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Abstract Assume that R is a commutative ring with non-zero identity and W*(R) is the set of all non-zero
non-unit elements of R. Also, for x € R, the ideal which is generated by x, is denoted by Rx. The cozero-divisor
graph of R, which is denoted by I''(R), is a graph with W*(R) as the vertex-set, and two distinct vertices x and
y are adjacent in W*(R) if and only if x ¢ Ry and y ¢ Rx. In this paper, we completely determine all finite
commutative rings R such that I'V(R) is a line graph. We also characterize all finite commutative rings R such
that I'’(R) is isomorphic to its line graph.
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1 Introduction

Assume that R is a commutative ring with non-zero identity and Z*(R) is the set of all non-zero zero-divisors
of R. Also suppose that U (R) is the set of unit elements of R and W*(R) is the set of all non-zero and non-unit
elements of R.

The definition of the zero-divisor graph of a commutative ring, that is denoted by I'(R), was introduced in
[9] by Beck, and he studied the coloring of the graph. The studying of coloring of the zero-divisor graph of a
commutative ring was then continued by D.D. Anderson and M. Naseer in [6]. In [8], the authors investigated
some basic results of the zero-divisor graph I'(R). The zero-divisor graphs of commutative rings was studied by
several authors. See for example [7], [5] and [11].

For an arbitrary commutative ring R, the cozero-divisor graph of R, which is a dual of the zero-divisor graph
I'(R) “in some sense”’, was introduced and studied in [1]. The cozero-divisor graph of R, which is denoted by
I'"(R), is a graph with vertex-set W*(R), and two distinct vertices a and b in W*(R) are adjacent if and only if
a ¢ Rband b ¢ Ra, such that Rx is an ideal generated by the element x in R. In [1] and [2], the authors studied
some basic properties of this graph. Also, in [3] and [4], planar, outerplanar and ring graph cozero-divisor graphs
of commutative rings were completely characterized.
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Fig. 1 Forbidden induced subgraphs

In this paper, we determine all finite commutative rings such that I''(R) is a line graph. We also characterize
all finite commutative rings such that I''(R) = L(I'’(R)).
Throughout the paper R is a finite commutative ring with non-zero identity and so we have W*(R) = Z*(R).

2 Line graph structure of the cozero-divisor graphs

Let G be a graph. Recall that the line graph L(G) is a graph such that each vertex of L(G) represents an edge of
G, and two vertices of L(G) are adjacent if and only if their correspoding edges are incident in G. We use K,
for a complete graph with n vertices and K, , for a complete bipartite graph, with parts of sizes m and n. Also,
we use C, for a cycle with n vertices.

In the following theorem, which was proved by Beineke in [10], all forbidden induced subgraphs which can
not occur in line graphs are characterized.

Theorem 2.1 Let G be a graph. Then G is the line graph of some graph if and only if none of the nine graphs
in Figure 1 is an induced subgraph of G.

In this section, we provide a characterization of finite commutative rings R such that I'"(R) is a line graph.
First we assume that R is a local ring with maximal ideal m. Firstly, we study the case that m is principal.

Theorem 2.2 Suppose that (R, m) is a local ring where w is a principal ideal. Then T'(R) is a line graph.

Proof Since R is a finite ring, we have that R is Noetherian. Now, by [1, Theorem 2.7], we get that I'/(R) is
totaly disconnected, and so it is a line graph. O

Assume that m is not a principal ideal and suppose that S stands for a minimal generating set of m. By [12,
Propositions 2.1.1 and 2.1.2], we have the following remark.

Remark 2.3 If (R, m) is a finite local ring, then there exists a prime integer p and positive integers #, [, k such
that Char(R) = p’, |m| = p', |R| = p* and Char(R/m) = p.

Lemma 2.4 Suppose that (R, m) is a local ring such that m is not a principal ideal. If there exists a € S such
that U (R)a| > 2, then T'(R) is not a line graph.

