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Abstract We consider quadrangular and pentagonal maps on the torus of certain types of degree sequences. We
prove some necessary and sufficient conditions for the existence of such maps. Similar results are known for
triangular maps.
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1 Introduction and results

By a map we mean a polyhedral map on a surface. The degree sequence of a map M on a closed surface is a
tuple (dn1

1 , dn2
2 , . . . , dnm

m ), where d1 < d2 < · · · < dm , n1 + n2 + · · · + nm is the number of vertices in M and
ni is the number of vertcies of M of degree di for 1 ≤ i ≤ m.

A map on a surface is a 5-gonal map or a pentagonal map if each face is a 5-gon. Similarly, a map on a
surface is a 4-gonal map or a quadrangular map if each face is a 4-gon. In this article, we study quadrangular
and pentagonal maps on the torus. For triangular maps we know the following from [5] and [6].

Proposition 1.1 There is a triangulation of torus of degree sequence (dn1
1 , dn2

2 , . . . , dnm
m ) if and only if

∑m
i=1(6−

di )ni = 0 and (dn1
1 , dn2

2 , . . . , dnm
m ) �= (51, 6n2 , 71).

We know from [1] and [2] that quadrangular maps of degree sequence (4n) exist for all n ≥ 9. We also know
from [3] and [4] that there are pentagonal maps on the torus of degree sequences (32m, 4m) and (38�, 6�) for
m ≥ 5, � ≥ 3. Here, we present

Theorem 1.2 Let n ≥ 12 be divisible by 6 and (3
n
3 +n1, 4

n
2 +n2 , dn3

3 , dn4
4 , . . . , dnm

m ) �= (3
n
3 , 4

n
2 , 51, 6n4 , 71). Then,

there exists an n-vertex quadrangular map on the torus of degree sequence (3
n
3 +n1 , 4

n
2 +n2 , dn3

3 , dn4
4 , . . . , dnm

m )

if and only if
∑m

i=3 ni (di − 6) = 3n1 + 2n2.

Theorem 1.3 Let n ≥ 54 be divisible by 27 and (3
20n
27 +n1, 4

6n
27 +n2 , dn3

3 , dn4
4 , . . . , dnm

m ) �= (3
20n
27 , 4

6n
27 , 51, 6n4 , 71).

Then, there exists an n-vertex pentagonal map on the torus of degree sequence (3
20n
27 +n1, 4

6n
27 +n2 , dn3

3 , dn4
4 ,

. . . , dnm
m ) if and only if

∑m
i=3 ni (di − 6) = 3n1 + 2n2.
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1212 D. Maity

Theorem 1.4 Let n ≥ 18 be divisible by 9 and (3
8n
9 +n1, dn2

2 , dn3
3 , . . . , dnm

m ) �= (3
8n
9 , 51, 6n3 , 71). Then, there

exists an n-vertex pentagonal map on the torus of degree sequence (3
8n
9 +n1, dn2

2 , dn3
3 , . . . , dnm

m ) if and only if∑m
i=2 ni (di − 6) = 3n1.

By Theorem 1.2, there exists an n-vertex quadrangular map on the torus of degree sequence (3
n
3 +n1 ,

4
n
2 +n2 , dn3

3 , dn4
4 , . . . , dnm

m ) if (3
n
3 +n1, 4

n
2 +n2 , dn3

3 , dn4
4 , . . . , dnm

m ) �= (3
n
3 , 4

n
2 , 51, 6n4 , 71). We have observed

in Lemma 4.1 (in Section 4) that there is no quadrangular map on the torus of degree sequence (34, 46, 51, 71)

on 12 vertices. So, we conjecture the following.

Conjecture 1.5 There is no n-vertex quadrangular map of degree sequence (3
n
3 , 4

n
2 , 51, 6

n
6 −2, 71) on the torus.

By Theorem 1.3, there exists an n-vertex pentagonal map on the torus of degree sequence (3
20n
27 +n1, 4

6n
27 +n2 , dn3

3 ,

dn4
4 , . . . , dnm

m ) if (3
20n
27 +n1 , 4

6n
27 +n2 , dn3

3 , dn4
4 , . . . , dnm

m ) �= (3
20n
27 , 4

6n
27 , 51, 6n4 , 71). Similarly, by Theorem 1.4,

there exists an n-vertex pentagonal map on the torus of degree sequence (3
8n
9 +n1, dn2

2 , dn3
3 , . . . , dnm

m ) if

(3
8n
9 +n1 , dn2

2 , dn3
3 , . . . , dnm

m ) �= (3
8n
9 , 51, 6n3 , 71). We have observed in Lemma 4.2 (in Section 4) that there is no

pentagonal map on the torus of degree sequence (316, 51, 71) on 18 vertices. So, we conjecture the following.

Conjecture 1.6 There is no n-vertex pentagonal map of degree sequence (3
20n
27 , 4

6n
27 , 51, 6

n
27 −2, 71) or

(3
8n
9 , 51, 6

n
9 −2, 71) on the torus.

2 Preliminaries

A map on a closed connected surface S will mean an embedding of a finite (simple) graph G in S such that each
face, i.e., each component of S \ G is topologically an open disk. The boundary of each face is an embedded
circle and any two faces meet either along a single edge or at a single vertex or not at all. Such map is also known
as a polyhedral map. In a polyhedral map, each vertex has degree at least 3 and each face has at least 3 sides. This
notion of map corresponds to the construction of surfaces by starting with a collection of (topological) polygons
and gluing their edges in pairs. Any map has a combinatorial dual, with a vertex for every face and vice versa.
A map on S is called a quadrangular (resp., pentagonal) if all faces are quadrilaterals (resp., pentagons).

