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Abstract This paper investigates the point-wise time-space estimates for a class of oscillatory integrals given

by
∫

Rn ei<x, ξ>±i t P
1
2 (ξ)P− α

2 (ξ)dξ , where P is a real non-degenerate elliptic polynomial of order m ≥ 4 on R
n .

These estimates are applied to obtain time-space integrability estimates with regularity for solutions to higher
order wave-type equations.
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1 Introduction

It is well-known that the solution of the following Cauchy problem for wave-type equation

{
∂t t u(t, x)+ P(−i∇)u(t, x) = g(t, x), (t, x) ∈ R+ × R

n,

u(0, x) = u0(x), ∂t u(0, x) = u1(x), x ∈ R
n,

(1.1)

has the following form:

u(t, ·) =F−1 cos P
1
2 (ξ)t Fu0 + F−1 sin P

1
2 (ξ)t

P
1
2 (ξ)

Fu1 +
∫ t

0
F−1 sin P

1
2 (ξ)(t − τ)

P
1
2 (ξ)

Fg(τ, ·)dτ

=
⎛

⎝F−1 ei P
1
2 (ξ)t + e−i P

1
2 (ξ)t

2i

⎞

⎠ ∗ u0 +
⎛

⎝F−1 ei P
1
2 (ξ)t − e−i P

1
2 (ξ)t

2i P
1
2 (ξ)

⎞

⎠ ∗ u1

+
∫ t

0

⎛

⎝F−1 ei P
1
2 (ξ)(t−τ) − e−i P

1
2 (ξ)(t−τ)

2i P
1
2 (ξ)

⎞

⎠ ∗ g(τ, ·)dτ

= : U (t)u0 + V (t)u1 +
∫ t

0
V (t − τ)g(τ, ·)dτ,

(1.2)
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where P is a positive, real valued polynomial of even order m ≥ 4 on R
n . So the oscillatory integrals relevant

to the solution of Eq. (1.1) are

I 0(t, x) =
∫

Rn
ei<x, ξ>±i t P

1
2 (ξ)dξ

and

I 1(t, x) =
∫

Rn
ei<x, ξ>±i t P

1
2 (ξ)P− 1

2 (ξ)dξ.

The main focus of this paper is to derive point-wise estimates (both in t and x) for a class of oscillatory
integrals

I (t, x) = I α(t, x) =
∫

Rn
ei<x, ξ>±i t P

1
2 (ξ)P− α

2 (ξ)dξ, (1.3)

which are the generalization of I 0(t, x) and I 1(t, x). From such point-wise time-space estimates one can derive
solution properties, like regular decay/growth L p − L p′

estimates of solutions in time in terms of initial values,
or time-space integrability estimates for derivatives of the solution (see e.g. [4,6,7]). To the end, we need the
following assumptions on P(ξ).

(H1) P : R
n → R is a real elliptic inhomogeneous polynomial of even order m ≥ 4 with P(ξ) > 0 for all

ξ ∈ R
n, and n ≥ 2.

(H2) P is non-degenerate, i.e. the determinant of the Hessian

det

(
∂2 Pm(ξ)

∂ξi∂ξ j

)

�= 0, ∀ξ ∈ R
n

where Pm is the principal part of P .

Particular examples of such oscillatory integral (1.3) have already been studied in several papers. For P(ξ) =
1+|ξ |4(linear beam equations of fourth order), in [6, 8] the authors obtained L p − L p′

estimates and time-space
integrability estimates by considering point-wise estimates of the oscillatory integrals Iα(α = n

4 , 0, 1) and used
them to study the local existence, the asymptotic behavior and the scattering theory of solutions to the nonlinear
equation with nonlinear terms growing like a certain power of u. Even earlier, for P = 1 + |ξ |m(with m ≥ 4
even), Pecher [9] studied L p −L p′

estimates with regularity of such higher order wave equations by using Fourier
multiplier theorem and also considered their application to nonlinear problems. Recently, Arnold, Kim and Yao
[1] refined the analysis in [3] and obtained at simultaneous point-wise estimates in the time and spatial variables
on the oscillatory integrals I α(α = 0, 1) under the assumptions (H1) and (H2) and used them to study L p − L p′

estimates in time in terms of initial values of the solutions for Eq. (1.1). And on this topic there exists a vast body
of literatures; see e.g. [1–5].