Proof Since m is not a principal ideal, consider two distinct elements a and b in S. Assume that a, uja, usa,
where u1,uy € U(R) are distinct elements in U (R)a. Then the induced subgraph on the set {a, ua, usa, b}
forms the graph K 3. Hence, by Theorem 2.1, I'"(R) is not a line graph.

O

Lemma 2.5 Suppose that (R, m) is a local ring such that w is not a principal ideal. If T'(R) is a line graph,
then we have |R/m| = 2.

Proof Consider distinct elements a and b in S. Now, if |[R/m| > 3, then we have distinct nonzero elements
l+mandu+min R/m. Since | —u € U(R), we have thata # ua, b # ub anda +b # u(a + b). Now, if the
induced subgraph on the set {a, a + b, u(a + b), a + ub} forms the graph K 3, then I''(R) is not a line graph,
and it is impossible. So we have either a + b is adjacent to a + ub or u(a + b) is adjacent to a + ub. Without loss
of generality, we may assume that a + b is adjacent to a + ub. In this situation the induced subgraph on the set
{a,ua, b,a + b, a + ub} forms the graph G3 which implies that I'"(R) is not a line graph, and it is impossible.
Hence, |R/m| < 2 and since |R/m| = 2/, for some positive integer ¢, we deduce that |R/m| = 2.
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Theorem 2.6 Let (R, m) be a local ring. Assume that |S| = 2 and T'(R) is a line graph. Then |R| < 16.

Proof Suppose that S = {a, b}. By Lemma 2.4, we have |U(R)a|, |U(R)b| < 2. Now one can easily see that
R = (U(R) + U(R)) U U(R), which implies that |Ra| < 6, and by Remark 2.3 and Lemma 2.5, we have
|Ra| < 4. Recall that there exists an isomorphism R/(0 : @) = Ra. Now since m/(0 : a) < R/(0 : a) , we
have /m/(0 : a)| < 4. Also we have |R/(0 : a)| = |m/(0 : a)||R/m|. By Lemma 2.5, |[R/m| = 2. Now, if
lm/(0 : a)| = 4, then we have |Ra| = 8, which is impossible. Therefore, for each generator x € §, either
(0:x) =mor |m/(0: x)| = 2. Thus we have the following three situations.

O IfO:a) =m=(0:b), thenm? =0, and som = {0, a, b, a + b}. Hence |R| = 8.

(i) If (0 : @) = mand |m/(0 : b)| = 2, thenclearly b> # 0.1f b # 0, then we have b+ (0 : b) = b>+(0 : b),
which implies that b — b* € (0 : b). Since 1 — b is a unit element, we get that b € (0 : b), and so b* =0,
which is impossible. Therefore we have b3 = 0. Now we show that either the induced subgraph with vertex set
{a,b,a+b,b+b> a+b+b*) or{a, b,a+b,a+b* a+b+b*}isisomorphic to the graph G3, which implies
that I'"(R) is not a line graph.

