices from {—m : m — 1} such that « satisfies the SIP. Then the positions of
the block entries of My (X) do not depend upon the particular matrix assignment X, that is, the positions of the
block entries of M, (X) depend only on «, see [25].
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1120 R. K. Das

Definition 4 [24] Let o and t be two index tuples containing indices from {—m : m — 1}. Then o is said to be

equivalent to T (written as o ~ 1) if M f = MTID . Further, we say that o commutes with t if ||i =i || > 1 for
i€o,jer.

Definition 5 [24] Let 7 := (ji, j2, ..., jq) be anindex tuple containing indices from Z and o := (iy, iz, ..., i;)
be an index tuple containing indices from {0, 1, ..., h} for some non-negative integer /2. Then:

(a) jp is said to be a simple index of 7 if j, # ji fork =1: ¢ and k # p. We say that 7 is simple if each index
Jp is a simple index for p =1 : g.

(b) o is said to satisfy the Successor Infix Property (SIP) if for every pair of indices iy, ip € o withl <a <b <t
satisfying i, = ip, there exists at least one index i, = i, + 1 such thata < ¢ < b. Let o be an index tuple
containing indices from {—h, —h + 1, ..., —1}. Then « is said to satisfy the SIP if o 4 & satisfies the SIP.

(c) o is said to be in column standard form if

o =(as:bs,a5_1:by_1,...,a2 : b2, a1 : by),
with0 <by <--- <bs 1 <b; <hand0 <a; <bj, forall j =1,...,s. We denote the column standard
form of o by csf (o). Let B be an index tuple containing indices from {—h, —h + 1, ..., —1}. Then g is said

to be in column standard form if 8 4 % is in column standard form.
(d) o is said to be in row standard form if

o = (rev(ay : by), rev(az : by), ..., rev(as_1 : by—1), rev(ay : by)),
withO < by <--- <by1 <by <hand0 <a; <bj, forall j =1,...,s. We denote the row standard
form of o by rsf (o). Let B be an index tuple containing indices from {—h, —h + 1, ..., —1}. Then g is said

to be in row standard form if 8 + & is in row standard form.

It is shown in [24] that an index tuple containing indices from {0 : m — 1} (resp., {—m : —1}) and satisfying
the SIP is equivalent to a unique index tuple in column/row standard form.

Definition 6 (csf, rsf, [24]) Let o be an index tuple containing indices from {0 : m — 1} (resp., {—m : —1}) such
that o satisfies the SIP. Then the unique tuple in column standard form which is equivalent to o is called the
column standard form of o and is denoted by csf (o). Similarly, the unique tuple in row standard form which is
equivalent to o is called the row standard form of o and is denoted by rsf (o).

The Fiedler pencils with repetition (FPRs) and generalized Fiedler pencils with repetition (GFPRs) of P (X)
are defined as follows.

Definition 7 (FPRs and GFPRs, [24,25]) Let0 < h < m — 1| and let o and 7 be permutations of {0 : 4} and
{—m : —h — 1}, respectively. Let o; and 7;, j = 1,2, be index tuples containing indices from {0 : 7 — 1}
and {—m : —h — 2}, respectively, such that (o1, 0, 02) and (71, 7, 12) satisfy the SIP. Let X1, X5, Y1 and Y be
nonsingular matrix assignments for o1, 02, 71 and 13, respectively. Then the pencil

LG) = My (YOMey (X)OME — MJ )Mo, (X2) My, (Y2) ey

is said to be a GFPR of P (). In particular, if X; and Y}, for j = 1, 2, are the trivial matrix assignments then
L () is said to be an FPR of P ().

3 Generating FPRs and GFPRs

In this section we will generate FPRs and GFPRs by algorithmic approach without multiplying the Fiedler and
elementary matrices associated with P (1), that is, one can easily construct the families only by looking at the
index tuples and the matrix assignments those are used to define FPRs and GFPRs. Now, We need to define some
technical terms which will be useful to describe the algorithms.

