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Abstract We consider quadrangular and pentagonal maps on the torus of certain types of degree sequences. We
prove some necessary and sufficient conditions for the existence of such maps. Similar results are known for
triangular maps.
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1 Introduction and results

By a map we mean a polyhedral map on a surface. The degree sequence of a map M on a closed surface is a
tuple (d}',d5?, ..., dp"), where dy < dy < -+ < dy, n1 +nz+ -+ + nyy is the number of vertices in M and
n; is the number of vertcies of M of degree d; for 1 <i <m.

A map on a surface is a 5-gonal map or a pentagonal map if each face is a 5-gon. Similarly, a map on a
surface is a 4-gonal map or a quadrangular map if each face is a 4-gon. In this article, we study quadrangular
and pentagonal maps on the torus. For triangular maps we know the following from [5] and [6].

Proposition 1.1 There is a triangulation of torus of degree sequence (d'", dg 2 ...,dy")ifand only if Yo (6—

djn; =0and (d',d5?, ... . dy") # (5',6™,7h.

We know from [1] and [2] that quadrangular maps of degree sequence (4") exist for all n > 9. We also know
from [3] and [4] that there are pentagonal maps on the torus of degree sequences (32", 4™) and (3%, 6%) for
m > 5, { > 3. Here, we present

Theorem 1.2 Letn > 12 be divisible by 6 and (351", 454" df di*, ... dym) # (35,42,5',6"™,7"). Then,
there exists an n-vertex quadrangular map on the torus of degree sequence (3%4'”l , 43t dg”, d:‘“, Cd
if and only if ;" s ni(d; — 6) = 3ny + 2n,.

Theorem 1.3 Letn > 54 be divisible by27 and (371 1 43+m2 gl g+ dimy # (377 4% 51, 6", 7Y).

. 20—"+nl 6—"+nz n3 n4
Then, there exists an n-vertex pentagonal map on the torus of degree sequence (3727 , 4272 dye d gt
o dy") if and only if !y ni(d; — 6) = 3n; + 2ny.
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1212 D. Maity

Theorem 1.4 Let n > 18 be divisible by 9 and (3511 d22 d%, ... dl") # (35 .5,6", 7'). Then, there

8n
exists an n-vertex pentagonal map on the torus of degree sequence (39 T, dgz, d;’ 3., dy™y if and only if
Yo, ni(di —6) =3ny.

By Theorem 1.2, there exists an n-vertex quadrangular map on the torus of degree sequence (33tm,
43t @B Ay i B, 43 g dit L dpy # (35,42, 51,6, 7"). We have observed
in Lemma 4.1 (in Section 4) that there is no quadrangular map on the torus of degree sequence (3, 4%, 5!, 71)
on 12 vertices. So, we conjecture the following.

Conjecture 1.5 There is no n-vertex quadrangular map of degree sequence (3% , 43,51 6672, 7Y on the torus.

By Theorem 1.3, there exists an n-vertex pentagonal map on the torus of degree sequence (3 el , 437+m , d;‘ 3,
Al diy if I 4%t g gns gty £ (3%, 4% 51, 6", 71). Similarly, by Theorem 1.4,
there exists an n-vertex pentagonal map on the torus of degree sequence (3%4'”1, dy?.dy’, ..., dymy if
@S g% dimy # (39, 50,6, 71). We have observed in Lemma 4.2 (in Section 4) that there is no
pentagonal map on the torus of degree sequence (3'9, 51, 71) on 18 vertices. So, we conjecture the following.

20n 6n n
Conjecture 1.6 There is no n-vertex pentagonal map of degree sequence (3727, 421, 5! 6277271 or
8n n
(379, 51, 65_2, 71) on the torus.

2 Preliminaries

A map on a closed connected surface S will mean an embedding of a finite (simple) graph G in S such that each
face, i.e., each component of S\ G is topologically an open disk. The boundary of each face is an embedded
circle and any two faces meet either along a single edge or at a single vertex or not at all. Such map is also known
as a polyhedral map. In a polyhedral map, each vertex has degree at least 3 and each face has at least 3 sides. This
notion of map corresponds to the construction of surfaces by starting with a collection of (topological) polygons
and gluing their edges in pairs. Any map has a combinatorial dual, with a vertex for every face and vice versa.
A map on S is called a quadrangular (resp., pentagonal) if all faces are quadrilaterals (resp., pentagons).

