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Abstract Let Hy, H> be two ordered real Hilbert spaces with cones Ci, C» respectively. A bounded linear
operator S : H;y — H> is said to be cone nonnegative if S(C;) € C,. In this short note, we consider weak
pseudo-regular splittings of bounded linear operators defined between two Hilbert spaces, and characterize the
cone nonnegativity of Moore-Penrose inverses of such operators. We establish a comparison result for spectral
radii of iteration operators corresponding to two different weak-pseudo regular splittings of a given bounded
linear operator. These results have important applications in least-squares problems, and in iterative algorithms
for solving linear systems.
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1 Introduction

The problem addressed here involves developing convergent iterative method to approximate the solution of the
equation Sx = b, where § is a bounded linear operator from Hilbert space H; to Hilbert space H>, which is not
ncessarily invertible, and b € H,. The method uses a direct splitting of S as § = U — V, leading to the iterative
scheme x™ = UTVx"=D 4+ Uyth, n=1,2,..., where x(@ is an arbitrary initial vector.

The approach described here based on the work of Berman and Plemmons (Berman and Plemmons [1]),
which focuses on finding the least-squares solution of minimum norm to linear algebraic systems using an
iterative scheme involving a splitting of a rectangular matrix. The iterates of this scheme converge to the unique
least-squares solution STh of the equation Sx = b, provided that the spectral radius of the iteration operator
r(UTV) is less than one.

While the iterative schemes derived from the steepest descent and conjugate gradient methods are effective,
they require the use of the adjoint operator §*, which can be cumbersome. The splitting method for solving
operator equations with proper splittings of a bounded linear operator, was introduced by Gudder and Neumann
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[2]. Later, Sivakumar and Weber [3] worked on the subclass of proper splittings of invertible bounded linear
operators and characterized the cone nonnegativity of the inverse of an operator. In this article, we focus on a
special subclass of proper splittings, namely the weak pseudo-regular splittings of a bounded linear operators
defined between two Hilbert spaces. We characterize cone nonnegativity of Moore-Penrose inverses of bounded
linear operators with closed range and which are not necessarily invertible. When we deal with bounded linear
operators between infinite dimensional Hilbert spaces, the range of a linear operator need not be closed, and the
Moore-Penrose inverse of such operators need not be bounded. Hence, one should be cautious while extending
the results from finite dimensional to infinite dimensional, and from classical inverses to generalized inverses.

In this short note, Section 2 provides preliminary results on cones, ordered Hilbert spaces and the Moore-
Penrose inverse. Section 3 classifies splittings of bounded linear operators and presents characterization on cone
nonnegativity of Moore-Pernose inverses of such operators. Section 4 presents a comparison result and final
remarks.

2 Preliminaries

In this section, we present definitions, notations, and preliminary results that will be used in the main results of
this article.

Definition 1 A vector space X over R is said to be an ordered vector space if it is equipped with an order
relation “ < " which is reflexive, antisymmetric and transitive that is compatible with the algebraic structure of
X in the sense that it satisfies the following two axioms :

. Ifx <ythenx +z <y+zholdsforallz € X
2. If x < y then ax < ay holds for all « > 0.

An ordered vector space X together with a norm is called an ordered normed space. An ordered normed space
X is said to be ordered Hilbert space if it is also a Hilbert space.

Definition 2 Let X be an ordered vector space. Then X is called a vector lattice if for each pair x,y € X,
sup{x, y} and inf{x, y} exists in X.

Definition 3 A vector lattice X is called Dedekind complete (order complete) if each of its nonempty subsets
having an upper bound has a supremum and each of its nonempty subsets having a lower bound has an infimum.

The space of continuous real valued functions with compact support on a topological space X with the order
relation defined by f < g when f(x) < g(x) for all x € X, is a Dedakind complete vector lattice. The space
L? with this order relation is a Dedekind complete vector lattice.

For more results related to ordered normed spaces, we refer the reader to Krasnoselski et al. [4].

Next, we introduce the concept called cone, which plays a key role in establishing an ordering in a real Hilbert
space.

