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Abstract Linear Complementary Dual (LCD) code is a linear code with a trivial intersection with its dual. In
this paper, we prove that non-free LCD codes do not exist over Z4 and obtain a necessary and sufficient condition
for the existence of LCD codes over Z4. Later, we investigate free LCD cyclic codes of odd lengths over Z4 and
find a relation between free LCD cyclic codes of odd lengths and reversible codes of odd lengths over Z4. We
prove that free LCD cyclic codes of length 2k , a positive integer k, do not exist, and also establish a condition
for the existence of free LCD cyclic codes of lengths 2km for a positive integer m with gcd(2, m) = 1. Finally,
we present some good parameters of LCD codes that we obtained.
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1 Introduction

Codes over finite rings is a quite interesting topic for their interesting applications. An additive subgroup of Z
n
4

is called a linear code C (which is also a Z4-sub module of Z
n
4). A linear code C over Z4 is called a Linear

Complementary Dual (LCD) code if C ∩C⊥ = {0}, where C⊥ is the dual of C . LCD codes were first investigated
by Massey [9]. In [9], he showed a comparison between LCD codes and non-LCD codes over finite fields and
demonstrated that asymptotically good LCD codes exist. LCD codes are used in data storage, communication
systems, consumer electronics, and cryptography. Carlet and Guilley discussed another application of LCD codes
against side-channel attacks and fault injection attacks in [1], and also they presented several constructions of
LCD codes. LCD cyclic codes over finite fields are also referred to as reversible codes. In [10], Massey proved
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that some LCD cyclic codes over finite fields are the same as BCH codes. Yang and Massey gave a necessary
and sufficient condition for a cyclic code to have a complementary dual [16]. Tzeng and Hartmann [15] showed
that the minimum distance of a class of LCD codes is greater than that given by the BCH bound. Sendrier proved
that LCD codes meet the asymptotic Gilbert-Varshamov bound in [14]. Esmaeili and Yari analysed 1-generator
LCD quasi-cyclic codes [6]. Dougherty et al. [5] developed linear programming bound on the largest size of an
LCD code of given length and minimum distance. Ding et al. studied LCD cyclic codes over finite fields and
found their parameters [4]. Jin established a nice observation that some Reed-Solomon codes are equivalent to
LCD codes [7]. In [2], the authors showed a relation between Maximum Distance Separable (MDS) codes and
LCD codes, and constructed MDS LCD codes. In [8], Liu and Liu studied LCD codes over finite chain rings and
provided a necessary and sufficient condition for a free linear code to be an LCD code over finite chain rings.
They gave a sufficient condition for a linear code (not necessarily free) over a finite chain ring to be an LCD
code, which says “a linear code C over a finite chain ring with a generator matrix G is an LCD code if GGT

is invertible, where GT is the transpose of G" [8, Theorem 3.5]. They provided an example [8, Example 2] to
state that the converse of [8, Theorem 3.5] is not in general true. However, there is a mistake in their example
(See Example 3.0.1). This paper proves that the converse of [8, Theorem 3.5] is indeed true. This result leads
to the claim that there does not exist any non-free LCD code over finite chain rings. We also show that a free
cyclic code C over Z4 is an LCD code if and only if C is reversible. The same is not true when C is non-free.
This is because there are no non-free LCD codes over Z4, however a non-free cyclic code C can be reversible.
We also prove a necessary and sufficient condition for a cyclic code C of length n over Z4 to be reversible when
n is relatively prime to the characteristic of the ring Z4.

This paper’s main objective is to prove that there are no non-free LCD codes over Z4 and obtain some good
LCD code parameters. The paper is organized as follows: In Sect. 2, we provide some basic tools required to
understand the results of further sections. In Sect. 3, we discuss LCD codes over Z4. The LCD cyclic codes of
odd lengths over Z4 are studied in Sect. 4. Finally, we characterize LCD cyclic codes as group codes over Z4,
and prove that LCD cyclic codes of length 2k do not exist in Sect. 5.