Definition 8 Let o be an index tuple containing indices from {0 : d}, for some integer d > 0, such that o
satisfies the SIP. Suppose thatt € «. Letthersf (o) be givenbyrsf(«) = (rev(ao :0),rev(ay : 1), ..., rev(ay :

k), rev(agy1 1 k+1)...,rev(ag : d) ). Then we say thato has p (> 0) reverse consecutions atz if¢ € rev(ay : k)

and a; = t — p for smallest the integer k. We denote the number of reverse consecution of « at ¢ by ve,(«).
Further, we define a® (1) := (rev(ak+1 ck+1),...,rev(ay : d)), where ¢ € rev(ay : k) for the smallest integer
k.
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Construction of Fiedler-Like Linearizations: An Algorithmic Approach 1121

Example 1 Leta = (3,1,0,2,4, 1, 3). Then rsf(e) = (1,0,3,2,1,4,3) = (rev(0 : 1), rev(l : 3),rev(3 :
4)) =: (rev(ao : 0),rev(a; : 1),rev(ay : 2),rev(az : 3),rev(as : 4)), where a; = 0,a3 = 1l,a4 = 3
and ap = 0o = ap. Then we have tcp(a) = 1 since 2 € rev(az : 3) and a3 = 2 — 1. Further, we have
aR2) =rev(as : 4) = rev(3 : 4). Similarly, we have tcj (o) = 1 and a®() = (rev1 : 3), rev(3 : 4)).

The reverse consecutions for index tuple containing negative indices is defined as follows.

Definition 9 Let 8 be an index tuple containing indices from {—d : —1}, for some integer d > 1, such that g
satisfies the SIP. Suppose that —t € . Let the rsf(B) be given by

rsf(B) = (rev(—ad s —=d),...,rev(—aks+1 - —(k+ 1)), rev(—ag : —k),...,rev(—aj : —1)).

Then we say that 8 has g (> 0) reverse consecutions at —# if —f € rev(—ay : —k) and —ay = —t—gq forthe largest
integer k. We denote the number of reverse consecution of 8 at —t by tc_;(8). Further, we define R (—1) :=
(rev(—ag—1 : —(k —1)),...,rev(—aj : —1)), where —t € rev(—ay : —k) for the largest integer k.

Definition 10 Let o be an index tuple containing indices from {—m : m — 1}. Suppose that s € «. Then the
position of the first occurrence of s in « is denoted by py(«).

For example, let« = (0, 1,2, 3,2, —1, —5,4, 3, —1) be an index tuple and X = (X1, X2, ..., X19) be an
arbitrary matrix assignment for «. Then pa () = 3 and p_1 (o) = 6 as the first occurrence of 2 and —1 appear
in 3rd and 6th positions in «, respectively.

3.1 Generating FPRs

Algorithm-1 and Algorithm-2 construct an FPR of P (4).

Algorithm 1: AL} — Lo := MEME GMP — MEPYME ME be an FPR of P(})

Input :o0,7,0jand7;, j=1,2.

Output : Lo

Notation: o := rsf (o1, 0,02) and B :=rsf(t1, 12).
Lg := ¢ block row of Ly = (elT ® I,)Lg

fori =0:hdo
if the subtuple of a with indices {i, i + 1} starts with i + 1 then
‘ Lgy L em—(i+1+ci+l(0‘)) ®In
else
if 0 #i — vci(o) =: p, then
i
m—i __ T _ T X
Lo = @ preyariny ® ) igp Cn—(+iresn ki © A1
else
i
m—i __ T .
L oS ]go Cn—(ttepnrin © A7
fori =h+1:m—1do
if —i, —(i + 1) ¢ B or the subtuple of B with indices {—i, —(i + 1)} starts with —i then
‘ Lm—i _ eT ® 1
0 7 Tm—(i—1-c-i(B)) n
else
if —m # —(+ tC_(,'_H)(,B) + 1) =: —¢q, then
. q=1
m—i _ T T .
Lo = @ mrme gy @ I ¥ ]E:i (Cn—iimt—c_ sy ® A1)
else
m—i m=l T
o= jZ:i(em—tj—l—u,<ﬁR(—(i+1>>>> ®Aj+1)

return L
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1122 R. K. Das

Algorithm 2: AL| — Lo := MIME O.ME — MPYME M, be an FPR of P(2.)