Consider a p-gonal map M (i.e., all faces are p-gons) with fy vertices, f; edges, and f> faces on a surface
with Euler characteristic x = 0. Let n; be the number of vertices with degree d; and degree sequence of M
be (dy',dy?, ..., dy"). Then, fo = Y7 ni, fi = >t (nid;)/2 and f, = > _{* (n;d;)/p. So, by the Euler
equation x (M) = fo — f1 + f2,

3 Proof of the Theorems 1.2, 1.3, & 1.4

For a map X on a surfaces, let fy(X), f1(X), f2(X) denote the number of vertices, edges and faces of X
respectively. For a vertex u in a map X, the faces containing u form a cycle (called the face-cycle at u) C, in
the dual graph A(X) of X. Clearly, C,, is of the form Pj-P>----- Py-F1.1, where P; = Fj1----- F; »,; is a path
consisting of p;-gons F; 1, ..., Fi ., pi # pi+1forl <i <k —1and p, # pi.In such a case we say that u is
of type [py', ..., pi*1(see [3]). (We identify [p)', ..., p“1with [p*, ..., p{'1and with [p5°, ..., p;*, p|'1)

Lemma 3.1 Suppose there exists a triangulation of the torus with a degree sequence (3", 42, df’3 , df{“ , dgl S dyh).

Ifn > 12 and 6 divides n, then there is an n-vertex quadrangular map from K on the torus with a degree sequence
n n

of (331 43tm2 dy?, dy*, d;’S, oo dp™).

Proof Let K be a triangulation of torus of degree sequence (3"!,4"2, d3*, dy*, ..., dy").
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Quadrangular and pentagonal... 1213

Fig. 1 4-regular map and vetex type 41,31, 41 k! ] for some k

Claim 1 There exists a 4-regular map on the torus for which each vertex is of type [4', 3!, 4!, k'] for some
ke{3,4,ds,dy,...,dy,}.

Let uvw be a triangle in K. Let the degree of u be d(u), the degree of v be d(v) and the degree of w
be d(w). Let uwv, uvay, ua;a;i1+1 (1 < i < d(u) — 3), uagu)—2w be 3-gons incident at u. Similarly, let
vwu, vuby, vbibiy1 (1 <i <d(v) — 3), vhyw)—2w be 3-gons incident at v and wvu, wucy, weiciy (1 <i <
d(w) — 3), wcqw)—2v be 3-gons incident at w.

We consider a vertex u1 in uwv (i.e., in the interior of uwv, see Fig. 1), u> inuvay, uj42 inua;jai11 (1 <i <
d(u) — 3) and ug(,) in uagq)—ow (see Fig. 1). By uy, ua, ..., uqw), we define a cycle Cy) (11, uz, ..., tgw))
around the vertex u. Similarly, we consider a vertex vy in vwu, vy in vuby, viyp in vb;ibi11 (1 <i <d() —3)
and vg(y) in vbyyy—2w, and define a cycle Cy)(vi, v2, ..., V4(y)) around the vertex v. Again, we consider a
vertex wy in vwu, wp in wucy, w42 inweici41 (1 <i < d(w) —3) and wg(y) in weg)—2u, and define a cycle
Ca)y(wi, wa, ..., Waa) around the vertex w. We repeat this process around each vertex in K. So, there is a
cycle Cg4(qy around each vertex a € V (K') where d(a) denotes the degree of a. Clearly, Cya) N Capy = ¥ for all
a,beV(K).

There are exactly three vertices uy, vi, wi in the triangle uvw since uvw consists of three vertices u, v, w,
and u is corresponding to u, vy is corresponding to v and wj is corresponding to w. We define a triangle ujvjw;
by u1, v1, wy in uvw (see in Fig. 1). We repeat the above process in each triangle of K.

InFig. 1, three quadrilateral faces bounded by C4(u1, vi, v2, u2), C4(vi, wi, w2, Va(w)) and C4(uy, wi, Waw),
Uq4(y)) are adjacent with the triangle ujviw;. So, by the above process, for each triangle A (say) in K, there is a
triangle A’ (say) in A and also, there are exactly three quadrilateral faces Fy, F>, F3 such that Fj N A/, F, N A’
and F53 N A’ are each an edge. We remove all the vertices of K and hence, we get a new map M (say). Thus,
by the above construction, the vertices of M are of type [41, 3 41, kl] for some k > 3 where k denotes the
k-gonal face corresponding to a degree k vertex in K and the k-gonal face is defined by the interior vertices of
the triangles which are incident to the vertex. Observe that the 3-gon and 4-gons in [41, 31 41, kl] other than
k-gon are not corresponding to any vertex of K. So, the map M is 4-regular and k € {3, 4, d3,d4, ..., dy} since
the degree sequence of K is (3"',4"2,dy*, dy*, ..., d,"). This proves the claim.