The method of proof in this paper is standard and closely follows [1, Theorem 3.1]. The new contribution
is the instruction of fractional dispersion α, where I α appears as the derivative of the fundamental solutions to
the Cauchy problem (1.1). Concerning dispersive estimates (Theorem 1.1), our methods (mainly from harmonic
analysis) and results are almost similar to that of [1, Theorem 3.1] and the essence is only to look for the scope of
index α where the method of [1] still holds. Though the method of proof is some what standard, the final result
is interesting and it might be useful for further study for nonlinear higher order wave equations. Such estimates
are used to establish Strichartz estimates (time-space integrability estimates with regularity) of solutions for Eq.
(1.1) which are important tools for the analysis of the well-posedness of nonlinear problems. The main result of
this paper is the following.

Theorem 1.1 Assume that the polynomial P satisfies Conditions (H1) and (H2), and let m ≤ n. Then there
exists a constant C > 0 such that

|I α(t, x)| ≤
{

Ct
− n−αm1

m1 (1 + t
− 1

m1 |x |)−μ, 0 < t ≤ 1,

Ct− 1
m (1 + t−1|x |)−μ, t ≥ 1,

(1.4)

where m1 = m
2 , μ = mn−4n+2αm

2(m−2) and 4n−mn
2m ≤ α ≤ n

2 .
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1184 J. Kim, J. An

Remark 1.2 Theorem 1.1 generalizes the main results of [1]. In fact, the main results (Theorem 3.1 and Theorem
3.3) of [1] follow directly from Theorem 1.1, if we put α = 0, 1 in Theorem 1.1.

Remark 1.3 Theorem 1.1 also improves the main result of [6]. In fact, putting α = n
4 and P(ξ) = 1 + |ξ |4

in Theorem 1.1, we have the key estimates in [6] (see (2.15) and (2.16) in [6]). Moreover, our upper bound

t− n
4 (1 + t− 1

2 |x |)−2 is sharper than t− n
4 in [6].

This paper is organized as follows. In Section 2, we prove Theorem 1.1. In Section 3, we derive time-space
integrability estimates with regularity of the solutions for Eq. (1.1).

2 Point-wise time-space estimates of the oscillatory integrals

In this section, we prove Theorem 1.1.

Proof of Theorem 1.1 In the sequel, C denotes some generic (but not necessarily identical) positive constants,
independent of t, ξ, x , and so forth. We now analyze I α for three different cases of its arguments, starting with
the most delicate situation.

Case (i) t ≥ 1, r := |x | ≥ t. Choose ψ(s) ∈ C∞(R) such that

ψ(s) =
{

0, s ≤ a1,

1, s > 2a1,

where a1 is given in Lemma 2.2 in [1]. We write

I (t, x) =
∫

Rn
ei(<x, ξ>±t P

1
2 (ξ))P− α

2 (ξ)ψ(P− 1
2 (ξ))dξ

+
∫

Rn
ei(<x,ξ>±t P

1
2 (ξ))P− α

2 (ξ)[1 − ψ(P− 1
2 (ξ))]dξ =: I1(t, x)+ I2(t, x).

(2.1)

First, we rewrite I2 as the Fourier transform of a measure, supported on the graph S := {z = ±P
1
2 (ξ); ξ ∈

R
n} ⊂ R

n+1:

I2(t, x) =
∫

Rn+1
ei(t z+<x, ξ>)P− α

2 (ξ)(1 − ψ(P
1
2 (ξ))δ(z ∓ P

1
2 (ξ))dξdz, (2.2)

where

δ(x) =
{

1, x = 0,
0, x �= 0.

Since the polynomial P is of order m, the supporting manifold of the above integrand is of finite type less than
or equal to m(in the sense of Section VIII.3.2 in [10]; see the Appendix in Section 5 in [1]). Then, Theorem 2 of
Section VIII.3 in [10] implies

|I2(t, x)| ≤ C(1 + t + |x |)− 1
m , ∀t ∈ R, ∀x ∈ R

n . (2.3)

This can be generalized: since

f (t, ξ) := e±i t P(ξ)P− α
2 (ξ)(1 − ψ(P

1
2 (ξ)) ∈ C∞

c (R
n), ∀t > 0,

we obtain by integration by parts that

I2(t, x) = i
∫

Rn
ei<x, ξ> x

|x |2 ∇ξ f (t, ξ)dξ.