Consider a p-gonal map M (i.e., all faces are p-gons) with f0 vertices, f1 edges, and f2 faces on a surface
with Euler characteristic χ = 0. Let nk be the number of vertices with degree dk and degree sequence of M
be (dn1

1 , dn2
2 , . . . , dnm

m ). Then, f0 = ∑m
i=1 ni , f1 = ∑m

i=1(ni di )/2 and f2 = ∑m
i=1(ni di )/p. So, by the Euler

equation χ(M) = f0 − f1 + f2,

m∑

i=1

ni =
(

1

2
− 1

p

) m∑

i=1

(ni di ).

3 Proof of the Theorems 1.2, 1.3, & 1.4

For a map X on a surfaces, let f0(X), f1(X), f2(X) denote the number of vertices, edges and faces of X
respectively. For a vertex u in a map X , the faces containing u form a cycle (called the face-cycle at u) Cu in
the dual graph �(X) of X . Clearly, Cu is of the form P1-P2- · · · -Pk-F1,1, where Pi = Fi,1- · · · -Fi,ni is a path
consisting of pi -gons Fi,1, . . . , Fi,ni , pi �= pi+1 for 1 ≤ i ≤ k − 1 and pn �= p1. In such a case we say that u is
of type [pn1

1 , . . . , pnk
k ] (see [3]). (We identify [pn1

1 , . . . , pnk
k ] with [pnk

k , . . . , pn1
1 ] and with [pn2

2 , . . . , pnk
k , pn1

1 ].)
Lemma 3.1 Suppose there exists a triangulation of the torus with a degree sequence (3n1 , 4n2 , dn3

3 , dn4
4 , dn5

5 , . . . , dnm
m ).

If n ≥ 12 and 6 divides n, then there is an n-vertex quadrangular map from K on the torus with a degree sequence
of (3

n
3 +n1 , 4

n
2 +n2 , dn3

3 , dn4
4 , dn5

5 , . . . , dnm
m ).

Proof Let K be a triangulation of torus of degree sequence (3n1 , 4n2 , dn3
3 , dn4

4 , . . . , dnm
m ).
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Fig. 1 4-regular map and vetex type [41, 31, 41, k1 ] for some k

Claim 1 There exists a 4-regular map on the torus for which each vertex is of type [41, 31, 41, k1] for some
k ∈ {3, 4, d3, d4, . . . , dm}.

Let uvw be a triangle in K . Let the degree of u be d(u), the degree of v be d(v) and the degree of w

be d(w). Let uwv, uva1, uai ai+1 (1 ≤ i ≤ d(u) − 3), uad(u)−2w be 3-gons incident at u. Similarly, let
vwu, vub1, vbi bi+1 (1 ≤ i ≤ d(v) − 3), vbd(v)−2w be 3-gons incident at v and wvu, wuc1, wci ci+1 (1 ≤ i ≤
d(w) − 3), wcd(w)−2v be 3-gons incident at w.

We consider a vertex u1 in uwv (i.e., in the interior of uwv, see Fig. 1), u2 in uva1, ui+2 in uai ai+1 (1 ≤ i ≤
d(u) − 3) and ud(u) in uad(u)−2w (see Fig. 1). By u1, u2, . . . , ud(u), we define a cycle Cd(u)(u1, u2, . . . , ud(u))

around the vertex u. Similarly, we consider a vertex v1 in vwu, v2 in vub1, vi+2 in vbi bi+1 (1 ≤ i ≤ d(v) − 3)

and vd(v) in vbd(v)−2w, and define a cycle Cd(v)(v1, v2, . . . , vd(v)) around the vertex v. Again, we consider a
vertex w1 in vwu, w2 in wuc1, wi+2 in wci ci+1 (1 ≤ i ≤ d(w)− 3) and wd(w) in wcd(w)−2u, and define a cycle
Cd(w)(w1, w2, . . . , wd(w)) around the vertex w. We repeat this process around each vertex in K . So, there is a
cycle Cd(a) around each vertex a ∈ V (K ) where d(a) denotes the degree of a. Clearly, Cd(a) ∩ Cd(b) = ∅ for all
a, b ∈ V (K ).

There are exactly three vertices u1, v1, w1 in the triangle uvw since uvw consists of three vertices u, v, w,
and u1 is corresponding to u, v1 is corresponding to v and w1 is corresponding to w. We define a triangle u1v1w1
by u1, v1, w1 in uvw (see in Fig. 1). We repeat the above process in each triangle of K .