Input : o,7,0;andz; j=1,2.
Output : L
Notation: o := rsf (o1, 07) and B :=rsf (1, T, 12).
Lf := ¢ block row of L; = (eeT ®I,)L,
fori=0:h—1do
if i,i 4+ 1 ¢ « or the subtuple of o« with indices {i, i + 1} starts withi + 1 then
‘ L'l"_i =e
else
if 0 #i — vci(o) =: p, then

T
G+ 1+ @) @ In

i
m—i __ T _ T X
Ll - (em*(l’wLCp(DtR(i))) ® In) igp(em*(j+l+c/+l(Otk(i))) ® AJ)
else
i
m—i __ T .
L b Jgo(em*(/JrH»l‘j-H(ﬂR(i))) ® A7)

fori =h:m—1do

if the subtuple of B with indices {—i, —(i + 1)} starts with —i then
Ly = ey im1-ci(py ® In

else
if —m # —(G +rvc_y1(B) + 1) =: —q, then

k—1
m—i _ T T .
Ly = mimepr iy © T F jzzi(emfuf14,,-(5’*(—(#1)))) ® Aj1)
else

m—1
m—i __ T .
L oo jzzi(em_(j—l—c—j(I3R(—(i+1)))) ® Aj+1)

return L

For proving Algorithm-1 and Algorithm-2 we need the following results. Recall that the Fiedler matrices
MP, j € (—=m :m — 1}, satisfies the following:

er v ® In ifj=i+1,i=0:m—2
, o | ® AN ey oy @I ifj =i i=1:m =1
(i ®IM; = el ® (—Ay) ifj=i=0 )
e;_i ® 1, otherwise, i.e., when

JEli i+, i=0:m—1,
(e i ®@Ais) +(ef iy ®@L)if j=i+1,i=0:m—2

el ® An ifj=i+1,i=m—1

(eni ®@ ML, =1 el e, ifj=iandi=1:m—I 3)
T otherwise, i.e., when
Cn—i @ In jelii+1},i=0:m—1.

We now present some technical results which will be used to prove Algorithms-1, 2, 3, 4. The following
result follows from [[28], Proposition A.1]. We denote by (x) any arbitrary matrix assignment.

Proposition 1 Let o be an index tuple containing indices from {0 : m — 1} such that o satisfies the SIP. Let
0 <s <m — 1. Suppose that s, s + 1 ¢ « or the subtuple of « with indices {s, s + 1} starts with s + 1. Then
(enT1_s Q L) My(x) = elgik ® I, where k = s + 1 4 cs541(@).

Recall the notations t¢; («) and o® (¢) from Definition 8.
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Proposition 2 Let o be an index tuple containing indices from {0 : m — 1} such that « satisfies the SIP. Let
Jj €1{0 : m — 1}. If the subtuple of a with indices {j, j + 1} starts with j then (ez;l_j ® I,,)MollD =

J
T T . N )
Cn(pre,py ® In) = kgp(em_<k+1+0k+l(ﬂ)) ®Aw) if pi=j—vej(@) #0,
J
- kXZO(ezf(k+l+ck+1(ﬂ)) ® Ak if j —rcj(e) =0,

where B := aR(}).
Proof Suppose that the subtuple of o with indices {j, j + 1} starts with j. Let rsf (o) =
(rev(ao L0). ... rev(a; : ). ... rev(am_y i m — 1)) = (y.rev(a; : j). B). (4)

Then rev(a; : j) # @, since otherwise the subtuple of o with indices {j, j + 1} would start with j + 1 and
contradict our assumption. Now we have

e
= (en—; @ ) My, yMg by D as j. j+1 ¢y
= (ep_; ® L) MMy - My Mg

€ ® LMy = (e_; ® L) My M,y M Q)

= (= (eh_j®AD+(eh ;1) ® 1) MJ - MEME by 2)

Jj
( - Z (e;_k ® Ag) + (enTl_aj ® I,,)) M;; M; by applying (2) repeatedly
k=aj+1

j
((enﬁ_(aj_l) @L)— Y (ef , ® Ak)) M ifa; #0
k=aj by (2
j y (2)
<_ Z(egfk®Ak)> Mé) ifaj=0
k=0

Itis clear from (4) that a; = j — vcj(a) =: p. Thus (erz_j ® I,,)Mof =

B ((enﬁ,(p,l) ® ) — Y_, (el _, ® Ak))M;; ifp£0
(- Shooteh_ © 40)Mf ifp=0.

DefineS:={p—1,p,...,j}if p#£0andS:={0,1,..., j}if p = 0. Itis clear from (4) that 8 = a®(j).
It remains to show that (¢! _, ® In)MéD = e;—(6+l+cz+1(ﬁ)) ® I, forall £ € S.

