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Abstract The paper delves into several characterizations of A-approximate point spectrum of A-bounded oper-
ators acting on a complex semi-Hilbertian space H and also investigates properties of the A-approximate point

spectrum for the tensor product of two A
1
2 -adjoint operators. Furthermore, several properties of A-normal oper-

ators have been established.
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1 Introduction

Let H be a Hilbert space over the complex field. The algebra of all linear bounded operators on H is denoted
by B(H). We consider A as a non-zero positive semidefinite operator. The sesquilinear form 〈x, y〉A is defined
from H × H to C by 〈x, y〉A = 〈Ax, y〉. The associated seminorm ‖.‖A is derived from 〈., .〉A, expressed as

‖x‖A = 〈x, x〉
1
2
A. Notably, ‖x‖A = 0 if and only if x ∈ N (A), where N (A) denotes the null space of A. The

subspace M⊥A = {x : 〈Ax, y〉 = 0 for all y ∈ M} is termed the A-orthogonal companion of M. For an
operator T ∈ B(H), R(T ) denotes the range of T , and its closure is denoted by R(T ).

The paper delves into the exploration of A-approximate point spectrum for A-bounded operators acting on
a complex semi-Hilbertian space H , elucidating several characteristics of A-normal operators. It is very much

obvious that we can express ‖Sx‖ = ‖x‖|S|2 , where |S| = (S∗S)
1
2 , for any bounded operator S on H . This

concept allows the utilization of properties of semi-Hilbertian spaces in the analysis of bounded operators on
H . The organizational structure of the paper unfolds in three main sections. Section 2 discusses various charac-
terizations of the A-approximate point spectrum, while Section 3 investigates properties of the A-approximate

point spectrum for the tensor product of two A
1
2 -adjoint operators. The final section establishes characteriza-

tions of A-normal operators, providing a comprehensive framework for understanding the spectral properties of
A-bounded operators on complex semi-Hilbertian spaces.
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1164 A. Majumdar, P. S. Johnson

Definition 1 Arias et al. [1] In the context of Hilbert spaces, an operator T belonging to B(H) is termed an
A-bounded operator if there exists a constant d > 0 such that for all x in the closure of the range of A, the
inequality ‖T x‖A ≤ d‖x‖A holds. The A-norm of T is defined as

‖T ‖A = sup
x∈R(A)\{0}

‖T x‖A

‖x‖A
< ∞.

Alternatively, this norm can be expressed as

‖T ‖A = sup{|〈T x, y〉A| : x, y ∈ H, ‖x‖A ≤ 1, ‖y‖A ≤ 1}.
The set of all A-bounded operators is denoted by B A(H) = {T ∈ B(H) : ‖T ‖A < ∞}.
Theorem 1 Douglas [2] Let E1, E2 ∈ B(H). The following conditions are equivalent:

1. R(E2) ⊂ R(E1).
2. There exists a positive number d such that E2 E∗

2 ≤ d E1 E∗
1 .

3. There exists C ∈ B(H) such that E1C = E2.

If at least one of these conditions holds, a unique operator D ∈ B(H) exists such that E1 D = E2 with
R(D) ⊂ R(E∗

1 ). Furthermore, N (D) = N (E2), and D is referred to as the reduced solution of the equation
E1 X = E2.

Definition 2 Arias et al. [3] Let T ∈ B(H). A bounded linear operator V is said to be an A-adjoint of T if,
for all x, y ∈ H , it satisfies the following condition

〈T x, y〉A = 〈x, V y〉A.

Applying Theorem 1, the existence of an A-adjoint operator for T ∈ B(H) is established if and only if R(T ∗ A) ⊂
R(A). We define BA(H) as the subalgebra of B(H) comprising operators with A-adjoint operators, that is,

BA(H) = {T ∈ B(H) : R(T ∗ A) ⊂ R(A)}.

Similarly, we introduce B
A

1
2
(H) = {T ∈ B(H) : R(T ∗ A

1
2 ) ⊂ R(A

1
2 )}. By Theorem 1, it is evident that

B
A

1
2
(H) = {T ∈ B(H) : ∃ d > 0, ‖T x‖A ≤ d‖x‖A, for all x ∈ H}.

In Arias et al. [4], the inclusion relations are established as BA(H) ⊂ B
A

1
2
(H) ⊂ B A(H) ⊂ B(H).

For T ∈ BA(H), there exists a unique A-adjoint denoted as T �, satisfying T ∗ A = AT � with R(T �) ⊂ R(A).
The reduced solution T � of T ∗ A = AX implies N (T �) = N (T ∗ A), and T � = A†T ∗ A, where A† represents the
Moore-Penrose of A in the domain D(A†) = R(A) ⊕ R(A)⊥.

An operator T ∈ BA(H) is said to be A-selfadjoint if T ∗ A = AT . In a similar way, if T ∈ B
A

1
2
(H), there

exists a unique reduced solution T 
 such that T ∗ A
1
2 = A

1
2 T 
 with R(T 
) ⊂ R(A

1
2 ).

Proposition 2 Arias et al. [3] Let T ∈ B(H). Then the following statements are equivalent:

1. T ∈ B A(H).
2. A

1
2 T (A

1
2 )† is bounded.

3. R(A
1
2 T ∗ A

1
2 ) ⊂ R(A).

Furthermore, one of these conditions ensures that ‖T ‖A = ‖A
1
2 T (A

1
2 )†‖ = ‖(A

1
2 )†T ∗ A

1
2 ‖.

Here, we derive several noteworthy properties associated with the operator T � extensively explored in the
literature Arias et al. [1,3]. For the sake of completeness, we present and elaborate on these properties. The
notation P replacing PR(A) throughout, where PR(A) signifies the orthogonal projection onto the closure of the
range of A.

Proposition 3 Arias et al. [1,3] Let T ∈ BA(H). Then the following statements are true:

1. For any c > 0, it is established that (Ac)� = Ac.
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2. In a situation where AT = T A, the relationship T � = PT ∗ holds.

3. If AT = T ∗ A, then (A
1
2 )†T ∗ A

1
2 manifests as a selfadjoint operator.

4. If W ∈ BA(H), then T W is an element of BA(H) and the relation (T W )� = W �T � holds good.
5. The operator T � is in BA(H) and (T �)� = PT P. Notably, ((T �)�)� = T �.

6. ‖T ‖A = ‖T �‖A = ‖T �T ‖A

1
2 .

Definition 3 Feki [5] Let T ∈ B(H). The A-numerical range, denoted by WA(T ), is defined as follows:

WA(T ) = {〈T x, x〉A : x ∈ H, ‖x‖A = 1}.
Furthermore, the A-numerical radius, denoted by wA(T ), is defined as follows:

wA(T ) = sup{|〈T x, x〉|A : x ∈ H, ‖x‖A = 1},
Theorem 4 Baklouti et al. [6] For any T ∈ B(H), the A-numerical range WA(T ) forms a convex subset of the
complex plane C.

Definition 4 Let T ∈ B(H). A scalar λ ∈ C is said to be an A-point spectral value of T if there exists x ∈ H

with ‖x‖A �= 0 such that x ∈ N (A
1
2 (λ − T )). The set of all A-point spectral values of T is termed the A-point

spectrum of T , denoted by σAp (T ).