By Claim 1, there is a map M from K whose vertices are of type [41, 3t 41, kl] for some k > 3. We take
dual of the map M. So, the dual map N (say) is a quadrangular map on the torus. As in the proof of Claim 1, the
triangular faces and quadrilateral faces in [4!, 3", 4, k'] other than the k-gonal face are not corresponding to the
vertices of K. These faces are introduced to define vertices of type 41,31 41 k11, k > 3, of M (i.e., these are
introduced to define the degree 4-regular map M from K). We called that the 3-gons and 4-gon in [4!, 31, 41 k1]
other than the k-gon are extra-faces in M. Let dy = 3, d» = 4. Then, in M, the number of extra triangular faces
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1214 D. Maity

is
m

Y (@din)/3 =t (say)

i=1

and quadrilateral faces is

D@ xdin) /4= (dini)/2 = b3 (say).

i=1 i=1

Hence, 3¢; = 20. So, the degree sequence of N is (3“7, 42+ g3 gi*, . dy,"). Let the number of
vertices of N be n. Then, > /L n; + £; + €o = n. We know Y /L, din; = 6 ;- n; (by Prop. 1.1). So,
Yy dini =6/ n; =3¢ and hence, ) /-, n; = £1/2.So,by 3¢; =2, and £1/2 + {1 + {> = n, we get
¢; = n/3 and £, = n/2. Therefore, the degree sequence of N is (331" 43+m2 dy?,dyt, ds®, ..., dy"). This
completes the proof of Lemma 3.1. O

Proof of Theorem 1.2 First assume that Y 7" . n;(d; — 6) = 3n1 + 2n,. By assumption,
i=3 y p
(35,43 @3 dit dls, L dl) # (35,42,50, 6™, 7).

Consider the type (3"',4"2, d3°, dy*, ... dy") = (d|',dy?, d3*, dy*, ..., dy") (say). If ny = 0, we take the
sequence (dy?, dy’, dy*, ..., dy"). Similarly, if ny = 0, we take the sequence (d}', d3>, dy*, ..., dy"). Thus,
by assumptions,

m
D ni(d; —6) =0and (dy', dy?, d3*, dy*, ... dym) # (51, 6", 7").

i=1

So, by Prop. 1.1, there is a triangulation of torus of degree sequence (3"!, 4", ..., d,"). Therefore, by Lemma
3.1, there is an n-vertex quadrangular map on the torus of degree sequence (3371, 42712 dy dyt, o dy).

Conversely, suppose there is an n-vertex quadrangular map X (say) on the torus of degree sequence
(354m 42t g3 qyt, . dym). Then,

m
n= Zni +n/2+n/3
i=1

= ni+(5n)/6.

i=1

This implies thatn = 6 Y /., n;. Letdy = 3, d» = 4. Then,

fo(X) = "ni + (5n)/6,

i=1

AX) =) (@dini)/2+ (3 x (n/3) +4 x (n/2))/2

i=1

= (din)/2+ (3n)/2
i=1

and

A =Y dini)/4+ G x (n/3) +4 x (n/2))/4

i=1

= (dini)/4+ (3n) /4.
i=1
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Quadrangular and pentagonal... 1215

So, by Euler characteristic equation,

x(X) =0
= fo(X) — fi(X) + f2(X)

= ni =1/ din; +n/12

i=1 i=1

m m m
i, ni—(1/4)x Y dinj+6) n;/12=0,
i=1 i=1

i=1

ie., (3/2) x Zni =(1/4) x Zd’ni’

i=1 i=1
m m
i.e.,6Z}’li = E din;,
i=1 i=1

m
ie., Z(di —6)n; = 0.

i=1
Hence, ) /L, (di — 6)n; = 0. Therefore, ) /' 5(d; — 6)n; = 3ny + 2n, since d; = 3 and dp = 4. ]

Lemma 3.2 Suppose there exists a triangulation of the torus with a degree sequence (3™, 42, d3? dZ“, R %
If n > 54&27|n, then ther is an n-vertex pentagonal map from K on the torus with a degree sequence of

201 6n "
(377t 4t dg’3, dy, .o dym.
Proof Let K be a triangulation of torus of degree sequence (3"!,4"2, d3*, dy*, ... du").

Claim 2 There exists a 5-regular map on the torus for which each vertex is of type [33, 42], [32, 41 31 41] or
[34, k1] for some k € {3,4,d3,dy, ...,d,}.