Definition 4 A nonempty subset C of a real Hilbert space H is called a cone if

i) xeC,AeR, A>0 = ixeC
(i) x, yeC = x+yeC.

Note that, generally, a set C need not be closed to define a cone. However, some authors assume the closedness
of a set to define a cone (for instance, refer to Krasnoselski et al. [4]). Throughout this article, we consider cones
that are closed.

A cone C is pointed it C N —C = {0}. A pointed cone C in H is called solid if it contains some ball of
positive radius (C° # @, where C° denotes the interior of cone C). A normal cone C satisfies the property that
there exists a constant of normality § > O such that ||x 4+ y|| > § whenever x, y € C with ||x|| = ||y|| = 1,
and || - || is the norm induced by an inner product.

Let C be a cone in a real Hilbert space H. Define a relation “ < "on H as follows. Forallx, y € H, x < yif
and only if y — x € C. Then, it is easy to verify that “ < " is an order relation (which is reflexive, antisymmetric
and transitive) under which H is an ordered Hilbert space.

Definition 5 Let A be an ordered Hilbert space with a cone C. Then, C is called reproducing (or generating),
if any x € H has a representation x = u — v, where u, v € C. Equivalently, C is reproducing if H = C — C.
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Definition 6 A cone C in an ordered Hilbert space H is called normal if there exists a constant of normality,
say 8 > O such that ||x + y|| > & whenever x, y € C with ||x|| = ||y|| = 1.

Consider a bounded linear operator S : Hy — Hj, where Hy and H; are Hilbert spaces. Let N(S), R(S),
o (S), and 7 (S) denote the null space, range space, spectrum, and spectral radius of the operator S, respectively.
The set of all bounded linear operators from H; to Hj is denoted by B(H|, Hy). If H = Hj then B(H|, H») is
denoted by B(H).

The main emphasize of this article is on cone nonnegative operators. Next, We present the definition of cone
nonnegative operator, and we discuss essential properties of such operators.

Definition 7 Let H; and H; be ordered Hilbert spaces with cones C; and C,, respectively. An operator S :
H) — H; is cone nonnegative (or (C1, Cp)-nonnegative) if and only if S(C1) € C, and is denoted by S > 0.

The set {S € B(Hy, Hy) : SC1 C C3} forms a cone in 5(H;, Hy) and it is denoted by B4 (Hy, Hy).

Theorem 1 (Theorem 25.1, Krasnoselski etal. [4]) Let H be an ordered Hilbert space with cone C and S € B(H)
such that S > 0. Then r(S) < 1 implies (I — S)~! > 0. Conversely, if cone C is reproducing and normal then
the existence of (I — S)_1 and (I — S)_1 > 0 guarantee that r(S) < 1.

Theorem 2 (Krasnoselski et al. [4]) Let H be an ordered Hilbert space with normal and reproducing cone C.
Let S, T € B(H) such that

—Tx <Sx<Tx for xeC.
Then r(S) < r(T).

Theorem 3 (Theorem 25.4, Krasnoselski et al. [4]) Let H be an ordered Hilbert space with a cone C which is
normal and satisfies the condition int(C) # (. Let S, T : X — X be two invertible bounded linear operators
with S < T and T~' > 0. Then S~ > 0 if and only if S(C) Nint(C) # @.

Consider an operator S € B(H;, H») which is not necessarily invertible and with closed range. Then, there
exists a unique generalized inverse steB (H,, Hy), called the Moore-Penrose inverse. It is defined as follows:

Definition 8 Let S € B(H;, Hy) be with closed range. Then St € B(H,, H)) is called the Moore-Penrose
inverse of § if it satisfies the following four properties:
1.55TS = 8;2.878ST = §7;3. (SSH)* = §57; 4. (§7$)* = §7S.
Equivalently, we have the projection properties:
o SST = Pr(s), where Pg(s) is the projection onto the range of S;
o STS = Pp(s+), where Pg(s+) is the projection onto the range of the adjoint S*.