Definition 5 Let T ∈ B(H). A scalar λ ∈ C is said to be an A-approximate point spectral value of T if there
exists a sequence {xn} in H , where ‖xn‖A = 1, such that ‖(T − λ)xn‖A → 0 as n → ∞.

The set of all A-approximate point spectral values of T is called the A-approximate point spectrum of T ,
denoted by σAapp (T ).

Notably, if T ∈ B
A

1
2
(H), λ ∈ σAapp (T ) can equivalently be characterized by the existence of a sequence

{zn} in R(A) with ‖zn‖A = 1 such that ‖(T − λ)zn‖A → 0 as n → ∞. Additionally, it is evident that
σAp (T ) ⊂ σAapp (T ), for all T ∈ B(H).

The notions of A-point and A-approximate point spectral values are studied in Sen et al. [7] for A
1
2 -adjoint

operators. Our definitions are generalized versions of any bounded operator.

Definition 6 Baklouti and Namouri [8] A non-zero operator T ∈ B
A

1
2
(H) is said to be A-invertible in B

A
1
2
(H)

if there exists a non-zero operator S ∈ B
A

1
2
(H) such that AT S = AST = A. The operator S is called an

A-inverse in B
A

1
2
(H).

Similarly, a non-zero operator T ∈ BA(H) is said to be A-invertible in BA(H) if there exists a non-zero
operator S ∈ BA(H) such that AT S = AST = A. Here, S is called an A-inverse in BA(H).

Definition 7 Baklouti and Namouri [8] Let T ∈ B
A

1
2
(H).

1. The A-resolvent set of T , denoted by ρA(T ), is defined as ρA(T ) = {λ ∈ C : (λ − T ) is A-invertible in
B

A
1
2
(H)}.

2. The A-spectrum of T is denoted by σA(T ) = C \ ρA(T ).

Remark 1 Baklouti and Namouri [8] For T ∈ B
A

1
2
(H) being an A-invertible operator in B

A
1
2
(H) with an

A-inverse S ∈ B
A

1
2
(H), the following statements are equivalent:

1. AT S = AST = A.
2. PT S = P ST = P .
3. A

1
2 T S = A

1
2 ST = A

1
2 .

Remark 2 Suppose T, S are operators in BA(H). The condition for T to be an A-invertible operator in BA(H)

with an A-inverse S in BA(H) is equivalent to T � possessing same property with an A-inverse S� in BA(H).

Definition 8 Feki [5] Let T ∈ B
A

1
2
(H). The A-spectral radius of T is defined as

rA(T ) = lim
n→∞(‖T n‖A)

1
n .
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1166 A. Majumdar, P. S. Johnson

Theorem 5 Feki [5] If T ∈ B
A

1
2
(H), then rA(T ) satisfies rA(T ) ≤ wA(T ) ≤ ‖T ‖A.

Theorem 6 Baklouti and Mabrouk [9] If T ∈ BA(H) is A-invertible in B
A

1
2
(H), any A-inverse of T in B

A
1
2
(H)

also belongs to BA(H).

Definition 9 Arias et al. [4] Let T ∈ B(H). The A-reduced minimum modulus of T is given by

γA(T ) = inf{‖T x‖A : x ∈ N (A
1
2 T )⊥A , ‖x‖A = 1}. (1)

For T ∈ BA(H), γA(T ) = inf{‖T x‖A : x ∈ R(T �T ), ‖x‖A = 1}.
Proposition 7 Arias et al. [4] Let T ∈ BA(H) and E be a solution of the equation A

1
2 X = T ∗ A

1
2 . If

A
1
2 R(T �T ) ⊂ R(E), then γA(T ) = γ (E).

Proposition 8 Arias et al. [4] Let T ∈ BA(H). Then

1. γA(T ) = γ (T 
).
2. γA(T ) = γA(T �).

Now let us consider the Hilbert space R(A
1
2 ) = (R(A

1
2 ), (., .)) with the inner product (A

1
2 x, A

1
2 y) =

〈Px, Py〉, for all x, y ∈ H . Then ‖A
1
2 x‖

R(A
1
2 )

= ‖Px‖, for all x ∈ H . We define two operators: WA : H �→
R(A

1
2 ) by WA(x) = Ax, for all x ∈ H and Z A : H �→ R(A

1
2 ) by Z A(x) = A

1
2 (x), for all x ∈ H . Several

properties of the operators WA and Z A have been studied extensively in the paper Arias et al. [4].
The subsequent outcome delineates the connection between A-bounded operators in a semi-Hilbertian space

H and operators in B(R(A
1
2 )).

Proposition 9 Arias et al. [4] Let T ∈ B(H). The operator T ∈ B
A

1
2
(H) if and if there exists an unique

T̃ ∈ B(R(A
1
2 )) such that T̃ WA = WAT .

2 Some characterizations of the A-approximate point spectrum

The study conducted by Hamadi Baklouti and Sirine Namouri in 2021 Baklouti and Namouri [8] deals with the
spectral analysis of bounded operators on semi-Hilbertian spaces. In this context, we present various characteriza-
tions of the A-approximate point spectrum of T ∈ B

A
1
2
(H). The following results contribute to a comprehensive

understanding of the properties and relationships within this mathematical framework.

Theorem 10 Let T ∈ BA(H) be A-invertible in BA(H). Then γA(T ) = γA(T �) > 0.

Proof A-invertibility of T ∈ BA(H) in BA(H) confirms that there exists S ∈ BA(H) such that AST = AT S =
A. Moreover, ‖S‖A �= 0 because ‖S‖A = 0 if and only if AS = 0 which implies A = AST = 0. Also,

‖x‖A = ‖ST x‖A ≤ ‖S‖A‖T x‖A, for all x ∈ H.

Therefore, 0 < 1
‖S‖A

≤ γA(T ) = γA(T �). ��
Remark 3 Let T ∈ B

A
1
2
(H) be A-invertible in B

A
1
2
(H). Then 0 < 1

‖S‖A
≤ γA(T ). Moreover, 1

‖S‖A
= γA(T )

when ‖S‖A‖T ‖A = 1.

Corollary 1 Let T ∈ BA(H) be A-invertible in BA(H). Then R(T 
) is closed.

Proof Proposition 8 and Theorem 10 guarantee that γ (T 
) > 0. Therefore R(T 
) is closed. ��
The following Theorem is proved for T ∈ B

A
1
2
(H) in Proposition 2.7 Sen et al. [7], but we prove for any

T ∈ B(H).

Theorem 11 Let T ∈ B(H). Then σAapp (T ) ⊂ WA(T ).
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Proof Let us consider λ ∈ σAapp (T ). Then there exists a sequence {xn} in the Hilbert space H , where ‖xn‖A = 1,
such that ‖(λ − T )xn‖A → 0 as n → ∞. Then

|〈(T − λ)xn, xn〉A| ≤ ‖(T − λ)xn‖A‖xn‖A. (2)

The right-hand side of the above inequality (2) goes to 0 as n → ∞. Thus λ ∈ WA(T ). Therefore, σAapp (T ) ⊂
WA(T ). ��
Theorem 12 Let T ∈ B(H). Then σAapp (T ) is closed.