2 Preliminaries

Recall that a linear code C of length n over Z4 is a Z4-submodule of Z
n
4. In particular, it is an additive subgroup

of Z
n
4. A generator matrix of a non-zero linear code C over Z4 is permutation-equivalent to the matrix

G =
(

Ik1 A B
0 2Ik2 2C

)
,

where Ik1 and Ik2 are identity matrices of orders k1 and k2, respectively, A and C are Z2 matrices, and B is a Z4
matrix. The matrix G is called the generator matrix of C in standard form. From now on, generator matrix we
mean the generator matrix in the standard form. We denote the transpose of a matrix M by M�. A code C is an
elementary abelian group of type 4k1 2k2 , containing 22k1+k2 codewords, and is called as a code of type 4k1 2k2 .
The rank of a matrix M over Z4 is defined as the number of linearly independent rows of M . So the rank of the
generator matrix G of a linear code C of length n over Z4 is k1. Further, C is a free Z4-module if and only if
k2 = 0, in such a case k1 is called free rank of G = (Ik1 A), where A is a Z4 matrix. A square matrix M is said
to be non-singular or invertible over Z4 if the determinant of the matrix M is a unit element (i.e., det(M) = 1 or
3) in Z4. Otherwise M is called singular.

A finite commutative ring with unity is said to be a local ring if all non-units of the ring form an ideal, (which
is in fact the unique maximal ideal of the ring). If the unique maximum ideal of a local ring is principal then the
local ring is called a finite chain ring, i.e., all the ideals of the ring form a chain under set theoretic inclusion
(⊂). Let R be a finite chain ring with unique maximal ideal M . Then the residue class ring R

M is a finite field,

called the residue field of R and denoted by R, i.e., R = R
M (The residue filed of Z4 is Z4〈2〉 ≡ Z2). Denote a

projection map R → R by −. The image of an element a under this map is denoted by a. The map − is extended
to R[x] → R[x] in the usual way. Two polynomials f (x), g(x) in R[x] are said to be coprime if there exist
a(x), b(x) in R[x] such that a(x) f (x) + b(x)g(x) = 1, or equivalently, 〈 f (x)〉 + 〈g(x)〉 = R. A polynomial
f (x) ∈ R[x] is said to be basic irreducible if f (x) is irreducible in R[x]. Let G be a group of order n. Then RG
forms a group algebra, where R is a ring. An element of group algebra RG is written as a = ∑

g∈G agg ∈ RG,

ag ∈ R. For each a ∈ RG, the adjoint of a is denoted by â and is defined as â = ∑
g∈G agg−1.
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1202 S. Bhowmick et al.

A linear code C over R is said to be reversible if for every c = (c0, c1, . . . , cn−1) ∈ C, then cr = (cn−1,
cn−2, . . ., c1, c0) ∈ C. In the polynomial representation of C, for every c(x) = c0 + c1x + c2x2 +· · · +cn−1xn−1

∈ C, cr (x) = xn−1c( 1
x ) = cn−1 +cn−2x + · · · +c1xn−2 + c0xn−1 ∈ C. We first start with an easy lemma which

serves our purpose in the present article.

Lemma 2.1 Let G = 〈g〉 be a cyclic group of order n and R a finite commutative ring. Let ϕ : RG −→ R =
R[x]

〈xn−1〉 be defined by ϕ(
n∑

i=1
ai gi ) =

n∑
i=1

ai xi . Then the following assertions hold true.

(1) ϕ is a ring isomorphism between RG and R = R[x]
〈xn−1〉 .

(2) I is a right (or left) ideal of RG if and only if ϕ(I ) is a right (or left) ideal of R.

A finitely generated R-module P is called R-projective if the following diagram commutes.
P

M N 0

γ
β

α

In other words, M and N are any R-modules, and α and β are R-morphisms from M to N and P to N , respectively.
Then there exists an R-morphism γ : P −→ M with αγ = β. We observe that any free R-module is projective.

Next, we would like to quote two well-known theorems of significant importance in our present context.

Theorem 2.1 [12, Theorem III.8] Let P be a finitely generated R-module. Then the following are equivalent:

(1) P is projective,
(2) P is a direct summand of a free R-module.

