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Abstract In this paper, we characterize complementable operators and provide more precise expressions for the
Schur complement of these operators using a single Douglas solution. We demonstrate the existence of subspaces
where the given operator is invariably complementable. Additionally, we investigate the range-Hermitian property
of these operators.
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1 Introduction

Let T be an (n + m) × (n + m) matrix over an arbitrary field which is partitioned in the form

T =
(

A B
C D

)

with a nonsingular matrix D of order m. Then, the classical Schur complement of D in T is the n × n matrix
defined by

T/D = A − B D−1C. (1)

The formula (1) was first used by Schur [1]. However, this terminology is due to Haynsworth [2]. Matrices of
the form (1) have undoubtedly been encountered from the time matrices were first used, particularly in Gaussian
elimination [3,4] and minor determinants [5] and others. We remark that the Schur complement in this classical
sense is a matrix of lower order, while the Schur complement in our sense is always a matrix of the order of T
and it is henceforth denoted by

T/A =
(

A − B D−1C 0
0 0

)
.
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1132 S. M. Naik, P. S. Johnson

The Schur complement has been extended to cases where the block matrix D is rectangular and singular by
replacing the regular inverse with the Moore-Penrose inverse or any other generalized inverse [6]. This notion
has proved to be fundamental in many applications, such as numerical analysis, statistics, operator inequalities,
electrical network theory, and the discrete-time regulator problem, to name a few.

Let H and K be real or complex Hilbert spaces. We denote B(H,K), the space of all linear bounded operators
from H to K and we abbreviate B(H) = B(H,H). For T ∈ B(H,K), we denote by T ∗, N (T ) and R(T ),

respectively, the adjoint, the null-space and the range-space of T . An operator T ∈ B(H) is said to be a projection
if T 2 = T . A projection, T is said to be orthogonal if T = T ∗. An operator T ∈ B(H) is called positive (denoted
T ≥ 0) if T = T ∗ and 〈T x, x〉 ≥ 0 for all x ∈ H. The cone of positive operators in B(H) is denoted by B(H)+.
The operator |T | := (T ∗T )1/2 is called the modulus of T .

Anderson [7] first introduced the definition of the Schur complement for positive operators on Hilbert spaces.
Given T ∈ B(H)+, the shorted operator (or Schur complement) of T with respect to a closed subspace M of H
is defined as

T/M = max≤ {X ∈ B(H)+ : X ≤ T and R(X) ⊆ M⊥}.
The existence of maximum has been studied by Krein [8] in the study of symmetric operator extensions. Ando
[9] introduced the definition of the Schur complement for M-complementable bounded operators. Since then,
the Schur complement of bounded linear operators has attracted extensive attention from many researchers. See,
for example [10–15]. Ando’s definition opened the door to various extensions and generalizations, as observed
by Butler and Morley [16], who compared six different notions of Schur complements for finite dimensions.

Mitra and Puri [17] generalized the concept of complementable operators to the context of operators between
distinct Hilbert spaces, introducing bilateral shorted operators and exploring their properties. Subsequently,
Antezana et al. [18] formulated the concept of complementability and weak complementability for bounded
operators T : H → K relative to closed subspaces M ⊆ H, N ⊆ K, which gave rise to the bilateral shorted
operator and its applications in extending parallel sums of bounded linear operators. A comprehensive survey of
the Schur complement can be found in [10,19–21].

We now describe the contents of the paper. In the next section, we provide a brief background for the
rest of the material in the paper. In Section 3, we comprehend complementable bounded operators with more
characterizations. Furthermore, for complementable operators relative to closed subspaces M and N , we present
a new approach to derive the Schur complement using a single Douglas solution. In Section 4, we show that this
methodology provides insights into the closed range of complementable operators and their Schur complements
relative to the associated subspaces. Also, we provide an extension of a characterization of E P-matrix and its
Schur complement given in [22] to a hypo-E P operator T : H → H relative to closed subspaces M ⊆ H and
N ⊆ H.

2 Preliminaries

Let M and N be closed subspaces of the Hilbert spaces H and K, respectively. A bounded linear operator
T ∈ B(H,K) can be expressed as

T =
(

A B
C D

)

with regard to the decompositions H = M ⊕ M⊥ and K = N ⊕ N⊥.

Definition 1 (Antezana et al. [18]) Let Pr ∈ B(H) and P� ∈ B(K) be projections. An operator T ∈ B(H,K) is
called (Pr , P�)-complementable if there exist operators Mr ∈ B(H) and M� ∈ B(K) such that

1. (I − Pr )Mr = Mr and (I − P�)T Mr = (I − P�)T ,
2. M�(I − P�) = M� and M�T (I − Pr ) = T (I − Pr ).

Proposition 2 (Antezana et al. [18]) Let Pr ∈ B(H) and P� ∈ B(K) be two projections whose ranges are M
and N respectively. Given T ∈ B(H,K), the following statements are equivalent:

1. T is (Pr , P�)-complementable;
2. R(C) ⊆ R(D) and R(B∗) ⊆ R(D∗);
3. There exist two projections P̃ ∈ B(H) and Q̃ ∈ B(K) such that: R((P̃)∗) = M, R(Q̃) = N, R(T P̃) ⊆ N

and R((Q̃T )∗) ⊆ M.
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Complementable operators and their schur complements 1133

Then T is (Pr , P�)-complementable if and only if R(C) ⊆ R(D) and R(B∗) ⊆ R(D∗).