Proceeding recursively this implies (in the spirit of Paley-Wiener-Schwartz theorem)

|I2(t, x)| ≤ Cktkr−k k ∈ N0, x �= 0, t ≥ 1. (2.4)
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But proceeding as in (2.2) yields the improvement

∀k ≥ 0, |I2(t, x)| ≤ Ckt−
1
m (1 + t−1|x |)−

(
k+ 1

m

)

, t ≥ 1, x ∈ R
n . (2.5)

To estimate I1, we shall derive an ε-uniform estimates of its regularization

Jε(t, x) := −
∫

Rn
e−εP

1
2 (ξ)+i(<x, ξ>±t P

1
2 (ξ))P− α

2 (ξ)ψ(P
1
2 (ξ))dξ, ∀ε > 0. (2.6)

By the polar coordinate transform and the change of variables (ρ, ω) �→ (s, ω) such that ρ =
ρ(s, ω), P(ρω) = s, we have

Jε(t, x) =
∫ ∞

0

∫

Sn−1
e−ε P

1
2 (ρω)+i(ρ<x, ω>±t P

1
2 (ρω))P− α

2 (ρω)ψ(P
1
2 (ρω))ρn−1dωdρ

=
∫ ∞

0

∫

Sn−1
e−ε√s±i t

√
s+irρ<z, ω>s−α/2ψ(

√
s)ρn−1∂sρ dωds

=
∫ ∞

0
e−ε√

s±i t
√

ss
n
m − α

2 −1ψ(
√

s)�(rs
1
m , s)ds

=2
∫ ∞

0
e−ε s±i t ss

2n
m −α−1ψ(s)�(rs

2
m , s2)ds,

(2.7)

where z := x
|x | enters in the oscillatory integral � from (2.10) in [1]. For the transformation ρ → s we use that

ψ(s) = 0 on [0, a1].
The main goal of this proof is to derive, for any z0 ∈ Sn−1, an ε–uniform estimate of the form |Jε(t, x)| ≤

Ct−νr−μ
(
ν := n−αm

m−2

)
. Because of Lemmas 2.1–2.3 in [1], this estimate will hold uniformly on z = x/|x | ∈ Uz0

with a constant C = C(z0). Due to the compactness of Sn−1 finitely many points z1, · · · , zN will suffice to
yield a uniform estimate of |Jε(t, x)| on {r ≥ t ≥ 1}, using C = max

j=1, ··· , N
C(z j ). Here, we only consider the

case of e−εs+i ts ; for e−εs−i ts the estimates are analogous. Following Lemma 2.3 in [6] we decompose Jε as
follows:

Jε(t, x) =2r− n−1
2

∫ ∞

0
e−εs+iφ+(t, r, s)s

n+1
m −α−1ψ(s)�+(rs

2
m , s2)ds

+ 2r− n−1
2

∫ ∞

0
e−εs+iφ−(t, r, s)s

n+1
m −α−1ψ(s)�−(rs

2
m , s2)ds

+ 2
∫ ∞

0
e−εs+i ts s

2n
m −α−1ψ(s)�0(rs

2
m , s2)ds

= : R+
ε (t, x)+ R−

ε (t, x)+ R0
ε (t, x),

where φ± is defined as in Lemma 2.2 in [1].

We shall first estimate the integral R0
ε (t, x) and set v0(s) := s

2n
m −α−1ψ(s)�0(rs

2
m , s2). By (2.13) in [1],

we have

|v(k)0 (s)| ≤ C(rs
2
m )−l s

2n
m −α−1−k, l, k ∈ N0,

where r ≥ 1 and s ≥ a1. Choose l ≥ μ and k ≥ v. It follows by integration by parts that

|R0
ε (t, x)| ≤ C

∫
(rs

2
m )−l s

2n
m −α−1−kds ≤ Ct−kr−l ≤ Ct−νr−μ. (2.8)

To estimate the integral R+
ε (t, x), for given r ≥ t ≥ 1, we set

{
u+(s) := −εs + iφ+(t, r, s),

v+(s) := s
n+1

m −α−1ψ(s)�+(rs
2
m , s2),
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1186 J. Kim, J. An

for s ≥ 0. Since u′+(s) �= 0 (s ≥ a1), we can define D∗ f := (g f )′ (g := −1/u′+) for f ∈ C1(0, ∞). It is not
hard to show