Clearly, a ¢ R(b + bz). If b + b% = ra, for some r € R, then we have b(1 4+ b) =raandsince 1 +bisa
unit element, we get that b € Ra, which is impossible. So a and b + b? are adjacent. If a = r(a + b + b2), for
some r € R, then we have (1 —r)a =r(b + bz). If 1 — r is unit, then a € Rb, which is impossible. If 7 is unit,
then we have b = r (1 — r)(1 + b)"'a € Ra, which is again impossible. Also, if a + b + b*> = ra, for some
r € R, then we have b € Ra, which is impossible. Thus a is adjacent to a + b + b>. If b 4+ b> = r(a + b), for
some r € R, then we have b((1 + b) — r) = ra. Since 1 + b is unit, we have b(1 —r(1 +b)~") = r(1 4+ b) " a.
Now, if 7 is unit, then @ € Rb, which is impossible. Otherwise, r is not unit and so 1 — (1 + b)’1 is unit. Then
we have b € Ra, which is again impossible. Also, ifa +b =r(b + bz), for some r € R, then we have a € Rb,
which is impossible. Thus b + b? is adjacent to a + b. Now, by a similar discussion, it is easy to see that if
a+banda+ b+ b*are adjacent, then the induced subgraph with vertex set {a, b, a + b, b + b a+b+ bz}
is isomorphic to G3. Otherwise a + b and a + b + b? are not adjacent. Now we show that in this situation the
induced subgraph with vertex set {a, b,a + b, a + b2, a+b+ b2} is isomorphic to G3. If a + b? = ra, for some
r € R, then we have (1 —r)a = —b2.If 1 — r is unit, then we have a € Rb, which is impossible. If | —r € m,
then since ma = 0, we have b? = 0, which is again impossible. Also, if a = r(a + bz), then (1 — r)a = rb?.
If 1 — r is unit, then we have a € Rb, which is impossible. If I — r € m, then we have r € U(R) and so
b* = 0, which is again impossible. Hence the vertices a + b”> and a are adjacent. If a + b> = r(a + b + b?),
for some r € R, then we have (1 — r)a = —b? + rb(1 + b). Clearly 1 —r € m. So b* = rb(1 + b), and thus
b3 = rb%(1 4 b). Since b> = 0 and r (1 + b) is unit, we get that b* = 0 which is impossible. Also, one can easily
see that a + b + b> ¢ R(a + b?). Hence the vertices a + b% and a + b + b? are adjacent. Now, by a similar
discussion, it is easy to see that if a + b and a + b + b* are not adjacent, then the induced subgraph with vertex
set{a,b,a+b,a+ b2 a+b+ bz} is isomorphic to G3. Therefore I'"(R) is not a line graph in this situation.

If (0:b) =mand |m/(0 : a)| = 2, then we also have I'"(R) is not a line graph.

(iii) Suppose that j[m/(0 : a)| =2 = |m/(0 : b)|. We have the following two situations:

(a) Assume that (0 : a) = (0 : b). Letn = (0 : a). Then clearly a, b ¢ n. So wehavem =nU n+a) =
nU m+>b). Thusn+a =n+ b. Hence b = a + n, for some n € n. Now we have bx = ax + nx = ax for
all x € m. In particular, we have a®> = ab = b>. We claim that > € n. Suppose on the contrary that a> ¢ n.
Then a? + n = a + n. Thus a(l —a) € n. Since 1 — a is unit, we have that a € n, which is impossible. Hence
a’> =ab = b? e n. Since (0 : a) =n = (0 : b) and |[R/m| = 2, we have Rab = {0, ab}, Ra = {0, a} and
Rb = {0, b}. Therefore we have

m = {cia + c2b + czab | c; € {0, 1}, forall 1 <i < 3}

Hence |m| < 8. Sincen = {0, a+b, ab, a4+ b+ ab}, we have that |m| = 8. Clearly, m = {0, a, b, ab,a+b, a+
ab, b+ ab, a + b + ab}. We show that the induced subgraph with vertex set {a, b,a + b, b + b2, a+b+ bz} is
isomorphic to the graph G3 as in Figure 2, which implies that I'/(R) is not a line graph.

Clearly,a ¢ R(b+b*).1fb+b*> = ra,forsomer € R, then we have b = ra—ab € Ra, which is impossible.
So a and b + b? are adjacent. If a = r(a + b + b?), for some r € R, then we have (1 — r)a = r(b + b?).
If 1 — r is unit, then a € Rb, which is impossible. If r is unit, then we have b = r~Y(1 = ra — ab € Ra,
which is again impossible. Also, if a + b + b2 = ra, for some r € R, then we have b € Ra, which is
impossible. Thus « is adjacent to a + b + b%. Now, let a + b + b> = r(a + b), for some r € R. Suppose that
rem=nUm+a) =nUm+b).Ifr en, then we have r(a + b) = 0 and so a + b + b* = 0, which is
impossible. If »r € (n + a), then since a + b € n, we get that r(a +b) = 0 andsoa + b + b%* = 0, which is
again impossible. Otherwise, r is a unit and (r — 1)(a + b) = b%. Since r — 1 € m, we have b = 0, which is
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b+ b2

a+b a+ b+ b2
Fig. 2 Induced subgraph isomorphic to G3

impossible. Similarly, (a + b) ¢ R(a + b + b*). Also, one can easily check that a + b is adjacent to vertices b
and b + b%. Therefore I''(R) has an induced subgraph isomorphic to G, and so it is not a line graph.