If § is invertible then S = S~!. For more details on generalized inverses one can refer ( Ben-Israel and Greville
[5D.

We conclude this section by stating the spectral mapping theorem, which is instrumental in proving the
comparison results.

Theorem 4 Let S € B(H) be a bounded linear operator on Hilbert space H and p(t) be a polynomial int. The
spectral mapping theorem states that:

o(p(8)) = p(a(9)),

where o (S) is the spectrum of S.

3 Main results

Let S € B(H;, H») be abounded linear operator and Hy, H» be ordered Hilbert spaces. The splitting S = U —V
is called a proper splitting (Gudder and Neumann [2]) if R(U) = R(S) and N(U) = N(S). The following
theorem gives some of the properties of proper splittings.

Theorem 5 Consider an operator S € B(H\, Hy) with closed range and has a proper splitting S = U — V
such that R(U) = R(S) and N(U) = N(S). Then the following assertions are true.
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(i) SSt=uu'; sts =U'u.
(i) S=UU —UTV).
(iii) (I — UTV) is invertible.
(iv) St = -vutvy~lurt.

Let S € B(Hi, H). Let S = U — V be a proper splitting of S. The following table provides various
types of proper splittings based on the nature of U and V. where the condition (B) is given by the implication

U=>0 V>0 U >0 U'v >0 vUT >0 other
Positive v v
Pseudo-regular v v
Positively Pseudo-regular v v v
Weak Pseudo-regular v v
Bj; - decomposition v v v (B)

Sx>0,Ux>0 = x >0.
In the next theorem, we consider weak pseudo-regular splittings of a bounded linear operator S € B(H;, H>)
and characterize the cone nonnegativity of the Moore-Penrose inverse of S.

Theorem 6 Let Hy and H be ordered real Hilbert spaces with normal and reproducing cones C1 and Cy
respectively. Consider a singular operator S € B(Hy, H») with closed range. If S = U — V be a weak pseudo-
regular splitting such that U™ > 0 and UV > 0 then the following assertions are equivalent.

(i) ST(C2) € Cy

(ii) STV=0
(iii) r(UTV) < 1.
Proof The above equivalent conditions are proved as shown:

(i) = (ii) = () = ({ii).
(iii) = (ii):Letr(U'V) < 1. From Theorem 35, we have
st=u-v'v)y“lut

Consider

stv=u-utvy 'utv

- Z(UTW’UTV
i=0

=2 W'y
i=l1

Given that UV >0 which shows (UTV)/>0 foralli = 1,2, 3, ....
Hence STV = "% (UTV)'>0.
(ii) = (i) :Let STV>0.1i.e. STV(Cy) C Cy. Using the fact UT(C>2) € Cy and UTV(Cy) C C; we obtain

ST (C) = - U'V)T'UT ()

=) U'MTUC)

i=0

Y WIV(C)
i=0
<(C).
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Hence S(C3) C (C) which is merely S7>0.

(i) = (iii) : Given that ST>0. To show r(UTV) < 1, we first prove that (I — UTV)~1>0. Then by Theorem
1, we get the conclusion. The proof is given below: From the Theorem 5, we have S™ = (I — UTV)~'U". Using
the given fact, we get (I — UTV)_IUTZO. Since U >0 we obtain I — UTV)_IEO. Consider the identity

M-l -U'V=(U-UWVI-el-UV™

implies the positive invertibility of operator (1 — €)I — UTV for a small € > 0.

(-l -UVIT'=> (- 'W'vy

i=0
Moreover, the relation
n
Y- WV =1 -old -l UV~ (1 - WV
i=0
implies that
0<(—-e "WV <(-old-el-U'V]™"
for smalle > Qand n = 1, 2, ... From the Theorem 2 and these estimates, it follows that
(=" WUV < (= or{ld -l =U'VI™'} = a(e)
Consequently, 7(UTV) < (1 — e)[a(e)]% forn=1,2, ...
Asaresult r(U'V) < 1 — € < 1. Hence, all the three conditions in the statement are equivalent. O
The following example illustrates Theorem 6.