Let uvw be a triangle in K. Let degree(u) = d(u), degree(v) = d(v) and degree(w) = d(w). Let
uwv, uvay, ua;jaiyp (I < i < d(u) — 3), uagu)—rw be 3-gons incident at u (see in Fig. 2). Similarly, let
vwu, vuby, vbibit1 (1 <i <d(v) —3), vbg)—2w be 3-gons incident at v and wvu, wucy, weiciy1 (1 <i <
d(w) — 3), wcgqw)—2v be 3-gons incident at w in K.

‘We subdivide the edge uv into three edges UUD 24 (u)—15 U2,2d (u)—1V2,2d (v) and V2 2d(v) V- Similarly, we subdi-
vide the edge uw into the edges uus 1, u2 1w>,1 and wy jw, and the edge vw into the edges vv 2, V2 2W2 24 (w)—1
and w2 24(w)—1w. We define three triangles uu 112 24u)—1, WW2,1W2,24(w)—1 and vv2 22 24(y) in the 2-disk
bounded by the cycle

Co(u, uz 1, w21, W, W2 2d(w)—1s V2,2, Vs V2. 2d(v)s U2,2du)—1)-

Again, we subdivide the edge U2 1U2.2du)—1 into the edges U2 1U2.2dw)s U2,2dw)U2,2d u)—1> the edge V2,202 2d(v)
into the edges V22021, V2,1V2,2d(v) and the edge w» W2, 2d (w)—1 into the edges W2 1 W2,2d(w)» W2,2d(w) W2,2d(w)—1-
Thus, there is a face F' (say) bounded by

Co(uz,1, W2, 1, W2,2d(w)s W2,2d(w)—1> V2,25 V2,15 V2.2d(v)» U2,2d(u)—1> U2,2d(u))

(see in Fig. 2). We subdivide the face F into three quadrilateral faces whose boundary are

Ca(ua,1, w21, W2, 2d(w)> U2,2d(u))>
Ca(W2 24 (w)—1> V2,2, V2,1, W2, 2d(w))»
Ca(U2,24(u)» V2,1, V2,2d(v)» U2,2d(u)—1)
and a triangular face 12 24(,)W2,24(w)v2,1 by introducing the triangle us 24¢)W2,24(w)v2,1 in F. Here, observe

that the triangular face u2 24(,)W2,24(w)V2,1 is correspondence to the triangle uvw. We subdivide other incident
edges atu, v, w into three edges and repeat as above. So, let the vertices adjacent to u denote by u 2;41 (1 <i <
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1216 D. Maity

Fig. 2 5-regular map and vertex type 31, 417, 31, 41, 31, 41 or [3!, k! ] for some k

d(u)—?2), adjacent to v denote by v2 2;42 (1 <i < d(v)—2), adjacent to w denote by w 2;+1(1 <i < d(w)—2)
(see Fig. 2). We join these vertices and define three cycles

L1 = Cauy(ua,1, 423, .., U22du)—1),
Ly = Cyw)(v2,2, 02,4, ..., V2,24(v)) and
L3 = Cy)(w2,1, w23, ..., W22d(w)—1)-

So, by subdivision the edges in the cycles L1, L», L3, we get three cycles

CoauyU2,1, 422, U2 3, -« . U2 2d(u))s
Coiw)(V2,1, 12,2, V2.3, ..., V2 24(v)) and
Cogwy (2,1, W22, W23, . .., W2,2d(w))

(see in Fig. 2). We repeat the above process around each vertex of K. Thus, there is a cycle Cp4(y) around each
vertex x € V(K) where d(x) denotes the degree of the vertex x. Clearly, Coq(x)NCaq(y) = @ forallx, y € V(K).

We further consider a vertex uj 4, in the face bounded by C4(u, u2 1, U2, 24(u), 42,24u)—1). Similarly, we
consider a vertex vy,; in the face bounded by the cycle C4(v, v22, V2.1, V2,24(v)) and a vertex wy gy in the
face bounded by Ca(w, w1, W2,24(w), W2,2d(w)—1)- We repeat this in all the faces incident to the vertices
u, v, w. Thus, let the vertices u1; (1 < i < d(u) — 1) be in the faces adjacent to u, v;,; (1 < j < d(v))
be in the faces adjacent to v and wyx (1 < k < d(w) — 1) be in the faces adjacent to w as in Fig. 2. By
these vertices, we define the triangular faces uy ;ju2 2i+1u22i, u1,;u22iu2,2i—1 for 1 < i < d(u) around u,
V1,jV2,2jV22j-1,V1,jV22j-1V2,2j—2 for I < j < d(v) around v and wy ;w2 2;+1w2.2¢, W1, W2,2,W2,2—1 for