(b) Suppose that (0 : a) # (0 : b). Letn = (0 : a) N (0 : b). Clearly [m/n| = 4. Thus |(0 : a)/n| = |0 :
b)/n| = 2. Since the elements a and a + b also generate m, we have |[m/(0 : (a + b))| = 2. We claim that in this
situation |R| < 16. Sincea, b, a+b ¢ nand |m/n| = 4, wehavem = nU(n+a)Um+b)U(n+a-+>b). Hence we
have (0:a) =nUm+x),(0:b) =nuUm+y)and (0:a+b) =nU n+z), where {x, vy, z} = {a, b, a + b}.
First suppose that there exist generators a, b of m with ab = 0. Then if (0 : a + b) = nU (n + a) or
(0 : a+b) = nU(n+Db), then we getthata, b € n, whichisimpossible. Hence we have (0 : a+b) = nU(n+a+b).
Thus (a + b)> = 0 which implies that a® = b> = a® + b> = 0. Therefore m = {ra + sb + ta> | r,s,t € R}.
Now one can easily check that |[m| < 8, and so |R| < 16.

Now, assume that, for each minimal generating set {c, d} of m, we have cd # 0. Hence wehave x = a,y = b
and z = a + b. Thus a®> = b? = 2ab = 0. Now, in this situation we have m = {ra +sb +tab | r, s, t € R}, and
it is easy to see that |[m| < 8. Therefore |R| < 16.

Now since |m/n| = 4, we have that |[m| = 8 and |R| = 16. |

Now it is enough to investigate line graph cozero-divisor graphs I''(R) with |R| < 16.
Proposition 2.7 If (R, m) is a local ring such that |R| = 2" < 8, then T'(R) is a line graph.
Proof The result is obvious as I'"(R) has |m| — 1 < 3 vertices. a

Proposition 2.8 Ler (R, m) be a local ring with 16 elements. Then T'(R) is a line graph if and only if R is
isomorphic to one of the following rings:

Fie, F4[X1/(X?), Zo[X1/ (XY,

Zo[X.Y, Z)/(X. Y, Z)*, Z4[X, Y1/(2, X, ¥)?,

TolX, Y1/ (X? = Y%, XY), Zo[X, Y1/(X%, Y?), Z4[ X1/ (X* + X + 1),

Z4[X1/2X, X? — 2), Zu[X]/(X* = 2), Z4[X]/(X* = 2X —2),

ZalX, Y1/ (X> =2, XY, Y? —2,2X), Z4[X, Y1/(X?, XY — 2, Y?), Zs[X1/(X?),

Z4[X1/(X* = 2X), Zs[X]/(2X, X* — 4), Zss.

Proof In [13], Corbas and Williams showed that the non-isomorphic local rings with identity of order 16 are
precisely the following 21 rings:

Fie. FalX1/(X?), Zo[X1/ (XY,
ZolX, Y1/(X?, XY, Y?), Zo[X, Y1/(X? = Y?, XY), Zo[X, Y]/ (X?, ¥?),
TolX,Y, Z1)(X,Y, )%, Za[ X1/(X*> + X + 1), Z4[ X1/ (2X, X = 2),
ZalX1/(X* = 2), Z4[X1/(X? — 2X — 2), Zu4lX, Y1/(X*> — 2, XY, Y?,2X),
ZalX, Y1/ (X> =2, XY, Y? —2,2X), Z4[X, Y1/(X*, XY — 2,Y?),
Z4X1/(2X, X?), Z4[X1/(X?), Za[ X1/ (X* = 2X),
Z4X. Y12, X, Y)?, Zs[X1/(2X, X?), Zg[ X1/ (2X, X* — 4), Zss.
If R is one of the rings Fig, F4[X1/(X?), Z4[X1/(X? + X + 1), Z4[X1/(X? — 2X — 2), Z4[X1/(X? = 2),