D j∗v+ =
∑

α

cαg(α1) · · · g(α j )v
(α j +1)
+ , j ∈ N , (2.9)

where the sum is taken over all α = (α1, · · · , α j+1) ∈ N
j+1
0 such that |α| = j, 0 ≤ α1 ≤ · · · ≤ α j . Since

(2.6) and (2.9) in [1] imply, respectively,

|g(s)| ≤ Cr−1s1− 2
m , |u(k)+ (s)| ≤ Crs

2
m −k (k = 2, 3, · · · ),

we find by induction on k:

|g(k)(s)| ≤ Cr−1s1− 2
m −k, k ∈ N0,

which shall yield the spatial decay of I1. To derive the time decay of I1, we note that (2.6) in [1] also implies
|g(s)| ≤ t−1. Using this inequality for just one factor in g(k) we obtain:

|g(k)(s)| ≤ Ct−1s−k, k ∈ N0.

The novel key step is now to interpolate these two inequalities, which will allow us to derive estimates also for
large time. We have for any θ ∈ [0, 1]:

|g(k)(s)| ≤ Ctθ−1r−θ sθ(1− 2
m )−k, k ∈ N0. (2.10)

On the other hand, we have by the Leibniz rule and (2.12) in [1]:

|v(k)+ (s)| ≤ Cs
n+1

m −α−1−k, k ∈ N0. (2.11)

It thus follows from (2.9)–(2.11) that

|D j∗v+(s)| ≤ Ct j (θ−1)r− jθ s
jθ
(

1− 2
m

)
+ n+1

m −α−1− j
, j ∈ N0, (2.12)

where D0∗v+ := v+. The particular choice θ = μ
n , j = n yields

|Dn∗v+(s)| ≤ Ctμ−nr−μs
−mn−2n+2

2m −1. (2.13)

Noting that μ− n < −v, one gets by integration by parts

|R+
ε (t, x)| = 2r− n−1

2

∣
∣
∣
∣

∫
eu+(Dn∗v+)ds

∣
∣
∣
∣ ≤ Ctμ−nr− n−1

2 −μ ≤ Ct−νr−μ.

We now turn to the integral R−
ε (t, x). Here we put
{

u−(s) := −εs + iφ−(t, r, s),

v−(s) := s
n+1

m −α−1ψ(s)�−(rs
2
m , s2),

for s ≥ 0. We shall denote s0 := (r/t)
m

m−2 , c′
1 := (c1/2)

m
m−2 , c′

2;= (2c2)
m

m−2 with c1 and c2 given in Lemma
2.2 in [1]. Now we decompose R−

ε as

R−
ε (t, x) =2r− n−1

2

{∫ c′
1s0

0
+
∫ c′

2s0

c′
1s0

+
∫ ∞

c′
2s0

}

eu−(s)v−(s)ds

= : R−
ε1(t, x)+ R−

ε2(t, x)+ R−
ε3(t, x).

This decomposition is motivated by the fact that the phase ∂sφ−(t, r, ·) is negative on [0, c′
1s0), positive on

[c′
2s0, ∞), and has exactly one zero on [c′

1s0, c′
2s0) (see (2.7), (2.8) in [1]). Integrating by parts we obtain

R−
ε3(t, x) = 2r− n−1

2

⎛

⎝ eu−(c′
2s0)

u′−(c′
2s0)

n−1∑

j=0

(D j∗v−)(c′
2s0)+

∫ ∞

c′
2s0

eu−(Dn∗v−)ds

⎞

⎠ .
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Point-wise time-space estimates for a class of oscillatory... 1187

Here and in the sequel, the differential operator D∗ f = (g f )′ is considered with g = − 1
u′−