In Fig. 1, three quadrilateral faces bounded by C4(u1, v1, v2, u2), C4(v1, w1, w2, vd(v)) and C4(u1, w1, wd(w),

ud(u)) are adjacent with the triangle u1v1w1. So, by the above process, for each triangle � (say) in K , there is a
triangle �′ (say) in � and also, there are exactly three quadrilateral faces F1, F2, F3 such that F1 ∩ �′, F2 ∩ �′
and F3 ∩ �′ are each an edge. We remove all the vertices of K and hence, we get a new map M (say). Thus,
by the above construction, the vertices of M are of type [41, 31, 41, k1] for some k ≥ 3 where k denotes the
k-gonal face corresponding to a degree k vertex in K and the k-gonal face is defined by the interior vertices of
the triangles which are incident to the vertex. Observe that the 3-gon and 4-gons in [41, 31, 41, k1] other than
k-gon are not corresponding to any vertex of K . So, the map M is 4-regular and k ∈ {3, 4, d3, d4, . . . , dm} since
the degree sequence of K is (3n1 , 4n2 , dn3

3 , dn4
4 , . . . , dnm

m ). This proves the claim.
By Claim 1, there is a map M from K whose vertices are of type [41, 31, 41, k1] for some k ≥ 3. We take

dual of the map M . So, the dual map N (say) is a quadrangular map on the torus. As in the proof of Claim 1, the
triangular faces and quadrilateral faces in [41, 31, 41, k1] other than the k-gonal face are not corresponding to the
vertices of K . These faces are introduced to define vertices of type [41, 31, 41, k1], k ≥ 3, of M (i.e., these are
introduced to define the degree 4-regular map M from K ). We called that the 3-gons and 4-gon in [41, 31, 41, k1]
other than the k-gon are extra-faces in M . Let d1 = 3, d2 = 4. Then, in M , the number of extra triangular faces
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1214 D. Maity

is
m∑

i=1

(di ni )/3 = �1 (say)

and quadrilateral faces is

m∑

i=1

(2 × di ni )/4 =
m∑

i=1

(di ni )/2 = �2 (say).

Hence, 3�1 = 2�2. So, the degree sequence of N is (3�1+n1 , 4�2+n2 , dn3
3 , dn4

4 , . . . , dnm
m ). Let the number of

vertices of N be n. Then,
∑m

i=1 ni + �1 + �2 = n. We know
∑m

i=1 di ni = 6
∑m

i=1 ni (by Prop. 1.1). So,∑m
i=1 di ni = 6

∑m
i=1 ni = 3�1 and hence,

∑m
i=1 ni = �1/2. So, by 3�1 = 2�2 and �1/2 + �1 + �2 = n, we get

�1 = n/3 and �2 = n/2. Therefore, the degree sequence of N is (3
n
3 +n1 , 4

n
2 +n2 , dn3

3 , dn4
4 , dn5

5 , . . . , dnm
m ). This

completes the proof of Lemma 3.1. 
�
Proof of Theorem 1.2 First assume that

∑m
i=3 ni (di − 6) = 3n1 + 2n2. By assumption,

(3
n
3 +n1, 4

n
2 +n2 , dn3

3 , dn4
4 , dn5

5 , . . . , dnm
m ) �= (3

n
3 , 4

n
2 , 51, 6n4 , 71).

Consider the type (3n1, 4n2 , dn3
3 , dn4

4 , . . . , dnm
m ) = (dn1

1 , dn2
2 , dn3

3 , dn4
4 , . . . , dnm

m ) (say). If n1 = 0, we take the
sequence (dn2

2 , dn3
3 , dn4

4 , . . . , dnm
m ). Similarly, if n2 = 0, we take the sequence (dn1

1 , dn3
3 , dn4

4 , . . . , dnm
m ). Thus,

by assumptions,

m∑

i=1

ni (di − 6) = 0 and (dn1
1 , dn2

2 , dn3
3 , dn4

4 , . . . , dnm
m ) �= (51, 6n2 , 71).

So, by Prop. 1.1, there is a triangulation of torus of degree sequence (3n1 , 4n2 , . . . , dnm
m ). Therefore, by Lemma

3.1, there is an n-vertex quadrangular map on the torus of degree sequence (3
n
3 +n1 , 4

n
2 +n2 , dn3

3 , dn4
4 , . . . , dnm

m ).
Conversely, suppose there is an n-vertex quadrangular map X (say) on the torus of degree sequence

(3
n
3 +n1 , 4

n
2 +n2 , dn3

3 , dn4
4 , . . . , dnm

m ). Then,

n =
m∑

i=1

ni + n/2 + n/3

=
m∑

i=1

ni + (5n)/6.

This implies that n = 6
∑m

i=1 ni . Let d1 = 3, d2 = 4. Then,

f0(X) =
m∑

i=1

ni + (5n)/6,

f1(X) =
m∑

i=1

(di ni )/2 + (3 × (n/3) + 4 × (n/2))/2

=
m∑

i=1

(di ni )/2 + (3n)/2

and

f2(X) =
m∑

i=1

(di ni )/4 + (3 × (n/3) + 4 × (n/2))/4

=
m∑

i=1

(di ni )/4 + (3n)/4.
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Quadrangular and pentagonal... 1215

So, by Euler characteristic equation,

χ(X) = 0

= f0(X) − f1(X) + f2(X)

=
m∑

i=1

ni − (1/4)

m∑

i=1

di ni + n/12

i.e.,
m∑

i=1

ni − (1/4) ×
m∑

i=1

di ni + 6
m∑

i=1

ni/12 = 0,

i.e., (3/2) ×
m∑

i=1

ni = (1/4) ×
m∑

i=1

di ni ,

i.e., 6
m∑

i=1

ni =
m∑

i=1

di ni ,

i.e.,
m∑

i=1

(di − 6)ni = 0.

Hence,
∑m

i=1(di − 6)ni = 0. Therefore,
∑m

i=3(di − 6)ni = 3n1 + 2n2 since d1 = 3 and d2 = 4. 
�
Lemma 3.2 Suppose there exists a triangulation of the torus with a degree sequence (3n1 , 4n2 , dn3

3 , dn4
4 , . . . , dnm

m ).
If n ≥ 54&27|n, then ther is an n-vertex pentagonal map from K on the torus with a degree sequence of

(3
20n
27 +n1, 4

6n
27 +n2 , dn3

3 , dn4
4 , . . . , dnm

m ).