We have 8 = (rev(aj+1 J+ D, .. reviam—1 i m — 1)). Let £ € S. Then £ < j. Suppose that £ € S.
Then ¢ € rev(ay : q) = (q,q —1,...,aq4) forsomeqg € {j +1,j+2,...,m — 1} which implies £ + 1 €
and the subtuple of 8 with indices {¢, £ 4+ 1} starts with £ 4 1. In other words, for £ € S,if £ +1 ¢ B then € ¢ 8.
Hence, for £ € S, we have either £, £ + 1 ¢ § or the subtuple of 8 with indices from {¢, £ + 1} starts with £ + 1.
Hence by Proposition 1, (erif,z ® In)M/‘SD = erﬁ—(l+l+cz+1(/3)) ® I, which gives the desired result. m]

The following result follows from ([28], Proposition A.2).
Proposition 3 Let  be an index tuple containing indices from {—m : —1} such that B satisfies the SIP. Let

1 <s <m— 1. Suppose that —s, —(s + 1) ¢ B or the subtuple of B with indices {—s, —(s + 1)} starts with —s.
Then (e,ﬁ_s Q)M = e,{l_, Q I, wheret =s — 1 — c_g(a).
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1124 R. K. Das

Proposition 4 Let o be an index tuple containing indices from {—m : —1} such that « satisfies the SIP. Let
Jj =0:m — 1. If the subtuple of o with indices {—j, —(j + 1)} starts with —(j + 1) then (ei_j ® 1,,)M01lD =

(G s ey ® In)
—1

+ Z (k- () ® Akt
=j

if —p:=—0{ +1+rve_(jtpla) #—m,

m—1

> em—(k—l—c_k(ﬂ)) ® Ak+1 if —(+1+re_en@) =-—m
k=j

where B = aR(—(j + 1)).
Proof Suppose that the subtuple of o with indices {—j, —(j + 1)} starts with —(j + 1). Let rsf(«) =
(rev(—am c—=m),...,rev(—ajq : —(j + 1)), rev(—=a; : —j),...,rev(—ay : —1)).

Then rev(—ajy1 : —(j + 1)) # ¥, since otherwise the subtuple of o with indices {—j, —(j + 1)} would start
with —(j 4 1) and contradict our assumption. Note that a R (—(j + 1)) = (rev(—aj c—=j),rev(—=aj_1: —(j —

D), ....rev(—aj : =1)) and y = (rev(—am : —m), ..., rev(—ajz2 : —(j +2))). Set B := a®(—(j + 1)).
Now we have

T P Py P
(Emj ® )My = (eg_; ® In) My M1y M
=(en_;® I,,)Mreu(faH]:f(HI))Mﬁ by 3)as —j,—(j+ 1D ¢y

T P P P P
= (Cnj @ LM )M (jya) - My Mg

= ((erﬁ,j ® Ajr1) + (1) ® In)>M—(/+2> ML, M by (3) ©)
ajy1—1

(e @I+ 3 (€l @A) )Mf if —ajer # —m
k=j

m—1
(kZ, (ep i ® Ak+1))M£ if —aji1=-m
=j
by applying (3) repeatedly. @)
Note that vc_(j41)(a) = ajy1 — j — 1. Set p :=a;11. Then by (7), we have (e;_j ® I,,)MOI: =

(€ ® 1)+ XL (e, © Ace)) ML if —p £ -
ka:_jl(e,z;_k ® Ak+1))M/§J if —p=-—

DefineS:={j,j+1,...,plif p#mandS :={j,j+1,...,m — 1} if p = m. It remains to show that
(ep ¢ @ LIMG =el (| . 4 ®IforallteS.
We have B = (rev(—a; : —j),...,rev(—a; : —1)). Let £ € S. Suppose that —(¢ + 1) € B. Then

—(+1) erev(-a;:—q)=(—q,—(q+1),...,—ay) forsome g € {j, j — , 1}. Thus —¢ € B and the
subtuple of g with indices {—(£ + 1), —£} starts w1th —{. In other words, for £ € S 1f ¢ Bthen —(£+1) ¢ B.
Thus by Proposition 3, (eﬁ_ (@ IOM /5 = e;lf U—1—c_e(B) ® I, which gives the desired result. O

Proof of Algorithm-1 and Algorithm-2:

Proof Let AL1 — Lo := MPMP (AMID M(f)M;;MT}; be an FPR of P(1). Recall that o, o1 and o> (resp.,
o1 and o07) commute with t; and 1) (resp., 7, 71 and 7). Also, recall that o (resp., 7;) contains indices from
{0 :h — 1} (resp., {—m : —(h — 2)}). Hence by (2) and (3), we have

T .
(ez—'®ln)L0= (,%1 o )M(olaaz) lf].fh,
’ (m ®I)M(rlr) 1fJ2h+1,
(e ®IIME it j<h—1,
and (eT_,®] VL, = m— (Ul o2) ‘
m—j ® In (el _. ®1)M(,1”)1f,zh,

Now we have the following:
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e Seta := (01,0,072). Let j € {0 : h}. If the subtuple of « with indices {j, j + 1} starts with j + 1 then, by
Proposition 1, (erﬁ_j ® I,)Lg = er{l—(j+l+cj-+1(a)) ®Q I,.
Suppose that the subtuple of o with indices {j, j + 1} starts with j. Set p := j — v¢; () and af .= ak(j).

Then by Proposition 2, we have (e;{l—j ®I,)Ly = (le;—(p-i-Cp(otR)) QI — Z,izp erzr:—(k+l+ck+1(olR)) ® Ay if

J
T T H
p # 0, and (emfj ® I,)Lo = k_go em—(k+1+ck+1(aR)) ® Axif p=0.

e Set f = (11, 1m). Let j € {h +1:m-— 1}. If —j,—(j + 1) ¢ B or the subtuple of B with indices
{—Jj, —(j + 1)} starts with — j, then by Proposition3 we have (eT - ®1,)Lo = e,zf(jf]fcii(ﬁ)) ® I,.

m—j
Suppose that the subtuple of B with indices {—j, —(j + 1)} starts with —(j 4+ 1). Set —qg = —(j +
ve_j+1(B) + 1) and BR := BR(—(j + 1)). Then by Proposition 4 we have (enTH. ® I)Ly =

T qg—1 /T . T
(em—(q—l—c_q(ﬂR)) ® In) + Zk:j (em—(k—l—c,k(ﬂR)) ® Ak+l) if —q # —m, and (em—j ® In)Ly =
ka;jl (enii(kilicik(ﬂ,e)) ® Ag41) if —q = —m. This completes the proof of Algorithm-1.

A similar proof holds for Algorithm-2. O

3.2 Generating GFPRs

Algorithm-3 and Algorithm-4 construct a GFPR of P (}).

Algorithm 3: AL, — Lo := Mz, o)(Y1, X1))AMF — MPYM,, +,)(X2, Y2) be a GFPR of P ()

Imput :0,7,0;and 7;, j = 1, 2. Matrix assignments X; and Y;, j = 1, 2.
Output : L
Notation: o :=rsf (o1, 0,02), Z :==rsf(Xy, P, X2), where P is the trivial matrix assignment for o, B := rsf(zy, t2) and
W =rsf (Y1, Y2).
Lg := ¢ block row of Ly = (elT ® I,)Lo.
fori =0:hdo
if the subtuple of a with indices {i, i + 1} starts with i + 1 then
‘ Lg '= eifl*(i+€i+](0t)+l) ® I
else
if 0 #i — vc; () =: k, then

L(V;l—l _ eT

i
T o
m—(k+cy (R (@))) ® I+ Jgk € ® Zpi(ay+i—j

m—(j+1+cjy1 @R @)))
else
i
m—i __ T A
L S /’goem*(j+l+cj+l(ak(l‘))) ® Zpiri-j

fori =h+1:m—1do
if —i, —( + 1) ¢ B or the subtuple of B with indices {—i, —(i + 1)} starts with —i then
‘ Lm—i — eT ) ® 1
0 m—(i—c—i(B)—1) n
else
if —m # —(+ tC_(,'_H)(,B) + 1) =: —k, then

k—1

m—i _ T T .

Ly " = Cn—(k—c_g (BR(—G+1))—1) ® I+ /Z=’ em—(j—c,,-(ﬂ"’(—(i#»l)))fl) ® Wp_ sy (B)ti—j
else

m—1
m—i __ T L
L T /Zz Em—(—c_;pF—+ -1 © Wp-irnBri=j

return L
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Algorithm 4: L — Lo := Mz, o)(Y1, X)) AME — MP)M (5, 1,) (X2, Y2) be a GFPR of P ()

Input : o,7,0; and 7;, j = 1, 2. Matrix assignments X; and Y, j =1, 2.