It is observed from Proposition 2 that (Pr , P�)-complementability depends only on the ranges of Pr and P�.

Definition 3 (Antezana et al. [18]) An operator T ∈ B(H,K) is called (M, N )-complementable if it is (Pr , P�)-
complementable for some projections Pr and P� with R(Pr ) = M and R(P�) = N .

Definition 4 (Antezana et al. [18]) An operator T ∈ B(H,K) is called (M, N )-weakly complementable if

R(C) ⊆ R(|D∗| 1
2 ) and R(B∗) ⊆ R(|D| 1

2 ).

We know that R(S) ⊆ R(|S∗|1/2), for any bounded operator S. By Proposition 2, it is easy to see that if
T is (M, N )-complementable, then it is (M, N )-weakly complementable. Both notions of complementability
coincide if R(D) is closed. This is due to the following facts :

(i) R(D) is closed if and only if R(D∗) is closed ;
(ii) If D is a positive operator, then R(D) = R(D1/2) if and only if R(D) is closed ;

(iii) R(D) = R(|D∗|) = R(|D∗|1/2).

Theorem 5 (Douglas [23]) Let A, B ∈ B(H). Then the following are equivalent:

1. R(A) ⊆ R(B);
2. AA∗ ≤ λB B∗, for some λ > 0;
3. There exists a bounded operator C ∈ B(H) such that A = BC.

Moreover, if these equivalent conditions hold, then there is a unique operator C ∈ B(H) such that

(i) ‖C‖ = inf{λ > 0 : AA∗ ≤ λB B∗};
(ii) N (A) = N (B);

(iii) R(C) ⊆ N (B)⊥.

The unique solution C above is referred to the Douglas reduced solution (or simply, the reduced solution) [24].

Definition 6 (Antezana et al. [18]) Let T be (M, N )-weakly complementable. Let F and E be the reduced

solutions of the equations C = |D∗| 1
2 U X and B∗ = |D| 1

2 X , respectively, where D = U |D| is the polar
decomposition of D. Then the bilateral shorted operator (the Schur complement) of T with respect to closed

subspaces M and N is given by

(
A − E∗F 0

0 0

)
and is denoted by T/(M,N ).

If H = K and M = N , then we denote T/(M,N ) by T/M .

The above definition relies on the existence of two reduced solutions to define the Schur complement of weakly

complementable operators. But for an (M, N )-complementable operator T =
(

A B
C D

)
, the Schur complement

can be elegantly represented by employing either one of Douglas solutions pertaining to the conditions R(C) ⊆
R(D) or R(B∗) ⊆ R(D∗).

Consider the reduced solution Z for the inclusion R(C) ⊆ R(D). As a result, we can express C = DZ =
U |D|Z = U |D| 1

2 |D| 1
2 Z = |D∗| 1

2 U |D| 1
2 Z . Therefore, |D| 1

2 Z serves as a solution for the equation C =
|D∗| 1

2 U X . It is also important to note that R(|D| 1
2 Z) ⊆ R(|D| 1

2 ).

Therefore, |D| 1
2 Z stands as the reduced solution for the equation C = |D∗| 1

2 U X . Furthermore, let B =
E∗|D| 1

2 . This allows us to express B Z = E∗|D| 1
2 Z = E∗F and hence

T/(M,N ) =
(

A − B Z 0
0 0

)
.

Moreover, if Y is a solution for the equation B = X D, then B Z = Y C . Hence, the Schur complement can also
be represented as

T/(M,N ) =
(

A − Y C 0
0 0

)
.

In this context, the condition R(C) ⊆ R(D) is essential for establishing the existence of the operator Z such
that C = DZ . Furthermore, through the following example, we can observe that the condition R(B∗) ⊆ R(D∗)
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ensures the Schur complement is well-defined. Indeed, if we consider two solutions, Z1 and Z2, such that
C = DZ1 and C = DZ2, we find that D(Z1 − Z2) = 0 if and only if R(Z1 − Z2) ⊆ N (D) ⊆ N (B), which
implies B Z1 = B Z2. Therefore, it becomes evident that the definition of the Schur complement is independent
of the specific choice of Z .

Theorem 7 (Antezana et al. [18]) Let T be (M, N )-complementable. Then the following statements hold good :

1. T ∗ is (N , M)-complementable;
2. R(T/(M,N )) = R(T ) ∩ N;
3. N (T/(M,N )) = M⊥ + N (T );

4. If R(D) is closed, then T/(M,N ) =
(

A − B D†C 0
0 0

)
.

Theorem 8 (Castro-González et al. [25]) Let T be (M, N )-complementable with R(C∗) ⊆ R((T/(M,N ))
∗),

R(B) ⊆ R(T/(M,N )) and R(T ) closed. Then

T † =
(

T/M
† −T/M

† B D†

−D†CT/M
† D† + D†CT/M

† B D†

)
.

For a complementable operator, the Schur complement is established through a Douglas solution of the inclusion
R(C) ⊆ R(D). Similarly, in the context of an operator satisfying R(C) ⊆ R(D) and R(B∗) � R(D∗), a Schur
complement expression can be formulated, albeit not uniquely. We conclude this section with an illustrative
example demonstrating these assertions.