1 <t < d(w) around w. We remove the vertex u and define the cycle Cyq,)(u1,1,u12, ..., U1,4)) around
the vertex u using the vertices uy 1, u12, ..., U1 qw). Similarly, we remove v and w, and define the cycles
Ca)y(V1,1, V1,25 - -+, V1,d(v)) and Cyapy (W11, W12, ..., W1 4(w)) as in Fig. 2. We repeat this around each vertex

of K and remove all the vertices of K. So, there is a cycle Cy(,) in 2-disk bounded by Co4(4) for each vertex
a € V(K). Hence, we get a new map M (say).

In Fig. 2, the vertex uy 24(4) is of type [32, 41 31 41, uy,1 is of type [33,4%]and u 1,d) 18 of type [34, d(u)l].
So, by the above subdivision and joining process, the vertices of M are of type [33, 42], [32, 41 31 41] or [34, kl]
for some degree k of the vertices of K. So, the map M is S-regular. Here, the k in [34, k! ] denotes the k-gonal face
corresponding to a degree k vertex in K and the k-gonal face is defined by the interior vertices of the triangles
which are incident to the vertex. So, k € {3,4,d3,du4, ..., dy}. This proves the Claim 2.
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Quadrangular and pentagonal... 1217

By Claim 2, there is a map M on the torus whose vertices are of type [33, 42], [32, 41 31 41] or [34, kl]
for some k € {3,4,d3,da, ...,dy,}. Let N denote the dual of M. The map N is a pentagonal map since M is
5-regular. Observe that the triangular faces and quadrilateral faces in [33, 42], [32, 41 31 4]] and [34, kl] other
than the k-gonal face are the extra-faces which are introduced to define the degree 5-regular map M from K. Let
d; = 3 and dp = 4. Then, the number of extra triangular faces in M is

m m

> ding x 9)/3+ " @nid; x 3)/3 =Y (10/3)n;id; = ¢, (say)

i=1 i=1 i=1

and quadrilateral faces is

Y @ x2din) /4 =" (din;) = s (say).

i=1 i=1

Hence, 3¢; = 10¢5. So, the degree sequence of N is (3“7, 4%2Fm2 g3 gi* . d,"). Let the number of
vertices of N be n. We know that ) /L din; =6 ;- n; (by Prop. 1.1). So, > /*, dinj =6 7", n; = €. Let
n' =" n;. Then, ¢; = 20n’, ¢, = 6n’ and > ;" n; +20n" + 6n’ = n. Hence, n’ = n/27,¢; = 220—7" and
) = %. Therefore, the degree sequence of N is (3%"'"‘ , 4%1"‘”2, dy’,dy*, ..., dy"). This completes the proof
of Lemma 3.2. ]

Proof of Theorem 1.3 First assume Zl'-"=3 n;(d; —6) = 3n + 2n,. By assumption,
B 4 g g gy £ (3T 4% 51 6 7).

Consider the type (3"1,4"2, dy*, dy*, ... dy") = (d}',d5*,dy, dy*, ..., dy") (say). Then, by assumptions,
S ni(di —6) =0and (d)',d>?, dy?, ..., dy") # (5',6",7"). So, by Prop. 1.1, there is a triangulation of

torus of degree sequence (d}"', d5”, ..., d,"). Therefore, there is an n-vertex pentagonal map of degree sequence
20n 6n
@M Aamtm @i dyt, ... dy") on the torus by Lemma 3.2.

Conversely, assume that there is an n-vertex pentagonal map Y (say) on the torus of degree sequence
(B34 4rtm @t @t dym). Then, n = Y'L| n; + (20n)/27. This implies that n = 27 x Y7, n;.
Letd; = 3,d>, = 4. Then,

fo¥y = ni+Q6n)/27=27x ) _n;.
i=1 i=1

AE) = (din)/2+ (14n)/9 = "(dini)/2+42 x Y ;. and

i=1 i=1 i=1

Fo(Y) =Y (din)/5+ 28n)/45 = ) (din) /5 + (84/5) x ) _ni.

i=1 i=1 i=1
So, by the Euler characteristic equation,
m m
X(¥) =0=(=3/10) x Y din; + (9/5) x Y _n.
i=1 i=1
Hence, Y /* | (d; — 6)n; = 0. Therefore, > /- 3 n;(d; — 6) = 3ny + 2ny since di = 3,dr = 4. ]

Lemma 3.3 Suppose there exists a triangulation of the torus with a degree sequence (3", dy*,d5’, ..., dp").
Ifn > 18 and 9 divides n, then there is an n-vertex pentagonal map from K on the torus with a degree sequence

of B i i,

Proof Let K be a triangulation of torus of degree sequence (3"!,d5?, d5°, ..., dy").
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1218 D. Maity

Fig. 3 5-regular map and vertex type [3', k! ] for some k

Claim 3 There exists a 5-regular map on the torus for which each vertex is of type [3%, k'] for some k €
{3,da, d3, ...,dn}.