Output : L

Notation: o :=rsf (o1, 02), Z :=rsf (X1, X2), B :=rsf(r;, 7, 72) and W :=rsf (Y1, P, Y2), where P is the trivial
matrix assignment for . L‘l = ¢ block row of L; = (eeT ®I,)L;.

fori=0:h—1do

if i,i + 1 ¢ o or the subtuple of a with indices {i, i + 1} starts with i + 1 then

m—i ._ T
| L = @) @

else
if 0 # i — vci () =: k, then
i
m—i .__ T T Lo
L= grqariy ® 1) + ,«§<“1m<j+1+q+l<ak<i>>> ® Zpi(e+i=j)
else
i

m—i .__ T o

L T ]g()(em_(f+l+fj+l(aR([))) ® Zpi(ar+i=j)

fori =h:m—1do
if the subtuple of B with indices {—i, —(i + 1)} starts with —i then

—i._ T

| LT = e @ b
else

if —m # —(i +rve_iy1)(B) + 1) = —k, then

k=1
m—i .__ T T A
Ly = ey gy ® ) + ,2(em—(j—c-_;<ﬂk<—(i+1>>>—1) © Wpgin®r+i-7)
else

m—1
m—i ,__ T .
L L= jZ:l.(em—(j—c—j(ﬁR(—(i‘H)))—l) ® oy ®r+i-7)

return L

To prove Algorithm-3 and Algorithm-4, we need the following results. Note that M ;(X), j € {—m :m — 1},
satisfies the following:

er_isn ® In if j=i+1, fori=0:m—2
, (el ®@X)+ (el _;_;,®L)ifj=i fori=1:m—1
(i @ I)Mj(X) =1 el ® X ifj=i=0 (8)

T otherwise, i.e., when
Cm—i ® In

jeli,i+ 1}, fori=0:m— 1.
(eg_,.®X)+(e,{1_(i+l)®1n)for j=i+1, fori=0:m—2

el ® X ifj=i+1,i=m—1

ey @ LI)M_j(X) = el . | &I, if j=i, fori=1:m—1 ©9)
T otherwise, i.e., when
i © In {jg_f{i,i—i—l},fori:O:m—l.

Let o be an index tuple containing indices from {0 : m — 1} (resp., {—m : —1}) such that « satisfies the SIP.
Then the positions of the block entries of M (&X’) do not depend on the particular matrix assignment X, that is,
the positions of the block entries of M (X) only depend on «. Hence the proof of the following result is similar
to that of Proposition 2.

Proposition 5 Let o be an index tuple containing indices from {0 : m — 1} such that « satisfies the SIP. Suppose
that o is in the column standard form. Let Z = (Z1, Z2, ..., Z|y)) be a matrix assignment for o, where |o|
denotes the total number of indices in «. Let j € {0 : m — 1}. If the subtuple of « with indices {j, j + 1} starts
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with j then (erifj & LMy (Z) =

T
Em—(geq(py © In

j ifg :=j—rcj() #0,
T J
+ 2 ity © Zpj@+i—k) (10)
k=q
j
kzo(e’E*(kJrlJrckH(ﬁ)) ® Zpj(@tj—k i —wejl@) =0,

where B := aR(j) and pj(a) is the position of the first occurrence of j in a.

Proof Tt follows that the evaluation of (e;_ i® 1,)M P in Proposition 2 depends only on & = (y, rev(a i) B)
and the matrices assigned to rev(a; : j), i.e., the matrices assigned to y and 8 have no role in the evaluation of
(elfl_ i® I,,)Mof . In other words, any matrices assigned to y and § have no role in the evaluation of (e,{l_ i® )M o’f
in Proposition 2. Further, (5) can be rewritten as

(epj @ IIMY = (e ® L) M) Mreyayejy(— Ajo—Aj1, ..., —Aa;) M,
ie, (—Aj,—Aj_1, ..., —Aaj) is assigned to rev(a; : j).

