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Abstract It is known that a cone K in R” is sub-dual if and only if the maximal angle of K is less than or
equal to 7. Further, it is easy to verify that for a self-dual cone K, the maximal angle of K is 5. However, this
condition is not sufficient. In this paper using the concepts of antipodal and critical pairs, we give a necessary
and sufficient condition for a cone K in R” to be self-dual. As a consequence, we observe that for a self-dual
cone K, the set of all antipodal pairs, Nash pairs, critical pairs, and the complementarity set are the same and
form an n-dimensional manifold.
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1 Introduction

Self-dual cones have great importance in complementarity theory, optimization, and game theory. It is a strenuous
and cumbersome problem to find the dual of a general proper cone. For example, finding the dual of tensor
product of positive semidefinite cone, is as difficult as the membership problem of positive operators on the
cone of positive semidefinite matrices, see Anbarasan and Chandrashekaran [1]. Some well known examples of
self-dual cones are the cone R, of entrywise non-negative vectors in R”, the cone S, of symmetric positive
semidefinite matrices in the vector space S, of all real symmetric matrices of order n, and the Lorentz cone

h=1{kx, 0 € R*™! x R |t > |x|l»} in R”. There are self-dual polyhedral cones that are not isomorphic to
R’ . Barker and Foran [2], gave a way to construct such cones. Further, they gave a necessary and sufficient
condition for a cone K to be an image of an orthogonal transformation of R’ . Kumaresan and Ranjan [3], gave
a necessary and sufficient condition for a regular polygonal right cone in a three dimensional Euclidean space
to be self-dual. Gokulraj and Chandrashekaran [4], gave a characterization for a sub-dual cone to be self-dual in
R”". They proved that a sub-dual cone is self-dual if and only if any vector in the boundary of the cone has an
orthogonal vector in its boundary. Self-duality of polyhedral cones is studied by Gouveia and Lourengo [5], and
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they proved that a proper polyhedral cone K is self-dual with respect to some inner product in R” if and only if
one of its slack matrices is positive semidefinite.

Tusem and Seeger [6], introduced the concept of antipodal and critical pairs of a cone K. They showed that
every antipodal pair is a critical pair. Tusem and Seeger [7], introduced Nash pair of a cone K and they proved
that every antipodal pair is a Nash pair and every Nash pair is a critical pair.

While studying the angular spectra of cones, Iusem and Seeger [8] proved that for a self-dual cone K, every
proper critical pair of K is an antipodal pair of K. In this paper, we extend this observation as a characterization
for the self-duality of cones using antipodal and critical pairs. In particular, we prove that a proper cone K is
self-dual if and only if the maximal angle of K is 5 and every proper critical pair of K is an antipodal pair of K.
As a consequence, we observe that for a self-dual cone K, the set of all antipodal pairs, Nash pairs, and critical
pairs are all the same and form an n-dimensional manifold.

2 Preliminaries

In this paper, we work with the finite dimensional real inner product space R". A subset K of R” is a convex
cone if ax + By € K forall x, y € K and for every non-negative real numbers « and 8. The cone K is a closed
cone if it is closed in topological sense and if K contains a basis of R", then K is a generating cone. The cone
K is pointed if K N —K = {0}. The cone K is proper if it is convex, closed, pointed, and generating. The dual
of acone K is defined as K* := {x e R" | (x,y) >0, Vy € K}. The cone K is said to be sub-dual if K € K*
and self-dual if K = K*.

Throughout this article, we assume that K is a proper cone in R". For vectors u, v € R”, the angle between
u and v is denoted by 6 (u, v). We also denote cos(6(u, v)) as c(u, v). The unit vector in the direction of u is
denoted by u. The unit sphere in R” is denoted by S. For P C R”, the boundary of P is denoted by d(P). For a
non-empty subset G of R”, cone(G) is given by,

m
cone(G) := Zoe,-gi |gi€G, a; >0, andm € N}.

i=1
Definition 1 The maximal angle of a cone K is defined as
®(K) = arccos (min {{u, v)|u,v € K NS})

If vectors u, v € K N S satisfies 6 (u, v) = O(K), then the pair (u, v) is called an antipodal pair of K. We
denote the set of all antipodal pairs of cone K by A(K).

Definition 2 A pair (u, v) with u, v € K NS is a critical pair of a cone K if u — (i, v)v, v — (u, v)u € K*. A
critical pair (u, v) of K such that u 7 v is a proper critical pair of K.

We denote the set of all proper critical pairs of the cone K by C(K). Iusem and Seeger [6] showed that critical
pairs have the following property.

Lemma 1 (lusem and Seeger [6, Corollary 4.4]) If (u, v) is a proper critical pair of a cone K, then u, v € 9(K).