Proof Let K be a triangulation of torus of degree sequence (3n1 , 4n2 , dn3
3 , dn4

4 , . . . , dnm
m ).

Claim 2 There exists a 5-regular map on the torus for which each vertex is of type [33, 42], [32, 41, 31, 41] or
[34, k1] for some k ∈ {3, 4, d3, d4, . . . , dm}.

Let uvw be a triangle in K . Let degree(u) = d(u), degree(v) = d(v) and degree(w) = d(w). Let
uwv, uva1, uai ai+1 (1 ≤ i ≤ d(u) − 3), uad(u)−2w be 3-gons incident at u (see in Fig. 2). Similarly, let
vwu, vub1, vbi bi+1 (1 ≤ i ≤ d(v) − 3), vbd(v)−2w be 3-gons incident at v and wvu, wuc1, wci ci+1 (1 ≤ i ≤
d(w) − 3), wcd(w)−2v be 3-gons incident at w in K .

We subdivide the edge uv into three edges uu2,2d(u)−1, u2,2d(u)−1v2,2d(v) and v2,2d(v)v. Similarly, we subdi-
vide the edge uw into the edges uu2,1, u2,1w2,1 and w2,1w, and the edge vw into the edges vv2,2, v2,2w2,2d(w)−1
and w2,2d(w)−1w. We define three triangles uu2,1u2,2d(u)−1, ww2,1w2,2d(w)−1 and vv2,2v2,2d(v) in the 2-disk
bounded by the cycle

C9(u, u2,1, w2,1, w,w2,2d(w)−1, v2,2, v, v2,2d(v), u2,2d(u)−1).

Again, we subdivide the edge u2,1u2,2d(u)−1 into the edges u2,1u2,2d(u), u2,2d(u)u2,2d(u)−1, the edge v2,2v2,2d(v)

into the edges v2,2v2,1, v2,1v2,2d(v) and the edge w2,1w2,2d(w)−1 into the edges w2,1w2,2d(w), w2,2d(w)w2,2d(w)−1.
Thus, there is a face F (say) bounded by

C9(u2,1, w2,1, w2,2d(w), w2,2d(w)−1, v2,2, v2,1, v2,2d(v), u2,2d(u)−1, u2,2d(u))

(see in Fig. 2). We subdivide the face F into three quadrilateral faces whose boundary are

C4(u2,1, w2,1, w2,2d(w), u2,2d(u)),

C4(w2,2d(w)−1, v2,2, v2,1, w2,2d(w)),

C4(u2,2d(u), v2,1, v2,2d(v), u2,2d(u)−1)

and a triangular face u2,2d(u)w2,2d(w)v2,1 by introducing the triangle u2,2d(u)w2,2d(w)v2,1 in F . Here, observe
that the triangular face u2,2d(u)w2,2d(w)v2,1 is correspondence to the triangle uvw. We subdivide other incident
edges at u, v, w into three edges and repeat as above. So, let the vertices adjacent to u denote by u2,2i+1 (1 ≤ i ≤
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u u2,1

u2,2
u1,2

u1,d(u)

u1,d(u)−1

u2,2d(u)

u2,2d(u)−1

u2,2d(u)−2 v2,2d(v)
v1,1

v2,1

v2,2

v v1,2 v2,3v1,d(v)
v2,2d(v)−1

w2,2

w2,1

w2,2d(w)

w2,2d(w)−1

w2,2d(w)−2

w1,1

w1,d(w)

w1,d(w)−1

w

Fig. 2 5-regular map and vertex type [31, 41], [31, 41, 31, 41] or [31, k1 ] for some k

d(u)−2), adjacent to v denote by v2,2i+2 (1 ≤ i ≤ d(v)−2), adjacent to w denote by w2,2i+1(1 ≤ i ≤ d(w)−2)

(see Fig. 2). We join these vertices and define three cycles

L1 = Cd(u)(u2,1, u2,3, . . . , u2,2d(u)−1),

L2 = Cd(v)(v2,2, v2,4, . . . , v2,2d(v)) and

L3 = Cd(w)(w2,1, w2,3, . . . , w2,2d(w)−1).

So, by subdivision the edges in the cycles L1, L2, L3, we get three cycles

C2d(u)(u2,1, u2,2, u2,3, . . . , u2,2d(u)),

C2d(v)(v2,1, v2,2, v2,3, . . . , v2,2d(v)) and

C2d(w)(w2,1, w2,2, w2,3, . . . , w2,2d(w))

(see in Fig. 2). We repeat the above process around each vertex of K . Thus, there is a cycle C2d(x) around each
vertex x ∈ V (K ) where d(x) denotes the degree of the vertex x . Clearly, C2d(x)∩C2d(y) = ∅ for all x, y ∈ V (K ).