We now prove (10). Let p () be the position of the first occurrence of j in o. Let @ = (y, rev(a; : j), B)
beasin (4). Then Z = (Z*, Z™, Z"), where Z™ := (Zp,(@)> Zp;(@)+1+ - - -+ Zpj(@)+ve; (o)) and Z°, Z" are some
matrices associated with Z. In other words, Z¢, Z™ and Z" are the matrix assignments for y, rev(a j:Jj)and B,
respectively. Now, by using (8) and (9), a verbatim proof of Proposition 2 yields (10) O

The following result is an analogue of Proposition 4 whose proof is also similar to that of Proposition 4

Proposition 6 Let o be an index tuple containing indices from {—m : —1} such that « satisfies the SIP. Suppose
that « is in the column standard form. Let Z be a matrix assignment for o. Let j = 0 : m — 1. If the subtuple of
o with indices {—j, —(j + 1)} starts with —(j + 1) then (ei_j QR I)My(Z) =

(Em—tg-1-c_q 8y © In)

qz_l ®Z if—q: (J+1T+re_ginla) #-—m
" G+ s
P Em—(k—1=c_¢(B) PG (@) +k—j

=/

m—1
T . )
kz' Cm—k—1—c_, (B) © Lp_(jsn (@) +h—j if =+ 1+re_gin(@) = —m,
=J

where B := a®(—(j + 1)) and P—(j+1)(@) is the position of the first occurrence of —(j + 1) in a.
Proof of Algorithm-3 and Algorithm-4:

Proof Let ALy — Lo := My, (Y1)My, (X1)(AMF — MP)M,,(X2) M., (Y2) be a GFPR of P(A). Recall that o, o
and o7 (resp., o1 and 02) commute with 71 and 7, (resp., 7, 71 and 12). Also, recall that o (resp., ;) contains
indices from {0 : 1 — 1} (resp., {—m : —(h — 2)}). Hence by using (8) and (9) we have

(el ® L) My (X1))ME Moy (X2) if i < h,

T
(em—i ® In)Lo {(e;_,. ® In) My (Y)Mry(Y2)  ifi = h+1,

(el . @ LMy (X1)Moy(X2) ifi <h—1,

T —
and (e,,_; ® I,)L1 = { (ez_i ® In)Mz](Yl)MTPMrz(YQ ifi > h.

Now, the proof follows by similar arguments given in the proof of Algorithm-1 and Algorithm-2 and by using
Propositions 1, 3, 5, 6. O

In the next section we briefly discuss how one can generate Fiedler-like linearizations of rational matrices
by using the Algorithms described in Section 2.
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4 Rational Eigenvalue problem
Let G(A) € C(A)"*"". We consider a realization of G (1) of the form

G = Zj’zo Ajp) + COLE —A)T'B =1 P(1)+ C(LE — A)7'B, (11)

where AE — A is an r x r matrix pencil with E being nonsingular, C € C"*” and B € C"*". The realization
(11) is said to be minimal if the size of the pencil AE — A is the smallest among all the realizations of G (1), see

[7]. The matrix polynomial
P\
S :=[ é)A_CXE] 12)

is called the system matrix (or the Rosenbrock system matrix) of G () associated with the realization (11). The
system matrix S(1) is said to be irreducible if the realization (11) is minimal.

A rational matrix G (1) is said to be proper if G(A) — D as . — 0o, where D is a matrix. An n X n rational
matrix F(}) is said to be biproper if F()) is proper and F (co) is a nonsingular matrix [8].

Definition 11 ([29]) Let L(A) be an (mn + r) x (mn + r) irreducible system matrix of the form

_[x=2y ¢
H“(A)'_[ B H—AK:|’

where H — AK is an r x r pencil with K being nonsingular. Then IL(A) is said to be a Rosenbrock strong
linearization of G (1) if the following conditions hold.

13)

(a) There exist mn x mn unimodular matrix polynomials U (1) and V (1), and r x r nonsingular matrices U

and V) such that
um|o V[0 _ [Zm—nu| O
[ e [ e = [ st |

(b) There exist mn x mn biproper rational matrices Oy (A) and O, (i) such that

O A7 GO) O, (1) = [l("’a = A—”’()G(k)} ’

where G(L) := X — 1Y + C(LK — H)~ !B is the transfer function of L(}).
The pencil IL(2) is also referred to as a Rosenbrock strong linearization of S(1).