Proof Let us consider an arbitrary element λ ∈ σAapp (T ). Then there exists a sequence {λn} in σAapp (T ) such
that λn → λ as n → ∞. If λ /∈ σAapp (T ), then there exists a constant c > 0 such that ‖(T − λ)x‖A ≥
c‖x‖A, for all x ∈ H . Moreover, we can get a natural number m ∈ N such that |λn − λ| < c

2 , for all n ≥ m.
Thus,

‖(T − λm)x‖A = ‖(T − λ)x + (λ − λm)x‖A ≥ c

2
‖x‖A, for all x ∈ H. (3)

This is a contradiction because λm ∈ σAapp (T ). Therefore, σAapp (T ) is closed. ��
Theorem 13 Let T ∈ B

A
1
2
(H). Then σAapp (T ) ⊂ σA(T ).

Proof Let us consider an arbitrary element λ ∈ σAapp (T ) but λ /∈ σA(T ). Then there exists an A-inverse

Sλ ∈ B
A

1
2
(H) of (λ − T ) ∈ B

A
1
2
(H) such that A

1
2 (λ − T )Sλ = A

1
2 Sλ(λ − T ) = A

1
2 . Also, we obtain a

sequence {xn} in H , satisfying ‖xn‖A = 1, such that the expression ‖(λ − T )xn‖A → 0 as n → ∞. We now
have

‖xn‖A = 1 = ‖A
1
2 Sλ(λ − T )xn‖ = ‖(Sλ


)∗ A
1
2 (λ − T )xn‖ ≤ ‖(Sλ


)∗‖‖(λ − T )xn‖A. (4)

The left side of the above inequality (4) is 1, but the right-hand side goes to 0 as n → ∞, which is a contradiction.
Therefore, σAapp (T ) ⊂ σA(T ). ��
Corollary 2 Let T ∈ B

A
1
2
(H). If the conditions wA(T ) = ‖T ‖A and T A

1
2 = A

1
2 T hold, then rA(T ) = ‖T ‖A.

Proof Without loss of generality, we can assume that wA(T ) = ‖T ‖A = 1. Then there exists λ ∈ C with |λ| = 1
such that 〈T xn, xn〉A → λ as n → ∞, for some sequence {xn} in H with ‖xn‖A = 1. By Cauchy-Schwarz
inequality, |〈T xn, xn〉A| ≤ ‖T xn‖A ≤ 1. So, ‖T xn‖A → 1 as n → ∞.

‖(T − λ)xn‖2
A = ‖T xn‖2

A − λ〈Axn, T xn〉 − λ〈AT xn, xn〉 + |λ|2〈Axn, xn〉. (5)

The right-hand side of the equality (5) goes to 0 as n → ∞. Thus, λ ∈ σAapp (T ) ⊂ σA(T ). By Theorem
3.11 Majumdar and Johnson [10] and Theorem 5, we get ‖T ‖A = 1 ≤ rA(T ) ≤ wA(T ) = ‖T ‖A. Therefore,
rA(T ) = ‖T ‖A. ��
Theorem 14 Let T ∈ B

A
1
2
(H). Then σAapp (T ) = σAapp (PT ) = σAapp (T P).

Proof The scalar λ belongs to σAapp (T ) if and only if we obtain a sequence {xn} in R(A), where ‖xn‖A = 1,
such that ‖(λ − T )xn‖A → 0 as n → ∞. Equivalently this conditions holds if there exists a sequence {xn} in

R(A) with ‖xn‖A = 1 such that ‖A
1
2 (λ− PT )xn‖ = ‖(λ− PT )xn‖A → 0 as n → ∞. Consequently it follows

that σAapp (T ) = σAapp (PT ). Similarly, the same reason can be applied to demonstrate the second equality. ��
Theorem 15 Let T ∈ B

A
1
2
(H) be A-invertible in B

A
1
2
(H) with A-inverse S ∈ B

A
1
2
(H). Then σAapp (S) = {λ ∈

C : 1
λ

∈ σAapp (T )}.
Proof It is obvious that 0 ∈ ρA(T ) and 0 ∈ ρA(S). So, 0 /∈ σAapp (T ) and 0 /∈ σAapp (S). Let 1

λ
∈ σAapp (T ). Then

there exists a sequence {xn} in H , where ‖xn‖A = 1, such that

∥
∥
∥

(1

λ
− T

)

xn

∥
∥
∥

A
= ‖(S − λ)T xn‖A

|λ| . (6)
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1168 A. Majumdar, P. S. Johnson

The equality (6) goes to 0 as n → ∞. Since 0 /∈ σAapp (T ), we get a constant a > 0 such that ‖T x‖A ≥ a‖x‖A.

So, 1
‖T xn‖A

≤ 1
a , for all n ∈ N. Now consider, zn = T xn‖T xn‖A

, for all n ∈ N.

‖(λ − S)zn‖A = ‖(λ − S)T xn‖A

‖T xn‖A
≤ 1

a
‖(λ − S)T xn‖A. (7)

The right-hand side of the inequality (7) goes to 0 as n → ∞. Thus, λ ∈ σAapp (S).
Now, we will prove the converse part. Let us consider μ ∈ σAapp (S). Then we obtain a sequence {zn} in

H , where ‖zn‖A = 1, such that ‖(μ − S)zn‖A = |μ|‖( 1
μ

− T )Szn‖
A

→ 0 as n → ∞. Since 0 /∈ σAapp (S),

we get a positive real number d > 0 such that ‖Sz‖A ≥ d‖z‖A. So, 1
d ≥ 1

‖Szn‖A
, for all n ∈ N. Consider,

wn = Szn‖Szn‖A
, for all n ∈ N.

∥
∥
∥

( 1

μ
− T

)

wn

∥
∥
∥

A
= ‖( 1

μ
− T )Szn‖A

‖Szn‖A
≤ 1

d

∥
∥
∥

( 1

μ
− T

)

Szn

∥
∥
∥

A
. (8)

The right-hand side of the inequality (8) goes to 0 as n → ∞. Hence, 1
μ

∈ σAapp (T ). Therefore, σAapp (S) =
{λ ∈ C : 1

λ
∈ σAapp (T )}. ��

Remark 4 Let W ∈ B
A

1
2
(H) be A-invertible with an A-inverse V in B

A
1
2
(H). Let T be in B

A
1
2
(H). Then,

σAapp (W V T ) = σAapp (V W T ) = σAapp (T ).

Theorem 16 Let T ∈ B
A

1
2
(H). If λ ∈ σAapp (T ), then λn ∈ σAapp (T

n), for all n ∈ N.

Proof For λ ∈ σAapp (T ), we obtain a sequence {xn} in H , satisfying ‖xn‖A = 1, such that ‖(λ − T )xn‖A → 0
as n → ∞. Then,

‖(λn − T n)xn‖A ≤ ‖λn−1 + · · · + λT n−2 + T n−1‖A‖(λ − T )xn‖A. (9)

The right-hand of the inequality (9) goes to 0 as n → ∞. Therefore, λn ∈ σAapp (T
n), for all n ∈ N. ��

Theorem 17 Let T ∈ B
A

1
2
(H). If λ ∈ WA(T ) with |λ| = ‖T ‖A, then λ ∈ σAp (T ).