Example 9 Consider the Hilbert space �2(Z) with the following subspaces:

M = {(xn) ∈ �2(Z) : xn = 0 for all n ≥ 0}
and

M⊥ = {(xn) ∈ �2(Z) : xn = 0 for all n < 0}.
Let

T =
(

A B
C D

)
: M ⊕ M⊥ → M ⊕ M⊥,

where A, B, C and D are operators defined from �2(Z) to �2(Z) as follows:

(Ax)n = xn+1,

(Bx)n = x−n,

(Cx)n = x−n,

(Dx)n = xn+1.

It is evident that

R(D∗) = �2(Z) \ span{e0}, R(C) ⊆ R(D) = �2(Z),

and

R(B∗) � R(D∗).

Next, consider the operators

(Z1(x))n =
{

x1−n, if n > 0,

0, if n ≤ 0

and

(Z2(x))n =

⎧⎪⎨
⎪⎩

x1−n, if n > 0,

0, if n < 0,

x0, if n = 0.
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Complementable operators and their schur complements 1135

It is clear that C = DZ1 = DZ2.
Now, consider the following

((T/M )1x)n = ((A − B Z1)x)n = 0

and

((T/M )2x)n = ((A − B Z2)x)n = 0 if n �= −1, and x0 if n = −1.

In accordance with the definition of the Schur complement, both (T/M )1 and (T/M )2 qualify as Schur com-
plement. However, it is important to note that (T/M )1 is not equal to (T/M )2.

3 Complementable operators and Schur complements

Butler and Morley [16] illuminate a geometric pathway to comprehend complementable matrices. Drawing
inspiration from their groundbreaking insights, our research embarks on an exploration into the vast domain of
infinite-dimensional operators. By pushing the boundaries of traditional understanding, we aim to unveil new
perspectives and insights that can reshape the landscape of operator theory and its applications.

Theorem 10 Let T ∈ B(H,K) with R(D) closed. Then T is (M, N )-complementable if and only if for each
x ∈ M, there exists unique z ∈ M such that {T (x, 0)+T (M⊥)}∩N = {(z, 0)}. Moreover, T/(M,N )(x, 0) = (z, 0).

Proof Let Z be such that C = DZ . Then T (x, 0) + T (0,−Z x) = ((A − B Z)x, 0). Therefore, {T (x, 0) +
T (M⊥)} ∩ N is non-empty.

Now, assume (z1, 0), (z2, 0) ∈ {T (x, 0)+T (M⊥)}∩N . There exist y1, y2 ∈ M⊥ such that T (x, y1) = (z1, 0)

and T (x, y2) = (z2, 0). Hence Ax + By1 = z1, Cx + Dy1 = 0, Ax + By2 = z2, and Cx + Dy2 = 0. Thus,
y1 − y2 ∈ N (D) ⊆ N (B), leading to By1 = By2. This implies (z1, 0) = (z2, 0).

Conversely, assume that R(D) is closed. For each x ∈ M , let {T (x, 0) + T (M⊥)} ∩ N = {(z, 0)} for some
z ∈ M . Then there exists y ∈ M⊥ such that T (x, y) = (z, 0), implying Cx + Dy = 0. Thus R(C) ⊆ R(D).

Let y ∈ N (D). Then T (0, 0) + T (0, y) = (By, 0) ∈ N . Since T (0, 0) + T (0, 0) = (0, 0) ∈ N and
{T (x, 0)+ T (M⊥)}∩ N is singleton, we have By = 0. Therefore N (D) ⊆ N (B), leading to R(B∗) ⊆ R(D∗).
Since R(D) is closed, we obtain R(B∗) ⊆ R(D∗).
As observed earlier, we have T (x, 0) + T (M⊥) ∩ N = z = ((A − B Z)x, 0). Thus T/(M,N )(x, 0) = (z, 0). ��
In the following example, we find Schur complement of an operator using our characterization.

Example 11 Let T : �2 → �2 be an operator such that T (x1, x2, . . .) = (y1, y2, . . .), where

yn =
{

xn+2 + xn+1 − xn, if n is odd
xn−1
n−1 + xn, if n is even.

Consider the subspaces
M = {x = (x1, 0, x3, 0, . . .) : x ∈ �2}

and
M⊥ = {x = (0, x2, 0, x4, 0, . . .) : x ∈ �2}.

Let x = (x1, 0, x3, 0, . . .) ∈ M . Then T x = (x3 − x1, x1, x5 − x3,
x3
3 , . . .). Moreover, T (M⊥) =

{(x2, x2, x4, x4, . . .) : (0, x2, 0, x4, . . .) ∈ M⊥}. Thus, T x + T (M⊥) = {(x3 + x2 − x1, x1 + x2, x5 +
x4 − x3,

x3
3 + x4, . . .) : (0, x2, 0, x4, . . .) ∈ M⊥}.

Let z ∈ (T (x) + T (M⊥)) ∩ M . Then z = T x + T y for some y = (0, x2, 0, x4, 0, . . .) ∈ M⊥. Therefore,
z = (x3 + x2 − x1, x1 + x2, x5 + x4 − x3,

x3
3 + x4, . . .). Since z ∈ M , we have xn

n + xn+1 = 0 for all odd integers

n. Hence xn+1 = − xn
n for all odd integers n. So, z = (x3 − 2x1, 0, x5 − 4x3

3 , 0, . . .). Therefore T (x) + T (M⊥)

is singleton and

T/M (x1, x2, . . .) = z =
(

x3 − 2x1, 0, x5 − 4x3

3
, 0, . . .