We further consider a vertex u1,d(u) in the face bounded by C4(u, u2,1, u2,2d(u), u2,2d(u)−1). Similarly, we
consider a vertex v1,1 in the face bounded by the cycle C4(v, v2,2, v2,1, v2,2d(v)) and a vertex w1,d(w) in the
face bounded by C4(w,w2,1, w2,2d(w), w2,2d(w)−1). We repeat this in all the faces incident to the vertices
u, v, w. Thus, let the vertices u1,i (1 ≤ i ≤ d(u) − 1) be in the faces adjacent to u, v1, j (1 ≤ j ≤ d(v))

be in the faces adjacent to v and w1,k (1 ≤ k ≤ d(w) − 1) be in the faces adjacent to w as in Fig. 2. By
these vertices, we define the triangular faces u1,i u2,2i+1u2,2i , u1,i u2,2i u2,2i−1 for 1 ≤ i ≤ d(u) around u,
v1, jv2,2 jv2,2 j−1, v1, jv2,2 j−1v2,2 j−2 for 1 ≤ j ≤ d(v) around v and w1,tw2,2t+1w2,2t , w1,tw2,2tw2,2t−1 for
1 ≤ t ≤ d(w) around w. We remove the vertex u and define the cycle Cd(u)(u1,1, u1,2, . . . , u1,d(u)) around
the vertex u using the vertices u1,1, u1,2, . . . , u1,d(u). Similarly, we remove v and w, and define the cycles
Cd(v)(v1,1, v1,2, . . . , v1,d(v)) and Cd(w)(w1,1, w1,2, . . . , w1,d(w)) as in Fig. 2. We repeat this around each vertex
of K and remove all the vertices of K . So, there is a cycle Cd(a) in 2-disk bounded by C2d(a) for each vertex
a ∈ V (K ). Hence, we get a new map M (say).

In Fig. 2, the vertex u2,2d(u) is of type [32, 41, 31, 41], u2,1 is of type [33, 42] and u1,d(u) is of type [34, d(u)1].
So, by the above subdivision and joining process, the vertices of M are of type [33, 42], [32, 41, 31, 41] or [34, k1]
for some degree k of the vertices of K . So, the map M is 5-regular. Here, the k in [34, k1] denotes the k-gonal face
corresponding to a degree k vertex in K and the k-gonal face is defined by the interior vertices of the triangles
which are incident to the vertex. So, k ∈ {3, 4, d3, d4, . . . , dm}. This proves the Claim 2.
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By Claim 2, there is a map M on the torus whose vertices are of type [33, 42], [32, 41, 31, 41] or [34, k1]
for some k ∈ {3, 4, d3, d4, . . . , dm}. Let N denote the dual of M . The map N is a pentagonal map since M is
5-regular. Observe that the triangular faces and quadrilateral faces in [33, 42], [32, 41, 31, 41] and [34, k1] other
than the k-gonal face are the extra-faces which are introduced to define the degree 5-regular map M from K . Let
d1 = 3 and d2 = 4. Then, the number of extra triangular faces in M is

m∑

i=1

(di ni × 4)/3 +
m∑

i=1

(2ni di × 3)/3 =
m∑

i=1

(10/3)ni di = �1 (say)

and quadrilateral faces is

m∑

i=1

(2 × 2di ni )/4 =
m∑

i=1

(di ni ) = �2 (say).

Hence, 3�1 = 10�2. So, the degree sequence of N is (3�1+n1, 4�2+n2 , dn3
3 , dn4

4 , . . . , dnm
m ). Let the number of

vertices of N be n. We know that
∑m

i=1 di ni = 6
∑m

i=1 ni (by Prop. 1.1). So,
∑m

i=1 di ni = 6
∑m

i=1 ni = �2. Let
n′ = ∑m

i=1 ni . Then, �1 = 20n′, �2 = 6n′ and
∑m

i=1 ni + 20n′ + 6n′ = n. Hence, n′ = n/27, �1 = 20n
27 and

�2 = 6n
27 . Therefore, the degree sequence of N is (3

20n
27 +n1 , 4

6n
27 +n2 , dn3

3 , dn4
4 , . . . , dnm

m ). This completes the proof
of Lemma 3.2. 
�
Proof of Theorem 1.3 First assume

∑m
i=3 ni (di − 6) = 3n1 + 2n2. By assumption,

(3
20n
27 +n1, 4

6n
27 +n2 , dn3

3 , dn4
4 , . . . , dnm

m ) �= (3
20n
27 , 4

6n
27 , 51, 6n4 , 71).

Consider the type (3n1, 4n2 , dn3
3 , dn4

4 , . . . , dnm
m ) = (dn1

1 , dn2
2 , dn3

3 , dn4
4 , . . . , dnm

m ) (say). Then, by assumptions,
∑m

i=1 ni (di − 6) = 0 and (dn1
1 , dn2

2 , dn3
3 , . . . , dnm

m ) �= (51, 6n2 , 71). So, by Prop. 1.1, there is a triangulation of
torus of degree sequence (dn1

1 , dn2
2 , . . . , dnm

m ). Therefore, there is an n-vertex pentagonal map of degree sequence

(3
20n
27 +n1, 4

6n
27 +n2 , dn3

3 , dn4
4 , . . . , dnm

m ) on the torus by Lemma 3.2.
Conversely, assume that there is an n-vertex pentagonal map Y (say) on the torus of degree sequence

(3
n
3 +n1 , 4

n
2 +n2 , dn3

3 , dn4
4 , . . . , dnm

m ). Then, n = ∑m
i=1 ni + (20n)/27. This implies that n = 27 × ∑m

i=1 ni .
Let d1 = 3, d2 = 4. Then,

f0(Y ) =
m∑

i=1

ni + (26n)/27 = 27 ×
m∑

i=1

ni ,

f1(Y ) =
m∑

i=1

(di ni )/2 + (14n)/9 =
m∑

i=1

(di ni )/2 + 42 ×
m∑

i=1

ni , and

f2(Y ) =
m∑

i=1

(di ni )/5 + (28n)/45 =
m∑

i=1

(di ni )/5 + (84/5) ×
m∑

i=1

ni .