Definition 3 For a cone K, a pair (1, v) withu, v € K NS is a Nash pair of K if (i, v) < (x, v) forallx € KNS
and (u, v) < (u,y)forally e KNS.

We denote the set of all Nash pairs of cone K by N/ (K). Itis easy to see from Definition 2 and 3, that every
antipodal pair of K is a Nash pair of K. Iusem and Seeger [9], proved that every Nash pair of K is a critical pair
of K. We summarize these relations in the following lemma.

Lemma 2 Foracone K, A(K) C N(K) C C(K).
For a cone K and u € S, the open angle of K with respect to u is defined as

Ok (1) := max_arccos(u, v).
vekKNS

Definition 4 A cone K is said to have constant open angle c if there exists a constant ¢ € R such that Og (1) = ¢
forallu €e 0K NS.
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3 Two necessary conditions for self-duality

The following result was proved by Orlitzky [10].
Lemma 3 Orlitzky [10, Theorem 1] For a cone K, ©(K) € [0, %] ifand only if K C K*.
The relation among the maximal angle of a cone and its dual is given by the following lemma.
Lemma 4 Foracone K, if ®(K) = «, then ©(K*) > 7w — a.
Proof Let (u,v) € A(K) with the maximal angle «. We denote 8 := (1, v) = cos(«). From Lemma 2,
(u,v) € C(K).Soa :=u—pBv e K*andb := v— Bu € K*. Consider (a, b) = (u — v, v— Bu) = B(B*—1)
and [la||*> = ||b||> = 1 — B2. Thus, c(a, b) = % = %ﬁ}l) = —f. Hence, the angle between a and b is
O(a,b) = arccos(—B) =7 —a.Asa,b € K* and 0(a, b) = 7 — «, we conclude ®(K*) > 7 — «. O
In the following theorem we prove a necessary condition for a proper cone K to be self-dual.
Theorem 1 [f a cone K is self-dual, then ©(K) = 7.
Proof By Lemma 3, as K is self-dual, we have ®(K) € [0, F]. Suppose ©(K) < 7 and let « = ©(K). From
Lemma 4 as K is self-dual, we get ®(K) > %, which is a contradiction. Thus ®(K) = % O
Given p € (1, o0), the p-norm cone E’; and L are defined as L;l, = {(x, HeR"M xR|r> ||x||,,} and
L = {(x, HeR"I xR|t> ||x||oo} respectively. These cones are an important class of proper cones in R”.
The following example shows that ® (K) = 7 is not a sufficient condition for a proper cone K to be self-dual.

Example 1 Let K := cone ({(1,0, 1), (0,1, 1), (—1,0, 1), (0, —1, 1)}). Note that K is the p-cone in R3
for p = 1. The maximal angle of K is Z. Its known that (£3)" = L£3.. In this case K* =
cone ({(1’ 19 1)5 (_19 17 1)7 (_17 _17 1)9 (15 _1’ 1)}) ;é K'

Now we ask a natural question. Is there any additional condition required in Theorem 1 so that it becomes a
necessary and sufficient for self-duality. The following lemma is a step towards this direction. Here we restate
Theorem 2 of Tusem and Seeger [8] in our notations.

Lemma 5 For a cone K if (u,v) € C(K), then (a,b) € C(K*), where a = u — (u, v)v and b = v — (u, v)u.

The following theorem gives another necessary condition for a cone to be self-dual. Though this result is
available as Corollary 2 of [usem and Seeger [8], here we give a direct proof.

Theorem 2 If K is self-dual, then A(K) = C(K).

Proof Let (u,v) € C(K),wehavea :=u — fv,b:=v — Bu € K* = K, where 8 = (u, v). As K is self-dual
from Lemma 3, we know that 8 € [0, 1). Again from Lemma 3, we get (a, b) = B(B%Z —1) > 0. As B # 1, we
conclude that 8 = 0. Since K is self-dual and by Theorem 1 we get (u, v) € A(K). Thus C(K) € A(K). Now
from Lemma 2, A(K) = C(K). O

Again Theorem 2 is not a sufficient condition. Before giving an example where Theorem 2 fails as a sufficient
condition for self-duality, we see few properties of a circular cone.

Definition 5 For a unit vector u € R”, the circular cone centered at u with angle 6 € [0, %] is defined as
Cu,0):={x eR"|(x,u) > |x| cosb}.

The set C(u, 0) is the collection of all vectors that make angle less than or equal to & with the unit vector
u and this is a proper cone, for all 6 € (0, 7). From Example 1.27 of Berman and Shaked-Monderer [11], it is
known that (C(u, 6))* = C(u, T — 6).
Lemma 6 If K is a proper circular cone in R", then C(K) C A(K).