By Claim 1, there is a map M| from K on the torus such that the vertices are of type [41, 3L 41, kl] for
some k € {3,dr,ds3,dy, ...,dy,}. Observe that from the construction of M; in Claim 1, there are three extra
quadrilateral faces which are adjacent with an extra triangular face in M. For example, in Fig. 1, the quadrilaterals
bounded by C4(u1, v, v2, uz) = Fi (say), Ca(vi, wi, wa, Vg(v)) = F2 (say) and C4(u1, wi, Wa(w), Uaw)) = F3
(say) are three extra faces which are adjacent with the triangle ujvyw; where ujviw; is corresponding to the
triangle uvw. That is, for each triangle A (say) in K, there is a triangular face A’ (say) corresponding to A
and also, there are exactly three quadrilateral faces which are adjacent to the triangle A’. We divide each extra
quadrilateral face into triangular faces such that each vertex of M belongs to exactly four triangles. For example,
in Fig. 1, three edges are vius, w14y and ujwgy) in Fi, 2, F3 at vy, wy, u; respectively. Here, the edges
V1U2, W1 Vg(v) and ujwg(y) subdivide the Fy, F>, F3 into triangular faces (see in Fig. 3). Hence, the type of u
is [3%, d(u)!], the type of vy is [3%, d(v)!] and the type of wy is [3%, d(w)']. Thus, we get a map M (say) from
M on the torus whose vertices are of type [34, kl] for some k > 3. So, the map M is 5-regular. From Claim
1, it is also clear that the k-gonal face in the link type [3*, k'] is corresponding to a degree k vertex of K. So,
k € {3,d>,ds, ...,dy,}. This proves the Claim 3.

By Claim 3, there is amap M on the torus whose vertices are of type [3%, k!]forsomek € {3,dr,ds, ...,dy}.
We take the dual of M>. So, the dual map N, (say) is a pentagonal map since the map M is degree 5-regular.
As above, the triangular faces other than k-gonal face in [34, k'] are the extra-faces which are introduced
to define the degree 5-regular map M,. Let di = 3. Then, the number of extra triangular faces in M» is
S (din; x 4)/3 = €; (say). Hence, the degree sequence of Ny is (3%, dy?,dy?, dy*, ... dy"). Let the
number of vertices of N, be n. Then, Y 7" n; + €1 = n. We know Y /_ din; = 6y _:_, n; (by Prop. 1.1). So,
Yol ding =6Y 1" nj = (3¢;)/4and hence, Y ;- n,-g: €1/8.S0,by Y 7" ni+€¢ =nand ) /L n; =£1/8,
1 = (8n)/9. Therefore, the degree sequence of Ny is (39 ™', d5?, dy*, dy*, ..., d;y"). This completes the proof
of Lemma 3.3. |

Proof of Theorem 1.4 First assume that > i, n;(d; —6) = 3n;. By assumption, (3%“”11 Ldy? YL dyt) £
(3%", 51,6, 7). Consider the type (3", d52, d3*, dy*, ..., dy") = (d}',d52, d53, d}*, ..., dy") (say). Then,
by assumptions, Y 7" n;(d; —6) = O and (d}', d52, dy>,d}*, ..., dy") # (5',6", 7). So, by Prop. 1.1, there

is a triangulated map on the torus of degree sequence (3"!, d; 2 ..., dym). Therefore, by Lemma 3.3, there is an
8n
n-vertex pentagonal map on the torus of degree sequence (39 1, dy?,dy’, ..., dym).
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Conversely, assume that there is an n-vertex pentagonal map Z (say) on the torus of degree sequence
@S g2 gt g ). Then,

m m
n=Y ni+@n/9 ie,n=9xy n.

i=1 i=1
Let d; = 3. Then,

fo(Z)y =Y ni+@n/9=9x) n,
i=1 i=l1

A(Z) =) (din)/2+ (4n)/3 =D (din)/2+ 12 x Y " n; and
i=1 i=1 i=1

m m

F2(Z) =) @dini) /5 + Bn)/15 = ) (din)/5+ (24/5) x Y _ni.