Example 1 Consider a real Hilbert space H = [>(N) = {(x;) : x; € R,  |xi|? < o0o}. Define an operator
P P i=1 P
S : 12(N) — I2(N) by

S(x1, x2, x3, ...) = (x1, 0, x3, 0, x5, ...)

. x; if i is odd,
.e. (Sx); =
e ($x); 0 otherwise.

The null space and range space are given by N(S) = {(0, x2,0, x4,...) € H : x; € R} # @ and R(S) =
{(x1,0,x3,0,x5,...) € H : x; € R}, respectively. We observe that § is singular operator and range space is
proper closed subspace of 2(N). By direct computation we have ST = S. Consider a cone

o
C={x=(x1,x2,...) € H: x0 >0, and Zx,zl < xg}.

n=1

The cone C is reproducing and normal. Hence H is ordered Hilbert space with respect to C.
Let the weak pseudo-regular splitting S = U — V with Ux = (3x1,0,x3,0,x5,0,..)and V = U — S.
Then, U'x = UT(x1, x2, x3,...) = (3x1, 0, x3,0, x5, ...) and

Utvx = UV (x1, x2, x3, ...)

= (321,0.0,0,..).

It is straightforward to verify that vtv(c)ccand UT(C) C C. By computation, we find that rUtv) =
% < 1. Therefore, by Theorem 6, we have ST(C) C C. This proves that st>0.
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4 Comparison result

In this section, we establish a comparison result for spectral radii of iteration operators corresponding to two
different weak pseudo-regular splittings of a bounded linear operator on a Hilbert space. This result is applicable
to understand the faster rate of convergence of iterative methods for solving systems of linear equations.

Theorem 7 Let S = Uy — V| = Uy — V; be two weak pseudo-regular splittings of S € B(H{, Hy) which satisfy
the hypothesis of Theorem 6. If STV, < STV; then

r(U V1) < r(UjVa) < 1

Proof Under the given assumptions if we show U ]T Vi< U;' V> then from Theorem 2 the outcome will be deduced.
Let STVi < S™V,. From the spectral mapping theorem and Theorem 5, the elements of spectra o (U IT V1) and
o (STVy) are related as follows. If 8 € o(UlTvl) and @ € o(STV)) then B = a(1 + o)~ L. So, there exists
an element oy € o (STV}) for which r(U{r Vi) = ao(l 4+ ap) ! because r(Uf Vi) € cr(UlT V1). By hypothesis,
there exists a nonzero xo € C for which Ul'" Vixo = PBoxog where By = r(U]T V). Therefore By # 0 and
STVixg = Bo(1— ﬂo)’lxo = wpxo. So, og can neither negative nor complex number. Since f(«) = a(1+ o)~
is an increasing function of @ > 0 and STV > 0,

i
¥ r(S'Vy)

Uuv)= —

rUYD = T s

On the similar line,

wivy r(S™V,)

r =

272 1+7r(STVa)

can be deduced. From STV, < STV, and Theorem 2, we have r(ST Vi) <r(S T V»). Further,

r(STvy) - r(STV,)
L4+ r(STV)) =~ 14+ r(STV2)

implies (U, V1) < r(Uj V2) < 1. O

Conclusions: In this article, we investigated proper splittings S = U — V of bounded linear operators between two
Hilbert space. We presented generalizations of various types of splittings based on specific conditions imposed on
U and V, with a particular focus on weak pseudo-regular splitting. Additionally, we provided a characterization
of the cone nonnegativity of the Moore-Penrose inverse, demonstrating its relevance to the spectral properties
of operators. We discussed a comparison result for spectral radii of iteration operators which has theoretical
importance. These results have significant applications, particularly in the context of least-squares problems
and the iterative solution of linear systems. By improving our understanding of the spectral radius of iteration
operators, we contributed to enhance the efficiency of numerical methods. The findings pave the way for more
efficient iterative algorithms, offering faster convergence rates and more effective solutions to linear systems in
both theoretical and practical settings.
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