Proof For λ ∈ WA(T ), there is an element x ∈ H , where ‖x‖A = 1, such that λ = 〈T x, x〉A. So, ‖T ‖A = |λ| =
|〈A

1
2 T x, A

1
2 x〉| ≤ ‖T x‖A‖x‖A ≤ ‖T ‖A. Thus, |〈A

1
2 T x, A

1
2 x〉| = ‖A

1
2 T x‖‖A

1
2 x‖. There exists μ ∈ C with

A
1
2 T x = μA

1
2 x which implies AT x = μAx . Now, λ = 〈μAx, x〉 = μ implies ‖(T − λ)x‖A = 0. Therefore,

λ ∈ σAp (T ). ��
Theorem 18 Baklouti and Mabrouk [9] Under the assumption that A has a closed range and T ∈ B

A
1
2
(H),

the A-invertibility of T in B
A

1
2
(H) is established if and only if T̃ is invertible in B(R(A

1
2 )). Specifically, this

equivalence extends to the equality as σA(T ) = σ(T̃ ), for all T ∈ B
A

1
2
(H). Here σ(T̃ ) denotes the spectrum

of T̃ .

Corollary 3 Let H be a finite-dimensional Hilbert space. Then σA(T ) = σAapp (T ) = σAp (T ) for all T ∈
B

A
1
2
(H).

Proof This result follows from Theorem 2.13 Sen et al. [7] and Proposition 2.5 Sen et al. [7]. ��
The closed range of the operator A is used in the proof of Theorem 5.1 Baklouti and Namouri [8], though

it is not mentioned in the statement of Theorem 5.1 Baklouti and Namouri [8]. Moreover, the modified version
of Theorem 5.1 Baklouti and Namouri [8] has been established in Theorem 3.1 Majumdar and Johnson [10]. In
literature, Theorem 5.1 Baklouti and Namouri [8] has been used to prove several other results including Theorem
5.3 Baklouti and Namouri [8] and Theorem 2.11 Sen et al. [7]. The modified version of Theorem 5.3 Baklouti
and Namouri [8] is proved in Majumdar and Johnson [10] and it is stated in the following Lemma.

Lemma 1 Majumdar and Johnson [10] Let T ∈ B
A

1
2
(H) be invertible in B

A
1
2
(H), possessing an A-inverse

denoted by S. Let T ′ be another operator in B
A

1
2
(H) such that ‖T ′S‖A < 1 and ‖(T ′S)
‖A < 1. Then T + T ′

is A-invertible in B
A

1
2
(H).
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Theorem 19 If T belongs to the space B
A

1
2
(H), then both the A-spectrum σA(T ) and A-approximate point

spectrum σAapp (T ) are compact sets within the complex plane C.

Proof First, we will show that ρA(T ) is open. Let us consider an arbitrary element λ0 ∈ ρA(T ). Then there exists
an A-inverse of (λ0 − T ) in B

A
1
2
(H), say Sλ0 , such that P(λ0 − T )Sλ0 = P Sλ0(λ0 − T ) = P . It is obvious from

Lemma 1 that λ − T is invertible on B
A

1
2
(H) for all λ ∈ {μ : |μ − λ0| < 1

max{‖Sλ0 ‖A,‖S

λ0

‖A} }. Thus, ρA(T ) is

open. Hence, Corollary 3.15 Majumdar and Johnson [10] confirms that σA(T ) is compact. Furthermore, Theorem
12 and Theorem 13 conclude that σAapp (T ) is compact. ��
Theorem 20 Let T ∈ B

A
1
2
(H). Then the conjugate set (σA(T 
))∗ is equal to the A-spectrum set σA(T ), where

(σA(T 
))∗ denotes the conjugate set of σA(T 
).

Proof λ ∈ ρA(T ) if and only if there exists Sλ ∈ B
A

1
2
(H) such that P(λ − T )Sλ = P Sλ(λ − T ) = P if and

only if P(Sλ)

(λP − T 
) = P(λP − T 
)(Sλ)


 = P if and only if P(Sλ)

(λ − T 
) = P(λ − T 
)(Sλ)


 = P if
and only if λ ∈ ρA(T 
). Therefore, (σA(T 
))∗ = σA(T ). ��
Corollary 4 Let T ∈ BA(H). Then (σA(T �))∗ = σA(T ).

Theorem 21 Let T ∈ B
A

1
2
(H). Then σAapp (T ) = σAapp ((T


)
).

Proof For any λ ∈ σAapp (T ), there exists {xn} ∈ R(A) with ‖xn‖A = 1 such that ‖(λ − T )xn‖A → 0 as

n → ∞. The condition is equivalent to the existence of a sequence {xn} ∈ R(A) with ‖xn‖A = 1 such
that ‖(λP − PT P)xn‖A → 0 as n → ∞. Moreover, it is also equivalent to the existence of a sequence
{xn} ∈ R(A) with ‖xn‖A = 1 such that ‖(λ − (T 
)
)xn‖A → 0 as n → ∞. Finally the equivalence extends to
λ ∈ σAapp ((T


)
). ��
In the following theorem, we prove the modified version of Theorem 2.11 Sen et al. [7].

Theorem 22 Let T ∈ B
A

1
2
(H). Then the boundary of σA(T ) is contained in the union of two sets

σAapp (T ) and (σAapp (T

))∗, that is, ∂σA(T ) ⊂ σAapp (T ) ∪ (σAapp (T


))∗. Here, ∂σA(T ) denotes the set of
all boundary points.

Proof Let us consider λ ∈ ∂σA(T ). Then there exists a sequence {λn} in C \ σA(T ) such that λn → λ as
n → ∞. Moreover, we get Sλn ∈ B

A
1
2
(H), for all n ∈ N, with P(λn − T )Sλn = P Sλn (λn − T ) = P .

Now we claim ‖Sλn ‖A → ∞ or ‖S

λn

‖A → ∞ as n → ∞. Suppose ‖Sλn ‖A ≤ M and ‖S

λn

‖A ≤ M , for

some M > 0 and for all n ∈ N. We get a natural number m ∈ N such that |λm − λ| < 1
M ≤ 1

‖Sλm ‖A
and

|λm − λ| < 1
M ≤ 1

‖S

λm

‖A
which imply ‖(λm − λ)Sλm ‖A < 1 and ‖(λm − λ)S


λm
‖A < 1. From Lemma 1, we

get that (λ − T ) is invertible in B
A

1
2
(H), which is a contradiction. Hence, ‖Sλn ‖A → ∞ or ‖S


λn
‖A → ∞ as

n → ∞. Suppose ‖Sλn ‖A → ∞ as n → ∞. So, we obtain a sequence {xn} in H , satisfying ‖xn‖A = 1, such
that αn = ‖Sλn xn‖A ≥ ‖Sλn ‖A − 1

n , for all n ∈ N. Thus, αn → ∞ as n → ∞. Now, we consider elements

yn = Sλn xn
αn

∈ H, for all n ∈ N. So,

‖(λ − T )yn‖A = ‖(λn − T )yn − (λn − λ)yn‖A ≤ ‖xn‖A

αn
+ |λn − λ|, (‖yn‖A = 1, for all n ∈ N). (10)

The right-hand side of the above inequality (10) goes to 0 as n → ∞. This implies λ ∈ σAapp (T ). Similarly, we get
λ ∈ (σAapp (T


))∗ when we consider ‖S

λn

‖A → ∞ as n → ∞. Therefore, ∂σA(T ) ⊂ σAapp (T )∪ (σAapp (T

))∗.