Proof For a unit vector u € R" and 6 € (0, %), consider the circular cone K := C(u, 0). Let (x,y) € C(K).
From Lemma 1, as x, y € 9(K), we have (x,u) = (y,u) = cos6 and let 8 := (x,y). As (x,y) € C(K),
from Lemma 5, we have (a, b) € C(K*) where a := x — Bv and b := y — Sv. Again from Lemma 1, we get

a,bed(K* and (@, u) = (b, u) = cos(% —6) = sin 6. On the other hand, we have (a, u) = cos 6 % which
gives tan 6 = % Thus B8 = cos(26) and hence (x, y) € A(K). |

Example 2 From the above lemma, we see that circular cones C(u, §) with 6 # 7 is not self-dual, but every
proper critical pair is an antipodal pair.
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4 A characterization for self-duality of proper cones

In the previous section, we got two necessary conditions for a proper cone K to be self-dual. Though none
of these conditions independently is sufficient, we prove that both put together give a necessary and sufficient
condition for self-duality.

Lemma 7 If K is a cone with maximal angle 5 and C(K) < A(K), then ®(K*) = 7.
Proof As ©®(K) = %, from Lemma 4 we get ©(K*) > 7. Let (a,b) € A(K*) and let 8 := (a,b). As

K* is a proper cone and ®(K*) > 7, we get B € (—1,0]. Suppose ®(K*) > 7 we have 8 € (—1,0). As
(a,b) € A(K*),by Lemma?2 (a, b) € C(K*). Thus we get E,g? € K where c :=a— fBbandd := b — Ba. From
Lemma 5, (¢, d) € C(K). Now by the assumption, we get (¢, d) = 0. This implies (¢, d) = {(a — Bb, b — Ba) =
,B(,B2 — 1) = 0 which is a contradiction as 8 € (—1, 0). Thus ®(K*) = % |

Theorem 3 A cone K is self-dual if and only if ©(K) = % and C(K) = A(K).

Proof The if part follows from Theorems 1 and 2. Now, to prove the converse, as ®(K) = % by Lemma 3, we
have K € K*. From Lemma 7, we get © (K*) = % and from Lemma 3 we conclude K* C K. O

Theorem 3 gives an additional necessary and sufficient condition for self-duality along with the conditions
given in Theorem 3.5 of Gokulraj and Chandrashekaran [4] (an independent proof for the necessary condition
of this theorem can be seen as Proposition 3 of Moreno and Seeger [12]). We state the following lemma to get
one more characterization of self-duality which is given as Proposition 2 of Moreno and Seeger [12].

Lemma 8 Moreno and Seeger [12, Proposition 2] A cone K is of constant open angle if and only if C(K) C
A(K).

If a cone K is of constant open angle %, we have ®(K) = % and from Lemma 8 we get C(K) = A(K). So
by Theorem 3, K is of constant open angle 7 if and only if K is self-dual. We summarize all of these results as
follows.

Theorem 4 The following statements are equivalent.

1. A proper cone K in R" is self-dual.

2. The maximal angle of K is 5 and C(K) = A(K).

3. K is sub-dual and for every u € 0(K) there exists v € 9(K) such that (u, v) = 0.
4. The cone K is of constant open angle 7.

Now along with A(K), N (K) and C(K), for a proper cone K, there is another set associated with K, called
the complementarity set of K.

Definition 6 For a cone K in R”, the complementarity set of K is defined as
C(K):={(x,y)|x€ K, ye K"and (x, y) = 0}.

In case of a self-dual cone K, from Theorem 1, we see that C (K) coincides with A(K'). The complementarity
set of a proper cone K appears in linear programming problems, linear complementarity problems and bilinearity
rank or Lyapunov rank of proper cones, see Gowda and Tao [13] and Rudolf et al. [14]. We state the following
theorem on complementarity set proved by Giiler.

Theorem 5 Rudolf et al.[14, Theorem 1] For a cone K, the complementarity set C(K) is an n-dimensional
manifold.

Remark 1 For a self-dual cone K, the set of all antipodal pairs, Nash pairs, proper critical pairs and the comple-
mentarity set of K are the same and form an n-dimensional manifold.

Proof From Theorem 3, we see that for a self-dual cone K, C(K) = N(K) = A(K). By Definition 6, for a
self-dual cone K, C(K) is the collection of all (x, y) € K x K such that (x, y) = 0. Now by Theorem 3, C(K)
coincides with A(K). Now from Theorem 5 it follows that A(K) is an n-dimensional manifold. In conclusion,
for a self-dual cone K, the set of all antipodal pairs, Nash pairs, proper critical pairs and the complementarity
set of K are the same and form an n-dimensional manifold. |
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