)
.
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We proved that the ‘singleton condition’ in the above theorem is a necessary and sufficient for the comple-

mentability of an operator T =
(

A B
C D

)
with R(D) closed. Without the assumption of the closed range of the

operator D, the ‘singleton condition’ is only necessary but not sufficient, which is illustrated in the following
example.

Example 12 Let T : �2 → �2 be defined by

T (x1, x2, . . .) =
(

x1 + x2

2
, x1 + x2

2
, x3 + x4

4
, x3 + x4

4
, . . .

)
.

Consider the subspaces
M = {x = (x1, 0, x3, 0, . . .) : x ∈ �2}

and
M⊥ = {x = (0, x2, 0, x4, 0, . . .) : x ∈ �2}.

Therefore

A(x1, 0, x3, 0, . . .) =
(

x1, 0, x3, 0, . . .
)
;

B(0, x2, 0, x4, 0, . . .) =
( x2

2
, 0,

x4

4
, 0, . . .

)
;

C(x1, 0, x3, 0, . . .) =
(

0, x1, 0, x3, 0, . . .
)
;

D(0, x2, 0, x4, 0, . . .) =
(

0,
x2

2
, 0,

x4

4
, 0, . . .

)
.

Clearly, R(D) is not closed and R(C) � R(D). So T is not M-complementable.
Let x = (x1, 0, x3, 0, . . .) ∈ M . Then T x = (x1, x1, x3, x3, . . .). Thus T x + T (M⊥) = {(x1 + x2

2 , x1 +
x2
2 , x3 + x4

4 , x3 + x4
4 , . . .) : (0, x2, 0, x4, . . .) ∈ M⊥}. Suppose z ∈ (T (x) + T (M⊥)) ∩ M . Then z = T x + T y

for some y = (0, x2, 0, x4, 0, . . .) ∈ M⊥. Therefore, z = (x1 + x2
2 , x1 + x2

2 , x3 + x4
4 , x3 + x4

4 , . . .). Since z ∈ M ,
we have xn+1

n+1 + xn = 0 for all odd integers n. So, we get z = 0. Therefore, T (x) + T (M⊥) is a singleton set.

It is natural to ask, given T ∈ B(H), whether there exist closed subspaces M and N such that T is (M, N )

complementable. We affirmatively answer the question in the following results.

Theorem 13 Let T ∈ B(H,K) and N be a closed subspace of K. Let M = (T −1(N⊥))⊥. Then T is (M, N )-
complementable and T/(M,N )(x) = PN T x .

Proof Let T =
(

A B
C D

)
. Given that T (M⊥) = N⊥, it follows that R(D) = R(PN⊥ T PM⊥) = PN⊥ T (M⊥) =

PN⊥(N⊥) = N⊥, so R(D) is closed. For each x ∈ M , choose y ∈ {T x + T (M⊥)} ∩ N = {T x + N⊥} ∩ N .
This implies that y = T x + z = PN T x + PN⊥ T x + z, for some z ∈ N⊥, so y ∈ N . As z ∈ N⊥ and y ∈ N , we
obtain PN⊥ T x = −z. Therefore, y = PN T x + PN⊥ T x + z = PN T x . Hence {T x + T (M⊥)} ∩ N = {PN T x},
a singleton set. So by Theorem 10, T is (M, N )-complementable and T/(M,N )(x) = PN T x . ��
Corollary 14 Let T ∈ B(H,K) and M be a closed subspace of H. Let N = ((T ∗)−1(M⊥))⊥. Then T is
(M, N )-complementable.

Proof By Theorem 13, we have T ∗ is (N , M)-complementable. Hence T is (M, N )-complementable by Theorem
7. ��
Proposition 15 Let T ∈ B(H,K). Then there exist closed subspaces M and N such that T is (M, N )-
complementable.

Proof Let x1 be a unit vector in H such that T (x1) �= 0. Consider an orthonormal basis {xλ} of H containing
x1, and let {yβ} be an orthonormal basis of K. Also, there exist non-zero coefficients β1, β2, . . . , and vectors

y1, y2, . . . in {yλ} such that T (x1) =
∞∑

m=1
βi yi . Define M = (span{x1})⊥ and N = (span{y1})⊥. The operator

T is expressed as

(
A B
C D

)
with respect to the decomposition M ⊕ M⊥ and N ⊕ N⊥. Since x1 ∈ M⊥, we have
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T PM⊥ x1 =
m∑

i=1
βi yi . This implies PN⊥ T PM⊥ x1 = β1 y1, making R(PN⊥ T PM⊥) a one-dimensional space. So,

R(D) is a closed subspace.

Let x ∈ M . Then x =
∞∑

i=1
〈x, xi 〉xi . Therefore, T x =

∞∑
i=1

〈x, xi 〉T xi . Since T xi =
∞∑
j=1

〈T xi , y j 〉y j , we have

T x =
∞∑

i=1

(〈x, xi 〉
( ∞∑

j=1

〈T xi , y j 〉y j
)) =

∞∑
j=1

( ∞∑
i=1

〈x, xi 〉〈T xi , y j 〉
)

y j .