An element e ∈ R is said to be idempotent if e2 = e. It is easy to see that if e ∈ R is an idempotent element,
then 1 − e is also an idempotent element of R and is orthogonal to e as e(1 − e) = e − e2 = 0. Thus R can be
decomposed into a direct sum of left ideals (or as left modules), i.e., R = Re ⊕ R(1 − e). Conversely, if for
ideals L1 and L2 we have R = L1 ⊕ L2, then e1 + e2 = 1, where e1 is in L1 and e2 is in L2. Then e2

1 = e1,
e2

2 = e2 and e1e2 = e2e1 = 0. Therefore L1 = Re1 and L2 = Re2.

Theorem 2.2 [12, Proposition VI.1] Let R be a ring. Then the following statements are equivalent

(1) R = ⊕t
i=1Ri .

(2) There exist commutative orthogonal idempotent ei ∈ R with
∑t

i=1 ei = 1 and Ri = Rei .
(3) R is a direct sum of ideals Ri .

In particular, we see that P is a cyclic (generated by single element) projective module if and only if P is a direct
summand of R, i.e., P = Re, for some idempotent e. Now, for each a(x) = ∑s

i=0 ai xi with a0 invertible in
R, and the reciprocal of a(x) denoted by a∗(x) and defined by a∗(x) = xsa−1

0

∑s
i=0 ai x−i . If a(x) = a∗(x),

then a(x) is called self-reciprocal. In addition, the ring R carries a natural symmetric bilinear form 〈·, ·〉 which
is defined by

〈xi , x j 〉 =
{

1 if i = j;
0 otherwise.

Note that the map ∗ : R −→ R defines an anti-isomorphism of R and for all g(x), h(x) ∈ R the bilinear form
defined above satisfies

〈g(x), h(x)〉 = 〈1, h(x)g∗(x)〉 = 〈g(x)h∗(x), 1〉.
If a = â then ϕ(a) may not be self-reciprocal in R. Also, if ϕ(a) is self-reciprocal in R, then a may not be
self-adjoint in RG. We illustrate this fact by providing the following example.

Example 2.2.1 Let us consider R = Z4 and G = 〈g〉 be a cyclic group of order 15. Then ϕ: Z4G −→ R =
Z4[x]

〈x15−1〉 defined by ϕ(g) = x is a ring isomorphism. Suppose that e = g + g−1, then ϕ(e) = x + x14. Therefore

e = ê, but ϕ(e) 
= ϕ(e)∗. Again x15−1 = (x−1)(x4+x3+x2+x+1)(x2+x+1)(x4+2x2+3x+1)(x4+3x3+
2x2 +1). Let us choose ϕ(e) = (x4 +2x2 +3x +1)(x4 +3x3 +2x2 +1) = x8 +3x7 + x5 +3x4 + x3 +3x +1.
It’s pre-image e = g8 + 3g7 + g5 + 3g4 + g3 + 3g + 1. Therefore e 
= ê, but ϕ(e) = ϕ(e)∗.
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3 LCD code over Z4

We now discuss LCD codes over Z4. In [8, Theorem 3.5], it is proved that a linear code over a finite chain ring
with a generator matrix G is LCD if GGT 
= 0, where GT is the transpose of G and also stated that the converse
of [8, Theorem 3.5] is not true in general with an example [8, Example 2, Page 7]. However, the example was
wrong (See Example 3.0.1). In this section, first, we prove that the converse of [8, Theorem 3.5] is true. We later
prove that the non-free LCD codes do not exist over Z4.

Example 3.0.1 [8, Example 2, Page 7] Let C be a non-free linear code over Z4 with generator matrix

G =
⎡
⎢⎣

1 0 0 0 1 0
0 1 0 0 0 1
0 0 2 0 2 0
0 0 0 2 2 2

⎤
⎥⎦ .

Then we can see that x = (2, 0, 0, 0, 2, 0) ∈ C. Also Gx� = 0, so x ∈ C⊥. Therefore x ∈ C ∩ C⊥. So C is not
LCD. But in [8, Example 2, Page 7], the authors claim that C is LCD.

Theorem 3.1 If G is a generator matrix of a non-free code C over Z4, then GGT is singular.

Proof The standard form of a generator matrix of C is

G =
[

Ik1 A B
0 2Ik2 2C

]
.