We refer to [29] for more on Rosenbrock strong linearizations of G (A) and the relation between the structural
indices of (finite and infinite) zeros and poles of G (1) and IL()). Suffice it to say that the condition (a) ensures (see,
[30, Theorem 3.4]) that U (A)G(A) V (A) = diag(/(u—1),. G (1)) which in turn ensures that G (1) and G(A) have
the same finite zeros and poles. The irreducibility of IL(1) guarantees that the finite zeros and poles of G(A) are
the same as the finite eigenvalues of IL(A) and H — A K, respectively; see [7,29]. On the other hand, the condition
(b) ensures that the structural indices of zeros and poles of G (1) at infinity can be recovered from the structural
indices of eigenvalues and poles of IL(}) at infinity (see [29]). Thus the zeros and poles of G (1) including their
structural indices can be obtained by solving the eigenvalue problems L(A)v = 0 and (H — AK)u = 0O; see
[2,23,29-31].

For an arbitrary matrix X € C"*", we define (mn + r) x (mn + r) elementary matrices M, (X) by

M;(X)

M (X) := [ T

i| for i € {—m :m — 1}.

Note that M; (X) and M_;(X) are invertible and (M;(X))~' = M_;(—=X) fori = 1 : m — 1. On the other
hand, the matrices M (X) and M_,, (X) are invertible if and only if X is invertible. For any arbitrary matrices
X,Y € C", we have M; (X)M; (Y) = M; (Y)M; (X) if [|i| — | jI| > 1.
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The (mn + r) x (mn + r) Fiedler matrices M}S, i € {—m : m — 1}, associated with the system matrix (12)
are defined by [2,23,30]

P —
S My ‘ em ® C S Mfm 0 S MF|o
My := , M2, = 0" =E , MY = 0’ |
—el @ B| —A "

fori =1:m—1, and M‘i. = (M}S)_1 fori = 1 : m — 1. The matrices M;S are also referred to as Fiedler

matrices of G(A). We have M;.SM‘S = M‘jst for ||i| —|j|| > 1, except for ||i| — | j|| = m. For convenience in
defining Fiedler-like pencils, we cfeﬁne

1

MP .= |:MiP 7 ] fori e {—m :m — 1}. (14)

Remark I Note that M$ = M, fori = +1,..., £(m — 1), and M§ # M} and MS,, # MP, . The utility of
the notation Mf will be clear when we analyze Fiedler-like pencils.

Definition 12 (GFPR of G(1), [23]) Let0 < h < m — 1, and let o and 7 be permutations of {0 : 4} and
{—m : —h — 1}, respectively. Let o1 and o, be index tuples containing indices from {0 : 4 — 1} such that
(01, 0, 02) satisfies the SIP. Similarly, let 71 and 7, be index tuples containing indices from {—m : —h — 2} such
that (71, 7, 72) satisfies the SIP. Let X, X», Y1 and Y3 be any arbitrary matrix assignments for o1, 02, 71 and 12,
respectively. Then the pencil

L(%) := My, (Y1) My, (X1) AMS — MS) M, (X2) My, (Y2) (15)

is said to be a generalized Fiedler pencil with repetition (GFPR) of G (A). We also refer to (%) as a GFPR of
S).

Theorem 7 [23] LetL(%) := Mz, 0,) (Y1, X1) AMS —MS) My, .15) (X2, Y2) and L(A) := Mz, o) (Y1, X1) AMF —
M(f) M, 1,)(X2, Y2) be GFPRs of G(X) and P (L), respectively. Then

L) ‘em—io(al,a) ®C

L) =
el ,®B A—\E

m—co(o,02

L) ‘em—io(ol,a) ®C

Thus, the map GFPR(P) — GFPR(G), L(A) — is a bijection, where

el iy ®B|  A—LAE
GFPR(P) and GFPR(G) denote the set of GFPRs of P()) and G (L), respectively.

Theorem 7 clearly demonstrates that FPRs and GFPRs of rational matrices can be generated using Algorithms-
1, & 2, and Algorithms-3, & 4, respectively.

In recent works [11-14], multi-variable state space systems and their Fiedler-like linearizations have been
explored. Given the flexibility of the algorithm developed in this paper, it can be readily extended to the lin-
earizations defined in [11-14].

Acknowledgements This work is partially supported by the Croatian Science Foundation project: Vibration Reduction in Mechan-
ical Systems (IP-2019-04-6774, VIMS).
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