Let w ∈ {T x + T (M⊥)} ∩ N . This implies that w = T x + T y for some y ∈ M⊥. Since y ∈ M⊥, y = α0x1 for
some α0. Therefore

T y = α0T x1 = α0

∞∑
k=1

〈T x1, yk〉yk .

Consequently, T x + T y =
∞∑
j=1

( ∞∑
i=1

〈x, xi 〉〈T xi , y j 〉
)

y j + α0

∞∑
k=1

〈T x1, yk〉yk .

Since T x + T y ∈ N , the coefficient of y1 = 0. Therefore

α0 = −

∞∑
i=1

〈x, xi 〉〈T xi , y1〉
〈T x1, y1〉 .

This says that there is only one y ∈ M⊥ such that T x+T y ∈ N . Therefore {T x+T (M⊥)}∩N = {T x+T (α0x1)},
a singleton set. Hence, by Theorem 10, T is (M, N )-complementable and

T/(M,N )(x) = T x + T (α0x1)

=
∞∑
j=1

( ∞∑
i=1

〈x, xi 〉〈T xi , y j 〉
)

y j + α0T x1

=
∞∑
j=1

( ∞∑
i=1

〈x, xi 〉〈T xi , y j 〉
)

y j −
( ∞∑

i=1
〈x, xi 〉〈T xi , y1〉
〈T x1, y1〉

)
T x1.

This completes the proof. ��
Example 16 Let T : �2 → �2 be defined by

T (x1, x2, . . .) = (x1 + x2, x1 + x2 + x3, x2 + x3 + x4, x3 + x4 + x5, . . .)

and M = N = ({e1})⊥. With respect to the decompositions M ⊕ M⊥ and N ⊕ N⊥, we have the following
operators :

A(0, x2, x3, . . .) = (0, x2 + x3, x2 + x3 + x4, x3 + x4 + x5, . . .);
B(x1, 0, 0, . . .) = (0, x1, 0, 0, . . .);

C(0, x2, x3, . . .) = (x2, 0, 0, . . .);
D(x1, 0, 0, . . .) = (x1, 0, 0, . . .).

It is evident that T is (M, N )-complementable, and all of the operators A, B, C , and D are non-zero. This
demonstrates that the operators A, B, C , and D in the previous proposition may not necessarily be zero.

The current conceptualization and various characterizations of complementable operators are rooted in alge-
braic considerations, contingent upon the range of these operators. In this context, we introduce an analytical
characterization for complementable operators. This characterization pivots on the properties of the image of the
unit ball under these operators.

For a subspace M of a Hilbert H, we denote the set {x ∈ M : ‖x‖ ≤ 1} as BM .
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1138 S. M. Naik, P. S. Johnson

Theorem 17 Let T ∈ B(H,K). Then T is (M, N )-complementable if and only if there exists λ > 0 such that
C(BM ) ⊆ λD(BM⊥) and B∗(BN ) ⊆ λD∗(BN⊥).

Proof Theorem 5 says that the inclusion R(C) ⊆ R(D) gives the existence of an operator Z ∈ B(M, M⊥) such
that C = DZ . Suppose C is non-zero. It follows that Z is also non-zero, leading to the conclusion that ‖Z‖ �= 0.
Let x ∈ BM . We then observe that

Cx = DZ x = ‖Z‖
(

D
( Z x

‖Z‖
))

.

Now we consider y = Z x
‖Z‖ . So we have ‖y‖ = ∥∥ Z x

‖Z‖
∥∥ ≤ 1, and y ∈ R(Z) ⊆ M⊥. Therefore, we establish

C(BM ) ⊆ ‖Z‖D(BM⊥).
Conversely, let us assume the existence of a positive constant λ such that C(BM ) ⊆ λD(BM⊥). Let w ∈ R(C).

Then w = Cx for some x ∈ H. We observe that C
(

x
‖x‖

)
∈ C(BM ) ⊆ λD(BM⊥). Accordingly, C

(
x

‖x‖
)

=
λD(y) for some y ∈ BM⊥ . This implies Cx = λ‖x‖D(y) = D(λ‖x‖y). Hence we conclude R(C) ⊆ R(D).

Moreover, ‖Z‖ = inf{λ > 0 : C(BM ) ⊆ λD(BM⊥)}. Indeed, suppose that C(BM ) ⊆ λD(BM⊥) for some
λ > 0. For each x ∈ BM , there exists y ∈ BM⊥ ∩ N (D)⊥ such that Cx = λDy and also Cx = DZ x with
Z x ∈ N (D)⊥. Therefore, we have D(λy − Z x) = 0, leading to λy − Z x ∈ N (D) ∩ N (D)⊥. Therefore,
Z x = λy. As ‖y‖ ≤ 1, we deduce ‖Z x‖ = λ‖y‖ ≤ λ for all x ∈ BM . Hence, we establish ‖Z‖ ≤ λ.

Expanding upon previous arguments, we establish the existence of positive constants λ1 and λ2 such that
C(BM ) ⊆ λ1 D(BM⊥) and B∗(BN ) ⊆ λ2 D∗(BN⊥). Let λ = max{λ1, λ2} > 0. Now, we have λ1 D(BM⊥) ⊆
λD(BM⊥) and λ2 D∗(BN⊥) ⊆ λD∗(BN⊥). Hence we have C(BM ) ⊆ λD(BM⊥) and B∗(BN ) ⊆ λD∗(BN⊥). ��

Let T ∈ B(H,K). The reduced minimum modulus of T is defined as

γ (T ) = inf{‖T x‖ : x ∈ H ∩ N (T )⊥ and ‖x‖ = 1}.