Since C is non-free, k2 
= 0.
So we have

GG� =
[

Ik1 + AA� + B B� 2A + 2BC�
2A� + 2C B� 0

]
,

where

G� =
⎡
⎣ Ik1 0�

A� 2Ik2

B� 2C�

⎤
⎦ .

Therefore det(GGT ) = 0 as 2 can be taken as common from last columns or rows. ��
Corollary 3.1.1 Let C be a code over Z4 with a generator matrix G. If GGT is invertible, then C is free.

Remark 3.1 The converse of Corollary 3.1.1 is not true in general. We illustrate the same in the following
example.

Example 3.1.1 Let C be a code over Z4 generated by G =
⎡
⎢⎣

1 0 0 0 2 0 0
0 1 0 0 0 1 1
0 0 1 0 0 1 1
0 0 0 1 1 0 0

⎤
⎥⎦. Then GGT =

⎡
⎢⎣

1 0 0 2
0 3 2 0
0 2 3 0
2 0 0 2

⎤
⎥⎦ and

det(GGT ) = 2. So GGT is singular however C is a free code over Z4.

We now prove the main result of the paper. In the following theorem, we prove that non-free LCD codes do not
exist over Z4.

Theorem 3.2 Let C be a non-free code over Z4. Then C can not be LCD over Z4.

Proof A generator matrix of a non-free code C over Z4 is of the form

G =
[

Ik1 A B
0 2Ik2 2C

]
.

Let H be a parity check matrix of C. Then for any x ∈ C ∩ C⊥ there exist α in Z
k
4 and β in Z

n−k
4 such that

x = αG = βH . Thus

αG = βH ⇒ G�α� = H�β� ⇒ GG�α� = G H�β�.

Since G H� = 0, we have GG�α� = 0. This implies that Gx� = 0, and then x ∈ C⊥. Since x = αG, so x ∈ C.
Thus x ∈ C ∩ C⊥. Since C is non-free, the rank of GGT is less than or equal to k1. So there exists a non zero α

such that GGT α� = 0. This implies that x = αG 
= 0, and 0 
= x ∈ C ∩ C⊥. Hence C is not LCD over Z4. ��
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Remark 3.2 We can also prove the Theorem 3.2 as follows:
We know that x ∈ C if and only if H xT = 0; and x ∈ C⊥ if and only if GxT = 0, where G and H are generator

and parity check matrices of C. Thus x ∈ C ∩ C⊥ if and only if AxT = 0 for A =
(

G
H

)
. Since C is non-free,

k2 
= 0. So x 
= 0. Therefore C ∩ C⊥ 
= {0}. Hence C is not LCD.

Corollary 3.2.1 If C is an LCD code over Z4, then C must be free.

We now show that the converse of the Corollary 3.2.1 does not hold in general. To show this, we cite the
following example:

Example 3.2.1 Let C be a linear code over Z4 generated by

G =
⎡
⎢⎣

1 0 0 0 2 0 0
0 1 0 0 0 1 1
0 0 1 0 0 1 1
0 0 0 1 1 0 0

⎤
⎥⎦ .

So clearly C is free, and GGT =
⎡
⎢⎣

1 0 0 2
0 3 2 0
0 2 3 0
2 0 0 2

⎤
⎥⎦ and det(GGT ) is 2. But C is not LCD as (0, 0, 0, 2, 2, 0, 0) ∈ C∩C⊥.

We now prove another important result of the paper. In which we show that if the determinant of GGT is
non-unit, C is not LCD. In [8, Corollary 3.6], a necessary and sufficient for a free code over a finite chain ring to
be LCD is provided. However, we prove the same result in another way for codes over Z4.

Theorem 3.3 Suppose C is a free code over Z4 generated by G. If the determinant of GGT is 2, then C is not
LCD.

Proof The standard form of a generator matrix of a free code C over Z4 is of the form

G = [
Ik A

]
.

Otherwise, C is non-free. Now

G� =
[

Ik

A�
]

and GG� = [
Ik + AA� ]

.

We know that for any matrix A, the matrix AA� is always a symmetric matrix, and sum of two symmetric
matrices is also a symmetric matrix. Therefore GG� is a symmetric matrix. And [11], [17] ensure that there
exist two invertible matrices P and Q such that PGG�Q = D, where D is a diagonal matrix. We have

PGG�Q =

⎡
⎢⎢⎢⎢⎣

a1 0 · · · 0 0
0 a2 · · · 0 0
...