So, by the Euler characteristic equation,

χ(Y ) = 0 = (−3/10) ×
m∑

i=1

di ni + (9/5) ×
m∑

i=1

ni .

Hence,
∑m

i=1(di − 6)ni = 0. Therefore,
∑m

i=3 ni (di − 6) = 3n1 + 2n2 since d1 = 3, d2 = 4. 
�
Lemma 3.3 Suppose there exists a triangulation of the torus with a degree sequence (3n1 , dn2

2 , dn3
3 , . . . , dnm

m ).
If n ≥ 18 and 9 divides n, then there is an n-vertex pentagonal map from K on the torus with a degree sequence

of (3
8n
9 +n1 , dn2

2 , dn3
3 , . . . , dnm

m ).

Proof Let K be a triangulation of torus of degree sequence (3n1 , dn2
2 , dn3

3 , . . . , dnm
m ).
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u

u2

u1

ud(u)

w1

w w2wd(w)

v2

v1

vd(v)

v

Fig. 3 5-regular map and vertex type [31, k1 ] for some k

Claim 3 There exists a 5-regular map on the torus for which each vertex is of type [34, k1] for some k ∈
{3, d2, d3, . . . , dm}.

By Claim 1, there is a map M1 from K on the torus such that the vertices are of type [41, 31, 41, k1] for
some k ∈ {3, d2, d3, d4, . . . , dm}. Observe that from the construction of M1 in Claim 1, there are three extra
quadrilateral faces which are adjacent with an extra triangular face in M1. For example, in Fig. 1, the quadrilaterals
bounded by C4(u1, v1, v2, u2) = F1 (say), C4(v1, w1, w2, vd(v)) = F2 (say) and C4(u1, w1, wd(w), ud(u)) = F3
(say) are three extra faces which are adjacent with the triangle u1v1w1 where u1v1w1 is corresponding to the
triangle uvw. That is, for each triangle � (say) in K , there is a triangular face �′ (say) corresponding to �
and also, there are exactly three quadrilateral faces which are adjacent to the triangle �′. We divide each extra
quadrilateral face into triangular faces such that each vertex of M1 belongs to exactly four triangles. For example,
in Fig. 1, three edges are v1u2, w1vd(v) and u1wd(w) in F1, F2, F3 at v1, w1, u1 respectively. Here, the edges
v1u2, w1vd(v) and u1wd(w) subdivide the F1, F2, F3 into triangular faces (see in Fig. 3). Hence, the type of u1

is [34, d(u)1], the type of v1 is [34, d(v)1] and the type of w1 is [34, d(w)1]. Thus, we get a map M2 (say) from
M1 on the torus whose vertices are of type [34, k1] for some k ≥ 3. So, the map M2 is 5-regular. From Claim
1, it is also clear that the k-gonal face in the link type [34, k1] is corresponding to a degree k vertex of K . So,
k ∈ {3, d2, d3, . . . , dm}. This proves the Claim 3.

By Claim 3, there is a map M2 on the torus whose vertices are of type [34, k1] for some k ∈ {3, d2, d3, . . . , dm}.
We take the dual of M2. So, the dual map N2 (say) is a pentagonal map since the map M2 is degree 5-regular.
As above, the triangular faces other than k-gonal face in [34, k1] are the extra-faces which are introduced
to define the degree 5-regular map M2. Let d1 = 3. Then, the number of extra triangular faces in M2 is∑m

i=1(di ni × 4)/3 = �1 (say). Hence, the degree sequence of N2 is (3�+n1 , dn2
2 , dn3

3 , dn4
4 , . . . , dnm

m ). Let the
number of vertices of N2 be n. Then,

∑m
i=1 ni + �1 = n. We know

∑m
i=1 di ni = 6

∑m
i=1 ni (by Prop. 1.1). So,∑m

i=1 di ni = 6
∑m

i=1 ni = (3�1)/4 and hence,
∑m

i=1 ni = �1/8. So, by
∑m

i=1 ni +�1 = n and
∑m

i=1 ni = �1/8,

�1 = (8n)/9. Therefore, the degree sequence of N2 is (3
8n
9 +n1, dn2

2 , dn3
3 , dn4

4 , . . . , dnm
m ). This completes the proof

of Lemma 3.3. 
�
Proof of Theorem 1.4 First assume that

∑m
i=2 ni (di −6) = 3n1. By assumption, (3

8n
9 +n1, dn2

2 , dn3
3 , . . . , dnm

m ) �=
(3

8n
9 , 51, 6n3 , 71). Consider the type (3n1 , dn2

2 , dn3
3 , dn4

4 , . . . , dnm
m ) = (dn1

1 , dn2
2 , dn3

3 , dn4
4 , . . . , dnm

m ) (say). Then,
by assumptions,

∑m
i=1 ni (di − 6) = 0 and (dn1

1 , dn2
2 , dn3

3 , dn4
4 , . . . , dnm

m ) �= (51, 6n2 , 71). So, by Prop. 1.1, there
is a triangulated map on the torus of degree sequence (3n1 , dn2

2 , . . . , dnm
m ). Therefore, by Lemma 3.3, there is an

n-vertex pentagonal map on the torus of degree sequence (3
8n
9 +n1, dn2

2 , dn3
3 , . . . , dnm

m ).
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Conversely, assume that there is an n-vertex pentagonal map Z (say) on the torus of degree sequence

(3
8n
9 +n1 , dn2

2 , dn3
3 , dn4

4 , . . . , dnm
m ). Then,

n =
m∑

i=1

ni + (8n)/9, i.e, n = 9 ×
m∑

i=1

ni .