Moreover, for a non-zero bounded operator, R(T ) is closed if and only if γ (T ) > 0 [26]. We now characterize

algebraically the (M, N )-complementability of an operator T =
(

A B
C D

)
with respect to the reduced minimum

modulus of the operator D.

Theorem 18 Let T ∈ B(H,K) with R(D) a non-zero closed subspace. Then T is (M, N )-complementable if
and only if C(BM ) ⊆ ‖C‖

γ (D)
D(BM⊥) and B∗(BN ) ⊆ ‖B‖

γ (D∗) D∗(BN⊥).

Proof Let T be (M, N )-complementable and x ∈ BM . Since R(C) ⊆ R(D), there exists y ∈ (N (D)⊥) ∩ M⊥
such that Cx = Dy. As R(D) is closed, we have

‖y‖γ (D) ≤ ‖y‖‖D
( y

‖y‖
)‖ = ‖Dy‖ = ‖Cx‖ ≤ ‖C‖.

Therefore the norm of y is bounded by ‖C‖
γ (D)

. Therefore, y can be expressed as y = ky0, where 0 ≤ k ≤ ‖C‖
γ (D)

, and

y0 = y
‖y‖ . Thus, y = ‖C‖

γ (D)

(
k γ (D)

‖C‖ y0

)
. Since k γ (D)

‖C‖ ≤ 1, it follows that y = ‖C‖
γ (D)

z for some ‖z‖ ≤ 1. Hence,

C(BM ) ⊆ ‖C‖
γ (D)

D(BM⊥). In a similar way, arguments can be made for B∗ and D∗, leading to the inclusion

B∗(BN ) ⊆ ‖B∗‖
γ (D∗)

D∗(BN⊥).

Conversely, if C(BM ) ⊆ ‖C‖
γ (D)

D(BM⊥) and B∗(BN ) ⊆ ‖B∗‖
γ (D∗) D∗(BN⊥), then by Theorem 17, T is (M, N )-

complementable. ��
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4 Schur complements of EP and hypo-EP Operators

Motivated by the Schur determinant formula

det (T ) = det (A) det (T/A)

for matrices where T/A is given in Eq. 1., we analyze the closedness of the range of (M, N )-complementable
operator.

Theorem 19 Let T ∈ B(H,K) be (M, N )-complementable. Then R(T ) is closed if and only if R(T/(M,N )) and
R(D) are closed.

Proof Let Z and Y be such that C = DZ and B = Y D. This implies the following matrix equality(
A B
C D

)
=

(
I Y
0 I

) (
T/(M,N ) 0

0 D

) (
I 0
Z I

)

where

(
I Y
0 I

)
and

(
I 0
Z I

)
are invertible.

Assuming R(T ) is closed, we can express the above equality as(
T/(M,N ) 0

0 D

)
=

(
I −Y
0 I

)(
A B
C D

)(
I 0

−Z I

)
.

Let P =
(

I Y
0 I

)
, Q =

(
I 0
Z I

)
and U =

(
T/(M,N ) 0

0 D

)
.

Now, analyzing the range of U , we have

R(U ) = U (H)

= (P−1T Q−1)(H)

= P−1T (Q−1(H))

= (P−1T )(H)

= P−1(R(T )).

Since R(T ) is closed and P is bounded, R(U ) is closed. However, R(U ) = R(T/(M,N )) ⊕ R(D). Therefore,
both R(T/(M,N )) and R(D) are closed.

Conversely, assuming R(T/(M,N )) and R(D) are closed, we observe that R(T ) = PU Q(H) = PU (H).
Now U (H) = R(T/(M,N ))⊕R(D). Given the closure of R(T/(M,N )) and R(D), U (H) = R(T/(M,N ))⊕R(D)

is closed. Because P−1 is bounded, P(U (H)) is closed. Therefore, R(T ) is closed. ��
The following example provides a (M, N )-complementable operator whose range is not closed.

Example 20 Let T : �2 → �2 be defined by

T (x1, x2, . . .) =
(

x1, x2,
x3

3
, x4,

x5

5
, x6, . . .

)
.

Consider the subspaces

M = {(x1, x1, x3, x3, . . .)} and M⊥ = {(x2,−x2, x4,−x4, . . .)}.

We have T =
(

A B
C D

)
, where A, B, C and D are given by

A(x1, x1, x3, x3 . . .) = 1

2

(
2x1, 2x1,

4

3
x3,

4

3
x3, . . .

)
;

B(x1,−x1, x3,−x3 . . .) = 1

2

(
0, 0,−2

3
x3,−2

3
x3,−4

5
x5,−4

5
x5, . . .

)
;

C(x1, x1, x3, x3 . . .) = 1

2

(
0, 0,−2

3
x3,

2

3
x3,−4

5
x5,

4

5
x5, . . .

)
;

D(x1,−x1, x3,−x3 . . .) = 1

2

(
2x1,−2x1,

4

3
x3,−4

3
x3, . . .

)
.