. Since (2.7) implies

|u′−(s)| ≥ c2rs
2
m −1 (s ≥ c′

2s0), we find that v−(s) also satisfies (2.12) and (2.13) for s ≥ c′
2s0. If c′

2s0 ≤ a1 then

(D j∗v−)(c′
2s0) = 0 ( j = 0, · · · , n − 1) (note that ψ ≡ 0 on [0, a1]). Integration by parts then yields

|R−
ε3(t, x)| =

∣
∣
∣
∣2r− n−1

2

∫ ∞

a1

eu−(Dn∗v−)ds

∣
∣
∣
∣ ≤ Ct−νr−μ,

exactly as done for R+
ε (t, x). If c′

2s0 > a1, then

|R−
ε3(t, x)| ≤ Cr− n−1

2

⎛

⎝(rs
2
m −1
0 )−1

n−1∑

j

r− j s
− 2 j−n−1

m −α−1
0

⎞

⎠+
∫ ∞

c′
2s0

r−ns− n+m−1
m −αds

≤ Cr− n−1
2

⎛

⎝r−1s
n−αm−1

m
0

n−1∑

j

(rs
2
m
0 )

− j + r−ns0
− n−1

m −α
⎞

⎠ .

Noting that r ≥ 1, s0 > a1/c′
2, t ≥ 1, it follows that

|R−
ε3(t, x)| ≤ Cr− n+1

2 s
n−αm−1

m
0 = Ct−νr−μs

− 1
2

0 t−
1
2 ≤ Ct−νr−μ.

Next, we turn to R−
ε1(t, x), which is 0 for c′

1s0 < a1. If c′
1s0 ≥ a1, we use

|u′−(s)| ≥ 1

2
c1rs

2
m −1 (a1 ≤ s ≤ c′

1s0).

Then a slight modification of the above method yields again R−
ε1(t, x) ≤ Ct−νr−μ.

To estimate R−
ε2(t, x), it suffices to estimate the integral

R−
02(t, x) = 2r− n−1

2

∫ c′
2s0

c′
1s0

eiφ−(t, r, s)v−(s)ds = 2r− n−1
2 s0

∫ c′
2

c′
1

eiφ−(t, r, s0τ)v−(s0τ)dτ,

where the interval of integration is now independent of the parameter r and t . We obtain from (2.8) in [1] that

|∂2
τ φ−(t, r, s0τ)| ≥ c1rs2

0 (s0τ)
2
m −2 ≥ Crs

2
m
0 (τ ∈ [c′

1, c′
2]).

Since v−(s) also satisfies (2.11), we obtain by using a corollary of van der Corput lemma (see [10, p.334])
(uniformly for ε > 0 small enough) that

|R−
02(t, x)| ≤ Cr− n−1

2 s0

(

rs
2
m
0

)− 1
2
(

|ν−(c′
2s0)| +

∫ c′
2

c′
1

|s0ν
′−(s0τ)|dτ

)

≤ Cr− n−1
2 s0

(

rs
2
m
0

)− 1
2

s
n+1

m −α−1
0 = Ct−νr−μ.

The dominated convergence theorem implies that Jε(t, ·) converges (as ε → 0) uniformly for x in compact
subsets of {x ∈ R

n : |x | ≥ 1}. By summarizing the above estimates we have

|I1(t, x)| ≤ Ct−νr−μ for |x | ≥ t ≥ 1,

and hence

|I1(t, x)| ≤ Ct−
n
2 (1 + t−1|x |)−μ ≤ Ct−

1
m (1 + t−1|x |)−μ for |x | ≥ t ≥ 1.

Combining this with the estimate (2.5) on I2, we have

|I (t, x)| ≤ Ct−
1
m (1 + t−1|x |)−μ, |x | ≥ t ≥ 1.

123
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Case (ii) t ≥ 1, |x | ≤ t . For I1 we prove now that

|I1(t, x)| ≤ Ct−
n
2 for t ≥ 1 and |x | ≤ t. (2.14)

We proceed as in [1] and write the integral I1(t, x) as follows:

|I1(t, x)| =
∫

Rn
eit (±P

1
2 (ξ)+<x/t, ξ>)P− α

2 (ξ)ψ(P− 1
2 (ξ))dξ

=:
∫

Rn
eit�(t, ξ, x)P− α

2 (ξ)ψ(P− 1
2 (ξ))dξ,

but we shall focus on the case � = P
1
2 (ξ)+ < x/t, ξ >, and the other case is analogous. Since |x/t | ≤

1, P
1
2 (ξ) ≤ c1|ξ |m1 and |∇ P(ξ)| ≥ c2|ξ |m−1 for large |ξ |, the possible critical points satisfying