��
Remark 5 Let T ∈ B

A
1
2
(H) with R(A) is closed or T commutes with A. Then sup{λ : λ ∈ σA(H)} = rA(T )

Majumdar and Johnson [10] which implies that Lemma 1 is true without assuming ‖(T ′S)
‖A < 1. Moreover,
we can state Theorem 22 as ∂σA(T ) ⊂ σAapp (T ). The convex hull of σA(T ) is in WA(T ) because of Theorem 4
and Theorem 11.

Theorem 23 If T belongs to the space B
A

1
2
(H), then the A-spectrum σA(T ) is non-empty.
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1170 A. Majumdar, P. S. Johnson

Proof The proof follows from Theorem 3.17 Majumdar and Johnson [10] and Corollary 5.7 Baklouti and
Namouri [8]. ��
Corollary 5 Let T ∈ B

A
1
2
(H). Then either σAapp (T ) or σAapp (T


) is not empty.

Proof We know that σA(T ) is non-empty by Theorem 23. The closedness of σA(T ) and Theorem 22 conclude
that either σAapp (T ) or σAapp (T


) is a non-empty set in C. ��
Theorem 24 Let T, T ′ ∈ BA(H) with T �(T ′)� = (T ′)�T �. Then the following conditions are equivalent:

1. T and T ′ both are A-invertible in BA(H).
2. T T ′ is also A-invertible in BA(H).

Proof (1) �⇒ (2) It can be directly shown by Proposition 4.5 in Baklouti and Namouri [8] and Theorem 6.
(2) �⇒ (1) Let S be an A-inverse in BA(H) of the A-invertible operator (T T ′)�. Then A(T ′)�T �S =

AS(T ′)�T � = A. We claim AT �S(T ′)� = A. Let x ∈ N (A) be an arbitrary element. Then (T ′)�x ∈ N (A) which
implies N (A) ⊂ N (A(T ′)�). Taking an element z ∈ N (A(T ′)�) implies P(T ′)�z = 0. So, Pz = P S(T ′)�T �z =
P ST � P(T ′)�z = 0. Hence, the reverse inclusion is also true and N (A) = N (A(T ′)�). So, A(T ′)�T �S = A
implies A(T ′)�T �S(T ′)� = A(T ′)� and

A(T ′)�T �S(T ′)� = A(T ′)�

A(T ′)�(T �S(T ′)� − I ) = 0

AT �S(T ′)� = A.

Thus, (T ′)� is A-invertible with an A-inverse T �S ∈ BA(H). Similarly, we can prove that T � is also A-invertible
in BA(H). Therefore, T and T ′ both are A-invertible in BA(H). ��
Theorem 25 Let T ∈ BA(H). Then T is A-selfadjoint if and only if WA(T ) is real.

Proof Since T ∗ A = AT , we have

〈T x, x〉A = 〈T ∗ Ax, x〉 = 〈x, AT x〉 = 〈T x, x〉A, for all x ∈ H.

Thus, WA(T ) is real.
Conversely, for all x ∈ H with ‖x‖A = 1, 〈T x, x〉A = 〈T x, x〉A. Hence 〈(T ∗ A − AT )x, x〉 = 0. Let us

consider z ∈ R(A). Then 〈(T ∗ A − AT ) z
‖z‖A

, z
‖z‖A

〉 = 0 implies 〈(T ∗ A − AT )z, z〉 = 0. So, T ∗ A = AT in

R(A). Moreover, T ∗ A = AT in N (A) because T (N (A)) ⊂ N (A). Therefore, T is A-selfadjoint. ��
Corollary 6 Let T ∈ B

A
1
2
(H) with R(A) is closed. If T is A-selfadjoint, then σA(T ) is real.

Proof Drawing upon Remark 5 and Theorem 25, it can be inferred that σA(T ) is real. ��
Theorem 26 Let T ∈ BA(H) be A-invertible in BA(H) with an A-inverse S. Then T is A-selfadjoint if and
only if S is also A-selfadjoint.

Proof By the given conditions, we have T ∗ A = AT and AST = AT S = A. Then S∗T ∗ A = A if and only if
S∗ AT = A. So, S∗ AT S = AS implies S∗ A = AS. Therefore, S is A-selfadjoint. To prove the converse part,
we interchange S and T respectively. ��

3 A-approximate point spectrum of tensor product of two A
1
2 -adjoint operators

For x ∈ H1 and y ∈ H2, we define a linear operator x ⊗ y from H2 to H1 by

(x ⊗ y)(z) = 〈z, y〉x, for all z ∈ H2.

The expressions of the form x ⊗ y are commonly referred to as “elementary tensors". Let H1 � H2 be the linear
space spanned by elementary tensors x ⊗ y. For u = ∑r

k=1 ck(xk ⊗ yk) ∈ H1 � H2 and v = ∑s
	=1 d	(x	

′ ⊗ y	
′
) ∈

H1 � H2, we define (u, v) = ∑r
k=1

∑s
	=1 ckd	〈xk, x	

′ 〉〈yk, y	
′ 〉. It is easy to show that (H1 � H2, (., .)) is a

well-defined inner product space. The completion of the inner product space (H1 � H2, (., .)) is called the
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A-approximate Point Spectrum… 1171

tensor product of Hilbert spaces H1, H2, denoted by H1 ⊗ H2. The norm in the Hilbert space H1 ⊗ H2 has the
cross-property

‖x ⊗ y‖ = ‖x‖‖y‖, for all x ∈ H1, for all y ∈ H2.

Let A1 and A2 be two positive operators in two Hilbert spaces H1 and H2 respectively with T1 ∈ B
A

1
2
1

(H1), T2 ∈
B

A
1
2
2

(H2). We now define T1 � T2 on H1 � H2 by T1 � T2(ak
∑m

k=1 zk ⊗ wk) = ∑m
k=1 ak(T1zk ⊗ T2wk). Then

T1 �T2 is bounded. We extend the bounded operator T1 �T2 to Hilbert space H1 ⊗ H2 and the extended operator
is called the tensor product of two operators T1 and T2, denoted by T1 ⊗ T2. It can be easily shown that T1 ⊗ T2
is in B

A
1
2
1 ⊗A

1
2
2

(H1 ⊗ H2).

In this section, we discuss the A-approximate point spectrum of the tensor product of two A
1
2 -adjoint

operators.

Theorem 27 Let A1 and A2 be two positive operators in two Hilbert spaces H1 and H2 respectively with
T1 ∈ B

A
1
2
1

(H1), T2 ∈ B
A

1
2
2

(H2). Then

σA1app (T1)σA2app (T2) ⊂ σ(A1⊗A2)app (T1 ⊗ T2).

Proof Let us consider λ1 ∈ σA1app (T1) and λ2 ∈ σA2app (T2). Then there exist sequences {xn} and {yn} in H1
and H2 respectively with ‖xn‖A1 = ‖yn‖A2 = 1 such that ‖(λ1 − T1)xn‖A1 → 0 and ‖(λ2 − T2)yn‖A2 → 0 as
n → ∞. Moreover, ‖xn ⊗ yn‖A1⊗A2 = ‖xn‖A1‖yn‖A2 = 1, for all n ∈ N.