then |m| < 4 and I'"(R) is a line graph. Also, if R is one of the rings Zg, ZQ[X]/(X4) or Z4[X]/(2X, X3 —2),
then m is principal and by Theorem 2.2, T'/(R) is a line graph. Now, a simple verification shows that all of the
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Table 1 Local rings and their maximal ideals whose cozero-divisor graphs are isomorphic

Ring Maximal Ideal

Zo[X, Y]/(X? = Y2, XY) m
ZolX, Y1/(X%, Y?) m
Z4[X, Y1/ (X? =2, XY, Y% —2,2X) m
74X, Y1/(X2, XY —2,Y?) m
m
m
m

={0,x,y,x +y,x%, x +x2, y+x% x +y +x7)
={0,x,y, x+y,xy, x +xy,y +xy,x +y+xy}
={0,2,x,y,x+y,24+x,24+y,24+x+ y}
{0,2,x, 9,24 x,24+y,24+x+y,x+y}

{0,2,x,2 4+ x,2x,2+ 2x,3x,2 + 3x}

{0,2,x,2+ x,2x,2 4 2x,3x,2 4+ 3x}
{0,2,4,6,x,24+x,4+x,6+ x}

Z4[X1/(X?)
Z4[X1/(X* —2X)
Zg[X1/(2X, X* — 4)

x + +m2

Fig. 3 I"(Z,[X, Y]/(X? — Y2, XY))

Table 2 Local rings and their maximal ideals whose cozero-divisor graphs have G3 as an induced subgraph

Ring Maximal Ideal

Zo[X, Y1/(X3, XY, Y?) m={0,x,y,x +y,x2,x +x% y+x% x +y+x?)
Z4[X, Y1/(X? =2, XY, Y2, 2X) m={0,2,x, y,x+v,24+x,24+y,2+x+y}
74[X1/2X, X3) m=1{0,2,x,2+x,x2+x,x2, x2+x+2,x2+2}
Zg[X1/(2X, X?) m=1{0,2,4,6,x,2+x,4+x,6+x}

Table 3 Local rings and their maximal ideals whose cozero-divisor graphs are isomorphic to K7

Ring Maximal Ideal
ZolX, Y, Z)/(X, Y, Z)? m={0,x,y,2,x+y,x+2,y+2.x+y+2z)
741X, Y1/(2, X, Y)? m={0,2,x,y,x+y,24+x,2+y,2+x+y}

local rings of Table 1 have isomorphic cozero-divisor graph, which is presented in Figure 3, and they are line
graphs.
It is not hard to see that for all of the local rings R of Table 2, the cozero divisor graph of R has an induced
subgraph isomorphic to G3, and so I''(R) is not a line graph.
For two local rings of Table 3, it is easy to see that I'"(R) is isomorphic to K7, which is a line graph.
O

In the following theorem, we characterize all nonlocal rings R whose cozero-divisor graphs are line graphs.

Proposition 2.9 Let R be a finite nonlocal ring with non-zero identity. Then T''(R) is a line graph if and only if
R is one of the rings:

Do X Uiy X L, Ly X Ly, Xy X X3, L3 X Z.3.

Proof Since R is finite, we may assume that R is isomorphic to the ring Ry x - - - X R,;, where R; is local for every
i =1,...,n. If n = 4, then the induced subgraph on the set {(1, 1,0, 0), (1, 1, 1, 0), (0, 1,0, 0), (1,0, 1, 1)}
forms the graph K3, and so I'(R) is not a line graph. For n > 4, one can easily see that I''(R) is not
a line graph. Let n = 3 and there exists i with 1 < i < 3 such that |R;| > 3. Without loss of gener-
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(0,1,1)

(0,0,1)

Fig. 4 T'(Zo x 7o x Z)

{(1,0,0), (1, 1,0), (a, 0, 0), (0, 1, 1)} forms the graph K1 3, and so I'’(R) isnot aline graph. If R = Zp x Z x 7,
then I'/(R) is pictured in Figure 4, and by Theorem 2.1, I'/(R) is a line graph.