∇ξ�(t, ξ, x) = ∇ P(ξ)

2P
1
2 (ξ)

+ x

t
= 0

must be located in some bounded ball. In order to apply the stationary phase principle later, let � ⊂ R
n be

an open set such that suppψ(P
1
2 ) ⊂ � and

∣
∣
∣∇ P

1
2 (ξ)

∣
∣
∣ ≥ c|ξ |m1−1 on �. Note that the constant a1 (from the

definition of ψ and Lemma 2.2 in [1]) could be increased, if necessary, so that both of those conditions can hold.
Then we decompose � into � = �1

⋃
�2, where

�1 =
{

ξ ∈ �;
∣
∣
∣∇ P

1
2 (ξ)+ x

t

∣
∣
∣ <

1

2

∣
∣
∣∇ P

1
2 (ξ)

∣
∣
∣+ 1

}

,

and

�2 =
{

ξ ∈ �;
∣
∣
∣∇ P

1
2 (ξ)+ x

t

∣
∣
∣ >

1

4

∣
∣
∣∇ P

1
2 (ξ)

∣
∣
∣

}

.

Since
∣
∣ x

t

∣
∣ ≤ 1 and

∣
∣
∣∇ P

1
2 (ξ)

∣
∣
∣ → ∞ as |ξ | → ∞, �1 must be a bounded domain and includes all critical points

of� inside�. Now we choose smooth functions η1(ξ) and η2(ξ) such that suppηi ⊂ �i and η1(ξ)+ η2(ξ) = 1
in �. And we decompose I1 as

I1(t, x) = I11(t, x)+ I12(t, x),

I1 j (t, x) :=
∫

eit�(t, ξ, x)η j (ξ)P
− α

2 (ξ)ψ(P
1
2 (ξ))dξ ; j = 1, 2.

To estimate I11 we note that

det(∂ξi ∂ξ j�)n×n(t, ξ, x) = det(∂ξi ∂ξ j P
1
2 )n×n(ξ).

Lemma 5.3 in [1] implies that the right hand side is nonzero on � (if necessary, we can increase the value of a1
to satisfy the requirement), that is, the Hessian matrix is non-degenerate on �. Moreover, |∂αξ �| ≤ Cα on �1

for all multi-indices α ∈ N
n
0. Here we obtain by the stationary phase principle that

|I11(t, x)| ≤ Ct−
n
2 . (2.15)

To estimate I12, we shall use some cut-off function 0 ≤ ϕ ≤ 1, ϕ(0) = 1, and derive an ε-uniform estimate
(as ε → 0) of

I ε12(t, x) :=
∫

Rn
eit�(t, ξ, x)η2(ξ)ϕ(εξ)P

− α
2 (ξ)ψ(P− 1

2 (ξ))dξ.

123
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Note that |∇ξ�| =
∣
∣
∣∇ P

1
2 (ξ)+ x

t

∣
∣
∣ ≥ 1

4

∣
∣
∣∇ P

1
2 (ξ)

∣
∣
∣ ≥ c|ξ |m1−1 for ξ ∈ �2 and

∣
∣
∣∂
β
ξ �

∣
∣
∣ ≤ Cβ |ξ |m1−|ξ | for |β| ≥ 2.

Now we define the operator L by

L f :=
〈∇ξ�, ∇ξ

〉

i t
∣
∣∇ξ�

∣
∣2

f.

Since Leit� = eit�, we obtain by N iterated integrations by parts that

|I ε12(t, x)| =
∣
∣
∣
∣

∫

Rn
eit�(t, ξ, x)(L∗)N [η2(ξ)ϕ(εξ)P

− α
2 (ξ)ψ(P− 1

2 (ξ))]dξ
∣
∣
∣
∣

≤ CN t−N
∫

suppψ(P
1
2 )

|ξ |−m1 N−m1αdξ ≤ C
′
N t−N ,

where N > n and L∗ is the adjoint operator of L . Combining the estimates (2.15) and (2.16) yields the claimed
estimate |I1| ≤ Ct− n

2 for t ≥ 1 and |x | ≤ t . Together with the estimate (2.5) (with k = μ− 1
m ) on I2 this yields

|I (t, x)| ≤ Ct−
1
m (1 + t−1|x |)−μ, (t ≥ 1, |x | ≤ t). (2.16)