...
. . .

...
...

0 0 · · · ak−1 0
0 0 · · · 0 ak

⎤
⎥⎥⎥⎥⎦ .

Since the determinant of GG� is equal to 2, det(D) = det(P) det(GG�) det(Q) = 2. So there is a unique
i ∈ {1, 2, · · · , k} such that ai = 2. Let H be a parity check matrix of C. Then for x ∈ C ∩ C⊥, there exist two
elements α ∈ Z

k
4 and β ∈ Z

n−k
4 such that x = αG = βH . Thus

αG = βH ⇒ G�α� = H�β� ⇒ GG�α� = G H�β�.

Since G H� = 0, we have GG�α� = 0. This implies that P−1 DQ−1α� = 0. Therefore

Dδ� =

⎡
⎢⎢⎢⎢⎣

a1 0 · · · 0 0
0 a2 · · · 0 0
...

...
. . .

...
...

0 0 · · · ak−1 0
0 0 · · · 0 ak

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

α1
α2
...

αk−1
αk

⎤
⎥⎥⎥⎥⎦ = 0, where (α(Q−1)�)� = δ� =

⎡
⎢⎢⎢⎢⎣

α1
α2
...

αk−1
αk

⎤
⎥⎥⎥⎥⎦ .
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Then we have aiαi = 0 for some i . It follows that 2αi = 0. Thus, a non-zero αi exists. Therefore α 
= 0,
otherwise Q is not invertible. Hence C is not LCD. ��
Theorem 3.4 Suppose C is a code over Z4 generated by G. If C is an LCD code, then GGT is invertible.

Proof Since C is LCD, so C is free (from the Corollary 3.2.1).
Now, if possible, assume that GGT is not invertible. Then det(GGT ) is either 0 or 2.
Case I: If det(GGT ) = 2, then from the Theorem 3.3, C can not be LCD, a contradiction. Therefore GGT

is invertible.
Case II: If det(GGT ) = 0, then the rank of GGT is less than k which is the rank of G (as C is free). So

there exists a non zero x in Z
k
4 such that GG�x� = 0. This implies that Gy� = 0, where y = xG ∈ C. Thus

y ∈ C⊥. Since x 
= 0, so y 
= 0. Therefore 0 
= y ∈ C ∩ C⊥, which is a contraction to C is LCD. Hence, GGT is
invertible. ��

We now summarise the above discussion in the following theorem, in which we present a necessary and
sufficient condition for a code over Z4 to be an LCD code.

Theorem 3.5 [8, Theorem 3.5] Let C be a code of length n with a generator matrix G over Z4. Then GGT is
invertible if and only if C is an LCD code.

Proof Suppose that GGT is invertible. Then from the Corollary 3.1.1, C must be a free code. Therefore the
generator matrix G of C is of the form G = [Ik | An−k], i.e., the free rank of G is k. Now, let x ∈ C ∩ C⊥. Then
there exist two elements α and β in Z

k
4 and Z

n−k
4 , respectively, such that x = αG = βH , where H is a parity

check matrix of C. This implies that G�α� = H�β�, which in turn implies that GG�α� = G H�β�. Since
G H� = 0, we have GG�α� = 0. Thus α = 0 as GG� is invertible. Therefore x = αG = 0. Hence C is LCD.

The converse of the theorem follows from the Theorem 3.4. ��

4 LCD cyclic codes of odd length over Z4

In this section, we discuss LCD cyclic codes of length n over Z4. Throughout this section, we assume that n is a
positive integer relatively prime to the characteristic of Z4, i.e., gcd(n, 4) = 1. To investigate the LCD property
of cyclic codes of odd length over Z4, we first borrow the structure of cyclic codes of odd length over Z4 from
[13].

Theorem 4.1 [13, Theorem 2 and Theorem 4] Let C be a cyclic code of odd length n over Z4. Then there exists a
unique family of pairwise co-prime monic polynomials f (x), g(x), h(x) in Z4[x] such that f (x)g(x)h(x) = xn−
1 and C = 〈 f (x)h(x), 2 f (x)g(x)〉, and C⊥ = 〈g∗(x)h∗(x), 2g∗(x) f ∗(x)〉, where f ∗(x)g∗(x)h∗(x) = xn − 1.