i=1 i=1 i=1

So, by Euler characteristic equation,

X(Z)=0=(=3/10) x > dini + (9/5) x > _n;.

i=1 i=1

This implies that )/ | (d; — 6)n; = 0. Therefore, Y /', n;(d; — 6) = 3n; since d; = 3. ]

4 Non-existence of some maps

By Theorem 1.2, there exists an n-vertex quadrangulation of torus of degree sequence (3371, 42712 d{3 d}*, ...,
dpry if B5HM 43 g dit L dry # (35,472,516, 7"). We prove in Lemma 4.1 (in Section 4) that
there is no quadrangular map on the torus of degree sequence (3%, 4%, 5!, 7!) on 12 vertices.

Lemma 4.1 There does not exist any 12-vertex quadrangular map on the torus of degree sequence
(34,45, 51, 71).

Proof Let M be a quadrangular map on the torus of degree sequence (34, 4%, 5!, 7!) on 12 vertices. Let N denote
the dual of M. The map N consists of four triangles, six hexagons, one pentagon and one 7-gon. The number of

vertices of N is 12. So, let V(N) = {uy, ua, ..., u12}. Let F1 denote the 5-gon in N and F> denote the 7-gon
in N. Assume that the faces [u, u{ ué, el u,lnl, u%], [u, u%, u% ce, “312’ u%], o, u]f, ug o u’r‘nl, u%] are
incident to a vertex u. Then, we define lk(u) = C([u{, u%, ...,u,lnl, u%], [u%, u% R ufnz, u?], R [u]f, ué,
...,ufnl,u{]) = C(u%,ué,...,u}nl,u%,u%,..., uiz,...,u]f,ug,...,ufnk).

Case 1: Suppose F; N F, is an edge. Then, let Fi = [up,u3,u4,us,ui2] and Fr» = [us,ug, ...,
uio, u12]. So, Fi N Fp = usujp. Thus, other two faces at uj, are either a triangle and a 4-gon or

both triangles since N consists of 12 vertices and V(N) \ V(F; U F») = {uy,u11}. Suppose lk(uyp) =
C([uz, uz, ua, usl, [us, ug, u7, ug, ug, u19l, [110, u11, u1l, [u1, uz2]). Similarly, other two faces at us are either
a triangle and a 4-gon or both triangles. Suppose other two faces at us are triangles. Then, let lk(us) =
C([u12, un, us, ual, ua, al, la, uel, [ue, u7, ..., u10, u12]). Clearly, a € {uy,uy1}. If a = u; then degree of
uq is four but Ik(u1) is not a cycle. So, a # u1.If a = uy; then degree(u11) > 5. This is also not possible since N
is a degree 4-regular map. Hence a # u11. Suppose other two faces at us are triangle and quadrangle. Similarly,
observe that this case also is not possible by the above similar argument.

Again, suppose lk(u12) = C([ua, us, us, usl, [us, ue, u7, ug, uo, uiol, [u10, u11l, [u11, uz2]). By the above
case, we may assume that other two faces at us are triangles. Let Ik(us) = C([u12, uz, u3, ual, [ua, al, [a, us]l,
[ug, u7, ug, ug, 19, u12]). So, a € {uy,ui}. If a = wuy; then degree(u;;) > 5. This is not possible. So,
let @ = ujp. Since N consists of four triangles, the other two faces at u; are 4-gons. So, let lk(u;) =
C([us, ual, [ua, b, cl, [c, d, usl, [ue, us]). Since the vertex ¢ belongs to lk(u4) and lk(ug), this implies that
¢ = uy1. This follows that b = u; and d = uj¢ since N is orientable. Which is impossible since the vertex u;
repeats twice in lk(u4). So, this case is not possible.
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Case 2 : Suppose F| N F, is a vertex. Then, let F| = [uy,ug,ug,ujo,u11] and Fp = [uy, us, u3, us,
us, ug, u7]. Since degree of u; is four and number of vertices is twelve, either two triangular faces or a
triangular face and a 4-gon are incident at uj. Suppose two triangular faces are incident at uj. So, let
Ik(uy) = C([uz, u3, ..., u7l, [u7, ugl, [us, ug, ..., ui1l, [u11, uzl). Suppose a4-gon [uy, u11, a, b] exists in N.
Then, a, b ¢ {u1,us,...,u11} since a, b belong to both links of u; and u1;. Hence, a, b € {u12}. Which is not
possiblesincea # b.So,assume thatuyuja and uyughb arein N. Then, clearly asabove,a, b ¢ {uy, uz, ..., u1}.
This implies that @ = b = u15. Suppose that other two faces at u, are triangles A, A,. Then, the possible
triangles at u1p are either Ay = wujjuipug and Ay = ugujpur or Ay = ujjuipuy and Ay = ugupus. If
A1 = uriuipug and Ay = uquipuy then degree of uy is at least five. This is impossible. If A1 = uju12u7 and
Ay = uguiur then degree of u» is at least five. This is also impossible.