‖((T1 ⊗ T2) − λ1λ2)(xn ⊗ yn)‖A1⊗A2

= ‖(A1
1
2 T1xn ⊗ A2

1
2 T2 yn) − λ1λ2(A1

1
2 xn ⊗ A2

1
2 yn)‖

= ‖(A1
1
2 (T1 − λ1) ⊗ A2

1
2 T2 + λ1 A1

1
2 ⊗ A2

1
2 (T2 − λ2))(xn ⊗ yn)‖

≤ ‖(T1 − λ1)xn‖A1‖T2 yn‖A2 + |λ1|‖(T2 − λ2)yn‖A2 .

(11)

The right-hand side of the inequality (11) goes to 0 as n → ∞. So, λ1λ2 ∈ σ(A1⊗A2)app (T1 ⊗ T2). Therefore,
σA1app (T1)σA2app (T2) ⊂ σ(A1⊗A2)app (T1 ⊗ T2). ��
Lemma 2 Let A1 and A2 be two positive operators in Hilbert spaces H1 and H2 respectively with T1 ∈
B

A
1
2
1

(H1), T2 ∈ B
A

1
2
2

(H2). Then

σA1⊗A2(T1 ⊗ I ) ⊂ σA1(T1) and σA1⊗A2(I ⊗ T2) ⊂ σA2(T2).

Proof Let us consider λ ∈ ρA1(T1). Then there exists Sλ ∈ B
A1

1
2
(H) such that A1(λ−T1)Sλ = A1Sλ(λ−T1) =

A1. So,

(A1 ⊗ A2)((λI ⊗ I ) − (T1 ⊗ I ))(Sλ ⊗ I ) = A1 ⊗ A2

= (A1 ⊗ A2)(Sλ ⊗ I )((λI ⊗ I ) − (T1 ⊗ I )).

Thus, λ ∈ ρA1⊗A2(T1⊗ I ). Therefore, σA1⊗A2(T1⊗ I ) ⊂ σA1(T1). Similarly, we can prove that σA1⊗A2(I ⊗T2) ⊂
σA2(T2). ��
We now consider a special case when A1 = A2 = A and H1 = H2 = H .

Theorem 28 Let A be a positive operator on H with T1 ∈ B
A

1
2
(H), T2 ∈ B

A
1
2
(H). Then

σ(A⊗A)app (T1 � I ) = σAapp (T1) and σ(A⊗A)app (I � T2) = σAapp (T2).
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1172 A. Majumdar, P. S. Johnson

Proof Let λ ∈ σ(A⊗A)app (T1 � I ). Then we obtain a sequence {xn ⊗ yn} in H � H , where ‖xn ⊗ yn‖A⊗A = 1,
such that ‖(λ(I � I ) − (T1 � I ))xn ⊗ yn‖A⊗A → 0 as n → ∞. Moreover, ‖xn ⊗ yn‖A⊗A = ‖xn‖A‖yn‖A =
1, for all n ∈ N. Assume, λ /∈ σAapp (T1). Then there exists dλ > 0 such that ‖(λ−T1)x‖A ≥ dλ‖x‖A, for all x ∈
H . So,

dλ = dλ‖xn‖A‖yn‖A ≤ ‖(λ − T1)xn‖A‖yn‖A = ‖(λ − T1)xn ⊗ yn‖A⊗A. (12)

The right-hand side of the inequality (12) goes to 0 as n → ∞. So dλ = 0, which is contradiction. Hence,
σ(A⊗A)app (T1 � I ) ⊂ σAapp (T1).

Conversely, let μ ∈ σAapp (T1). We obtain a sequence {zn} in H with ‖zn‖A = 1 such that ‖(μ−T1)zn‖A → 0
as n → ∞. Moreover, ‖zn ⊗ zn‖A⊗A = ‖zn‖A‖zn‖A = 1.

‖(μ(I � I ) − (T1 � I ))(zn ⊗ zn)‖A⊗A = ‖(μ − T1)zn‖A. (13)

The right-hand side of the equation (13) goes to 0 as n → ∞. Therefore, σAapp (T1) = σ(A⊗A)app (T1 � I ).
Similarly, we can prove that σ(A⊗A)app (I � T2) = σAapp (T2). ��

4 Some characterizations of A-normal operators

An A-normal operator T ∈ BA(H) is defined in Saddi [11] as an operator for which T �T = T T �. This condition
is equivalent to asserting that the range of T T � is contained in the closure of the range of the operator A, and
‖T x‖A = ‖T �x‖A, for all x ∈ H .

On the other hand, the paper cited as Sen et al. [7] introduces a different definition of an A-normal operator
T in the space BA(H). In this case an operator is considered A-normal if it satisfies the condition ‖T x‖A =
‖T �x‖A, for all x ∈ H . This definition for A-normal operators is used in the sequel.

Moreover, the concept of an A-hyponormal operator is introduced in Mahmoud Sid Ahmed and Benali [12].
An operator T ∈ BA(H) is said to be A-hyponormal if T �T − T T � ≥A 0, which is further equivalent to the
condition ‖T x‖A ≥ ‖T �x‖A, for all x ∈ H .

We introduce a new operator Ta : R(A) �→ R(A) defined as follows: for all x ∈ R(A), Ta(x) =
(A

1
2 )†T ∗ A

1
2 (x) where T ∈ B

A
1
2
(H).

Theorem 29 Let T ∈ BA(H). Then T is a A-normal operator if and only if Ta is normal.

Proof Suppose that T is A-normal. It is easy to show that T ∗
a = A

1
2 T (A

1
2 )†|R(A). Now consider an arbitrary

element Aw ∈ R(A), we get

‖Ta(Aw)‖ = ‖T � A
1
2 w‖A = ‖T A

1
2 w‖A = ‖A

1
2 T (A

1
2 )† Aw‖ = ‖T ∗

a Aw‖.
The denseness of R(A) in R(A) confirms Ta is normal.
Conversely, let us consider x ∈ H . Then

‖Ta(Ax)‖ = ‖T ∗
a (Ax)‖

‖T � A
1
2 x‖A = ‖T A

1
2 x‖A.

We know that R(A
1
2 ) is dense in R(A). So, ‖T u‖A = ‖T �u‖A, for all u ∈ R(A). Again, ‖T v‖A =

‖T �v‖A, for all v ∈ N (A). Therefore, T is A-normal. ��
Theorem 30 Let T ∈ BA(H). Then T is A-selfadjoint if and only if T̃ is also selfadjoint.

Proof First, we consider T ∗ A = AT . We will show that T̃ is selfadjoint.

(T̃ Ax, Ay)

= (T̃ WAx, Ay)

= 〈A
1
2 T x, A

1
2 y〉

= 〈x, T ∗ Ay〉
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= 〈A
1
2 x, A

1
2 T y〉

= (Ax, WAT y)

= (Ax, T̃ Ay).

The range of A is dense in R(A
1
2 ). Thus, (T̃ )∗ = T̃ .

Conversely, assume that T̃ is selfadjoint. Then for all x, y ∈ H , we get

(T̃ Ax, Ay) = (Ax, T̃ Ay)

(WAT x, Ay) = (Ax, WAT y)

〈A
1
2 T x, A

1
2 y〉 = 〈A

1
2 x, A

1
2 T y〉

〈x, T ∗ Ay〉 = 〈x, AT y〉.
Therefore, T is a A-selfadjoint operator. ��
Theorem 31 Sen et al. [7] Let T ∈ BA(H). If T is A-normal, then the following statements hold:

1. (T − λ) is A-normal, for all λ ∈ C.
2. The spectral radius of T is equal to ‖T ‖A.