Theorem 4.2 Let Ci be a cyclic code over Z4 with Ci = 〈 fi (x)hi (x), 2 fi (x)gi (x)〉, where fi (x)gi (x)hi (x) =
xn − 1 for i = 1, 2 as in Theorem 4.1. Then C1 ∩ C2 is a cyclic code over Z4 and C1 ∩ C2 = 〈lcm( f1(x)h1(x),
f2(x)h2(x)), 2lcm( f1(x)h1(x), f2(x)g2(x)), 2lcm( f1(x)g1(x), f2(x)h2(x)), 2lcm( f1(x)g1(x), f2(x)g2(x))〉.

Proof Let C1 and C2 be two cyclic codes over Z4. Then C1 and C2 are two ideals of the quotient ring
Z4[x]

〈xn − 1〉 .

We know from ring theory that the intersection of two ideals of a ring is also an ideal. Therefore C1 ∩ C2 is a
cyclic code.

Now we prove the second assertion of the theorem. Let

p1(x) = lcm( f1(x)h1(x), f2(x)h2(x)),

p2(x) = lcm( f1(x)h1(x), f2(x)g2(x)),

p3(x) = lcm( f1(x)g1(x), f2(x)h2(x)),

p4(x) = lcm( f1(x)g1(x), f2(x)g2(x)).

Then fi (x)hi (x) | p1(x), fi (x)gi (x) | p4(x), f1(x)h1(x) | p2(x), f2(x)g2(x) | p2(x), f1(x)g1(x) | p3(x),
f2(x)h2(x) | p3(x), where i = 1, 2. It follows that 〈p1(x)〉, 〈2p2(x)〉, 〈2p3(x)〉, 〈2p4(x)〉 ⊆ C1∩C2. SinceC1∩C2
is linear, so 〈p1(x), 2p2(x), 2p3(x), 2p4(x)〉 = 〈lcm( f1(x)h1(x), f2(x)h2(x)) , 2lcm( f1(x)h1(x), f2(x)g2(x)),
2lcm( f1(x)g1(x), f2(x)h2(x)), 2lcm( f1(x)g1(x), f2(x)g2(x))〉 ⊆ C1 ∩ C2.
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Table 2 Some new optimal and good codes

Generators of C [n, 4k1 , dL ] Remarks

(X − 1)(X6 + X3 + 1) [9, 42, 6] Good
(X6 + X3 + 1) [9, 43, 3] Good
(X − 1)(X2 + X + 1) [9, 46, 2] Good
(X8 + X7 + 3X6 + 3X4 + 3X2 + X + 1) [17, 49, 7] Optimal
(X − 1)(X8 + X7 + 3X6 + 3X4 + 3X2 + X + 1) [17, 48, 8] Optimal
h1h2h3h4h4h7 [31, 410, 16] Optimal
h2h3h5h6 [31, 411, 12] Optimal
h1h5h6 [31, 420, 8] Optimal
h2h3 [31, 421, 6] Optimal
g2g3g4g5g6g7g9g10g12g13 [63, 413, 36] Optimal
g1g3g4g5g6g7g9g10g12g13 [63, 414, 34] Optimal
g3g4g6g7g8g10g11g12g13 [63, 415, 21] Optimal
g1g6g7g10g11g12g13 [63, 420, 18] Optimal
g1g5g6g7g9g13 [63, 432, 16] Optimal
g1g2g7g8g10g11g12g13 [63, 424, 14] Optimal
g2g3g4g6g10g12 [63, 437, 12] Optimal
g1g2g3g4g10g12 [63, 442, 10] Optimal
g2g5g6g7g9g13 [63, 431, 9] Optimal
g3g4g7g8g11g13 [63, 433, 7] Optimal
g1g8g11 [63, 450, 6] Optimal

Theorem 5.1 If C is a free code over Z4, then the following are equivalent.

(1) C is an LCD code.
(2) C = Re with e2(x) = e∗(x) = e(x).