Thus, combining Cases (i) and (ii), we conclude

|I (t, x)| ≤ Ct−
1
m (1 + t−1|x |)−μ, (t ≥ 1, x ∈ R

n). (2.17)

Case (iii) For 0 < t < 1 and x ∈ R
n , we shall use a standard scaling argument. We observe that

I (t, x) =
∫

Rn
e

i

(

<x, ξ>+t P
1
2 (ξ)

)

P− α
2 (ξ)dξ

= t
− n

m1

∫

Rn
e

i

(

<t
− 1

m1 x, ξ>+t P1/2(t
− 1

m1 ξ)

)

P− α
2 (t−1/m1ξ)dξ

= t
− n

m1
+α
∫

Rn
e

i

(

<t
− 1

m1 x, ξ>+(t2 P(t
− 1

m1 ξ))1/2
) (

t2 P

(

t
− 1

m1 ξ

))−α/2
dξ.

Let Pt (ξ) := t2 P(t− 2
m ξ), ρt (s, ω) := t

2
m ρ

(
s
t2 , ω

)
and σt (s, ω) := t

2
m σ

(
s
t2 , ω

)
. Then (2.1) in [1] still

holds when P, ρ and σ are replaced, respectively, by Pt , ρt and σt . It is easy to check that σt also satisfies (2.2)
in [1] with the same constants CkL . Hence, we can deduce from (2.17) (with t = 1) that

|I (t, x)| ≤ Ct
− n−αm1

m1 (1 + t
− 1

m1 |x |)−μ, 0 < t ≤ 1, x ∈ R
n . (2.18)

This completes the proof of Theorem 1.1.

Remark 2.1 If one checks the details of the proof of Theorem 1.1, one can see that the following estimate for I1
holds:

|I1(t, x)| ≤ C |t |−
n−αm1

m1 (1 + |t |− 1
m1 |x |)−μ, |t | > 0, x ∈ R

n,
4n − mn

2m
≤ α ≤ n

2
.

Remark 2.2 If one checks the details of the proof for Cases (i) and (ii) above, one finds that the estimate for
I (t = 1, x) does not use the condition α ≤ n

2 . Therefore the estimate (2.18) of I (t, x) for 0 < t < 1 is also
obtained by scaling without the restriction α ≤ n

2 . And in case 0 < t < T instead of 0 < t < 1, the same
estimates with constant CT still hold.
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3 Time-space integrability estimates with regularity of the solutions for wave-type equations

In this section, we obtain time-space integrability estimates with regularity for the higher order wave-type
equations, which is important in studying nonlinear equations, by using the above point-wise estimates. In [4],
time-space integrability estimates with regularity were considered as “global smoothness” for the dispersive
equations. Let the initial value be u0 = 0. If u0 �= 0, the estimate (3.3) in Theorem 3.1 still holds for U defined
in (1.2).

Theorem 3.1 We define

Vγ (t)u1(x) =
∫

ei(t P
1
2 (ξ)+<x, ξ>)P− 1

2 (ξ)|ξ |
(

2m+mn−4n
4

)
γ

û1(ξ)ψP(ξ)dξ, (t, x) ∈ R
n × R.

Then

∥
∥Vθ/2(t)u1

∥
∥

Lq
t (R: L p(Rn))

≤ C ‖u1‖2 , (3.1)
∥
∥
∥
∥

∫ ∞

−∞
Vθ (t − τ)g(τ, ·)dτ

∥
∥
∥
∥

Lq
t (R: L p(Rn))

≤ C ‖g‖
Lq′

t (R: L p′
(Rn))

, (3.2)

and

∥
∥
∥
∥

∫ t

0
Vθ (t − τ)g(τ, ·)dτ

∥
∥
∥
∥

Lq
t (R: L p(Rn))

≤ C ‖g‖
Lq′

t (R: L p′
(Rn))

, (3.3)

where

0 ≤ θ <
2

n
,

1

q
+ 1

q ′ = 1

p
+ 1

p′ = 1, (q, p) =
(

4

nθ
,

2

1 − θ

)

,

ψP (ξ) =
{

1, |P(ξ)| ≥ c|ξ |m,
0, |P(ξ)| ≤ (c/2)|ξ |m,

and ψP ∈ C∞(Rn).