123



1140 S. M. Naik, P. S. Johnson

Clearly, R(T ) is not closed and R(D) is closed. Now, by definition, we have

T/M (x1, x2, x3, x4, . . .) = 1

2

(
0, 0, x3, x3,

4

6
x5,

4

6
x5,

4

8
x7,

4

8
x7, . . .

)
.

So R(T/M ) is not closed.
It is established in [22] that, under certain conditions, the Schur complement of an E P-matrix is again an

E P-matrix. Motivated by this work, we now discuss Schur complements of E P and hypo-E P operators. An
operator T ∈ B(H) is said to be E P (hypo-E P) if R(T ) is closed and R(T ) = R(T ∗) (R(T ) ⊆ R(T ∗))
[27,28].

Theorem 21 Let T ∈ B(H) be a (M, N )-complementable operator. If T is hypo-E P, then T/(M,N ) is hypo-E P.
Moreover, if R(C∗) ⊆ R((T/(M,N ))

∗), then the following are equivalent:

1. T is hypo-E P;
2. T/(M,N ) and D are hypo-E P and R(B) ⊆ R(T/(M,N ));

3.

(
T/(M,N ) 0

C D

)
and

(
T/(M,N ) B

0 D

)
are hypo-E P.

Proof Suppose that T is hypo-E P . Theorem 7 establishes that R(T/(M,N )) = R(T )∩ N and R((T ∗
/(M,N ))) =

R((T/(M,N ))
∗) = R(T ∗)∩ N . The hypo-E P property of T implies R(T/(M,N )) ⊆ R((T/(M,N ))

∗). Furthermore,
given the closed nature of both R(T ) and N , it follows that R(T/(M,N )) is closed. Therefore, T/(M,N ) is hypo-E P .

(1) �⇒ (2): Already we have proved that T/(M,N ) is hypo-E P , if T is hypo-E P . Considering the matrix

operators P =
(

I B D†

0 I

)
, Q =

(
I 0

CT/(M,N )
† I

)
, and L =

(
T/(M,N ) 0

0 D

)
, we can express P QL as

P QL =
(

I + B D†C(T/(M,N ))
† B D†

C(T/(M,N ))
† I

) (
T/(M,N ) 0

0 D

)

=
(

T/(M,N ) + B D†C(T/(M,N ))
†T/(M,N ) B D† D

CT/(M,N )(T/(M,N ))
† D

)

=
(

A B
C D

)
.

This implies that N (L) = N (T ). Taking the orthogonal complement on both sides yields R(T ∗) = R(L∗).
Since T is hypo-E P , we have R(T ) ⊆ R(L∗). Additionally, R(L) is closed. Thus,

T ∗ = T ∗L†L =
(

A∗(T/(M,N ))
†T/(M,N ) C∗ D† D

B∗(T/(M,N ))
†T/(M,N ) D∗D† D

)
.

This leads to the relationships B∗=B∗(T/(M,N ))
†T/(M,N ) and D∗=D∗ D† D. As a result, R(B) ⊆ R(T/(M,N ))

and R(D) ⊆ R(D∗).
(2) �⇒ (1): Given that R(T/(M,N )) and R(D) are closed, as established by Theorem 19, it follows that

R(T ) is also closed. By applying Theorem 8, we express T † as

T † =
(

(T/(M,N ))
† −(T/(M,N ))

† B D†

−D†C(T/(M,N ))
† D† + D†C(T/(M,N ))

† B D†

)
.

Utilizing the conditions R(C) ⊆ R(D), R(B∗) ⊆ R(D∗), R(C∗) ⊆ R(T/(M,N )
∗) and R(B) ⊆

R(T/(M,N )), we deduce

T T † =
(

T/(M,N )(T/(M,N ))
† 0

0 DD†

)
and T †T =

(
(T/(M,N ))

†T/(M,N ) 0
0 D† D

)
.

Given that T/(M,N ) and D are hypo-E P , it follows that R(T T †) ⊆ R(T †T ). Accordingly, R(T ) ⊆ R(T ∗).
Thus T is hypo-E P .
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(2) ⇐⇒ (3): Given that T is (M, N )-complementable. The first implication indicates that

(
T/(M,N ) 0

C D

)
and(

T/(M,N ) B
0 D

)
are also (M, N )-complementable. Both

(
T/(M,N ) 0

C D

)
and

(
T/(M,N ) B

0 D

)
satisfy all the conditions

established for T in the hypothesis. Additionally, (T/(M,N ))/(M,N ) = T/(M,N ). Thus, by applying (1) ⇐⇒ (2)

for operators

(
T/(M,N ) 0

C D

)
and

(
T/(M,N ) B

0 D

)
, we obtain that

(
T/(M,N ) 0

C D

)
and

(
T/(M,N ) B

0 D

)
are hypo-E P .

��
Corollary 22 Let T ∈ B(H) be a (M, N )-complementable operator. If T is E P, then T/(M,N ) is E P.
Moreover, if R(C∗) ⊆ R((T/(M,N ))

∗), then the following are equivalent:

1. T is E P;
2. T/(M,N ) and D are E P and R(B) ⊆ R(T/(M,N ));

3.

(
T/(M,N ) 0

C D

)
and

(
T/(M,N ) B

0 D

)
are E P.

Proof By Theorem 21, it is easy to see that T/(M,N ) is E P .
(1) ⇐⇒ (2): It is easy to see that T is E P if and only if both T and T ∗ are hypo-E P . Hence by Theorem 21,
T is E P if and only if T/(M,N ) and D are E P , and hence R(B) ⊆ R(T/(M,N )).