Now, letn = 2 and |R1| > 3 or |Ry| > 3. Without loss of generality, we may assume that |R;| > 3. Consider
the elements a and b in R; \ {0, 1}. We may assume that a is a unit element. Now the induced subgraph on the set
{(1,0), (0, 1), (0, a), (0, b)} forms the graph K 3, which implies that I'"(R) is not a line graph in this situation.
Therefore, we have |R1|, |[R2| < 3. So R; X R» is isomorphic to one of the rings Zo X Zo, Zp X Z3 or Z3 X 73
and one can easily see that the cozero-divisor graphs of theses rings are line graphs.

O

Now, we have the following conclusion which completely characterizes all finite commutative rings whose
cozero-divisor graphs are line graphs in the case that |S| < 2, whenever R is local.

Theorem 2.10 Let R be an arbitrary finite commutative ring with |S| < 2, whenever R is local. Then T'(R) is
a line graph if and only if R is a local ring with principal maximal ideal, R is a local ring of order eight, or R
is isomorphic to one of the following rings:

TolX,Y, Z1)(X,Y, Z)?, Z4[ X, Y1/ (2, X, Y)?,

ZolX, Y1/ (X? = Y2, XY), Zo[X, Y1/(X%, Y?), Z4[ X1/ (X> + X + 1),
ZalX, Y1/ (X? =2, XY, Y? —2,2X), Z4[X, Y1/(X*, XY —2,Y?),
Z4lX1/(X?), Za[X1/(X* — 2X), Zg[ X1/ (2X, X* — 4),

Zz X Zz X Zz,

Zz X Zz, Zz X Zg, Z3 X Z3.

Now, assume that (R, m) is a local ring such that m is not principal and | S| > 3. We show that in this situation
["(R) is a line graph if and only if it is a complete graph.

Theorem 2.11 Let (R, m) be a local ring such that m is not a principal ideal and |S| > 3. Then T'(R) is a line
graph if and only if T'(R) is a complete graph.

Proof First assume that I'/(R) is a line graph. Suppose that there exists a € S such that |U(R)a| > 1. Let a and
ua be distinct elements in U (R)a. Now the induced subgraph on the set {a, b, ¢, ua, a+b}, where b, c are distinct
elements in S \ {a}, forms the graph G3, which implies that I'/(R) is not a line graph and this is impossible.
Hence, foreacha € S, we have |U(R)a| = 1. Also one can easily see that R = (U(R) + U(R)) UU (R), which
implies that |Ra| < 3. By Lemma 2.5, we have |Ra| = 2. Now, for each x € m, we have x = ) _ a;, for some
a; € S. Therefore I"(R) is a complete graph.

The converse statement is clear. ]

In the rest of this section, we study the graph equation G = L(G). In fact, we study when the cozero-divisor
graph is isomorphic to its line graph. In [14] and [15], it was showed that G = L(G) if and only if G is regular
of degree 2.

Proposition 2.12 The solution for the graph equation T'(R) = L(I'’(R)) is one of the following rings:
F, Zo[X, Y1/(X, Y)?, ZalX1/2X, X*), Z3 x s,

where T is a finite field.
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Proof Tt is easy to see that if I'V(R) is not a line graph, then the graph equation I'"(R) = L(I"’(R)) has no
solution. If R is a field, then since I'"(R) has no vertices, we are done. Also since I''(Zo2[X, Y1/(X, Y)?) =
I(Z4[X1/(2X, X?)) = K3 and I'(Z3 x Z3) = C4, the graph equation I'"(R) = L(I"'(R)) has a solution. In the
other situation of Theorem 2.10, since I'"(R) is not regular of degree 2, the graph equation I'"(R) = L(I''(R))
has no solution.

O
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