Let d1 = 3. Then,

f0(Z) =
m∑

i=1

ni + (8n)/9 = 9 ×
m∑

i=1

ni ,

f1(Z) =
m∑

i=1

(di ni )/2 + (4n)/3 =
m∑

i=1

(di ni )/2 + 12 ×
m∑

i=1

ni and

f2(Z) =
m∑

i=1

(di ni )/5 + (8n)/15 =
m∑

i=1

(di ni )/5 + (24/5) ×
m∑

i=1

ni .

So, by Euler characteristic equation,

χ(Z) = 0 = (−3/10) ×
m∑

i=1

di ni + (9/5) ×
m∑

i=1

ni .

This implies that
∑m

i=1(di − 6)ni = 0. Therefore,
∑m

i=2 ni (di − 6) = 3n1 since d1 = 3. 
�

4 Non-existence of some maps

By Theorem 1.2, there exists an n-vertex quadrangulation of torus of degree sequence (3
n
3 +n1 , 4

n
2 +n2 , dn3

3 , dn4
4 , . . . ,

dnm
m ) if (3

n
3 +n1, 4

n
2 +n2 , dn3

3 , dn4
4 , . . . , dnm

m ) �= (3
n
3 , 4

n
2 , 51, 6n4 , 71). We prove in Lemma 4.1 (in Section 4) that

there is no quadrangular map on the torus of degree sequence (34, 46, 51, 71) on 12 vertices.

Lemma 4.1 There does not exist any 12-vertex quadrangular map on the torus of degree sequence
(34, 46, 51, 71).

Proof Let M be a quadrangular map on the torus of degree sequence (34, 46, 51, 71) on 12 vertices. Let N denote
the dual of M . The map N consists of four triangles, six hexagons, one pentagon and one 7-gon. The number of
vertices of N is 12. So, let V (N ) = {u1, u2, . . . , u12}. Let F1 denote the 5-gon in N and F2 denote the 7-gon
in N . Assume that the faces [u, u1

1, u1
2, . . . , u1

m1
, u2

1], [u, u2
1, u2

2, . . . , u2
m2

, u3
1], . . . , [u, uk

1, uk
2, . . . , uk

m1
, u1

1] are
incident to a vertex u. Then, we define lk(u) = C([u1

1, u1
2, . . . , u1

m1
, u2

1], [u2
1, u2

2, . . . , u2
m2

, u3
1], . . . , [uk

1, uk
2,

. . . , uk
m1

, u1
1]) := C(u1

1, u1
2, . . . , u1

m1
, u2

1, u2
2, . . . , u2

m2
, . . . , uk

1, uk
2, . . . , uk

mk
).

Case 1 : Suppose F1 ∩ F2 is an edge. Then, let F1 = [u2, u3, u4, u5, u12] and F2 = [u5, u6, . . . ,

u10, u12]. So, F1 ∩ F2 = u5u12. Thus, other two faces at u12 are either a triangle and a 4-gon or
both triangles since N consists of 12 vertices and V (N ) \ V (F1 ∪ F2) = {u1, u11}. Suppose lk(u12) =
C([u2, u3, u4, u5], [u5, u6, u7, u8, u9, u10], [u10, u11, u1], [u1, u2]). Similarly, other two faces at u5 are either
a triangle and a 4-gon or both triangles. Suppose other two faces at u5 are triangles. Then, let lk(u5) =
C([u12, u2, u3, u4], [u4, a], [a, u6], [u6, u7, . . . , u10, u12]). Clearly, a ∈ {u1, u11}. If a = u1 then degree of
u1 is four but lk(u1) is not a cycle. So, a �= u1. If a = u11 then degree(u11) ≥ 5. This is also not possible since N
is a degree 4-regular map. Hence a �= u11. Suppose other two faces at u5 are triangle and quadrangle. Similarly,
observe that this case also is not possible by the above similar argument.

Again, suppose lk(u12) = C([u2, u3, u4, u5], [u5, u6, u7, u8, u9, u10], [u10, u11], [u11, u2]). By the above
case, we may assume that other two faces at u5 are triangles. Let lk(u5) = C([u12, u2, u3, u4], [u4, a], [a, u6],
[u6, u7, u8, u9, u10, u12]). So, a ∈ {u1, u11}. If a = u11 then degree(u11) ≥ 5. This is not possible. So,
let a = u1. Since N consists of four triangles, the other two faces at u1 are 4-gons. So, let lk(u1) =
C([u5, u4], [u4, b, c], [c, d, u6], [u6, u5]). Since the vertex c belongs to lk(u4) and lk(u6), this implies that
c = u11. This follows that b = u2 and d = u10 since N is orientable. Which is impossible since the vertex u2
repeats twice in lk(u4). So, this case is not possible.
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Case 2 : Suppose F1 ∩ F2 is a vertex. Then, let F1 = [u1, u8, u9, u10, u11] and F2 = [u1, u2, u3, u4,