Proof Let us suppose that C is an LCD code. Then we have R = C ⊕ C⊥. Since C is free, then it is projective.
Therefore, from Theorem 2.1 and Theorem 2.2, we can write R as Re1 ⊕Re2, such that C = Re1 and C⊥ = Re2
with e1 + e2 = 1. Now we set e = e1 and show that e has the desired properties. Let a, b ∈ R be two non-zero
elements. We have 〈ae, b(1 − e)〉 implies 〈a, b(1 − e)e∗〉 = 0. Since the bilinear form is non-degenerate on R,
we get (1 − e)e∗ = 0 ⇒ e∗ = ee∗. Therefore,

e = (e∗)∗ = (ee∗)∗ = (e∗)∗e∗ = ee∗ = e∗.

On the other hand, suppose that C = Re with e2 = e∗ = e. Since e is idempotent, R = Re ⊕ R(1 − e).
Thus, for a, b ∈ R we obtain

〈ae, b(1 − e)〉 = 〈a, b(1 − e)e∗〉 = 〈a, b(1 − e)e〉 = 〈a, 0〉 = 0.

This shows that R(1 − e) ⊆ C⊥. Since dim(R(1 − e)) = n − dim(C) = dim(C⊥), where n is the length of
C. Therefore, R = C ⊕ C⊥ and consequently, C is an LCD code. ��

The following theorem is a generalisation of Yang, and Massey [16] to cyclic codes over Z4.

Theorem 5.2 Let C = 〈g(x)〉 be a cyclic code of length n over Z4 with gcd(n, 2) = 1. The following assertions
are equivalent.

(1) C is LCD;
(2) g(x) is self-reciprocal;
(3) C is reversible.

For a given cyclic code of length n over Z4 with gcd(n, 2) 
= 1, the Theorem 5.2 does not hold in general. To
illustrate this fact, let us consider a cyclic code C = 〈x − 1〉 of length 4 over Z4. It is easy to verify that (x − 1)

is self-reciprocal and so C is reversible but not LCD.

Theorem 5.3 Let R = Z4[x]
〈xn−1〉 . Then for every divisor of n there exists a self-reciprocal polynomial e(x) in R.

Moreover, Re(x) forms a reversible code of length n over Z4.
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Proof Clearly for a cyclic group G = 〈g〉 of order n, ϕ: Z4G → R defined by ϕ(
∑

αi gi ) = ∑
αi x i induces

a ring isomorphism. Since G is cyclic, for each divisor t of n, G has a subgroup H of order t . Let us consider
an element

∑
h∈H

h ∈ Z4G. Then we claim that ϕ(
∑

h∈H
h) is self-reciprocal. Clearly, H = 〈g n

t 〉. Therefore,

ϕ(
∑

h∈H
h) =

t∑
i=1

x
n
t i . Suppose e(x) =

t∑
i=1

x
n
t i , then e∗(x) = x

n
t (t−1)

t∑
i=1

1
x

n
t i

. It is easy to see that e(x) = e∗(x).

Hence proved. ��
We see that in Example 2.2.1, ê and e∗ are not equivalent under the ring isomorphism ϕ. However, ê and e∗
are equivalent under the ring isomorphism ϕ when a certain condition is imposed on them. The same has been
presented in the following corollary.

Corollary 5.3.1 If components of e form a subgroup of G, then ê and e∗ are equivalent under the ring isomor-
phism ϕ.

Theorem 5.4 Let R = Z4[x]
〈xn−1〉 with gcd(n, 2) = 1. Then for every divisor of n there exists an idempotent

self-reciprocal polynomial e(x) in R, moreover, Re(x) forms an LCD code over Z4.

Proof Suppose a cyclic group G = 〈g〉 of order n, ϕ: Z4G → R defined by ϕ(
∑

αi gi ) = ∑
αi x i induces a

ring isomorphism. Since G is cyclic, for each divisor t of n, G has a subgroup H of order t . Since gcd(n, 2) = 1,
then gcd(t, 2) = 1. Therefore t is an invertible element in Z4. Let us consider an element e = 1

t

∑
h∈H

h ∈ Z4G.

It is easy to see that e = e2 = ê. We claim ϕ( 1
t

∑
h∈H

h) is an orthogonal self-reciprocal polynomial in R.