Theorem 32 Let T ∈ BA(H) be A-normal with R(A) be closed. Then σA(T ) = σAapp (T ).

Proof Let us assume λ ∈ σA(T ) \ σAapp (T ). Then there exists dλ > 0 such that ‖(T − λ)x‖A ≥
dλ‖x‖A, for all x ∈ H . So, A-normality of (T − λ) confirms that ‖(T − λ)�x‖A ≥ dλ‖x‖A, for all x ∈ H .

Again, (A
1
2 )† is bounded because R(A) is closed.

‖(T − λ)�x‖2
A ≥ d2

λ‖x‖2
A

〈A(T − λ)A†(T − λ)∗ Ax, x〉 ≥ d2
λ〈Ax, x〉.

Then, there exists a reduced solution V ∈ B(H) such that A(T − λ)(A
1
2 )†V = A

1
2 which implies that A(T −

λ)(A
1
2 )†V A

1
2 = A.

Moreover, (A
1
2 )†V A

1
2 ∈ B

A
1
2
(H). The condition ‖(T − λ)x‖A ≥ dλ‖x‖A, for all x ∈ H , confirms that

N (A(T −λ)) ⊂ N (A). Now, the relation A(T −λ) = ((T −λ)�)∗ A guarantees that N (A(T −λ)) is equal to N (A).
By Proposition 3.7 Baklouti and Namouri [8], we get λ ∈ ρA(T ) which is a contradiction. So, λ ∈ σAapp (T ).
Therefore, σA(T ) = σAapp (T ). ��

From the Spectral Mapping Theorem, we know that σ( f (T )) = f (σ (T )), where T is a normal operator
and f is a continuous function on σ(T ). It is obvious to ask whether the set g(σA(T )) is equal or not with
the A-spectrum of a B

A
1
2
(H) operator, where g is a continuous function on σA(T ) and T is A-normal. In the

following theorems, our main goal is to show g(σA(T )) = σA((A
1
2 )†g(T ∗

a )A
1
2 ), when R(A) is assumed to be

closed.

Proposition 33 Let T ∈ BA(H) and q(x, y) = a0 + a1xr1 ys1 +· · ·+ ak xrk ysk , where ai ∈ C, i = 1, 2, . . . , k.
Then ‖q(T, T �)‖A = ‖q(T ∗

a , Ta)‖.

Proof It is evident that q(T, T �) belongs to the space BA(H). Now,

‖q(T, T �)‖A

= ‖A
1
2 (a0 + a1T r1(T �)s1 + · · · + ak T rk (T �)sk )(A

1
2 )†‖

= ‖a0 A
1
2 (A

1
2 )† + a1 A

1
2 T r1(T �)s1(A

1
2 )† + · · · + ak A

1
2 T rk (T �)sk (A

1
2 )†‖

= ‖a0 A
1
2 (A

1
2 )† + a1(A

1
2 T (A

1
2 )†)r1(A

1
2 T �(A

1
2 )†)s1 + · · · + ak(A

1
2 T (A

1
2 )†)rk (A

1
2 T �(A

1
2 )†)sk ‖

= ‖a0 + a1(T
∗

a )r1(Ta)s1 + · · · + ak(T
∗

a )rk (Ta)sk ‖
= ‖q(T ∗

a , Ta)‖.
��
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Theorem 34 Let T ∈ BA(H) be A-normal with R(A) be closed. Then σA(T ) = σ(T ∗
a ).

Proof Theorem 29 says that T ∗
a is normal. So, σ(T ∗

a ) = σapp(T ∗
a ), where σapp(T ∗

a ) is the approximate point
spectrum of T ∗

a . Now, take any arbitrary λ ∈ ρA(T ), and there exists an operator Sλ ∈ BA(H) such that

P(λ − T )Sλ = P Sλ(λ − T ) = P. (14)

From the equality (14), we get

S∗
λ(λ − T )∗ P = (λ − T )∗S∗

λ P = P

�⇒ (A
1
2 )†S∗

λ A
1
2 (A

1
2 )†(λ − T )∗ A

1
2 = (A

1
2 )†(λ − T )∗ A

1
2 (A

1
2 )†S∗

λ A
1
2 = P

�⇒ (Sλ)a(λ − Ta) = (λ − Ta)(Sλ)a = IR(A), where (Sλ)a = (A
1
2 )†S∗

λ A
1
2 |R(A).

Thus, σ(T ∗
a ) ⊂ σA(T ). Now, we will show the reverse inclusion σA(T ) ⊂ σ(T ∗

a ).
Let μ ∈ σA(T ). From Theorem 32, we get μ ∈ σAapp (T ). Then, we obtain a sequence {zn} in R(A) with

‖zn‖A = 1 such that ‖(μ − T )zn‖A → 0, as n → ∞. So, ‖(μ − T ∗
a )A

1
2 zn‖ = ‖(μ − T )zn‖A → 0 as n → ∞.

Hence, μ ∈ σapp(T ∗
a ) = σ(T ∗

a ). Therefore, σA(T ) = σ(T ∗
a ). ��

Theorem 35 Let T ∈ BA(H) be A-normal with R(A) be closed. Then f (σA(T )) = σA((A
1
2 )† f (T ∗

a )A
1
2 ),

where f is a continuous function on σA(T ).

Proof Let us consider λ ∈ ρ( f (T ∗
a )). Then there exists an operator Vλ ∈ B(R(A)) such that

(λ − f (T ∗
a ))Vλ = Vλ(λ − f (T ∗

a )) = IR(A). (15)

From the equality (15), we get

(A
1
2 )†(λ − f (T ∗

a ))A
1
2 (A

1
2 )†Vλ A

1
2 = (A

1
2 )†Vλ A

1
2 (A

1
2 )†(λ − f (T ∗

a ))A
1
2 = P

P(λ − (A
1
2 )† f (T ∗

a )A
1
2 )(A

1
2 )†Vλ A

1
2 = P(A

1
2 )†Vλ A

1
2 (λ − (A

1
2 )† f (T ∗

a )A
1
2 ) = P.

It is easy to prove that (A
1
2 )†Vλ A

1
2 ∈ B

A
1
2
(H). So, λ ∈ ρA((A

1
2 )† f (T ∗

a )A
1
2 ). Thus, σA((A

1
2 )† f (T ∗

a )A
1
2 ) ⊂

σ( f (T ∗
a )). Now, we claim the reverse inclusion σ( f (T ∗

a )) ⊂ σA((A
1
2 )† f (T ∗

a )A
1
2 ).

Let, μ ∈ ρA((A
1
2 )† f (T ∗

a )A
1
2 ). Then there exists Sμ ∈ B

A
1
2
(H) such that

P(μ − ((A
1
2 )† f (T ∗

a )A
1
2 ))Sμ = P Sμ((μ − ((A

1
2 )† f (T ∗

a )A
1
2 ))) = P. (16)

From the equality (16), we get

S∗
μ(A

1
2 )(μ − ( f (T ∗

a ))∗)(A
1
2 )† = A

1
2 (μ − ( f (T ∗

a ))∗)(A
1
2 )†S∗

μ = IR(A)

�⇒ (A
1
2 )†S∗

μ(A
1
2 )(μ − ( f (T ∗

a ))∗) = (μ − ( f (T ∗
a ))∗)(A

1
2 )†S∗

μ(A
1
2 ) = IR(A).