u5, u6, u7]. Since degree of u1 is four and number of vertices is twelve, either two triangular faces or a
triangular face and a 4-gon are incident at u1. Suppose two triangular faces are incident at u1. So, let
lk(u1) = C([u2, u3, . . . , u7], [u7, u8], [u8, u9, . . . , u11], [u11, u2]). Suppose a 4-gon [u2, u11, a, b] exists in N .
Then, a, b /∈ {u1, u2, . . . , u11} since a, b belong to both links of u2 and u11. Hence, a, b ∈ {u12}. Which is not
possible since a �= b. So, assume that u2u11a and u7u8b are in N . Then, clearly as above, a, b /∈ {u1, u2, . . . , u11}.
This implies that a = b = u12. Suppose that other two faces at u12 are triangles �1,�2. Then, the possible
triangles at u12 are either �1 = u11u12u8 and �2 = u7u12u2 or �1 = u11u12u7 and �2 = u8u12u2. If
�1 = u11u12u8 and �2 = u7u12u2 then degree of u2 is at least five. This is impossible. If �1 = u11u12u7 and
�2 = u8u12u2 then degree of u2 is at least five. This is also impossible.

Again, assume that a triangular and a 4-gonal faces are incident at u1. So, without loss, assume that
lk(u1) = C([u2, u3, . . . , u7], [u7, u8], [u8, u9, . . . , u11], [u11, u12, u2]). By the above case, u7u8 belongs to
only triangular faces. So, let u7u8d be a triangle in N . Then, d = u12. If the triangular face u8u9u12 incident at
u8 then degree(u12) ≥ 5. So, let the 4-gonal face [u9, u8, u12, x] incident at u8. Then, x ∈ {u2, u3, u4, u5, u6}.
This implies that N is not orientable if x = u2, and if x �= u2, degree(u12) ≥ 5. So, this case is also not possible.
Case 3 : Suppose F1 ∩ F2 = ∅. Let F1 = [u1, u2, . . . , u7] and F2 = [u8, u9, . . . , u12]. Then, there is a 4-gon F
in N such that F ∩ F1 and F ∩ F2 are each an edge since N consists of only 4 triangles and F1, F2 contains at
least five edges. So, without loss, assume that F = [u2, u8, u12, u3]. Suppose u3u12a is a triangle in N . Then,
a /∈ {u1, u2, . . . , u12} since a belongs to both lk(u3) and lk(u12). Which is impossible. Suppose [u3, u12, a, b]
is a 4-gon in N . Then, similarly, we get a contradiction. Therefore, this case is also not possible.

By combining above cases, the map N and M do not exist. This proves the lemma. 
�
By Theorem 1.4, there exists an n-vertex pentagonal map on the torus of degree sequence (3

8n
9 +n1, dn2

2 , dn3
3 ,

. . . , dnm
m ) if (3

8n
9 +n1 , dn2

2 , dn3
3 , . . . , dnm

m ) �= (3
8n
9 , 51, 6n3 , 71). Here, we prove the following.

Lemma 4.2 There does not exist any 18-vertex quadrangular map on the torus of degree sequence (316, 51, 71).

Proof Let X be a pentagonal map on the torus of degree sequence (316, 51, 71) on 18 vertices. Let Y denote the
dual of X . Then, the map Y is a 5-regular map which consists of 16 triangular faces, one 5-gon and one 7-gon
on 12 vertices. Let F3 denote 5-gon and F4 denote 7-gon in Y .
Case 1 : Suppose F3 ∩ F4 is an edge. Let F3 = [u1, u2, u8, u9, u10] and F4 = [u1, u2, . . . , u7]. Without
loss, assume that lk(u1) = C([u2, u3, u4, u5, u6, u7], [u7, u12], [u12, u11], [u11, u10], [u10, u9, u8, u2]). Let
lk(u2) = C([u3, u4, u5, u6, u7, u1], [u1, u10, u9, u8], [u8, b], [b, a], [a, u3]). Then, a, b ∈ {u11, u12}. Since Y
is orientable, a = u12 and b = u11. Hence, u8u10u11 is a triangle in Y . Then, the lk(u10) is not a cycle since u8
repeats twice in lk(u10). So, this case is not possible.
Case 2 : Suppose F3 ∩ F4 is a vertex. Let F3 = [u1, u9, u10, u11, u12] and F4 = [u1, u2, . . . , u7]. Without
loss, assume that lk(u1) = C([u2, u3, u4, u5, u6, u7], [u7, u8], [u8, u9], [u9, u10, u11, u12], [u12, u2]). Clearly,
u2u12a is a triangle in Y . This implies that a = u8 since a belongs to both lk(2) and lk(12). Then, lk(u8) =
C([u2, u12], [u12, u9], [u9, u1], [u1, u7], [u7, u2]) since Y is orientable. This gives that lk(u9) contains the vertex
u12 twice, which is impossible. Therefore, this case is not possible.
Case 3 : Suppose F3 ∩ F4 = ∅. Let F3 = [u8, u9, u10, u11, u12] and F4 = [u1, u2, . . . , u7]. Without
loss, assume that lk(u1) = C([u2, u3, u4, u5, u6, u7], [u7, u8], [u8u12], [u12, a], [a, u2]). This implies that
a /∈ {u1, u2, . . . , u12} since a belongs to both lk(u1) and lk(u12). Since Y consists of twelve vertices, this
case also not exists.

By combining above cases, the map Y and X do not exist. This proves the lemma. 
�
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