Again, assume that a triangular and a 4-gonal faces are incident at uj. So, without loss, assume that
Ik(uy) = C([uz, us, ..., u7l, [uy, ugl, [ug, ug, ..., u1l, [u11, u12, u2]). By the above case, u7ug belongs to
only triangular faces. So, let u7ugd be a triangle in N. Then, d = u,. If the triangular face uguou 1, incident at
ug then degree(u12) > 5. So, let the 4-gonal face [uog, ug, u12, x] incident at ug. Then, x € {u2, us, us, us, ue}.
This implies that N is not orientable if x = u», and if x # uy, degree(u12) > 5. So, this case is also not possible.
Case 3 : Suppose F1 N Fp = 0. Let F{ = [uy, uy,...,u7] and F, = [ug, ug, ..., u12]. Then, there is a 4-gon F
in N such that F N F1 and F N F, are each an edge since N consists of only 4 triangles and Fi, F, contains at
least five edges. So, without loss, assume that F = [u2, ug, u», u3]. Suppose u3ujza is a triangle in N. Then,

a ¢ {uy,us,...,u1n} since a belongs to both lk(u3) and 1k(u12). Which is impossible. Suppose [u3, u12, a, b]
is a4-gon in N. Then, similarly, we get a contradiction. Therefore, this case is also not possible.
By combining above cases, the map N and M do not exist. This proves the lemma. O

By Theorem 1.4, there exists an n-vertex pentagonal map on the torus of degree sequence (3%"”’1 , d; 2.dP,
o demyif (3%+”‘ Ay dy daym) + (3%”, 5!,6", 71). Here, we prove the following.

Lemma 4.2 There does not exist any 18-vertex quadrangular map on the torus of degree sequence (316,51 71y,

Proof Let X be a pentagonal map on the torus of degree sequence (3'°, 5!, 7") on 18 vertices. Let ¥ denote the
dual of X. Then, the map Y is a 5-regular map which consists of 16 triangular faces, one 5-gon and one 7-gon
on 12 vertices. Let F3 denote 5-gon and F4 denote 7-gon in Y.
Case 1: Suppose F3 N Fy is an edge. Let F3 = [uy, un, ug, ug, ujo] and F4 = [uy, ua, ..., u7]. Without
loss, assume that k(1) = C([uz, us, ug, us, ug, u7yl, [u7, ui2], w12, u11l, w11, u10l, (w10, uo, ug, us]). Let
lk(uz) = C([u3, uq, Us, Ug, U7, I/ll], [u1, uip, uo9, ug], [Mg, b], [b, a], [a, u3]). Then, a, b e {u11 s u12}. Since Y
is orientable, @ = 112 and b = u. Hence, uguiouy is a triangle in Y. Then, the lk(u1¢) is not a cycle since ug
repeats twice in lk(u1¢). So, this case is not possible.
Case 2 : Suppose F3 N Fy is a vertex. Let F3 = [uy, ug, ujo, ui1, u12] and Fy = [uy, us, ..., u7]. Without
loss, assume that lk(u1) = C([uz, us, ua, us, ue, u7l, [u7, ugl, [us, uol, [ug, uio, ui1, u12], [u12, u2]). Clearly,
usuiza is a triangle in Y. This implies that a = ug since a belongs to both 1k(2) and 1k(12). Then, lk(ug) =
C([uz, u12], [u12, uol, [ug, url, [u1, u7l, [u7, us]) since Y is orientable. This gives that Ik(u9) contains the vertex
u17 twice, which is impossible. Therefore, this case is not possible.
Case 3 : Suppose F3 N Fy = (. Let F3 = [ug, ug,ujo,uii,u12] and Fy = [uy,us,...,u7]. Without
loss, assume that lk(uy) = C([uz, u3z, ua, us, ue, u7l, [u7, ugl, [ugui2l, [u12, al, [a, u2]). This implies that
a ¢ {uy,us,...,up} since a belongs to both lk(u1) and lk(u#12). Since Y consists of twelve vertices, this
case also not exists.

By combining above cases, the map Y and X do not exist. This proves the lemma. O
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