(2) ⇐⇒ (3): Both

(
T/(M,N ) 0

C D

)
and

(
T/(M,N ) B

0 D

)
are (M, N )-complementable, and (T/(M,N ))/(M,N ) =

T/(M,N ).

Applying (1) ⇐⇒ (2) for operators

(
T/(M,N ) 0

C D

)
and

(
T/(M,N ) B

0 D

)
, we conclude that

(
T/(M,N ) 0

C D

)
and(

T/(M,N ) B
0 D

)
are E P . ��

Now, we illustrate Theorem 21 with the following example.

Example 23 Let T : �2 ⊕ �2 → �2 ⊕ �2 be defined by

T ((x1, x2, . . .) ⊕ (y1, y2, . . .)) =
((

x1, x1 + x2

2
+ y1, x2 + 2x3

3
+ y2, . . .

)
⊕

(
0, x1 + y1, x2 + y2, . . .

))
.

Consider the subspaces
M = �2 ⊕ 0 and M⊥ = 0 ⊕ �2.

We have T =
(

A B
C D

)
where A, B, C and D are given by

A((x1, x2, . . .) ⊕ 0) =
((

x1, x1 + x2

2
, x2 + 2x3

3
, . . .

)
⊕ 0

)
;

B(0 ⊕ (y1, y2, . . .)) = (
(0, y1, y2, . . .) ⊕ 0

);
C((x1, x2, . . .) ⊕ 0) = (

0 ⊕ (0, x1, x2, . . .)
);

D(0 ⊕ (y1, y2, . . .)) = (
0 ⊕ (0, y1, y2, . . .)

)
.

Clearly, T is M-complementable and

T/M
(
(x1, x2, x3, . . .) ⊕ 0

) =
((

x1,
x2

2
,

2x3

3
. . .

)
⊕ 0

)
.

Also, T/M
∗ = T/M , R(D) is closed and R(C∗) ⊆ R(T/M

∗). Now let x ⊕ y ∈ N (T ), then x = y = 0. Then
0 = N (T ) ⊆ N (T ∗). Now T/M : �2 → �2 is invertible, so R(T/M ) is closed. Also, 0 = N (T/M ) ⊆ N (T/M

∗).

Also by Theorem 19, R(T ), R(T1), and R(T2) are closed, where T1 =
(

T/M 0
C D

)
and T2 =

(
T/M B

0 D

)
. So we

have T , T/M , D, T1 and T2 are hypo-E P and R(B) ⊆ R(T/M ).
The following example shows that the condition R(C∗) � R((T/M )∗) is necessary for “(1) ⇐⇒ (2)" in

Theorem 21.
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Example 24 Let T : �2 → �2 be defined by

T (x1, x2, . . .) = (x1 + x2 + x3 + x4, 0, x2 + x3 + x4, x2 + x3 + x4, x5, x6, . . .).

Consider the subspaces
M = {(x1, x2, 0, 0, . . .)} and M⊥ = {(0, 0, x3, x4, . . .)}.

We have T =
(

A B
C D

)
where A, B, C and D are given by

A(x1, x2, 0, 0, . . .) = (x1 + x2, 0, 0, 0 . . .);
B(0, 0, x3, x4, . . .) = (x3 + x4, 0, 0, 0 . . .);
C(x1, x2, 0, 0, . . .) = (0, 0, x2, x2, 0, 0, . . .);
D(0, 0, x3, x4, . . .) = (0, 0, x3 + x4, x3 + x4, x5, x6 . . .).

Clearly, T is M-complementable and

T/M (x1, x2, 0, 0, . . .) = (x1, 0, 0, . . .).

But R(C∗) � R((T/M )∗). Now, D and T/M are hypo-E P (E P), but T is not hypo-E P (E P). This shows that
the range space conditions are necessary for Theorem 21.

The next example shows that the condition R(C∗) � R((T/M )∗) is necessary for “(2) ⇐⇒ (3)" in Theorem
21.

Example 25 Let T : �2 → �2 be defined by

T (x1, x2, . . .) = (x1 + x2 + x3 + x4, x1 + x3 + x4, x1 + x2 + x3 + x4, x1 + x2 + x3 + x4, x5, x6, . . .)

with respect to the subspaces

M = {(x1, x2, 0, 0, . . .)} and M⊥ = {(0, 0, x3, x4, . . .)}.

We have T =
(

A B
C D

)
where A, B, C and D are given by

A(x1, x2, 0, 0, . . .) = (x1 + x2, x1, 0, 0, . . .);
B(0, 0, x3, x4, . . .) = (x3 + x4, x3 + x4, 0, 0, . . .);
C(x1, x2, 0, 0, . . .) = (0, 0, x1 + x2, x1 + x2, 0, 0, . . .);
D(0, 0, x3, x4, . . .) = (0, 0, x4 + x4, x3 + x4, x5, x6 . . .).

Clearly, T is M-complementable and

T/M (x1, x2, 0, 0, . . .) = (0,−x2, 0, . . .).

But R(B) � R(T/M ) and R(C∗) � R((T/M )∗). Clearly, D, T/M and T are hypo-E P (E P), but

(
T/M 0
C D

)
and(

T/M B
0 D

)
are not hypo-E P (E P).
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