So, μ ∈ ρ( f (T ∗
a )) which implies that σ( f (T ∗

a )) ⊂ σA((A
1
2 )† f (T ∗

a )A
1
2 ). Therefore, σA((A

1
2 )† f (T ∗

a )A
1
2 ) =

σ( f (T ∗
a )) = f (σ (T ∗

a )) = f (σA(T )).
��

The closure of the numerical range of a normal operator coincides with the convex hull of its spectrum. A
natural question arises: Is it true that WA(T ) = conv(σA(T ))? In Sen et al. [7], authors claim the validity of
this equality in Theorem 2.21 Sen et al. [7]. However, the proof of Theorem 2.21 Sen et al. [7] is not rigorous,
as the authors rely on Theorem 2.12 Sen et al. [7] to establish conv(σA(T )) ⊂ WA(T ). The proof of Theorem
2.12 Sen et al. [7] itself relies on Theorem 2.11 Sen et al. [7], which is not precise due to the issues identified
in Theorem 5.1 Baklouti and Namouri [8]. In this paper, we will demonstrate the correctness of the equality
WA(T ) = conv(σA(T )) when T commutes with A and T is A-normal.

We introduce a new operator Tc : R(A) �→ R(A) by Tc(x) = A
1
2 T (A

1
2 )†|R(A)(x), for all x ∈ R(A) and

T ∈ B
A

1
2
(H).
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Lemma 3 Let T ∈ B
A

1
2
(H). Then WA(T ) ⊂ W (Tc).

Proof Let y ∈ WA(T ). Then we obtain x ∈ R(A) with ‖x‖A = 1 such that y = 〈T x, x〉A = 〈Tc(A
1
2 x), A

1
2 x〉.

So, y ∈ W (Tc). Therefore, WA(T ) ⊂ W (Tc). ��
Theorem 36 Let T ∈ B

A
1
2
(H). Then σ(Tc) ⊂ σA(T ).

Proof Let λ ∈ ρA(T ). Then there exists Sλ ∈ B
A

1
2
(H) such that

A
1
2 (λ − T )Sλ = A

1
2 Sλ(λ − T ) = A

1
2 . (17)

Now we claim that (λ − Tc) is invertible with the inverse A
1
2 Sλ(A

1
2 )†|R(A) .

From equation (17), we get

S∗
λ(λ − T )∗ A

1
2 = (λ − T )∗S∗

λ A
1
2 = A

1
2

�⇒ ((A
1
2 )†S∗

λ A
1
2 )((A

1
2 )†(λ − T )∗ A

1
2 ) = ((A

1
2 )†(λ − T )∗ A

1
2 )((A

1
2 )†S∗

λ A
1
2 ) = P

= ((A
1
2 )†(λ − T )∗ A

1
2 )∗((A

1
2 )†S∗

λ A
1
2 )∗ = ((A

1
2 )†S∗

λ A
1
2 )∗((A

1
2 )†(λ − T )∗ A

1
2 )∗ = P

�⇒ (A
1
2 (λ − T )(A

1
2 )†|R(A))(A

1
2 Sλ(A

1
2 )†|R(A)) = (A

1
2 Sλ(A

1
2 )†|R(A))(A

1
2 (λ − T )(A

1
2 )†|R(A)) = IR(A)

= (λ − Tc)(A
1
2 Sλ(A

1
2 )†|R(A)) = (A

1
2 Sλ(A

1
2 )†|R(A))(λ − Tc) = IR(A).

Thus, λ ∈ ρ(Tc). Therefore, σ(Tc) ⊂ σA(T ). ��
Lemma 4 Let T be A-normal. Then Tc is normal.

Proof Since T is A-normal, ‖T x‖A = ‖T �‖A, for all x ∈ H . It is easy to prove that T ∗
c = (A

1
2 )†T ∗ A

1
2 |R(A).

Now, ‖Tc A
1
2 x‖ = ‖T x‖A = ‖T �x‖A = ‖T ∗

c A
1
2 x‖. We know that R(A

1
2 ) is dense in R(A). Therefore, Tc is

normal. ��
Theorem 37 Let T be a A-normal operator. Then WA(T ) ⊂ conv(σA(T )).

Proof Lemma 3, Theorem 36, and Lemma 4 confirm that

WA(T ) ⊂ W (Tc) = conv(σ (Tc)) ⊂ conv(σA(T )).

��
Corollary 7 Let T be a A-normal operator which commutes with A. Then WA(T ) = conv(σA(T )).

Proof Theorem 37 and Remark 5 show that WA(T ) = conv(σA(T )). ��
Theorem 38 Let T be a A-normal operator. Then T 
 is a normal operator.

Proof We know that T 
 = (A
1
2 )†T ∗ A

1
2 and (T 
)∗ = A

1
2 T (A

1
2 )†. Then, ‖(T 
)∗ A

1
2 x‖ = ‖T x‖A = ‖T �x‖A =

‖T 
 A
1
2 x‖. R(A

1
2 ) is dense in R(A). So, ‖T 
u‖ = ‖(T 
)∗u‖, for all u ∈ R(A). Moreover, for all v ∈ N (A)

we have ‖T 
v‖ = ‖(T 
)∗v‖. Therefore, T 
 is normal. ��
Theorem 39 Let T ∈ BA(H). Then T is A-hyponormal if and only if T̃ is hyponormal.

Proof First, we will show that (T̃ )∗ Ay = T ∗ Ay, for all y ∈ R(A). For all Ax ∈ R(A), we get

(T̃ (Ax), Ay) = (AT x, Ay) = 〈AT x, Py〉 = 〈Ax, T � Py〉 = (Ax, AT �y).

We know that R(A) is dense in R(A
1
2 ). So, (T̃ )∗ Ay = AT �y = T ∗ Ay, for all y ∈ R(A). Now, ‖T̃ Au‖

R(A
1
2 )

=
‖AT u‖

R(A
1
2 )

= ‖T u‖A and ‖(T̃ )∗ Au‖
R(A

1
2 )

= ‖T ∗ Au‖
R(A

1
2 )

= ‖T �u‖A.

When T is A-hyponormal, we have ‖(T̃ )∗ Au‖
R(A

1
2 )

= ‖T �u‖A ≤ ‖T u‖A = ‖T̃ Au‖
R(A

1
2 )

. The density

property of R(A) in R(A
1
2 ) says that T̃ is hyponormal.

Conversely, T̃ is hyponormal which means ‖T �v‖A = ‖(T̃ )∗ Av‖
R(A

1
2 )

≤ ‖T̃ Av‖
R(A

1
2 )

= ‖T v‖A, for all

v ∈ H . This shows that T is A-hyponormal.
��
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Theorem 40 Saitô and Yoshino [13] Let T be a hyponormal operator. Then WA(T ) = conv(σ (T )).

Theorem 41 Let T ∈ BA(H) be A-hyponormal which commutes with A. Then WA(T ) = conv(σA(T )).

Proof It is easy to show that Tc is also hyponormal when T is A-hyponormal. Lemma 3, Theorem 36, and
Theorem 40 give that WA(T ) ⊂ W (Tc) = conv(σ (Tc)) ⊂ conv(σA(T )). Hence by Remark 5, we get WA(T ) =
conv(σA(T )). ��
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