To prove Theorem 3.1, we need the following.

Theorem 3.2 Let Vγ be as above. Then

‖Vθ (t)u1‖
L

2
1−θ

≤ c|t |− nθ
2 ‖u1‖

L
2

1+θ
, θ ∈ [0, 1], |t | > 0. (3.4)

Proof We introduce the analytic family of operators

Vγ+iβu1(x) =
∫

ei(t P
1
2 (ξ)+<x, ξ>)P− 1

2 (ξ)|ξ |
(

2m+mn−4n
4

)
(γ+iβ)

û1(ξ)ψP (ξ)dξ, (t, x) ∈ R
n × R.

Remark 2.1 and Young’s inequality give

∥
∥V1+iβ(t)u1

∥
∥∞ ≤ C(1 + |β|)n|t |− n

2 ‖u1‖1 .

And by Plancherel’s theorem, we have
∥
∥Viβ(t)u1

∥
∥

2 ≤ C ‖u1‖2. Therefore, by Stein’s interpolation theorem in
[6], we obtain

‖Vθ (t)u1‖ 2
1−θ

≤ C |t |− nθ
2 ‖u1‖ 2

1+θ
, θ ∈ [0, 1].
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Proof of Theorem 3.1 First we shall prove that (3.2) implies (3.1) (actually they are equivalent). Since
∫

V θ
2
(t)u1ḡ(t, x)dxdt =

∫
u1(x)

∫
(V θ

2
(t)g(t, ·))(x)dtdx ≤ ‖u1(x)‖2

∥
∥
∥
∥

∫
V θ

2
(t)g(t, ·)dt

∥
∥
∥
∥

2
,

and
∥
∥
∥V θ

2
(t)g(·, t)dt

∥
∥
∥

2

2
=
∫ ∫ ∫

V θ
2
(t)g(t, x)V θ

2
(τ )g(τ, x)dxdtdτ

=
∫ ∫ (∫

Vθ (t − τ)g(τ, x)dτ

)

g(t, x)dtdx

≤
∥
∥
∥
∥

∫
Vθ (t − γ )g(γ, x)dγ

∥
∥
∥
∥

Lq
t (R: L p(Rn))

‖g(t, x)‖
Lq′

t (R: L p′
(Rn))

,

it is enough to prove (3.2). By Theorem 3.2,
∥
∥
∥
∥

∫ ∞

−∞
Vθ (t − τ)g(τ, ·)dτ

∥
∥
∥
∥

Lq
t (R: L p(Rn))

≤
∥
∥
∥
∥

∫ ∞

−∞
‖Vθ (t − τ)g(τ, ·)‖L p(Rn) dτ

∥
∥
∥
∥

Lq
t (R)

≤
∥
∥
∥
∥

∫ ∞

−∞
1

|t − τ |nθ/2 ‖g(τ, ·)‖L p′
(Rn)

dτ

∥
∥
∥
∥

Lq
t (R)

≤ c ‖g‖
Lq′

t (R: L p′
(Rn))

.

In the final inequality, using the theorem about the fractional integral with the conditions 1
q = 1

q ′ − (1 − nθ
2

)

(i.e. 1
q = nθ

4 , 0 < θ < 2
n ) we finish the proof when q �= ∞ (i.e. 0 ≤ θ

2 < 1). The case q = ∞ is obvious and
(3.3) is proved in the same way. This completes the proof of Theorem 3.1.

Remark 3.3 We can prove the inequalities (3.1), (3.3) for the solutions of Eq. (1.1). But the results are local in
time, i.e. Lq

t ([0, T ] : L p(Rn)) instead of Lq
t (R : L p(Rn)). We define

W (t)u1(x) :=
∫

ei(t P1/2(ξ)+<x, ξ>)P− 1
2 (ξ)û1(ξ)(1 − ψP (ξ))dξ.

It is enough to prove that
∥
∥|D|bW (t)u1

∥
∥

p ≤ Cb,p ‖u1‖p , b ≥ 0 where Cb,p is a constant, independent of t .

Remark 3.4 Theorem 2.3 in [9] yielded L p − L p′
estimates for the cases P = 1 + |ξ |m , while our Theorem 3.2

applies to more general polynomials P .
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