Clearly H = 〈g n
t 〉. Therefore, ϕ(

∑
h∈H

h) = 1
t

t∑
i=1

x
n
t i . Suppose e(x) = 1

t

t∑
i=1

x
n
t i , from Theorem 5.3, we have

e(x) = e∗(x). It is easy to see that e2 = e, therefore, ϕ(e2) = ϕ(e)2 implies that ϕ(e) = ϕ(e)2. Now, let
ϕ(e) = e(x). Consequently, e(x) = e2(x). ��

Now we focus on cyclic codes of even length over Z4. First we prove that LCD cyclic codes of length 2k do
not exist. Later we show that LCD cyclic codes of arbitrary even length over Z4 exist. The following theorem
helps us in proving the above claims.

Theorem 5.5 Let R = Z4[x]
〈x2k −1〉 . Then the following are equivalent:

(1) R is a local ring.
(2) R contains no non-trivial idempotent elements.

Proof Suppose that R is a local ring. Then R has a unique maximal ideal 〈2, x − 1〉. Therefore the generators
of the maximal ideal are nilpotent elements of R. Since R

〈2, x−1〉 is a finite field, so R contains no non-trivial
idempotent elements.

On the other hand, suppose that R contains no non-trivial idempotent elements. Let a be an element in R
such that a /∈ Rad(R) (i.e. intersection of all maximal ideals of R). Then Ra is not nilpotent. Therefore, Ra
contains an idempotent element e (say). By our assumption e = 1. Hence there exists an element b ∈ R such that
ba = 1. Since R is commutative, ab = ba = 1. This implies that any non-zero element a ∈ R but a /∈ Rad(R)

has an inverse in R. So R
Rad(R)

is a finite field. Hence R is a local ring. ��
From Theorem 5.5, we conclude that every ideal of Z4[x]

〈x2k −1〉 is nilpotent. Therefore, if L is an ideal of Z4[x]
〈x2k −1〉

and of the form L = Z4[x]
〈x2k −1〉w(x), where w(x) is a generator polynomial of L , then L as well as w(x) are

nilpotent. From Theorem 5.1 and Theorem 5.5, we can conclude that a LCD cyclic code of length 2k does not
exist over Z4. However, w(x) is self-reciprocal if and only if Z4[x]

〈x2k −1〉w(x) is reversible.

Now we focus on LCD cyclic codes of arbitrary even length. Let G be a cyclic group of order 2km with
gcd(2, m) = 1. A cyclic code of length 2km over Z4 is an ideal of the group ring Z4G. If we define a map
ϕ : Z4G −→ Z4[x]

〈x2k m−1〉 by

ϕ

⎛
⎝2k m∑

i=1

αi g
i

⎞
⎠ =

2k m∑
i=1

αi x i ,
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then ϕ induces a ring isomorphism between Z4G and Z4[x]
〈x2k m−1〉 . Within this setting, let H be a non-trivial subgroup

of G having order d, where d | m. It is easy to see that gcd(2, d) = 1, in particular, d is invertible in Z4. We set
e(x) = 1

d

∑
h∈H

ϕ(h). By Theorem 5.4, e(x) is self-reciprocal and idempotent. Therefore, 〈e(x)〉 forms an LCD

cyclic code of length 2km over Z4.

Example 5.5.1 Let x6 − 1 = (x2 − 1)(x4 + x2 + 1) over Z4. Consider e(x) = 3(x4 + x2 + 1), then e2(x) =
3(x4 + x2 + 1) = e(x) and also e∗(x) = 3x4( 1

x4 + 1
x2 + 1) = 3(x4 + x2 + 1). Thus C = 〈e(x)〉 forms a LCD

cyclic code of length 6 over Z4.

6 Conclusion

This article has done an extensive study of LCD codes over Z4. We have obtained necessary and sufficient
conditions for a linear code over Z4 to have LCD. Later we proved that there are no non-free LCD cyclic codes
over Z4 using the generators of a cyclic code of odd length n over Z4. We also have shown that LCD cyclic
codes of length n = 2k over Z4 do not exist, and the existence of free LCD cyclic codes of length n = 2km,
gcd(2, m) = 1 over Z4.
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